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PREFACE. 


^ 
Vq 


p.    Thb  object  of  this  book  is  to  set  faith  in  a  oompact  form  those 

parts  of  the  Science  of  Mechanics  which  are  practicallj  applicable 

V    to  Stnictnres  and  Machines.     Its  plan  is  suffioientlj  explained  by 

^  thfi  Table  of  ContentB,  by  th«  Introdactdoi.,  and  by  the  iiutial 

articles  of  the  six  parts  into  which  the  body  of  the  treatiae  la 

divided. 

This  work,  like  others  of  tiie  same  eUuB,  oontains  facts  and 
principles  that  have  been  long  and  widely  known,  mingled  with 
others,  of  which  some  are  the  results  of  the  labours  of  recent 
disooTerers,  some  have  been  pobliabed  only  in  scientific  Transao- 
tions  and  periodicals,  not  generally  dreolated,  or  in  oral  lectoreSy 
and  some  are  now  published  for  the  first  time.  I  have  endea- 
voured, to  the  best  of  my  knowledge,  to  mention  in  their  proper 
places  the  authors  of  recent  discoveries  and  improvements,  and  to 
refer  to  scientific  papers  which  have  furnished  sources  of  infor- 
mation. 

A  branch  of  Mechanics  not  usually  found  in  elementaiy  treatises 
is  explained  in  this  work,  viz.,  that  which  relates  to  the  equili- 
brium of  stress,  or  internal  pressure,  at  a  point  in  a  solid  mass,  and 
to  the  general  theory  of  the  elasticiiy  of  solids.  It  is  the  basis  of 
a  sound  knowledge  of  the  principles  of  the  stability  of  earth,  and 
of  the  strength  and  stifQ[iess  of  materials ;  but,  so  fiur  as  I  know, 
the  only  elementary  treatise  on  it  that  has  hitherto  been  published 
is  that  of  M.  Lam^,  entitled  Legona  aur  la  ThSorie  mathhncUique  de 
ViHastidU  dea  Corps  solides. 

In  treating  of  the  stability  of  arches,  the  lateral  pressure  of  the 
load  is  taken  into  account.  So  fiar  as  I  know,  the  only  author  who 
lias  hitherto  done  so  in  an  exact  manner,  ib  M.'  Yvon- Yillarceaux^ 
in  the  Mhnovrea  dea  Sa/vcma  Hrangera, 


IV 


PREFACE. 


The  principle  of  the  transformation  of  structures  and  its  appli- 
cations have  hitherto  appeared  in  the  Frooeedings  of  the  Royal 
Society  alone. 

The  correct  laws  of  the  flow  of  elastic  fluids  (first  investigated 
by  Dr.  Joule  and  Dr.  Thomson),  and  the  true  equations  of  the 
action  of  steam  and  other  vapours  against  pistons,  as  deduced  &om 
the  principles  of  thermodynamics,  by  FrofesBor  Clausius  and  myself, 
contemporaneously,  are  now  for  the  first  time  stated  and  applied  in 
an  elementary  manual. 

Other  portions  of  the  work,  which  are  wholly  or  partly  new^  are 
indicated  in  their  places. 

In  the  arrangement  of  this  treatise  an  effort  has  been  made  to 
adhere  as  rigidly  as  possible  to  a  methodical  classification  of  its 
subjects;  and,  in  particular,  care  has  been  taken  to  keep  in  view 
the  distinction  between  the  comparison  of  motions  with  each  other, 
and  the  relations  betweeii  motions  and  forces,  which  was  first 
pointed  out  by  Monge  and  Amp^,  and  which  Mr.  Willis  has 
60  successfully  applied  to  the  subject  of  mechanism.  The  observing 
of  that  distinction  is  highly  conducive  to  the  correct  understanding 
and  ready  application  of  the  principles  of  Mechanics. 

W.  J.  M.  R 

Glasgow  Univkestiv,  May,  1858. 
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LoKDON,  October,  1877. 
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ADDBHDtni  (lefeired  to  in  Article  634,  ptfi^  579). 

IVIM ion  •€  Water  la  WsTas,— I.  BoUing  Wavet, — In  wayes  which  are  not 
acoompuiied  by  i)ermanent  translation  of  the  particles  of  water,  it  is  known  bv 
observation  that  those  particles  revolve  in  orbits  situated  in  vertical  planes  which 
an  perpendicdlar  to  the  ridess  and  fmrows  of  the  waves,  and  parallel  to  their 
direction  of  advance :  also,  that  each  revolving  particle  moves  forward  while  on 
the  crest  of  a  wave,  downward  when  on  the  back  dope,  backward  when  in  the 
trough,  and  npwara  when  on  the  front  slope.  The  length  of  a  wave  is  the 
distance^  in  the  direction  of  advance,  from  crest  to  crest ;  the  height  is  eqnal  to 
tiie  vertical  diameter  of  the  orbit  of  a  surface  particle.  Each  particle  makes  one 
revolution  while  the  wave  advances  through  a  wave-length :  uie  interval  of  time 
thus  occupied  is  called  the  period.    Let  L  denote  the  wave-length,  T  the  period, 

a  the  velocity  of  advance;  then  a  =  »;  and  also,  mean  velocity  of  vsvolation  of 

a  particle  =  drcumferenoe  of  orbit  -S-T. 

The  orbits  of  the  particles  are  a|yprozimately  elliptio,  with  the  longer  axis 
hoiinmtaL    In  going  from  the 

KOiface   towards  the  bottom,  j|r  > 

the  dimensions  of  the  orbits  are  ^ 

found  to  diminish,  the  vertical 
uds  diminishing  faster  than  the 
horizontal  axis,  as  shown  at  A, 
B,  C,  in  fig.  A.  At  the  bottom 
the  particles  move  back  and 
forward  in  a  straight  line,  as 
atD. 

The  deeper  the  water  is,  as 
compared  with  the  length  of 
a  wave,  tiie  more  nearly  e^ual 
are  the  two  axes  of  the  orbit  of 
a  surface  particle ;  and  in  water 
whose  depth  is  haJf  a  wave-length  and  upwards,  those  axes  are  sensibly  equal, 
and  the  orbit  of  a  surface  particle  sensibly  circular. 

XL  Bdatum  between  Figure  of  Surfa4:e  and  VdodUty  of  Advance,— In  fig.  252; 
page  678,  let  C  be  the  centre,  and  C  B  the  radius  of  the  circular  orbit  of  a 
particle.  Lay  off  0  A  vertically  upwards,  of  a  length  equal  to  that  of  the 
equivaleat  pendulum  (that  is,  the  penaulum  whose  period  is  T) — viz.. 


^  .  _£T*__      T»  (seconds) 

4  »•      0-815  foot  nearly 


(1.) 


Then  we  have  gravity  :  centrifugal  force: :  A  C  :  G  B ;  and  A  B  represents  (as 
in  Article  634,  page  578)  the  resultant  of  ^vity  and  centrifugal  force ;  so  that 
a  aurfaee  of  uniform  premire  traversing  B  is  normal  to  A  B.  The  upper  surface 
of  the  wave  is  such  a  surface ;  and  in  oraer  to  fulfil  that  condition  its  profile  must 
be  a  irocKoid  trctced  by  the  point  B  while  a  circle  of  the  radius  C  A  roUs  on  the 
umder  eide  of  a  horizontal  straight  line  travenit^  A.  The  length  of  such  a  wave, 
and  its  vdocUy  of  advance,  are  given  by  the  following  equations : — 


L  =  2xOA  = 


2x 


=  (in  feet)  512  T*; 


(2.) 


a  =  s,  = 


L 
T 


£T 

2'jr 


=  (in  feet  per  second)  5*12  T. 


(3.) 


When  the  orbits  of  the  surface  particles  are  elliptic,  let  m  be  the  ratio  in  which 
iho  vertical  axis  is  less  than  the  norizontal  axis.  Then  it  is  evident  that  in  order 
that  the  surface  of  the  wave  may  still  be  everywhere  normal  to  the  resultant  of 
gravity  and  re-action,  we  must  have 
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-  «  fa  I"t)  612«  T>; (4.) 

in  feet  per  »«omI)  B-12  aT. (R) 

Adtamtand  Depth  of  Uniform  DMutiatta. — 
that  u,  the  TertuaJ  di«ni<^  of  the  ortdt  of  % 
elitiiteiy  short  interviJ  of  time,  the  front  dope 
!  diitance  ad  t,  and  the  Tolume  of  water  cod- 
new  poiitionj  of  the  front  alope,  per  unit  of 

interval  of  time  there  puaea  into  the  apace 
,  per  unit  of  breadth,  the  volvune  of  water 
elocitj  of  a  surface  particle  at  the  creat,'«  the 
kce  particle  in  the  ^ugh,  and  c  a  depth  which 
■m  diiturbajKC,  becauK  it  ii  eqacA  to  the  mean 
lume  of  water  displaced  per  second  would  be 
I  in  the  actual  wave^  the  horiiontaJ  Telocity 

mrface  to  bottom.  Eqoatiag  the  two  volumes 
but  ucao  be  shown  to  be  =  gh  -i-  2ai  tbere- 
uty  of  advance  of  a  wave  of  any  figure  in  vhich 
per  second  is  equivalent  to  that  due  to  a  hori- 
lal  to  the  surface  velocity  down  to  the  depth  c, 


4  th«  dept}i  of  tbe  centra  of  the  ortut  of  the 

:re  of  the  orbit  of  a  anrface  pai^cle. 

h  2  *  =  i ;  then  it  can  be  shown  that  at  the 

'■He     *J;  that  e  =  Mi;  and  that  the  hori- 

1  orWt  vaiy  respectively  ast    '~  +  c    •  ,  and 

ater,  m  senaibly  =  1,  and  <■ 


r  backward.    Their  motions  may  be  expressed 

•B,  u'  and  —  u",  to  denote  reBpcctivcly  the  for- 
n«at  of  a  wave,  and  the  bacfcH-ard  velocity  of 
the  Telocity  of  advance  will  bo  given  hy  the 

+  i(«'-«^ ci 

■ert  WdlenUArc!  Scott  Russell,  in  Iteportt  ot 
ry,  On  Tida  and  Warn;  Stukcs,  Cambridge 
■V,  lb.,  1845;  Froude.  Tran'.  of  Hit  ImtUMion 
ne,  PkUoi,  Tram.,  18(>3;  Do.,  Philoi,  Mag., 
»  of  tht  Soyal  Societ'i,  IBOS;  Wattg,  Kanlcine, 
■xildmg!  Thomas  Stuveiison,  On  Harbow, 
and  July,  It$GG;  CiaJdi,  SiU  Malo  Ondo-t  dU 


PRBLIMINAE-T   DISSERTATION 


OX  TDB 


UABHONY  OF  THEORY  AND  PRACTICE  IN  MECHANICS. 


The  words,  theory  and  pradioe,  are  of  Greek  origin  :  thej  carry 
onr  thoughts  back  to  the  time  of  those  ancient  philosophers  by 
whom  they  were  contrived ;  and  by  whom  also  they  were  con- 
trasted and  placed  in  opposition,  as  denoting  two  conflicting  and 
mutually  inconsistent  ideas. 

In  geometry,  in  philosophy,  in  poetry,  in  rhetoric,  and  in  the 
fine  arts,  the  Greeks  are  our  masters ;  and  great  are  our  obligations 
to  the  ideas  and  the  models  which  they  have  transmitted  to  our 
times.  But  in  physics  and  in  mechanics  their  notions  were  very 
generally  pervaded  by  a  great  fallacy,  which  attained  its  complete 
and  most  mischievous  development  amongst  the  medisdval  school- 
men, and  the  remains  of  whose  influence  can  be  traced  even  at  the 
present  day — ^the  fallacy  of  a  double  system  of  nakircU  laws;  one 
theoretical,  geometrical,  rational,  discoverable  by  contemplation, 
applicable  to  celestial,  setherial,  indestructible  bodies,  and  being  an 
object  of  the  noble  and  liberal  arts ;  the  other  practical,  mechanical, 
empirical,  discoverable  by  experience,  applicable  to  terrestrial,  gross, 
destructible  bodies,  and  being  an  object  of  what  were  once  called 
the  vulgar  and  sordid  arts. 

The  80-calle4  physical  theories  of  most  of  those  whose  under- 
standings were  under  the  influence  of  that  fiJlacy,  being  empty 
dreams,  with  but  a  trace  of  truth  here  and  there,  and  at  variance 
with  the  results  of  every-day  observation  on  the  surface  of  the 
planet  we  inhabit,  were  calcidated  to  perpetuate  the  &llacy.  The 
stars  were  celestial,  incorruptible  bodies ;  their  orbits  were  circular 
and  their  motions  perpetual ;  such  orbits  and  motions  being  charac- 
teristic of  perfection.    Objects  on  the  earth's  surflEbce  were  terrestrial 

*  This  Dissertatkm  oontdns  tbe  saUtsnoe  of  a  dSsooone,  '*  De  OoDOordi&  inter 
Sdentianim  Machinaliam  ContempUtioiieiii  et  XJram,*'  read  before  the  Senate  of 
the  University  of  Glasgow  on  the  10th  of  Deoember,  1855,  and  of  an  inangtiral  lec- 
ture, delivered  to  the  Class  of  CiTfl  Engineeriiig  aod  Mechanic  in  that  Univenity  on 
the  8d  of  JannaiX}  1856. 
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and  oorraptible ;  their  motionB  being  chaiacteristio  of  imperfection^ 
were  in  mixed  straight  and  curved  lines,  and  of  limited  duration, 
national  and  practical  mechanics  (as  Newton  observes  in  his 
pre£a<^  to  the  Frincipia)  were  considered  as  in  a  measure  opposed 
to  each  other,  the  latter  being  an  inferior  branch  of  study, 
to  be  cultivated  only  for  the  sake  of  gain  or  some  other  material 
advantaga  Arcbytas  of  Tarentum  might  illustrate  the  truths  of 
geometry  by  mechanical  contrivances ;  his  methods  were  regarded 
by  his  pupil  Plato  as  a  lowering  of  the  dignity  of  science.  Archi- 
medes, to  the  character  of  the  first  geometer  aad  arithmetician  of 
his  day,  might  add  that  of  the  first  mechanician  and  physicist, — ^he 
might,  by  his  unaided  strengtih  acting  through  suitable  machinery^ 
move  a  loaded  ship  on  dry  land, — ^he  might  contrive  and  execute 
deadly  engines  of  war,  of  which  even  the  Eoman  soldiers  stood  in 
dread, — he  migbt,  with  an  art  afterwards  regarded  as  fabulous 
till  it  was  revived  by  BufTon,  bum  fleets  with  the  concentrated 
sunbeams  ;  but  that  mechanical  knowledge,  and  that  practical  skill, 
which,  in  our  eyes,  render  that  great  man  so  illustrious,  were,  by 
men  of  learning,  his  contemporaries  and  successors,  regarded  as 
accomplishments  of  an  inferior  order,  to  which  the  philosopher, 
from  the  height  of  geometrical  abstraction,  condescended,  with  a 
view  to  the  service  of  the  State.  In  those  days  the  notion  arose 
that  scientific  men  were  unfit  for  the  business  of  life,  and  various 
fitcetious  anecdotes  were  contrived  illustrative  of  this  notion,  which 
have  been  handed  down  from  age  to  age,  and  in  each  age  applied, 
with  little  variation,  to  the  eminent  philosophers  of  the  timei 

That  the  Bomans  were  eminently  skilfril  in  many  departments 
of  practical  mechanics,  especially  in  masonry,  road-making,  and 
hydraulics,  ia  clearly  established  by  the  existing  remains  of  their 
magnificent  works  of  engineering  and  architecture,  from  many  of 
which  we  should  do  well  to  take  a  lesson.  But  the  fdlacy  of  a 
supposed  discordance  between  rational  and  practical,  celestial  and 
terrestrial  mechanics,  still  continued  in  force,  and  seems  to  have 
gathered  strength,  and  to  have  attained  its  frdl  vigour  during  the 
middle  ages.  In  those  ages,  indeed,  were  erected  those  incom- 
parable ecclesiastical  buildings,  whose  beauty,  depending,  as  it  does, 
mainly  on  the  nice  adjustment  of  the  form,  strength,  and  position 
of  eadi  part,  to  the  forces  which  it  has  to  sustain,  evinces  a  pro* 
found  study  of  the  principles  of  equilibrium  on  the  part  of  the 
architectB.  But  the  very  names  of  those  architects,  with  few  and 
doubtful  exceptions,  were  suffered  to  be  forgotten ;  and  the  prin- 
ciples idiioh  guided  tiieir  work  remain  unrecorded,  and  were  left  to 
be  re-disooyered  in  our  own  day ;  for  the  scholars  of  those  times, 
despising  practice  and  observation,  were  occupied  in  developing 
and  ma^ufying  the  numerous  error»^  and  in  perverting  and  obscur- 
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in^  the  much  mote  nxuneioua  tmiliSy  ir^hicih.  are  to  be  foimd  in  the 
•wxitiiigB  of  Aiistotle ;  and  those  &w  men  vho,  like  Boger  BaooUy 
oombined  scientific  with  practical  knowledge,  were  objects  of  fear 
and  persecution,  as  supposed  allies  of  the  powers  of  darkness. 

At  length,  during  the  great  reyival  of  learning  and  reformatioin 
of  science  in  the  fifteenth,  sixteenth,  and  seventeenth  centuries, 
the  syBtem  falsely  styled  Aristotelian  was  oyerthrown  :  so  also  was 
the&Uacyof  a  double  system  of  natural  laws;  and  the  truth  began 
to  be  duly  appreciated,  that  sound  theory  in  physical  science  con- 
sists simply  of  facts,  and  the  deductions  of  common  sense  firom 
them,  reduced  to  a  systematic  &xm.  The  science  cf  motion  was 
founded  by  Galileo,  and  peifected  by  Newton.  Then  it  was  estab- 
lished that  celestial  and  terrestrial  mechanics  are  branches  of  one 
science ;  that  they  depend  on  one  and  the  same  system  of  dear  and 
simple  first  principles  j  that  those  very  laws  which  regulate  the 
motion  and  the  stability  of  bodies  on  earth,  govern  also  the  revolutions 
of  the  stars,  and  extend  their  dominion  throughout  the  immensity 
of  spaca  Then  it  came  to  be  acknowledged,  that  no  material 
object,  however  small, — ^no  fierce,  however  feeble, — ^no  phenomen0Dy 
however  familiar,  is  insignificant^  or  beneath  the  attention  of  the 
philosopher ;  that  the  processes  of  the  workshc^,  the  labours  of  the 
artizan,  are  fiill  cf  instruction  to  the  man  of  science ;  that  the 
floieptific  study  of  practical  mechanics  is  well  worthy  of  the  atten- 
tion of  the  moat  accomplished  mathematician.  Then  the  notian, 
that  scientific  men  are  unfit  for  business,  began  to  disaf^pear.  It 
was  not  court  fi^vour,  not  high  oonneddon,  not  Parliamentary  inr 
fluence,  which  caused  Newton  to  be  i^pointed  Warden,  and  after- 
wards Master,  of  the  Mint ;  it  was  none  of  these ;  but  it  was  the 
knowledge  possessed  by  a  wise  minister  of  the  &ct,  that  Newton's 
skill,  both  tiieoretical  and  practical,  in  those  branches  of  knowledge 
whidi  that  office  required,  rendered  him  the  fittest  man  in  SH 
Britain  to  direct  the  execution  of  a  great  reform  of  the  cconaga 
Of  the  manner  in  which  Newton  performed. the  business  entrusted 
to  him,  we  have  the  following  account  in  the  wovds  of  Lord 
Macaulay,  an  author  who  cannot  be  accused  of  undue  partiality  to 
speculative  sdenoe  or  its  cultivators  : — 

*^The  ability,  the  industry,  aod  t^  strict  tqiv^litiKssof  Ihe  great  philo- 
sopher, speedily  produced  a  complete  revohitioB  thronjgfaottt  the  depart- 
ment which  was  under  his  directioiu  He  devoted  himself  to  the  task 
with  an  actiYity  which  left  him  no  time  to  q>are  for  those  pursuits  in  which 
he  had  surpassed  Archimedes  and  Galileo.  Till  the  great  work  was  com- 
pletely done,  he  rensted  firmly,  and  almost  angrily,  every  attempt  that 
was  made  by  men  of  seienoe^  hm  or  on  the  Oonttneiit,  to  draw  him  away 
fiom  his  official  datiee."* 
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be  luBtorian  proceeds  to  detail  the  resulte  of  Newton's 
and  showR,  Uiat  within  &  short  time  after  his  appoint- 
weekly  amount  of  the  coinage  of  silver  was  increased  to 
f  that  which  had  been  looked  upon  as  the  utmost  jnscti- 
imt  by  his  predecessois. 

tension  of  expemaental  methods  of  investigation,  has 
n  manual  skill  in  practical  mechanics,  when  scientifically 
to  be  duly  houonred,  and  not  (as  in  ancient  times)  to  be 
i8  beneath  the  dignity  of  science. 

atematically  avowed  doctrine,  there  can  be  no  doubt  that 
r  of  a  discrepancy  between  rational  and  practical  me- 
jne  long  ago  to  an  end ;  and  that  ereiy  well-informed 
man,  expresaiiig  a  deliberate  opinion  upon  the  mutual 
S  those  two  branches  of  science,  would  at  once  admit  that 
in  their  principIeB,  and  assist  each  other's  progress,  and 
distinctiou  as  exists  between  them  arises  fi-om  the  differ- 
3  pwrpoaea  to  which  the  same  body  of  principles  is  applied, 
doctrine  had  as  strong  an  influence  over  the  actions  of 
now  has  over  tieir  reasonings,  it  would  have  been  unne- 
'  me  to  describe,  bo  fully  as  I  have  done,  the  great  scienti- 
of  the  ancientB.  I  might,  in  fiict,  have  passed  it  over  in 
dead  and  foi;gotten ;  but,  unfortunately,  that  discrepancy 
leory  and  practice,  which  in  sound  physical  and  mechani- 
is  a  delusion,  has  a  real  existence  in  the  minds  of  men ; 
illacy,  though  rejected  by  their  judgments,  continues  to 
influence  over  tieir  acta  Therefore  it  is  that  I  have 
ed  to  trace  the  prejudice  as  to  the  discrepancy  of  theory 
:ce,  eBpedally  in  Mechanics,  to  its  origin  ;  and  to  show 
:he  ghost  of  a  defunct  fallacy  of  the  ancient  Greeks  and 
liKval  schoolmen. 

ijudice,  as  I  have  stated,  is  not  to  be  found,  at  the  present 
e  form  of  a  definite  and  avowed  principle :  it  is  to  be 
r  in  its  pemidotts  effects  im  the  pK^iresa  both  of  specnla- 
e  and  of  practice,  and  sometimes  in  a  sort  of  tacit  influ- 
li  it  exerts  on  the  forms  of  expression  of  writers,  who 
edly  no  intention  of  perpetuating  a  delnsion.  To  exem- 
kind  of  influence  last  referred  to,  I  shall  dto  a  passage 
une  historical  work  which  I  recently  quoted  for  a  differ- 
le.  Lord  Macaulay,  in  treating  of  the  Act  of  Toleiatioit 
1 IIL,  compares,  metaphorically,  tlie  science  of  politics  ta 
chanics,  and  then  proceeds  as  follows : — 
Ithematician  can  eanlj  demoiutrate  that  a  certain  power,  sp- 
ans of  a  certain  leTer,  or  of  a  oertwn  system  of  pulleys,  will 
iw  a  certain  wdght.  But  his  demonitration  proceeds  on  the 
that  the  machinery  is  aach  aa  no  load  will  bend  or  break.    If 
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the  eD^Deer  who  lias  to  lift  a  sreat  maas  of  real  cranite  bj  the  instni- 
mentality  of  real  timber  and  real  hemp,  should  absolutely  rely  on  the  pro- 
portions which  he  finds  in  treatises  on  Dynamics,  and  should  make  no 
allowance  for  the  imperfection  of  his  materials,  his  whole  apparatus  of 
beams,  wheels,  and  ropes,  would  soon  come  down  in  ruin,  and  with  all  his 
geometrical  skill,  he  would  be  found  a  far  inferior  builder  to  those  painU^d . 
barbarians  who,  though  they  neyer  heard  of  the  parallelogram  of  forces, 
managed  to  pile  up  Stonehenge.*^* 

It  is  impossible  to  read  this  passage  without  feeling  admiration 
for  the  force  and  clearness  (and  I  may  add,  for  the  brilliancy  and 
wit)  of  the  language  in  which  it  is  expressed;  and  those  very 
qualities  of  force  and  clearness,  as  well  as  the  author's  eminence^ 
render  it  one  of  the  best  examples  that  can  be  found  to  illustrate 
the  lurking  influence  of  the  fallacy  of  a  double  set  of  mechanical 
laws,  rational  and  practical 

In  fact,  the  mathematical  theory  of  a  machine, — ^that  is,  the  body 
of  principles  which  enables  the  engineer  to  compute  the  arrange- 
ment and  dimensions  of  the  parts  of  a  machine  intended  to  perform 
given  operations, — ^is  divided  by  mathematicians,  for  the  sake  of 
convenience  of  investigation,  into  two  parts.  The  part  first  treated 
of,  as  being  the  more  simple,  relates  to  the  motions  and  mutual 
actions  of  the  solid  pieces  of  a  machine,  and  the  forces  exerted  by 
and  upon  them,  each  continuous  solid  piece  being  treated  as  a 
whole,  and  of  sensibly  invariable  figure.  The  second  and  more 
intricate  part  relates  to  the  actions  of  the  forces  tending  to  break 
or  to  alter  the  figure  of  each  such  solid  piece,  and  the  dimensions 
and  form  to  be  given  to  it  in  order  to  enable  it  to  resist  those 
forces :  this  part  of  the  theory  depends,  as  much  as  the  first  part^ 
on  the  general  laws  of  mechanics;  and  it  is,  as  truly  as  the  first 
part,  a  subject  for  the  reasonings  of  the  mathematician,  and  eqxially 
requisite  for  the  completeness  of  the  mathematical  treatise  which 
the  engineer  is  supposed  to  consult.  It  is  true,  that  should  the 
engineer  implicitly  trust  to  a  pretended  mathematician,  or  an 
incomplete  treatise,  his  apparatus  would  come  down  in  ruin,  as 
the  historian  has  stated :  it  is  true  also  that  the  same  result  would 
follow,  if  the  engineer  was  one  who  had  not  qualified  himself,  by 
experience  and  observation,  to  distinguish  between  good  and  bad 
materials  and  workmanship;  but  the  passage  I  have  quoted  conveys 
an  idea  different  from  these;  for  it  proceeds  on  the  erroueous  sup- 
position, that  the  first  part  of  the  theory  of  a  machine  is  the  whole 
theory,  and  is  at  variance  with  something  else  which  is  independent 
of  mathematics,  and  which  constitutes,  or  is  the  foundation  of, 
practical  mechanic& 

The  evil  influence  of  the  supposed  inconsistency  of  theory  and 

•  Vol.  iii.,  p.  84. 


6  fKHIJUniTABT  DIBSBBTAnOK. 

practioe  upon  speculatiTe  Bdence,  atthongh  much  lees  oonspiciioiiB 
than  it  "was  in  the  ancient  and  middle  ages,  is  still  occaidonall j  to 
be  traced.  This  it  is  which  opposes  the  mutual  communication  of 
ideas  between  men  of  science  and  men  of  practice,  and  which  leads 
scientific  men  sometimes  to  employ,  on  problems  that  can  only  be 
regarded  as  ingenious  mathematical  exercises,  much  time  and 
mental  exertion  that  would  be  better  bestowed  on  questions  having 
some  connection  with  the  arts,  and  sometimes  to  state  the  results 
of  really  important  investigationB  on  practical  subjects  in  a  form 
too  abs^use  for  ordinary  use;  so  that  the  benefit  which  might  be 
derived  from  their  applicatiGn  is  for  years  lost  to  the  public;  and 
valuable  practical  principles,  which  might  have  been  anticipated  by 
reasoning,  are  left  to  be  discovered  by  slow  and  costly  experience. 

But  it  is  on  the  practice  of  mechanics  and  engineering  that  the 
influence  of  the  great  &Uacy  is  most  conspicuous  and  most  fatal. 
There  is  assuredly,  in  Britain,  no  deficiency  of  men  distinguished 
by  skill  in  judging  of  the  quaUty  of  materials  and  work,  and  in 
directing  the  operations  of  workmen, — by  that  sort  of  skill,  in 
fact,  which  is  purely  practical,  and  acquired  by  observation  and 
experience  in  businesa  But  of  that  scientifically  practical  skill 
which  produces  the  greatest  effect  with  the  least  possible  expendi- 
ture of  material  and  work,  the  instances  are  comparatively  rare. 
In  too  many  cases  we  see  the  strength  and  the  stability,  which 
ought  to  be  given  by  the  skilful  arrangement  of  the  parts  of  a 
structure,  supplied  by  means  of  clumsy  massiveneas,  and  of  lavish 
expenditure  of  material,  labour,  and  money ;  and  the  evil  is 
increased  by  a  perversion  of  the  public  taste,  which  causes  works 
to  be  admired,  not  in  proportion  to  their  fitness  for  their  purposes, 
or  to  the  skill  evinced  in  attaining  that  fitnessi  but  in  proportian 
to  their  size  and  cost 

With  respect  to  those  works  which,  from  unscientific  design, 
give  way  during  or  immediately  after  their  erection,  I  shall  say 
little;  for,  with  all  their  evils,  they  add  to  our  experimental  know- 
ledge, and  convey  a  lesson,  though  a  costly  one.  But  a  class  of 
structures  fraught  with  much  greater  evils  exists  in  great  abundance 
throughout  the  country : — ^namely,  those  in  which  the  faults  of  an 
unscientific  design  have  been  so  far  counteracted  by  massive  strength, 
good  materials,  and  careful  workmanship,  that  a  temporary  stability 
has  been  produced,  but  which  contain  within  themselves  sources  of 
weakness,  obvious  to  a  scientific  examination  only,  that  must  inevi- 
tably cause  their  destruction  within  a  limited  nimiber  of  years. 

Another  evil,  and  one  of  the  worst  which  arises  from  the  separa- 
tion of  theoretical  and  practical  knowledge,  is  the  fact  that  a  large 
number  of  persons,  possessed  of  an  inventive  turn  of  mind  and  of 
considerable  skill  in  the  manual  operations  of  practical  mechanics^ 
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are  destRute  of  that  knonrledge  of  Bcientific  principles  irhicli  is 
requisite  to  prevent  their  being  misled  by  therr-  own  ingenuity. 
Snch  men  too  often  spend  their  money,  waste  their  liyee,  and  it 
may  be  lose  their  reason,  in  the  vain  pursuit  of  visionaiy  inventions^ 
of  which  a  moderate  amoxmt  of  theoretical  knowledge  would  .be 
sufficient  to  demonstrate  the  fallacy;  and  for  want  of  such  know- 
ledge, many  a  man  wbo  might  have  been  a  nseM  and  happy 
member  of  society,  becomes  a  being  than  whom  it  would  be  luod 
to  find  anything  more  miserable. 

The  number  of  tbose  unhappy  persons — to  judge  ftom  the  patent- 
lists,  and  from  some  of  the  mechanical  journals — ^must  be  mucb 
greater  than  is  generally  believed.  The  most  absurd  of  all  their 
delusions, — ^that  commonly  called  the  perpetual  motion,  or  to  speak 
more  accurately,  the  inexhaustible  source  of  power, — ia^  in  various 
forms,  the  subject  of  several  patents  in  each  year. 

The  iU  success  of  the  projects  of  misdirected  ingentdty  has  very 
naturally  the  effect  of  driving  those  men  of  practical  skill  who, 
though  without  scientific  knowledge,  possess  prudence  and  common 
iense,  to  the  opposite  extreme  of  caution,  and  of  inducing  them  to 
avoid  all  experiments,  and  to  confine  themselves  to  the  careful 
copying  of  successful  existing  structures  and  machines :  a  course 
wbich,  although  it  avoids  risk,  would,  if  generally  followed,  stop 
the  progress  of  all  improvement.  A  similar  course  has  sometimes, 
indeed,  been  adopted  by  men  possessed  of  scientific  as  well  as 
piactioal  skill :  such  men  having,  in  certain  cases,  from  deference 
to  popular  prejudice,  or  from  a  dread  of  being  reputed  as  theorists^ 
considered  it  advisable  to  adopt  the  worse  and  customary  design 
for  a  work  in  preference  to  a  better  but  unusual  design. 

Some  of  the  evils  which  are  caused  by  the  fisJlacy  of  an  incom- 
patibility between  theory  and  practice  having  be^  described,  it 
must  now  be  admitted,  that  at  the  present  time  those  evils  show  a 
decided  tendency  to  decline.  The  extent  of  intercourse,  and  of 
mutual  assistance,  between  men  of  science  and  men  of  practice,  the 
practical  knowledge  of  scientific  men,  and  the  scientific  knowledge  of 
practical  men,  have  been  for  some  time  steadily  increasing ;  and  that 
combination  and  harmony  of  theoretical  and  practical  knowledge— « 
that  skill  in  the  application  of  scientific  principles  to  practical 
purposes,  which  in  former  times  was  confined  to  a  few  remarkable 
individuals,  now  tends  to  become  more  generally  difPiised.  With 
a  view  to  promote  the  difi^ision  of  that  kind  of  sldll,  Chairs  were 
instituted  at  periods  of  from  fifteen  to  ten  years  ago,  in  the  two 
Colleges  of  the  University  of  London,  in  the  fjniversity  of  Dublin, 
in  the  three  Queen's  Colleges  of  Belfkst,  Cork,  and  C^way,  and  in 
ihiB  University  of  Glasgow. 

For  the  sake  of  a  parallel,  it  may  here  be  worth  while  to  refer 


idenoe — Oiai,  of  Medicine.  From  tta 
of  Medical  Schools  in  TTniTersitiea, 
bain  for  ^«  teaching  t^  the  pnnty 
ical  Science,  such  as  Anatomy  and 
ir  instmction  in  tlie  art  of  applying 
c^  Buch  aa  thoae  of  Surgery,  the 
ire.  The  institution  of  a  Cfaiur  of 
in  a  UniTenity  where  there  have 
latics  and  Natoial  Philoaophy,  ia  an 
Science  on  the  aame  footing  witiL  that 

und  in  an  iDstatution,  vhich,  thongh 
establiahed  as  much  for  the  advanoe- 
Qowledge,  hae  had  a  moat  beneficial 
sciation  of  acienoe  by  the  public, — I 

When  that  body  was  first  instituted, 
aent  and  the  practical  application  of 
anchea  of  Physics,  were  allotted  to  a 
^  The  busineaa  before  that  Section 
amount,  and  bo  multifarioua  in  its 
loeasaiyto  institute  Section  G,  forihe 
actical  application  of  thoee  bianchcs 
il  advancement  Section  A.  was  now 
;  this  separation,  those  two  Sections 
or  the  promotion  of  kindred  objects ; 
y  instances,  leading  members  of  both. 
D  A  in  the  !^ti^  Association,  thin 
<chanica  ia  to  thoee  of  Physics  and 
T- 

Boretical  and  Practical  Mechanics  are 
and  depend  on  the  same  first  prin- 
nly  in  the  purposes  to  which  those 
r  remaina  to  be  consideted,  in  what 
the  mode  of  instrcction  to  be  followed 
bea  1^  science. 

obviously  be  distinguished  into  three 
edge, — purely  practical  knowledge — 
dge  which  rdates  to  the  application 
actical  pnrpoees,  and  which  arises 
my  of  theory  and  practice. 

in  purely  scientific  mechanics  and 
in  the  student  that  improvement  of 
■Its  from  the  cultivation  of  natural 
I  of  mind  which  flows  from  the  cou* 
B  universej  and  secondly,  if  possible, 
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to  qualify  Mm  to  become  a  scientific  discoverer.  In  this  branch  of 
study  exactness  is  an  essential  feature;  and  mathematical  difficulties 
must  not  be  shrunk  from  vhen  the  nature  of  the  subject  leads  to 
them.  The  ascertainment  and  illustration  of  truth  are  the  objects ; 
and  structures  and  machines  are  looked  upon  merely  as  natural 
bodies  are : — ^namely,  as  furnishing  experimental  data  for  the  ascer- 
taining of  principles^  and  examples  for  their  illustration. 

Instruction  in  purely  practical  knowledge  is  that  which  the 
student  acquires  by  his  own  experience  and  observation  of  the 
transaction  of  business.  It  enables  him  to  judge  of  the  quality  of 
materials  and  workmanship,  and  of  questions  of  convenience  and 
commercial  profit,  to  direct  the  operations  of  workmen,  to  imitate 
ftTTiatiTig  structures  and  machines,  to  follow  established  practical 
rules.,  and  to  transact  the  commercial  business  which  is  connected 
with  mechanical  pursuits. 

The  third  and  intermediate  kind  of  instruction,  which  connects 
the  first  two,  and  for  the  promotion  of  which  this  Chair  was  estab- 
lished, relates  to  the  application  of  scientific  principles  to  practical 
purposes.  It  qualifies  the  student  to  plan  a  structure  or  a  machine 
for  a  given  purpose,  without  the  necessity  of  copying  some  existing 
example,  and  to  adapt  his  designs  to  situations  to  which  no  existing 
example  affords  a  pe^ralleL  It  enables  him  to  compute  the  theo- 
retical limit  of  the  strength  or  stability  of  a  structure,  or  the 
efficiency  of  a  machine  of  a  particular  kind, — ^to  ascertain  how  far 
an  actual  structure  or  machine  fails  to  attain  that  limit, — ^to  dis- 
cover the  causes  of  such  shortcomings, — and  to  devise  improvements 
for  obviating  such  causes;  and  it  enables  him  to  judge  how  &r  an 
established  practical  rule  is  founded  on  reason,  how  far  on  mere 
custom,  and  how  far  on  error. 

There  are  certain  characteristics  in  the  mode  of  treating  the 
subjects,  by  which  this  practical-scientific  instruction  ought  to  be 
distinguished  from  instruction  for  purely  scientific  purposes. 

In  the  first  place  it  will  be  universally  admitted,  that  as  far  as  is 
possible,  mathematical  intricacy  ought  to  be  avoided. 

In  the  original  discovery  of  a  proposition  of  practical  utility,  by 
deduction  from  general  principles  and  from  experimental  data,  a 
complex  algebraical  investigation  is  often  not  merely  useful,  but 
indispensable;  but  in  expounding  such  a  proposition  as  a  part  of 
practical  science,  and  applying  it  to  practiced  purposes,  simpucily  is 
of  the  first  importance : — and,  in  fact,  the  more  -dioroughly  a  scien- 
tific man  has  studied  the  higher  mathematics,  the  more  fully  does 
he  become  aware  of  this  truth, — and,  I  may  add,  the  better  qualified 
does  he  become  to  free  the  exposition  and  application  of  scientific 
principles  from  mathematical  intricacy.  I  cannot  better  support 
this   view  than  by  referring  to  Sir  John  Herschers  OtUliTiea  of 
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AfArofiwnvy^ — a  work  in  'which  one  of  the  most  profomid  mathema- 
ticians  in  the  world  has  succeeded  admirably  in  divesting  of  all 
mathematical  intricacy  the  explanation  of  the  principles  of  that 
natural  science  which  employs  the  higher  mathematics  most 

In  &ct,  the  symbols  of  algebra,  when  employed  in  abstruse  and 
oomplex  theoretical  investigations,  constitute  a  sort  of  thought- 
saving  machine,  by  whose  aid  a  person  skilled  in  its  use  can  solve 
problems  respecting  quantities,  and  dispense  with  the  mental  labour 
of  t.limlriTig  of  the  quantities  denoted  hj  the  symbols,  except  at  the 
beginning  and  end  of  the  operation  In  treating  of  the  practical 
application  of  scientific  principles,  an  algebraical  formula  should 
only  be  employed  when  its  shortness  and  simplicity  are  such  as  to 
render  it  a  clearer  expression  of  a  proposition  or  rule  than  common 
language  would  be,  and  when  there  is  no  difficulty  in  keeping  the 
thing  represented  by  each  symbol  constantly  before  the  mind 

Another  characteristic  by  which  instruction  in  practical  science 
should  be  distinguished  from  purely  scientific  instruction,  is  one 
which  appears  to  me  to  possess  the  advantage  of  calling  into  opera- 
tion a  mental  faculty  distinct  from  those  which  are  exercised  by 
theoretical  sciencei     It  is  of  the  following  kind ; — 

In  theoretical  science,  the  question  is — Whai  a/re  we  to  ihivkf 
and  when  a  doubtful  point  arises,  for  the  solution  of  which  either 
experimental  data  are  wanting,  or  mathematical  methods  are  not 
sufficiently  advanced,  it  is  the  duty  of  philosophic  minds  not  to  dis- 
pute about  the  probability  of  confiicting  suppositions,  but  to  labour 
for  the  advancement  of  experimental  inquiry  and  of  mathematics, 
and  await  patiently  the  time  when  these  shall  be  adequate  to  solve 
the  question. 

But  in  practical  science  the  question  is — What  a/re  we  to  dot — 
a  question  which  involves  the  necessity  for  the  immediate  adoption 
of  some  rule  of  working.  In  doubtful  cases,  we  cannot  allow  our 
machines  and  our  works  of  improvement  to  wait  for  the  advance- 
ment of  science ;  and  if  existing  data  are  insufficient  to  give  an  exact 
solution  of  the  question,  that  approximate  solution  must  be  acted 
upon  which  the  best  data  attainable  show  to  be  the  most  probable. 
A  prompt  and  sound  judgment  in  cases  of  this  kind  is  one  of  the 
characteristics  of  a  practical  han,  in  the  right  sense  of  that  term. 

In  conclusion,  I  will  now  observe,  that  the  cultivation  of  the 
EEarmony  between  Theory  and  Practice  in  Mechanics — of  the 
application  of  Science  to  the  Mechanical  Arts — ^besides  all  the 
benefits  which  it  confers  on  us,  by  promoting  the  comfort  and 
prosperity  of  individuals,  and  augmenting  the  wealth  and  power  of 
the  nation — confers  on  us  also  the  more  important  benefit  of  raising 
the  character  of  the  mechanical  arts,  and  of  those  who  practise 
them.     A  great  mechanical  philosopher,  the  late  Dr.  Eobison  of 
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Edinbari^  after  stating  that  the  principles  of  Carpentry  depend 
on  two  branches  of  the  science  of  Statics,  remarks — ''  It  is  this 
which  makes  Carpentry  a  liberal  art" 

So  also  is  Masonry  a  liberal  art, — so  is  the  art  of  working  in 
Iron,  so  is  eveiy  art,  when  guided  by  scientific  principles.  Eveiy 
structure  or  machine,  whose  design  evinces  the  guidance  of  science, 
is  to  be  r^;arded  not  merely  as  an  instrument  for  promoting  con- 
venience and  profit,  but  as  a  monument  and  testimony  that  those 
who  plaimed  and  made  it  had  studied  the  laws  of  nature;  and  this 
renders  it  an  object  of  interest  and  value,  how  small  soever  its 
bulk,  bow  common  soever  its  material 

For  a  century  there  has  stood,  in  a  room  in  this  College,  a  small, 
rude,  and  plain  model,  of  appearance  so  uncouth,  that  when  an 
artist  lately  introduced  its  likeness  into  a  historical  painting,  those 
who  saw  the  likeness,  and  knew  nothing  of  the  original,  wondered 
what  the  artist  meant  by  painting  an  ol^ect  so  unattractive. 

But  the  artist  was  right ;  lor  ninety-one  years  ago  a  man  took  that 
model,'  applied  to  it  his  knowledge  of  natural  laws,  and  made  it 
into  the  first  of  those  steam  engines  that  now  cover  the  land  and 
the  sea;  and  ever  since,  in  Unison's  eye,  that  small  and  uncouth 
mass  of  wood  and  metal  shines  with  imperishable  beauty,  as  the 
earliest  embodiment  of  the  genius  of  James  Watt 

Thus  it  IB  that  the  commonest  objects  are  by  science  rendered 
precious;  and  in  like  manner  the  engineer  or  the  mechanic,  who 
plans  and  works  with  understanding  of  the  natural  laws  that  regulate 
the  results  of  his  operations^  rises  to  the  dignity  of  a  Sage. 


INTRODUCTION. 


DEFINITION  OF  GENERAL  TERMS  AND  DIVISION  OF  THE  SUBJECT. 


Abt.  1.  HccteMics  is  the  science  of  rest,  motLon,  and  force. 

The  laws,  or  first  principles  of  mechanics^  are  the  same  for  all 
bodies,  celestial  and  terrestrial,  natural  and  arttficiaL 

The  methods  qf  applying  the  principles  of  mechanics  to  particcdar 
cases  are  more  or  less  different,  according  to  the  circumstances  of 
the  case.     Hence  arise  branches  in  the  science  of  mechanics. 

2.  Appitod  nedmaics. — ^The  branch  to  which  the  term  "  Applied 
Mechakigs"  has  been  restricted  by  custom,  consists  of  those 
consequences  of  the  laws  of  mechanics  which  relate  to  works  of 
human  art  ^ 

A  treatise  on  applied  mechanics  must  commence  by  setting  forth 
those  first  principles  which  are  common  to  all  branches  of  mechanics ; 
but  it  must  contain  only  such  consequences  of  those  principles  as 
are  applicable  to  purposes  of  art 


3.  Hattflv  (considered  mechanically)  is  that  which  fills  efpace. 


4  liaJioi  are  limited  portions  of  matter.  Bodies  exist  in  three 
eonditions — the  soHd,  the  liquid,  and  the  gaseous.  Solid  bodies 
tend  to  preserve  a  definite  size  and  shape.  Liquid  bodies  tend  to 
preserve  a  definite  size  only.  Gktseous  bodies  tend  to  expand  inde- 
finitely. Bodies  also  exist  in  conditions  intermediate  between  the 
solid  and  liquid,  and  possibly  also  between  liquid  and  gaseous. 

6,  A  HaiOTtel  or  Pkyilcal  T^taHie  is  the  space  occupied  by  a  body 
or  by  a  part  of  a  body. 

6.  A  mmumimi  or  Phyaicfti  flwflicc  is  the  boundary  of  a  body^  or 
between  two  parts  of  a  body. 


7.  UMCf  p*iHt,Pii7«i€ai  Point,  iHcssBre  of  i«eB«ih. — In  mechanics, 
as  in  geometry,  a  Like  is  the  boundary  of  a  surface,  or  between  two 
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parts  of  a  surfaoe ;  and  a  Fomr  is  the  boundary  of  a  line,  or  be- 
tween two  parts  of  a  line ;  but  the  tenn  '^  Physioal  PoiaU**  is  some- 
times used  by  mechanical  writers  to  denote  an  vnymeaswrMy  amcdl 
body — a  sense  inconsistent  with  the  strict  meaning  of  the  word 
"  point ;"  bnt  still  not  leading  to  error,  so  long  as  it  is  rightly  under- 
stood. 

In  mecuuring  the  dimensions  of  bodies,  the  standard  British  imit 
of  length  is  the  yard,  being  the  length  at  the  temperature  of  62° 
Fahrenheit,  and  at  the  mean  atmospheric  pressure,  between  the 
two  ends  of  a  certain  bar  which  is  kept  in  the  office  of  the  Exchequer, 
at  Westminster. 

In  computations  respecting  motion  and  force,  and  in  expressing 
the  dimensions  of  large  stnictuzeSy  the  unit  of  length  commonly 
employed  in  Britain  is  i^/ooif  being  ana-third  of  the  yanL 

In  expressing  the  dimensionfl  of  machinery,  the  unit  of  length 
commonly  employed  in  Britain  is  the  tnd^  bdng  one-thirty-sixth 
part  of  the  yard.  Eractkuia  of  an  inch  are  very  oommonly  stated 
by  mechanics  and  other  artificers  in  halves,  quartera^  eighths,  six* 
teenths,  and  thirty-second  parts ;  but  according  to  a  resolution  of 
the  Institution  of  Mechanical  Engineers,  passed  at  the  meeting  held 
at  Manchester  in  June,  1857,  the  practice  has  been  introduced  of 
ex^essing  fractions  of  an  inch  in  decimals. 

The  French  imit  of  length  is  the  mdtoe,  being  about  AooabooB  of 
the  earth's  circumference,  measured  round  the  polea  (See  table 
at  the  end  of  the  volume.) 


8.  Kcat  is  the  relation  between  two  pointSi  when  the 

line  joining  them  does  not  change  in  length  nor  in  direction. 

A  body  is  at  rest  relatively  to  a  poin^  when  eyety  paifldb  in  the 
body  is  at  rest  relatively  to  the  first  mentioned  point. 


9«  HMtoB  is  the  relation  between  two  points  when  the  rtraight 
line  joining  them  changes  in  length,  or  in  dLrection,  or  in  both. 

A  body  moves  relatively  to  a  point  when  any  point  in  the  body 
moves  relatively  to  the  first  mentioned  point 

10.  Fixed  P«lat. — ^When  a  single  point  is  spoken  of  as  having 
motion  or  rest^  some  other  point,  either  actual  or  ideal,  is  always 
either  expressed  or  understood,  reUuively  to  which  the  motion  or 
rest  of  the  first  point  takes  place.  Sudi  a  point  is  called  &  fixed 
point. 

So  far  as  the  phenomena  of  motion  alone  indicate,  the  choioe  of 
a  fixed  point  with  which  to  compare  the  positions  of  other  points 
appears  to  be  arbitraiy,  and  a  matter  of  convenience  alone ;  but 
when  tiiie  laws  of  force,  aa  affecting  motion,  come  to  be  considered. 
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it  irall  be  ieen  that  there  are  reasons  for  calliog  oertain  points 
fixed,  in  preference  to  other& 

In  the  mechanics  of  the  solar  system,  the  fixed  point  is  what  is 
called  the  common  cerUre  of  granAty  of  the  bodies  composiag  that 
ciystem.  In  applied  mechanics,  the  fixed  point  is  either  a  point 
which  is  at  rest  relatively  to  the  earth,  or  (if  the  stractoxe  or 
machine  nnder  consideration  be  moveable  firam  place  to  place  on 
the  earth),  a  point  which  is  at  rest  relatively  to  the  structure,  or  to 
the  &ame  of  the  machine,  as  the  case  may  be. 

Points,  lines,  surfaces,  and  volumes,  which  are  at  rest  relatively 
to  a  fixed  point,  are  fixed. 


11.  c^iMMiaica-— The  comparison  of  motions  with  each  other, 
without  reference  to  their  causes,  is  the  subject  of  a  branch  of 
geometry  called  ''  GvnanuUics,^* 

12.  Fm-ce  is  an  action  between  two  bodies,  either  causiog  or 
tending  to  cause  change  in  their  relative  rest  or  motion. 

The  notion  of  force  is  first  obtained  directly  by  sensation;  for 
the  forces  exerted  by  the  voluntary  muscles  can  be  felt  The  ex- 
istence of  forces  other  than  muscular  tension  is  inferred  from  their 
effects. 

13.  s««iiitatoai  or  Batance  is  the  condition  of  two  or  more 
forces  which  are  so  opposed  that  their  combined  action  on  a  body 
produces  no  change  in  its  rest  or  motion. 

The  notion  of  balance  is  first  obtained  by  sensation;  for  the 
farces  exerted  by  voluntary  muscles  can  be  felt  to  balance  some- 
times each  other,  and  sometimes  external  pressures. 


14.  fltatiM  maA  "Ojmmm^sm, — ^Forces  may  tGLke  effect,  either  by 
h^Un^HTig  other  forces,  or  by  produdng  change  of  motion.  The 
former  of  those  effects  is  the  subject  of  Statics;  the  latter  that  of 
Dynamnics;  these,  together  with  CinemoUicSy  already  defined,  form 
the  three  great  divisions  of  pure,  abstract,  or  genersil  mechanics. 


15.  Btmefiw  sHd  iHmehtacs. — ^The  works  of  human  art  to  which 
the  science  of  applied  mechanics  relates,  are  divided  into  two 
classes,  according  as  the  parts  of  which  they  consist  are  intended  to 
rest  or  to  move  relatively  to  each  other.  In  the  former  case  they 
are  called  Structfwrea;  in  the  latter,  Machines,  Structures  are  sub- 
jects of  Statics  alone;  Machines,  when  the  motions  of  their  parts 
are  considered  alone,  are  subjects  of  Cinematics;  when  the  forces 
adang  on  and  between  their  parts  are  also  considered,  machines  are 
subjecte  of  Statics  and  Dynamics. 


ivrKomcTiov. 

ni  AtiBHseBni  sf  tba  •■Uect. — ^The  sabject  of  thu  pr»- 
e  will  be  arranged  aa  follows  :— 
isT  pBimapLEa  op  Statics. 
BOBT  OF  SrancTDSBa. 

tST  FkINCIPLES  of  CiNElUTIOS. 

BOBT  OF  JSxcsArnsx. 

ttt  FBiHciFLEa  or  Dtsaxicsi 

n>BT  or  U&cHiKia 


PART  I. 

PRINCIPLES  OF  STATICa 


CHAPTER  L 
haulsce  and  measubement  of  fobces  acting  m  onx 

firTRAIOHT  LINE. 


17.  F«rcc«  how  Ddcrmined. — Althougli  eveij  force  (as  has  been 
stated  in  Art  12)  is  an  action  between  two  bodies,  still  it  is  con- 
dudve  to  simplidtj  to  consider  in  the  first  place  the  condition  of 
one  of  those  two  bodies  alone. 

The  nature  of  a  force,  as  respects  one  of  the  two  bodies  between 
which  it  acts,  is  determined,  or  made  known,  when  the  following 
three  things  are  known  respecting  it : — ^first,  the  place,  or  part  of 
the  body  to  which  it  is  applied;  secondly,  the  direction  of  its 
action;  thirdly,  its  magnitiuie. 

18.  Place  •€  AppUcstioM—Peiiu  of  Appiicaaoa. — ^The  place  of  the 
application  of  a  force  to  a  body  may  be  the  whole  or  part  of  its  in- 
tenial  mass;  in  which  case  the  force  is  an  attraction  or  a  repulsion, 
according  as  it  tends  to  move  the  bodies  between  which  it  acts 
towards  or  from  each  other;  or  the  place  of  application  may  be  the 
surface  at  which  two  bodies  touch  each  other,  or  the  bounding 
sur&oe  between  two  parts  of  the  same  body,  in  which  case  the  force 
is  a  tension  or  pull,  a^^rust  or  puah,  or  a  literal  stress,  according 
to  circumstances. 

Thus  every  force  has  its  action  distributed  over  a  certain  space, 
either  a  volume  or  a  surface;  and  a  force  concentrated  at  a  single 
point  has  no  real  existence.  Nevertheless  it  is  necessary,  in  treating 
of  the  principles  of  statics,  to  begin  by  demonstrating  tiie  properties 
of  such  ideal  forces,  conceived  to  be  concentrated  at  single  points. 
It  will  afterwards  be  shown  how  the  conclusions  so  arrived  at  re- 
specting single  forces  (as  ihey  may  be  called),  are  made  applicable  to 
ihe  distributed  forces  which  really  act  in  nature. 

In  illustrating  the  principles  of  statics  experimentally,  a  force 
concentrated  at  a  single  point  may  be  represented  with  any  required 
d^ree  of  accuracy  by  a  force  distributed  over  a  very  small  space,  if 
that  space  be  made  small  enough. 

c 
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I  cT  PoAct  BisUMr. — In  reasoning  retrpectiiig 
>d  at  aingle  points,  they  are  ussumed  to  be  applied 
lich  are  perfeelly  rufid,  or  incapable  of  alteration 
\y  forces  'which  can  be  applied  to  them.  This 
on  not  realized  in  nature.  It  will  afterwards  ha 
nsequenees  are  applii^d  to  actiml  bodie& 
iibM  aT  AetiBB. — The  Direction  of  a  force  is  that 
ich  it  tends  to  produca  A  straight  line  drawn 
it  of  application  of  a  single  force,  and  along  its 
INE  OF  ACTION  of  that  forcc. 

-rnU  rf  F«ee.^The  magnitudes  of  two  forces 
eing  applied  to  the  same  body  in  opposite  direc- 
me  line  of  action,  they  balance  each  other, 
of  a  force  is  expressed  arithmetically  by  stating 
ao  to  a  certtun  uiiil  or  ttandard  of  force,  which  is 
!  (or  attraction  towards  the  earth),  at  a  certain 
a  ceHain  level,  of  a  known  mass  of  a  certain 
tlie  British  unit  of  force  is  the  ataadcvrd  pound 
■^  is  the  weight  in  the  latitude  of  London  of  a 
atinum  kept  in  the  Exchequer  otEce  (See  the  Act 
aip  72;  also  a  paper  by  Professor  W.  H.  Miller, 
il  Transaditms  for  1851)). 

convenience  or  of  compliance  with  custom,  other 
occasionally  employed  in  Britain,  bearing  certain 
lard  pound ;  such  as — 

grain  =  th'tt  of  a  pound  avoirdupois. 

=  5,760  grains  =  0-83285714  pound  avoirdupois. 

adredweight  —  112  pounds  avoirdupois. 

le  ton  —  2,240  pounds  avoirdupois. 

indard  unit  of  force  is  the  gramme,  which  is  the 
hide  of  Paris,  of  a  cubic  centimetre  of  pure  water, 
temperature  at  which  the  density  of  water  ia 
centigrade,  or  3'J''-i  Fahrenheit,  and  under  the 
pports  a  barometric  column  of  760  millimetres  of 

if  French  and  British  measures  of  force  and  of 

able  at  the  end  of  this  volume. 

r  VMM*  Acilag  !■  Obb  aml||ln  Ltaa. — The   Rs- 

Lunber  of  given  forces  applied  to  one  body,  is  a 
le  of  balancing  that  single  force  which  balances 
tiiat  is  to  say,  tiie  resultant  of  the  given  forces  i)> 
■  opposed  to  the  force  which  balances  the  given 
Ivalent  to  the  given  forces  so  iar  as  the  balance  of 
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v^-^r* 


the  body  id  cbnceniecL  The  given  foroes  are  called  eomponants  of 
their  xesultant. 

The  resultant  of  any  number  of  forces  acting  on  one  boc^y  in  the 
same  straight  line  of  action,  acte  along  that  line,  and  is  equal  in 
magnitude  to  the  sum  of  the  component  forces ;  it  being  imder- 
stood,  that  when  some  of  the  component  forces  are  opposed  to  the 
others,  the  word  "  sum  "  is  to  be  taken  in  the  algebraical  sense ;  that 
is  to  say,  that  forces  acting  in  the  same  direction  are  to  be  added  to, 
and  forces  acting  in  opposite  directions  subtracted  from  each  other. 

23.   Repreaeuialtoa  •f  V«recs  hj  Uaca. — ^A  single  force  may  be 

represented  in  a  drawing  by  a  straight  line  j  an  extremity  of  the 
line    indicating    the    point    of 
application  of  the  force, — ^the     ^'^^'^  ^ 

direction  of  the  line,  the  direc- 
tion of  the  force, — ^and  the  length 
of  the  Hne,  the  magnitude  of  the 
force,  according  to  an  arbitrary 
scale.  j,g,  1, 

For  example,  in  fig.  1,  the 
fact  that  the  body  B  B  B  B  is  acted  upon  at  the  point  O]  by  a 
given  force,  may  be  expressed  by  drawing  from  Oi  a  straight  line 

Oi  F,  in  the  direction  of  the  force,  and  of  a  length  representing  the 
magnitude  of  the  force. 

If  the  force  represented  by  OTFi  is  balanced  by  a  force  applied 
either  at  the  same  point,  or  at  another  point  Oj  6which  must  be  in 
the  line  of  action  L  L  of  the  force  to  be  baJancea),  then  the  second 
force  wiU  be  represented  by  a  straight  line  Oj  Fj,  opposite  in  direc- 
tion, and  equal  in  length  to  O^  Fj,  and  lying  in  the  same  line  of 
action  L  L. 

If  the  body  B  B  B  B  {^g.  2),  be  balanced  by  several  forces  acting 
in  the  same  straight  line  L  L,  applied  at  points  Oi  Oj,  &a,  and  re- 

S resented  by  lines  0,  F~i,  0,F„  &c.  j  then  either  direction  in  the 
ne  L  L  (such  as  the  direc- 
tion towards  +  L)  is  to  be  ^^.^^^     ^ +^ 

considered  as  positive,  and 
the  opposite  direction  (such 
as  the  '  direction  towards 
-  L)  as  negative;  and  if  tho 
sum  of  all  the  lines  repre- 
senting forces  which  point 
positively  be  equal  to  the 
sum  of  aU  those  which  point 
negatively,  the  algebraical  sum  of  all  the  forces  is  nothing,  and  the 
body  is  balanced. 


-X*     - 


Fig-t. 


PRIITCIPLES  or  STATICS: 

mmn. — Most  writera  on  medianica,  in  treating  of  tlie 
iplee  of  statics,  use  the  word  "pretture"  to  denote  any 

Ktpulsr  aense,  which  is  klso  the  aenae  generally  employed 
mechanics,  the  ward  premtn  is  used  to  denote  a  force, 
ire  of  a  thrust,  distributed  over  a  aai&ce;  in  other  irord^ 
)f  force  with  which  a  body  tends  to  expand,  or  resists  an 
Hnpreaa  it. 

treatise  care  will  be  taken  so  to  employ  the  word  "  pres- 
the  context  shall  show  in  what  sense  it  is  used. 
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CHAPTER  IL 


THEORY  OP  OOUPLES  AND  OP  THE  BALANCE  OP  PABALLEL  P0RCE8. 

Section  1. — On  CoupUa  wUh  the  Same  Axis, 

25.  €«^pica. — Two  forces  of  equal  magnitude  applied  to  the  same 
body  in  parallel  and  opposite  directions,  but  not  in  the  same  line  of 
action,  constitute  what  is  called  a  ''  coupled 

26.  F«rce«ra  €•■»!»— Aim  mrJLercnige. — ThldfoTOe  of  a  OOUple  28 

the  conunon  magnitude  of  the  two  equal  forces;  the  arm  or  leverage 
of  a  couple  is  the  perpendicular  distance  between  the  lines  of  action 
of  the  two  equal  force& 

27.  TeMdeacy  •f «  C««pl«^Pkine  •€  a  €•■»!« — Wighfr-hBHilffil  and 

lieo-handed  c^apiea. — ^The  tendency  of  a  couple  is  to  turn  the  body 
to  which  it  is  applied  in  the  plane  of  the  couple— that  is,  the  plane 
which  contains  the  lines  of  action  of  the  two  forces,  (llie  plane  in 
which  a  body  turns,  is  any  plane  parallel  to  those  planes  in  the 
body  whose  position  is  not  altered  by  the  turning).  The  axis  of  a 
couple  is  any  line  perpendicular  to  its  plane.  The  turning  of  a 
body  is  said  to  be  right-handed  when  it  appears  to  a  spectator  to 
take  place  in  the  same  direction 
with  that  of  the  hands  of  a  watch, 
and  lefi-handed  when  in  the  opposite 
direction;  and  couples  are  desig- 
nated asrighi-handcd  or  left-hand^ 
according  to  the  direction  of  the 
turning  which  they  tend  to  pro- 
duce. 
Thus  in  fig.  3,  the  equal  and 


opposite  forces  Oi  F|,  OjF,,  whose 
leverage  is  Lf  L^,  form  a  right- 
handed  couple;  and  the  equal  and 
opposite  forces  OjFs,  O4  F^,  form  a  lefb-handed  couple. 

28.  B^atralftBi  CaaplM  •t  B««al  V«*ce  aad  lierenge. — In   Order 

that  two  couples  similar  in  direction,  and  of  equal  force  and  lever- 
age, may  be  exactly  alike  or  equivalent  in  their  tendency  to  turn  the 
body,  it  is  necessaiy  and  sufficient  that  their  planes  should  be  either 
identical  or  paralleL 


FIUHC1PLE3  OP  STATICS. 

couples  applied  to  the  eame  body  in  the  same  plane,  or  m 
planes,  of  equal  force  and  leverage,  but  opposite  in  direction, 

each  other;   and  if  for  either  of  the  two  an  equivalent 
>e  substituted,  the  equilibrium  will  not  be  disturbed. 
iMacBt  cf  a  CmiFle- — The  motwit  of  a  couple  means  the 

of  the  magnitude  of  its  force  hy  the  length  of  ite  arm.  If 
e  be  a  certtun  number  of  pounds,  and  the  arm  a  certain 

of  feet,  the  product  of  those  two  uumbera  b  called  the 
.  mfoot-jioundt,  and  similarly  for  other  mcaaurea. 

d<Ull*k  •rCaiirl«*<'Eqaml  Fanw. — LeMWA.       Two  COUpIet  of 

■ee  acting  m  the  samK  direction,  vHih  the  eaine  axis,  are  tquiva- 
couple  whoie  moment  u  the  mm  of  iheir  momente.     Let  the 
plea  be  denoted  by  A  and  B;  let  F^  —  F^  be  their  equal 
forces;  let  L^  and  Lg  be  their 
respective  arms;  then  F^  L^  and 
Fg  Lb  are  their  moments,  which, 
as  their  forces  are  equal,  are  pro- 
portional to  the  armfl.     Li  fig.  i, 
let  the  forces  F^  constituting  A 
be  applied  in  lines  passing  through 
a  and  o,  ac  or  L^  being  perpen- 
dicular to  the  lines  of  action  of 
FiR-  *■  the  forcp«;  and  if  the  forces  oon- 

[  B  be  not  already  applied  as  shown  in  the  figure,  sub- 
Tor  B  an  equivalent  couple  of  equal  force  and  arm,  having 
a  Fg  applied  in  lines  parallel  to  the  lines  of  rtction  of  the 
'^  and  pasmng  one  through  the  point  c  and  the  other  through 
it  the  arm  c  6  or  L^  shall  be  in  the  same  straight  line  with 
li-  Then  the  equal  and  opposite  forces  F„  Fg,  applied  at  c, 
each  other,  and  there  remain  only  the  equal  and  opposite 
\,  Fq,  applied  at  a  and  (,  whioh  form  a  couple  whose  forco 
Fb,  and  its  arm  a  6  =  L^  +  Lg,  being  the  sum  of  the  arms  of 
pies  A  and  B ;  so  that  its  moment  is  the  sum  of  their 
8 ;  and  this  couple  is  equivalent  to  the  two  couples  A  and  B. 

:«alTaleBt  Oaapla  arBioal  MmmsM. — ThEOREH.       Jf  the  mo- 

tm>  couples  admff  tn  the  tame  direction  and  with  the  same  axis 
l.thotecoupIeeareequivalenL  Let  one  of  the  couples  be  called 
let  its  force,  arm,  and  moment  be  respectively  Fj,,  Lt,  and 
let  the  other  couple  be  called  B,  and  let  its  forcR,  arm,  and 

be  respectively  Fj,  L^,  and  FbLb-  The  equality  of  the 
B  of  those  couples  is  expressed  by  the  equation 

F^L^  =  FbL.. 
!  forces  and  arms  of  the  two  couples  be  commeusnmblt^  bo 
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{m  and  n  being  two  whole  numbei^ 

let  /=Zi.,!jL. 

•^        m         n 

and  /  =  i5  =.  ili. 

m  n 

Then  the  oonple  A  is  equiyalent  to  m  n  couples  of  the  moment/*  {  ; 
and  80  also  is  the  couple  £;  therefore  the  couples  A  and  £  are 
equivalent  to  each  other. 

If  the  forces  and  arms  are  incommensurable,  it  is  always  possible 
to  find  forces  and  arms  which  shall  be  commensurable,  and  shall 
differ  from  the  given  forces  and  arms  by  differences  less  than  any 
given  quantity;  so  that  if  the  theorem  were  in  error  for  incommen- 
surable forces  and  arms,  it  would  also  be  in  error  for  certain  com- 
mensurable forces  and  arms ;  but  this  is  impossible ;  therefore  the 
theorem  is  true  for  incommensurable  as  well  as  for  commensurable 
forces  and  arms. 

32.  Mwlft  •€  Oaiiples  with  Ae  Oahm  AmIm, — OOBOLLART.      A 

combinaiion  of  amy  nwmber  ofcawpUs  htwing  the  same  aads  ia  equwa- 
lent  to  «  couple  tehoee  momeiiU  ia  the  algibraioid  swn  of  the  momevUe 
if  the  eombined  coupleB, 

33.  B^attikriam  of  CoofIm  haTtag  the  Bmmte  Axis. — ^Two  opposite 

eonples  of  equal  moment,  having  the  same  axis,  balance  each  other. 
Any  number  of  couples,  having  the  same  axis,  balance  each  other 
when  the  moments  of  the  right-handed  couples  are  together  equal 
to  the  moments  of  the  left-handed  couples ;  in  other  words,  when 
the  resultant  moment  is  nothing. 

34.  BeprcMBtation  •€  Co«pie«  hr  i^Ibm. — The  nature  and  amount 
of  the  tendency  of  a  couple  to  turn  a  body  are  completely  known 
when  the  moment  and  direction  of  the  couple,  and  the  position  of 
its  axis,  are  known.  These  circum- 
stances are  expressed  by  means  of  a 
line  in  the  following  manner. 

In  fig.  5,  from  any  point  O  draw  a    ^ 
straight  line  0  M,  parallel  to  the  axis 
(that  is,  perpendicular  to  the  plane)  of 
the  couple  to  be  represented,  and  in  such  ^         PV  6 

a  direction,  that  to  an  observer  looking 
£rom  O  towards  M  the  couple  shall  seem  right-handed ;  and  make 

the  length  of  the  line  0  M  represent  the  moment  of  the  couple, 
according  to  any  assigned  scala 
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Sectiok  2. — On  Couples  with  Different  Axes. 

Z5.  BcMllsMt  •€  Tw«  €MiplM  with  DMTeraaft  Axes. — ^ThEOBEX. 

I/ihe  two  sides  of  a  paaxdldogram  represent  ike  positwna  of  the  axesy 
and  tlie  directions  cmd  moments,  of  two  couples  acting  on  the  same 
body,  the  diagonal  of  the  paralldogram  tmU  in  like  manner  rq^tresent 
the  position  qfthe  aacis,  the  direction  and  the  moment  of  the  resultant 
couple,  ujhich  is  equivalent  to  those  two. 

In  fig.  6,  let  the  plane  of  the  paper  represent  a  plane  which  con- 
tains the  axes  of  the  two  couples,  and  is  therefore  perpendicular  to 
botii  their  planea     Let  ac,  cbhe  parts  of  the  lines  in  which  the 

planes  of  the  couples  A^B^respectiyelj  intersect 
the  plane  of  the  paper.  If  the  couples  are  not 
already  of  equal  force,  reduce  them  to  equiva- 
lent couples  of  equal  force ;  let  F  denote  the 
conunon  magnitude  of  their  forces,  and  let  Lj^ 
Lb  denote  the  respective  arms  of  the  couples. 
From  c,  the  intersection  of  the  three  planes 
already  mentioned,  take  ca  =  L^,  cb  =  Lb, 
and  join  ab.  Conceive  the  couple  A  (or  an 
equivalent  couple)  to  consist  of  the  force  +  F 
acting  forwards  at  a,  and  the  equal  and  opposite 
force  —  F  acting  backwards  at  c ;  also  conceive 
the  couple  B  (or  an  equivalent  couple)  to  con- 
sist of  die  force  +  F  acting  forwards  at  c,  and 
the  equal  and  opposite  force  —  F  acting  back- 
wards at  b.  The  forces  +  F,  —  F,  at  c  balance  each  other ;  and 
there  are  left  the  equal  and  opposite  forces  +  F  at  a,  and  —  F  at  6, 
forming  the  resuUant  couple,  wich  is  equivalent  to  the  two  couples 

A  and  B,  and  has  for  its  arm  the  third  side  a6  =  L^  of  the  triangle 
abc 

Now  firom  any  point  O  draw  OM^  perpendicular  to  ac,  and 
OM],  perpendicular  to  5  c,  and  representing  the  axes,  directions, 
and  moments  of  the  couples  A  and  B  :  complete  the  parallelogram 
of  which  those  lines  are  the  sides,  and  draw  its  diagonal  OMc. 
This  diagonal  will  be  perpendicular  to  a  6,  and  will  therefore  re- 
present the  axi3  and  direction  of  the  resultant  couple ;  and  because 
of  the  similariiy  of  the  triangles  abc,  O Mq Mb,  the  following  pro- 
portions will  exist : — 

01Ia:OBb:OMo, 

and  consequently  O  Mc  will  also  represent  the  moment  of  the  re- 
sultant couples. — Q.  E.  D. 
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36.  K^ailibrfaui  mt  Tbree  C«Hple«  with  I^UTcrmit  Axea  la  the  Same 
plane. — CloBOLLART.  A  oouple  eqtuU  and  opposite  to  thtU  represerUed 
by  the  difigonal  OMq  halcmces  the  couples  represenJted  hy  ike  sides 
OM^  OMb.  In  other  toords,  three  couples  represented  by  the  three 
sides  of  a  triangle  balance  each  other, 

37.  EqaUibrfmii  of  mmj  Nnmber  ofConplca. — CoBOLLARY.       If  a 

nund)er  of  couples  acting  on  the  same  body  be  represerUed  by  a  series 

of  lines  joined  end  to  end,  so  as 

to  form  sides  of  a  polygon,  and  if 

the  polygon  is  dosed,  these  couples 

balance  each  other.     To  fix  the 

ideas  let  there  be  five  couples, 

whose  moments  are  respectively 

M],  Mf,  M„  Ml,  M^;    and  let 

them  be  represented  by  the  sides 

of  the  polygon  in  fig.  7  in  such  a 

manner  that 

Hi  IS  represented  by  O  A,  and  seems  right-handed  looking  from  A  towards  O. 
M f  —  AB,  —  —  fipom  B  towards  A. 

Ms  —  BC,  —  —  from  C  towards  B. 

M4  —  CD,  —  —  from  D  towards  C. 

M5  —  DO,  —  —  from  O  towards  D. 

Then  by  the  theorem  of  Article  35,  the  resultant  of  M|  and  M,  is 
OB;  the  I'esultant  of  this  and  M^  is  O  C ;  the  resultant  of  this  and 
H4  is  OD,  right-handed  in  looking  from  D  towards  O,  and  con- 
sequently equal  and  opposite  to  M«,  which  last  couple  balanoes  it, 
and  reduces  the  final  resultant  to  nothing. — ^Q.  E.  D. 

This  proposition  evidently  holds  for  any  number  of  couples,  and 
whether  the  closed  polygon  be  plane  or  ga/udie  (that  is  to  say,  not 
plane). 

The  resultant  of  the  couples  represented  by  all  the  sides  of  the 
polygon,  except  one,  is  equal  and  opposite  to  the  couple  represented 
by  the  excepted  side. 

Section  3. — On  Parallel  Forces. 

38.  Balaaced  PamUel  FercM  In  GcBcral. — A  balanced  system  of 

parallel  forces  consists  either  of  pairs  of  directly  opposed  equal 
forces,  or  of  couples  of  equal  forces,  or  of  combinations  of  such 
pairs  and  couple& 

Hence  the  following  propositions  as  to  the  relations  amongst  the 
magrdtudes  of  systems  of  parallel  forces  are  obvious  : — 

I.  In  a  balanced  cfystem  of  parallel  forces,  the  sums  of  the  forces 
acting  in  opposite  directions  are  equal ;  in  other  words,  the  alge- 


>r  ffTATica. 

r  all  the  forces  taken  vitdi  tbor 

taut  of  any  combination  of  par- 
>f  the  magnitudes  of  the  forces. 
iliont  of  the  Lnes  of  action  of 
»  be  investigated ;  and  in  this 
3d  equal  forces  may  be  left  out  of 
IB  independently  balanced  what- 
lat  the  question  in  each  case  is  to 
tfcouplee. 

IM  F«rcM  !■  Om  FiBBe.      Ptte- 

'UvretfaraUd  forces  applied  to  om 
bodg  baiance  each  oUter,  Uwg 
muM  he  in  one  plane;  iJie  Ueo 
exbraae  forcea  muA  act  in  (A« 
acmtedweetion;  themiddle/oroi 
muet  ad  in  the  opposite  direc- 
tum; OTtd  the  magnitude  of  each 
force  must  be  proportional  to 
tlie  distance  between  t!ie  lines  oj 
action  of  the  otlter  two.  Let 
a  body  (fig.  8)  be  maintained 
in  equilibrio  by  two  opposito 

.  of  equal  moments, 

FflL,, 

used ;  and  let  those  couples  be  no 

of  action  of  two  of  these  forces, 
same  direction,   shall   coincide. 

alent  to  the  single  middle  force 

OEdte  to  the  sum  of  the  extreme 


, ;  A  B  =  Li  +  L3  J 


is  proportional  to  the  distance 
le  other  two ;  and  if  any  three 
,  they  must  be  equivalent  to  tvo 

rorce*. — ^The  remiltaot  of  any  two 
jual  and  opposite  to  the  third, 
rallel  forces  is  parallel  to  them. 
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and  in  the  same  plane ;  if  they  act  in  the  same  dijreotiony  then  their 
remiltant  is  their  Bum,  aets  in  the  same  direction,  and  lies  between 
them ;  if  they  act  in  opposite  directions,  their  resultant  is  their 
difference,  acts  in  the  direction  of,  and  lies  beyond,  the  prepon- 
derating force ;  and  the  distance  between  the  lines  of  action  of  any 
two  of  those  three  forces--^the  resultant  and  its  two  components 
— is  proportional  to  the  third  foixse. 

In  order  that  two  opposite  parallel  forces  may  have  a  single 
reenltant,  it  is  necessary  that  they  should  be  tmequal,  the  resultant 
being  their  difference.  Should  they  be  equal,  they  constitute  a 
couple,  which  has  no  single  resultant 

41.  fltoMlteM  •€ a  OMipto  wuHL  m  9Un^  F«pc«  in  PmalMl  Plaacs.— 

liet  M  denote  the  moment  of  a  couple  applied  to  a  body  (fig.  9) ; 

and  at  a  point  O  let  a  single 

force  F  be  applied,  in  a  pliuie 

parallel  to  that  of  the  couple. 

For  the  given  couple  substitute 

an  eqtdvalent  couple,  consisting 

of  a  force  —  F  equal  and  directly 

opposed  to  F  at  O,  and  a  force 

F  applied  at  A,  the  arm  AO 

beinf  ssz  ^-=^  and  of  course  par-  ^    ^ 

allel  to  the  plane  of  the  couple 

M.  Then  the  forces  at  O  balance  each  other,  and  F  applied  at 
A  is  the  resultant  of  the  single  force  F  applied  at  O,  and  the  couple 
M  ;  that  is  to  say,  that  if  to  a  single  force  F  there  be  added  a  couple 
M  whose  plane  is  parallel  to  the  force,  the  effect  of  that  addition  is 
to  shift  the  line  of  action  of  the  force  parallel  to  itself  through  a 

M 
distance  O  A  =:  -=-; — ^to  the  left  if  M  is  right- 

handed — to  the  right  if  M  is  left-handed. 

42.  IH^aiMit  of  R  Force  -vrith  respect  to  an  Axla. 

— Let  the  straight  line  F  represent  a  force  ap- 
plied to  a  body.  Let  O  X  be  any  straight  line 
perpendicular  in  direction  to  the  line  of  action 
of  the  force,  and  not  intersecting  it,  and  let  A  B 
be  the  common  perpendicular  of  those  two  lines. 
At  B  conceive  a  pair  of  equal  and  directly  op- 
posed forces  to  be  applied  in  a  line  of  action 
parallel  to  F,  viz.:  F  =  F,  and  -  F  =  -  F.  The 
supposed  application  of  such  a  pair  of  balanced 
forces  does  not  alter  the  statical  condition  of  the 
body.     Then  the  original  single  force  F,  applied  in  a  line  tra- 
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is  equivalent  to  the  force  F'  applied  in  a  line  trnveraing  B; 

n  0  X  which  is  nearest  to  A,  combined  with  the  couple 

rf  F  and  -  F,  whose  moment  is  F  ■  AB.  This  is 
moment  of  Ute  force  F  rtUUivdy  to  the  aait  0  X,  and 
also,  the  moment  of  t}ie  fonx  F  rdativdy  to  the  fLatne 

ains  O  X,  and  is  parallel  to  the  line  of  action  of  the 

the  point  B  there  be  drawn  two  straight  lines  B  D  and 
1  extremities  of  the  line  F  representing  the  force,  the 
triangle  B  D  E  being  =  }  F  -  AB,  represents  one-half  of 
tof  P  relatively  to  OX 

IlkrtaH  af  Mir  SrMCBi  •£  Pumlkl  Fvrcea  !■  Oae  PUac 

that  any  system  of  parallel  forces  whose  lines  of  action 

Elane  may  balance  each  other,  it  is  necessary  and  aufii- 
e  following  conditions  should  be  iiilfilled  : — 
Iready  stated  in  Art  38)  that  the  algebnucal  sum  of 
hall  be  nothing : — 

the  algebraical  sum  of  the  moments  of  the  forces  rela- 
ny  axis  perpendicular  to  the  plane  in  which  they  act 
ihing;— 

itions  which  are  expressed  symbolically  as  follows : — 
e  any  one  of  the  forces,  considered  as  positiTe  or  nt^a- 
ing  to  the  direction  in  which  it  acts ;  let  y  be  the  per- 
distance  of  the  line  of  action  of  this  force  from  an 
issumed  axis  O  X,  y  also  being  considered  as  positire  or 
cording  to  its  direction ;  then, 

Sum  of  forces,        3  •  F  =  0 ; 
Siun  of  moments,   S  ■  y  F  =  0. 

lie  last  Article,  each  force  F  is  equivalent  to  an  equal  and 
:m  F  applied  directly  to  O  X,  combined  witli  a  couple 
le  system  of  forces  F,  and  the  qratem  of  couples  y  F, 
le  in  eqiiilibrio,  because  when  combined  the^  are  equiva- 
t>alanced  system  of  forces  F, 

ing  momenta,  right-handed  couples  are  usually  considCTed 
and  left-handed  couples  as  negative. 

Uaal  or  anr  Nanbcr  of  Paimllcl  Fsrcea  Im  Ose  PtMC' — ^The 

any  number  of  parallel  forces  in  one  plane  is  a  force  in 
lane,  whrae  magnitude  is  the  algebr^cal  sum  of  the 

of  the  component  forces,  and  whose  position  is  such, 
lent  relatively  to  any  axis  perpendicular  to  the  plane  in 
ta  is  the  algebraical  sum  of  the  moments  of  tlie  corn- 
ea. Hence  let  F,  denote  the  resultant  of  any  number 
forces  in  one  plan^  and  y,  the  distance  of  the  line  of 
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action  of  that  resultant  from  the  assumed  axis  0  X  to  which  the 
positions  of  forces  are  referred  :  then 

F^  =  2  •     p  ; 

In  some  cases,  the  forces  may  have  no  single  resultant,  2  •  I* 
being  =  0;  and  then,  imless  the  forces  balance  each  other  com- 
pletely, their  resultant  is  a  couple  of  the  moment  ^  .yF, 

^5.  MotcMf  f»  FMTce  with  rea^Mtt  !•  a  Pair  olBeclaagHlar  Axes 
— ^In  fig.  11,  let  F  be  any  single 
force;  O  an  arbitrarily-assumed 
point^called  the  "  originof  co-ordin- 
ates;;  -X  O  +  X,  -  Y  0  +  Y, 
a  pair  of  axes  traversing  O,  at 
right  angles  to  each  other  and  to 
the  line  of  action  of  F.  Let 
A  B  =  y,  be  the  common  perx)en- 
dicularof  FandOX;letAC  =  jE^ 
be  the  common  perpendicular  of  F 
and  OY.  x  and  y  are  the  ''rectan- 
gular co-ordinates*'  of  the  line  of 
action  of  F  relatively  to  the  axes 

-  XO  +  X,  -  YO  +  Y,  re- 
spectively. According  to  the  ar- 
rangement of  the  axes  in  the 
figiue,  a;  is  to  be  considered  as 
positive  to  the  right,  and  nega- 
tive to  the  left,  of  —  YO  +  Y ;  and  y  is  to  be  considered  as 
positive  to  the  left,  and  negative  to  the  right,  of  —  XO  +  X ;  right 
and  left  referring  to  the  spectator's  right  and  left  hand.  In  the 
particular  case  represented,  x  and  y  are  both  positive.  Forces,  in  the 
figure,  are  considered  as  positive  upwards,  and  negative  downwards ; 
and  in  the  particular  case  represented,  F  is  positive. 

At  B  conceive  a  pair  of  equal  and  opposite  forces,  F  and  —  F, 
to  be  applied ;  F  being  equal  and  parallel  to  F,  and  in  the  same 
direction.  Then,  as  in  Article  42,  F  is  equivalent  to  the  single  force 
F = F  applied  at  B,  combined  with  the  couple  constituted  by  F  and 

—  F  wilh  the  arm  y,  whose  moment  is  y  F ;  being  positive  in  the 
case  represented,  because  the  couple  is  right-handed.  Next,  at  the 
origin  0,  conceive  a  pcdr  of  equal  and  opposite  forces,  F  and  —  F", 
to  be  applied,  F  being  equal  and  parallel  to  F  and  F,  and  in  the 
same  direction.  Then  the  single  force  F  is  equivalent  to  tho 
single  force  F"  s  F  s  F  applied  at  O,  combined  with  the  couple 
constituted  by  F  and  —  F  with  the  arm  0  B  =  a;,  whose  moment  is 


Ftg.  11. 
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—  a;  F ;  being  negative  in  the  caae  representedy  becai]8e  the  oouple 
is  lefk-handed. 

Hence  it  appears  finally,  that  a  force  F  acting  in  a  line  whose 
co-ordinates  with  respect  to  a  pair  of  rectangular  axes  perpendicular 
to  that  line  are  x  and  y,  is  equivalent  to  an  equal  and  parallel 
force  acting  through  the  origin,  combined  with  two  couples  whose 
moments  are, 

y  F  relatively  to  the  axis  O  X,  and  —  »  F  relatively  to  the  axis 
O  Y ;  right-handed  couples  being  considered  positive ;  and  -»-  Y 
lying  to  the  lefb  of  +  X,  as  viewed  by  a  spectator  looking  &om 
+  X  towards  O,  with  his  head  in  the  direction  of  positive  forces. 

46.  EqnlUbrlam  of  any    Srslcm    •€  PanOlel   Fwwea. — In   order 

that  any  system  of  parallel  forces,  whether  in  one  plane  or  not,  may 
balance  each  other,  it  is  necessary  and  sufficient  that  the  three 
following  conditions  should  be  fulfilled : — 

L  (As  already  stated  in  Art.  38),  that  the  algebraical  sum  of  the 
forces  shall  be  nothing : — 

11.  and  IIL  That  the  algebraical  sums  of  the  moments  of  fcho 
forces,  relatively  to  a  pair  of  axes  at  right  angles  to  each  other,  and 
to  the  lines  of  action  of  the  forces,  shall  each  be  nothing  : — 

conditions  which  are  expressed  symbolically  as  follows : — 

2-F  =  0;  2-yF  =  0;  2-a;F  =  0; 

for  by  the  last  Article,  each  force  F  is  equivalent  to  an  equal  and 
parallel  foi-ce  F"  applied  directly  to  0,  combined  with  two  couples, 
y  F  with  the  axis  OX,  and  —  ^  F  with  the  axis  O  Y;  and  the 
system  of  forces  F",  and  the  two  systems  of  couples  y  F  and  —  a:  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equi- 
valent to  the  balanced  system  of  forces  F. 

47.  RcMtltant  of  Miy  Nomber  of  Parallel  Forces. — ^The  resultant  of 

any  number  of  parallel  forces,  whether  in  one  plane  or  not,  is  a 
force  whose  magnitude  is  the  algebraical  sum  of  the  magnitudes  of 
the  component  forces,  and  whose  moments  relatively  to  a  pair  of 
axes  perpendicular  to  each  other  and  to  the  lines  of  action  of  the 
forces,  are  respectively  equal  to  the  algebraical  sums  of  the  moments 
of  the  component  forces  relatively  to  the  same  axes.  Hence  let 
F^  denote  the  resultant,  and  x^  and  y^  the  co-ordinates  of  its  line 
of  action,  then 

F,  =  2  •     F, 

_  :g-yF 

y^  -  2 .  F* 

III  some  cases,  the  forces  may  have  no  single  resultant,  a  •  F 
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being  =  0 ;  and  theziy  unless  the  foioes  balance  each  other  com- 
pletely, their  resultant  is  a  couple,  whose  axis,  direction,  an^ 
moment  are  found  as  follows  : — 

Let  M.  =  3.yF;  M,=  -  j.aF; 

be  the  moments  of  the  pair  of  partial  resultant  couples  relatively  to 
the  axes  O  X  and  O  Y  respectively.  From  O,  along  those  axes, 
set  off  two  lines  representing  respectively  M,  and  M-  according  to 
the  rule  of  Art  34 ;  that  is  to  say,  proportional  to  those  moments 
in  length,  and  pointing  in  the  direction  from  which  those  couples 
must  respectively  be  viewed  in  order  that  they  may  appear  right- 
handed.  Complete  the  rectangle  whose  sides  are  those  lines ;  its 
diagonal  (as  shown  in  Art.  35)  will  represent  the  axis,  direction, 
and  moment  of  the  final  resultant  couple.  Let  M^  be  the  moment 
of  this  couple ;  then 


M,=Y^  {  m;  +  1^  }; 


and  if  ^  be  the  angle  which  its  axis  makes  with  O  Z, 

M. 

cos  tf  =r  tTT-  . 
Mr 

Section  4.— ^ti  Centres  ofPa/ralld  Forces, 

48.  C^CMtTO  of  a  Pair  of  Parallel  Forces. — In  ^g,    12,  let  A  and 

B  represent  a  pair  of  points,  to  which  a  pair  of  parallel  forces,  F^ 
and  Fb9  of  any  given  magnitudes,  are  applied  Li  the  straight  line 
joining  A  and  B  take  the  point  0  such, 
that  its  distances  from  A  aUd  B  respec- 
tively shall  be  inversely  proportional  to  the 
forces  applied  at  those  points.  Then  from 
the  principle  of  Art.  40  it  is  obvious  that 
the  resultant  of  F^  and  Fb  traverses  C.    It     y    ^         i^  ^ 

is  also  obvious  that  the  position  of  the  point    fa     ^^  *"" 

G  depends  solely  on  the  proportionate  mag-  pj^  ^2. 

nitude  of  the  parallel  forces  F^  and  Fb,  and 

not  on  their  absolute  magnitude,  nor  on  the  angular  position  of 
their  lines  of  action;  so  that  if  for  those  forces  there  be  substituted 
anotibi^  pair  of  .parallel  forces,  fa,fby  ^  &^7  other  angular  position, 
and  if  those  new  forces  bear  to  each  other  the  same  proportion  with 
the  original  forces,  viz. : — 

the  point  C  where  the  resultant  cuts  A  B  will  still  be  the  same, 
Tliis  point  is  called  the  Cer/Ure  ofPcvralld  Forces,  for  a  pair  of 
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tpplied  at  A  imd  B  respectively,  and  having  the  given 
0:Aa 

i9.    Caam    mf  ur    StMom    mt  r««IM 

^'  »•««.— Let   parallel  forces,   F^,   F,,  bt 

applied  at  the  points  A«  A|  ('fig.   13.), 
Draw  the  straight  line  A«  A;,  in  which 

take  C,,  so  that 


F,  :  F,  :  :  C,  A,  :  C,  A,; 

then  will  C,  be  the  centre  of  a  pur  of 
ff-  ly        '^'^*    parallel  forces  applied  at  Ag  and  A„  and 

having  the  proportion  Fg  :  F,.  At  a  third 
kf,  let  ft  third  parallel  force,  F^,  be  applied.  Then,  becanae 
ea  F^  F„  are  together  equivalent  to  a  parallel  force,  F^  +  F„ 
at  G^  draw  the  straight  line  C^  A^,  in  which  take  Cj,  so  that 

Fj+F,  :rg::^A,  :^7; 
11  Cj  be  the  centre  of  three  parallel  forces  applied  at  Ag,  A„ 

having  the  proportions  Fg  :  F,  :  Fj.  At  a  fourth  poin^ 
a  fonirth  parallel  force,  r„  be  applied.  Then,  because  the 
'g,  F„  Fy  are  together  equivalent  to  a  pHrallel  force,  T^  + 

applied  at  Cj,  draw  the  straight  line  Oj,  Aj,  in  which  take 

liat  

Fa+F,  +  F,  :F,  ::^:A,  :^7^ 
II  0,  be  the  centre  of  four  {mrallel  forces  applied  at  Ag,  A,, 
and  having  the  proportion  F,  :  Fj :  Ft :  F,  By  continuing 
cess  the  centre  of  any  Bystem  of  parallel  forces,  how  nume- 
iver,  may  be  foond;  and  hence  results  the  following 
BEU.  If  there  he  given  a  syOem  of  poivZt,  and  the  muhial 
'a  ayatem  ofparaUd  forcei  applied  to  tJiose  poinle,  then  then 
oiat,  and  one  only,  which  is  traversed  by  the  line  of  action  of 
'laiU  of  every  system  ofpairaUdforees  having  the  given  mulval 
nd  applied  to  the  given  lyeiem  of  points,  vihatsoeiter  may  be 
lute  moffnitudes  of  those  fortes,  and  the  angidar  position  <if 
esofac^on. 

•.m  aririwiM  of  CcMra  ot  Puallel  PorcM. — The    method    of 

centres  of  parallel  forces  described  in  the  preceding  Article, 
suitable  for  the  demonstration  of  the  theorem  just  stated, 
us  and  inconvenient  when  the  number  of  forces  is  great,  in 
aae  the  best  method  u  to  find  the  rectangular  co-ordinates  of 
nt  relatively  to  three  fixed  axes,  as  follows : — 
3  be  any  convenient  point,  taken  as  the  origin  of  oo-ordi- 
nd  OX,  OT,  OZ,  three  axes  of  co-ordinates  at  right  angles 
other. 
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Fig.  14. 


Let  A  be  any  one  of  the  pomts  to  which  the  STstem  of  parallel 
forces  in  question  are  applied.  Ftt)m  A  diaw  x  parallel  to  OX^ 
and  perpeniclicular  to  the  plane  YZ, 
y  parallel  to  O  Y,  and  perpendicular 
to  the  plane  Z  X,  and  z  parallel  to 
0  Z,  and  perpendicular  to  the  plane 
X  T.  Xy  y,  and  z  are  the  rectangu- 
lar co-ordinates  of  A,  which,  being 
known,  the  position  of  A  is  deter- 
mined. Let  F  denote  either  the 
magnitude  of  the  force  applied  at  A, 
or  any  magnitude  proportional  to 
that  magnitude,  as,  y,  «,  and  F  are 
supposed  to  be  known  for  every  point  of  the  given  system  of 
point& 

Then  first,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  T  Z.  Then  the  sum  of  their  moments  relatively  to 
an  axis  in  that  plane  is 

i'«F; 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  (as  in  Articles  44 
and  47),  by  the  equation 

Secondly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  Z  X  Then  the  sum  of  their  moments  relatively  to  an 
axis  in  that  plane  becomes 

s-yFj 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  by  the  equation 

3yF 


yr  = 


2  •  F 


Thirdly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel  to 
the  plane  X  Y.  Then  the  sum  of  their  moments  relatively  to  an 
axis  in  that  plane  becomes 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centie  of  parallel  forces  from  that  plane  is  given  by  the  equation 

2  'gF 

Thus  are  found  os^  y^  z^  the  three  rectangular  co-ordinates  of 


PBIHCIPLm  or  RTATICS. 

■arallel  forma,  for  a  ejitem  of  foroes  applied  to  anj 
f  pointe,  and  Laviiig  an^  given  matual  latdoB. 
el  forces  applied  to  a  i^Btem  of  pointa  are  all  equal, 
>DB  tliat  the  distance  of  the  centre  of  parallel  foroes 
a  plane  is  mmply  the  mean  of  the  distances  <^  the 
rstem  from  that  plaocb 
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CHAPTER  HL 

BALANCE  OF  IHCLDnED  F0BCE8. 

Sectiok  1. — Inclined  Forces  a/ppUed  at  One  Point 


51.  Paniiei^ctsH  •r  F«vcc«. — Theobek.  If  two  forces  whouUnu 
of  action  traverse  one  point  he  represented  in  direction  and  magnitude  bu 
die  sides  ofaparaUeiogramy  their  resultant  is  represented  by  the  diagonal. 

Vine  lioMMinti^a. — ^Through  the  point  O  (fig.  15),  let  two 
forces  act,  represented  in  direction 

and  magnitade  "by  OA  and  OB. 
The  resnltant  or  eqaiyalent  single 
force  of  those  two  forces  must  be  a 
force  such,  that  its  moment  relatively 
to  any  axis  whatsoever  perpendicu- 
lar to  the  plane  of  O  A  and  O  B,  is 
the  sum  of  the  moments  of  O  A  and 
0  B  relatively  to  the  same  azi& 

Now,  Jlrsi,  the  force  represented  in 
direction  and  magnitude  by  the  dia- 
gonal O  C  of  the  parallelogram  A  B 

folfils  this  condition.  For  let  P  be  any  point  in  the  plane  of  0  A 
and  O  B,  and  let  an  axis  perpendicular  to  that  plane  traverse  P. 
Join  PA,  FB^  PC,  PO.    Then,  as  already  shown  in  Art.  42,  the 

moments  of  the  forces  O  A,  OB,  00,  relatively  to  the  axis  P,  are 
represented  respectively  by  the  doubles  of  the  triangles  POA, 
POB,  POO.  Draw  AD  ||  BE  ||  OP,  and  join  PD,  PR 
Then  A  POD  =  APOA,  and  A  POE  =  APOB;  but  be- 
causeOD  +OE  =  0  0, .-.  APOO  =  APOD  +  aPOE  = 
A  POA  +  APOBj  and  the  moment  of  010  relatively  to  P  is 

XI  to  the  sum  of  the  moments  of  OA  and  OB;  and  that 
tsoever  the  position  of  P  may  be.     

Secondly.  The  force  represented  by  0^  is  the  only  force  which 
fulfils  this  condition.  For  let  0  Q  represent  a  force  whose  moment 
relatively  to  P  is  equal  to  ihe  sum  of  the  moments  of  O  A  and  O  R 
JoinPQ.     ThenAOPQs  A  POO,  and .-.  CQ  ||  PO;  so  that 


\ 
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O  Q  fulfils  the  reqtiired  condition  for  those  axes  only  which  are 
situated  in  a  line  O  P  ||  C  Q,  and  not  for  any  other  axis. 

Therefore  the  diagonal  O  C  of  the  parallelogram  A  B  repr^seniB 
the  resultant,  and  the  only  resultant,  of  the  forces  represented  by 
OAandOB.— Q.RD. 

SecMid  DeMMMrsUoa. — Suppose  a  perpendicular  to  be  erected  to 
the  plane  0  A  B  at  the  point  O,  of  any  length  whatsoever;  call  the 
other  extremity  of  that  perpendicular  R ;  and  at  R  conceive  two 
forces  to  be  applied,  respectively  equal,  parallel,  and  opposite  to 

O  A  and  0  B.  Then  0  R  is  the  arm  common  to  two  couples  whose 
axes  and  moments  are  represented  (in  the  manner  described  in  Art 
34)  by  Hnes  perpendicular  and  proportional  respectively  to  O  A  and 
OB.  On  the  lines  so  representing  the  couples,  construct  a  paral- 
lelogram ;  then,  as  shown  in  Art  35,  the  diagonal  of  that  parallelo- 
gram represents  the  resultant  couple  constituted  by  the  resultant 
of  OA  and  0  B  acting  at  O,  and  an  equal  and  opposite  force  at  R; 
and  as  the  parallelogram  of  couples  has  its  sides  perpendicular  and 
proportional  to  O  A  and  O  B,  its  diagonal  must  be  perpendicular 
and  proportional  to  O  C,  which  consequently  represents  the  result- 
ant of  OA  and  OB.— Q.  K  D. 

[There  are  various  other  modes  of  demonstrating  the  theorem  of 
the  parallelogram  of  forces,  all  of  which  may  be  studied  with  ad- 
vantage :  especially  those  given  by  Dr.  Whewell  in  his  Elementary 
Treatise  en  Mechanics^  and  by  Mr.  Moseley  in  his  Mechanics  of  En- 
gineering and  ArchiteUureJ] 

52.  EfnlUkriKHi  •f  Three  Force*  acting  throvgh  One  Point  In  One 

J?>"«-— To  balance  the  forces  OA  and  OB,  ajbrce  is  required 
^ual  and  directly  opposed  to  their  resultant  OC.  This  may  be 
otherwise  expressed  by  saying,  that  if  the  directions  and  mag- 
mtudes  of  three  forces  be  represented  by  the  three  sides  of  a  triangle, 

(such  as  O  A,  A  0,  C  O),  then  those  three  forces,  acting  through 
one  point,  balance  each  other. 

53.  K^nlttbrinmofnnTSreteniofForcee  acting  tfcrongh  One  Point. — 

OoROLLAKT  If  a  number  of  forces  acting  through  the  same  point  he 
represented  by  hnes  equal  and  parallel  to  the  sides  of  a  do^ed polygon, 

j^ 31  those  forces  balance  each  other.    To  fix 

^     ~^-7\         the  ideas,  let  there  be  five  forces  acting 

**--5^         /,'''''    /    \       throuffh  the  point  O  (fiff.  16),  and  re- 

Sife— — ^     >       presented  m  direction  and  magnitude 

Tiy^  V^!rr>i>^         ^y  *he  lines  F„  F„  F„  F^,  F„  which 

> 5a'/''*  ^  *"^  equal  and  parallel  to  the  sides 

^IQ,  of  the  closed  polygon  OABCDO; 

viz. : — 
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Fi  =  and  II  O  A 

F,  =  and||AB 

F,  =  and  II  B  C 

F4  =  and||CD 

F5  =  and||D0. 

Then  by  the  theorem  of  Art  52,  the  resultant  of  F,  and  F^  is  O  B ; 
the  resultant  of  Fj,  F ,  and  F,  is  O  C;  the  resultant  of  F|,  F„  F„ 
and  F4  is  O  B,  equal  and  opposite  to  F«,  so  that  the  final  resultant 
is  nothing. 
The  dosed  polygon  may  be  either  plane  or  gauche. 

54.  Pandiei«pip«d  mt  F#rcc& — The  simplest  gauche  polygon  iu 
one  of  four  sides.  Let  OABC£FaH(fig.  17),beaparaIlelopiped 
whose  diagonal  is  OH.  Then  any  three 
successiye  edges  so  placed  as  to  begin  at  O 
and  end  at  H^  form,  together  with  the  dia- 
gonal H  O,  a  closed  quadrilateral ;  conse- 
quently if  three  forces  F„  F„  Fj,  acting 
throughO,  be  represented  by  the  three 
edges  OA,  O  B,  0  0,  of  a  parallelepiped, 
the  diagonal  CfH  represents  their  resultant, 
and  a  fourth  force  F4  equal  and  opposite  to 
O  H  balances  them.  ^fr  17. 

55.  RM^brtMM  •r  a  F«r«e  tat*  Tw«  CoMip^BeMts. — From  the  theo- 
rem of  Art.  51,  it  is  evident  that  in  oi'der  that  a  given  single  force 
may  be  resolvable  into  two  components  acting  in  given  lines  inclined 
to  each  other,  it  is  necessary,  jiriiy  that  the  lines  of  action  of  those 
components  should  intersect  the  Une  of  action  of  the  given  force  in 
one  point;  and  secondly,  that  those  three  lines  of  action  shoidd  be 
in  one  pkuie. 

Betuming,  then,  to  fig.  15,  let  O  0  represent  the  given  force, 
which  it  is  required  to  resolve  into  two  component  forces,  acting  iu 
the  lines  O  X,  O  Y^  which  lie  in  one  plane  with  O  0,  and  intersect 
it  in  one  point  O. 

Through  C  draw  0  A  ||  0  Y,  cutting  0 X  in  A,  and  OB  || O  X, 
cutting  O  Y  in  B.  Then  will  0  A  and  0  B  represent  the  com* 
ponent  forces  required. 

Two  forces  respectively  equal  to  and  directly  opposed  to  O  A 

and  OB^ will  balance"00. 

56.  Be0«latl«B  •fa  Fmrce  tato  Three  C«BiF«aeais. — ^In  order  that  a 

given  single  force  may  be  resolvable  into  three  components  actiog 
in  given  lines  inclined  to  each  other,  it  is  only  necessary  that  the 
lines  of  action  of  the  components  should  intersect  the  line  of  action 
of  the  given  force  in  one  point. 
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E«tuming  to  fig.  17,  let  O  H  represent  the  given  force  which  it 
is  required  to  resolve  into  three  component  forces,  acting  in  the 
lines  O  X,  O  Y,  O  Z,  which  intersect  0  H  in  one  point  O. 

Through  H  draw  three  planes  parallel  respectively  to  the  planes 
YOZ,  ZOX,  X  0  Y,  and  cutting  respectively  O  X  in  A,  OYin 

B,  O  Z  in C.  Then  will  O  A,  OB,  O C,  represent  the  component 
forces  required 

Three  forces  respectively  equal  to,  and  directly  opposed  to  OTA, 

OB,  and  O  C,  will  balance  OHL 

57.  RgcttwgMlT  c^mponeBts. — ^The  rectangular  components  of  a 
force  are  those  into  which  it  is  resolved  when  the  directions  of 
their  lines  of  action  are  at  light  angles  to  each  other. 

For  example,  in  fig.  17,  suppose  O  X,  O  Y,  O  Z,  to  be  three  axes 
of  co-ordinates  at  right  angles  to  each  other.  Then  O  H  is  resolved 
into  three  rectangular  components  simply  by  letting  fall  from  H 
perpendiculars  on  O  X,  6  Y,  O  Z,  cutting  them  at  A,  B,  C, 
respectively.  

To  express  this  case  algebraically,  let  F  =  0  H  denote  the  force 
to  be  resolved.     Let 

•  =  .^XOH,  /8=^Y0H,  y=-^ZOH, 

be  the  angles  which  its  line  of  action  makes  with  the  three  rect- 
angular axea  Then,  as  is  well  known,  those  three  anglts  are  con* 
nected  by  the  equation 

co8*«  +  cos'/8  +  cos'y=l, (1.) 

Let 

Fi=oA,  f,=ob;  f,=oc; 

be  the  three  rectangular  components  of  F ;  then 

Fi  =  F-cos  » 

F,  =  Foos/8 }{2.) 

F,  =  F*006  y 

In  order  to  distinguish  properly  the  direction  of  the  resultant  F 
as  compared  with  ijLe  directions  of  the  axes,  it  is  to  be  borne  in 
mind  that 

ti.ec<«»eofaa{«^}««lei.{^^^-} 

From  a  well  known  property  of  right-angled  triangles  (also  em- 
bodied in  equation  1),  it  follows  that 

P  =  F?  +  F!  +  IT (3.) 

To  express  algebraically  the  case  in  which  a  force  is  resolved  into 
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two  rectangular  components  in  one  plane  vitb  it,  let  the  plane  in 
question  be  that  of  0  X  and  O  Y.  Then  the  anj^  axe  sabjeoi  to 
tiie  following  equations  :— 

y  =  a  right  angle ;  •  +  ^  =  a  right  angle; 

cosy=?0  ;  cos /9  s  sin  «j  cos  «=:8in  A (4.) 

andoonseqnentljtheequations 2and 3aze  reduced  to  the  following  :-* 

F,  =  F-  cos  »  =  F-  sin  /3; ) 

F,  =  F- sin  •  =  F-  cos  /»; >(&) 

F,  =:  0;       F»=  FJ  +  F:- j 

In  nmng  these  equations^  the  rule  respecting  the  positiYe  and 
negative  signs  of  cosines  is  to  be  observed ;  and  it  is  also  to  be  borne 
in  mind,  that  the  angle  «  is  reckoned  from  O  X  in  the  direction 
towards  Y,  and  the  angle  fi  from  0  Y  in  the  reverse  direction,  that 
ia,  towards  X,  and  that 

the  ones  of  angles  from  {  ^^  ^  If^  }  are  {  ^^;^  } 

If  a  flystem  of  forces  actingthrough  one  point  balance  each  other, 
their  resultant  is  nothing ;  and  therefore  the  rectangular  components 
of  their  resultant,  which  are  the  resultants  of  their  parallel  systems 
of  rectangular  components,  are  each  equal  to  nothing;  a  case  re- 
presented as  follows : — 

2Fi=:0;  3'F,  =  0;  2F,«0. (6.) 

81CIIOH  2. — Indined  ForceB  Applied  to  a  SyiUm  ofPoifnJtM. 

58.  v«MM  adtec  fat  Oae  tnmmt.   ciwphic  SMntoa. -— Let  any 

system  of  forces  whose  lines  of  action  are  in  one  plane,  act  together 
on  a  rigid  body,  and  let  it  be  required  to  find  their  resnltantb 

Assume  an  axis  perpendicular  to  the  plane  of  action  of  the  farces 
at  any  point,  and  let  it  be  called  O  Z.  According  to  the  principle 
of  Art  42,  let  each  force  be  resolved  into  an  equal  and  paraUel 
force  acting  through  0,  and  a  couple  tending  to  produce  rotation 
about  O  Z;  so  that  if  a  force  F  be  applied  along  a  line  whose  per* 
pendicular  distance  from  O  is  L,  that  force  shall  be  resolved  into 

F  =  and||F 

acting  through  O,  and  a  couple  whose  moment  is 

M  =  LF, 

and  which  is  right  or  left-handed  according  as  O  lies  to  the  rig^t  or 
left  of  the  direction  of  F. 
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The  inagmJtfwdA  and  dvredion  of  the  resultant  are  to  be  found  bj 
forming  a  polygon  with  lines  equal  and  parallel  to  those  representing 
the  forces,  as  in  Art  53,  when,  if  the  polygon  is  closed,  the  forces 
have  no  single  resultant;  but  if  not,  then  the  resultant  is  equal, 
parallel,  and  opposite  to  that  represented  by  the  line  which  is 
required  in  order  to  close  the  polygon.  Let  K  be  its  magnitude 
if  any. 

The  posUicn  of  the  line  of  action  of  the  resultant  is  found  as 
follows : — 

Let  2  *  M  be  the  resultant  of  the  moments  of  all  the  couples  M, 
distinguishing  lighirhanded  from  left-handed,  as  in  Art».  27  and 
32.  If  3'M  s  0,  and  also  It  =0,  then  the  couples  and  forces 
balance  completely,  and  there  is  no  resultant.  If  3*M  =  0,  while 
R  has  magnitude,  then  the  resultant  acts  through  O.  If  3 '  M 
and  It  both  have  magnitude,  then  the  line  of  action  of  the  resultant 
It  is  at  the  perpendicular  distance  from  O  given  by  the  equation 

^'— R- 

and  the  direction  of  that  perpendicular  is  indicated  by  the  sign  of 
2-M.  If  It  =  0,  while  3*M  has  magnitude,  the  only  resultant  of 
the  given  system  of  forces  is  the  couple  s*M. 

59,  Vmretm  mtUmg  te  Oae  Plaac— Solntioii  hf  Bceuungalar  Cm  ■> 

mmaum, — ^Through  the  point  0  as  origin  of  co-ordinates,  let  any  two 
axes  be  assumed,  0  X  and  O  Y,  perpendicular  to  each  other  and 
to  O  Z,  and  in  the  plane  of  action  of  the  forces ;  and  in  looking  from 
Z  towards  O,  let  Y  lie  to  the  right  of  X,  so  that  rotation  from  X 
towards  Y  shall  be  right-handed.  Let  F,  as  before,  denote  any  one 
of  the  forces;  let  »  be  the  angle  which  its  line  of  action  makes  to 
the  right  of  O  X ;  and  let  x  and  y  be  the  co-ordinates  of  its  point 
of  application,  or  of  any  point  in  its  line  of  action,  relatively  to  the 
assumed  origin  and  axes.  Besolve  each  force  F  into  its  rectangular 
components  as  in  Axt  57, 

Fi  =F  •  cos  «;  F,  =  F  •  sin  »; 

then  the  rectangular  components  of  the  resultant  are  respectively 

parallel  to  O  X,  2  (P  cos  «)  =  Itj, )  ^,  v 

paralleltoOY,  s(F-sin»)  =E„j  ^^'^ 

its  magnitude  is  given  by  the  equation 

R'  =  RJ  +  BJ; (2.) 

and  the  angle  k^  which  it  makes  to  the  right  of  0  X  is  found  by  the 
equations 

eos«^=^*  j  sin«,  =  -j^ (3.) 
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The  quadrant  in  which  the  direction  of  B  lies  is  indicated  by  tlie 
algebraical  signB  of  Ri  and  Bg,  as  already  stated  in  Art  57. 

The  perpendicular  distance  from  O  of  the  line  of  action  of  any 
force  Fia 

L  =  a;*sin  • — y  *co6  « 

which  is  positiye  or  negative  according  as  O  lies  to  the  right  or  to 
the  left  of  that  line  of  action ;  and  hence  the  resultant  moment  of 
the  system  of  forces  relatiyely  to  the  axis  0  Z  is 

aFL  =  3'F(iBBinfli — yooa») 

=  3(a:F,  — yF,) (4.) 

whence  it  follows,  that  the  perpendicular  distance  of  the  resultant 
force  from  0  is 

^^^,(»F.-yF.) ^^^ 

Let  X,  and  y,  be  the  co-ordinates  of  any  point  in  the  line  of  action 
of  the  resultant;  then  the  equation  of  that  line  is 

a?,R,  — y,R,  =  RL,     ) 

which  is  equivalent  to  V (6.) 

o;^  sin  «i^  — y^cos  «i,  =  Iv  j 

As  in  Art  58,  if  a-F  L  =  0,  the  resultant  acts  through  the 
origin  O;  if  2«FL  has  magnitude,  and  B  =  0  (in  which  case 
Bi  =  0,  Bt = 0)  the  resultant  is  a  couple.  The  conditions  of  equili- 
brium of  the  system  of  forces  are 

Bi  =  0;  B,=0;  aFL  =  0;  ) 

or  in  other  symbols  > . . .  .(7.) 

3-Fi  =  0;  s-F,  =  0;  3(ajF,  — yFO  =  0.  j 

The  moment  of  the  resultant  relatively  to  the  axis  0  Z  can  also 
be  arrived  at  by  considering  the  moment  F  L  of  each  force  as  the 
resultant  of  as  Fg,  which  is  right-handed  when  x  and  F^  are  both 
positive^  and  of  —  y  Fi,  which  is  left-handed  when  y  and  F|  arc 
both  positiva 

60.  Aay  Bjwum  •f  Wwirteu* — ^To  find  the  resultant  and  the  con- 
ditions of  equilibrium  of  any  system  of  forces  acting  through 
any  system  of  points,  the  forces  and  points  are  to  be  referred  to 
three  rectangular  axes  of  co-ordinates. 

As  in  Art  57,  let  O  denote  the  origin  of  co-ordinates,  and 
OX,  OT,  OZ,  the  three  rectangular  axes;  and  let  them  be 
iarranged  (as  in  hg.  17),  so  that  in  looking  from 

X]  [YtowardflZ] 

Y  >  towards  O,  rotation  from  <  Z  towards  X  > 
Z)  (X  towards  Yj 

shall  appear  right-handed. 
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denote  any  ooe  of  the  forces;  x,  y,  z,  the  co-ordinates  of  a 
its  line  of  action;  and  «,  fi,  y,  the  angles  wbich  its  direotian 
riik  the  axis  respectively.  Then  the  three  reotaogakr 
ists  of  E  being  as  in  Art  57, 

P,  =  F  •  cos  «  along  0  X,  1 

F,  =  F  ■  cos  ^  along  0  T,  V (1.) 

Ft  =  F  ■  COS  y  along  O  Z,  ) 
I  shown  by  reasoning  nimilar  to  ih&t  of  Art  59,  that  tiie 
ments  of  these  components  rektiTely  to  the  three  axee  are 

rdy 

,  —  8F,=F-{ycoBy— e  coa  i3)  relatively  to  0  X,  ) 
I  —  a!F,  =  F  (zcos«  —  ic  cos  yl  relatively  to  OT,  >(2.) 
1 — yFj  =  F(a!co8/B  —  ycos  «)relatiTely  toO  Z;  } 


he  force  F  is  equivalent  to  the  three  forces  of  the  fonnnle 
through  O  slong  the  three  axes,  and  the  three  conpUs  of 
ulffi  2  acting  round  the  three  szea 
g  the  algcWaical  sums  of  all  the  forces  which  act  along  the 
ffi,  and  of  all  the  couples  which  act  round  tlie  same  axe^ 
allowing  qoantities  are  found,  which  oompoee  the  Teenltaat 
ven  system  of  forces  j — 


along  OX;  R,=  s  *  F  cos  > 

„    OY;  B,=  a-Foos(3,  V .(S.) 

„    OZ;  R,=  a-Fo-       ' 


•8(3,    v.. 


round  OX;  Mi  =  3jF  (y  cosy  -ecoB^)]' 

„     OT;M,=  3fF(ac<M»-ecosy)t,  I (t) 

„     OZ;lk^=i[F(aoo8^  -ffcos*)]. 

lee  forces  Ru  B«  B^  are  equivalent  to  a  single  force 

Il=^(RI  +  E'+B5), (6.) 

rough  O  in  a  line  which  makes  witli  tlie  skxes  aha  anglw 
the  equations 

o<w<'p=g^;  tx>efi,=^-  oos  v,  =  ~- (6.) 

ree  conplee  M„  M„  M^  according  to  Article  37,  are  equi- 
one  couple,  whose  magnitude  is  givsn  by  the  equation 
M=  J  (M!  +  Jiq  +  M8 (7.) 
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and  wLose  axis  makes  with  the  axes  of  co-ordinates  the  angles  given 
by  the  equations 

M,  Ma  M, 

C08X=:— ;    00S/«4  =  jj-;    «»'  =  M  (^0 

in  which  J  ^  I   denote  respectively  the  angles   j  qyI 
in  wnicn  <f,>  ^^^^  ^^  the  axis  of  M  with  i  ^  *  p 

The  c«iiditi*a*  •r  EqaiiibriMBi  of  the  system  of  forces  may  be  ex- 
pressed in  either  of  the  two  following  forms  : — 

Ri  =  0;  R,  =  0;  R,=0:  Mi  =  0;  M,  =  0;  M,  =  0...(9.) 
or  R  =  Oj  M  =  0 (10.) 

When  the  system  is  not  balanced,  its  resultant  may  fall  under 
one  or  other  of  the  following  cases  : — 

CsM  I. — When  M  =  0,  the  resultant  is  the  single  force  It  acting 
through  O. 

Cam  h. — When  the  axis  ofM-ia  at  right  angles  to  the  direction  qf 
"Ry — a  case  expressed  by  either  of  the  two  following  equations : — 

cos  etr  cos  X  4  cos  fif  cos  fit  4-  COS  y^  COS  l>  =  0  j  )         y^  ,  v 

or  RiM,  4-R,M,  +  R5M,  =  0;  j -K^^') 

the  resultant  of  M  and  It  is  a  single  force  equal  and  parallel  to  R, 
acting  in  a  plane  perpendicular  to  the  axis  of  M,  and  at  a  perpen- 
dicidar  diHtanoe  £n>m  O  given  by  the  equation 

I'  =  | (12). 

Cmme  III. — When  R  =:  0,  there  is  no  single  resultant;  and  the 
only  resultant  is  the  couple  M. 

c«M  IT. — When  the  axis  ofM.  is  pa/ralld  to  tlta  line  qfa^ion  o/B,, 
that  is,  when  either 

X  =  «,;  fA  =  fir'y  *^yty (13). 

or  X  =  —  «».;  A*  =  —  /9^;  »  =  —  yr; (1^)- 

there  is  no  single  resultant;  and  the  system  of  forces  is  equiva- 
lent to  the  force  R  and  the  couple  M,  being  incapable  of  being 
farther  simplified. 

emam  V. — When  the  aads  qf  "M.  is  oblique  to  the  direction  qf  R, 
TnfLTriTig  -with  it  the  angle  given  by  the  equation 

cos  ^  =  cos  X  cos  «r  +  cos  ^M  cos  /3^  +  cos  y  COB  r^....(15). 

the  couple  M  is  to  be  resolved  into  two  rectangular  components, 
viz.: — 
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round  an  axis  perpendicular  to  R,  and  ii 

ane  containing  the  direction  of  R  and  of     (16.) 

daofM; 

M  COB  J  ronnd  an  axis  parallel  to  B. 

and  the  couple  M  wn  *  are  equivalent,  as  in  Oaaf 
force  equal  and  parallel  to  B,  whose  line  of  action 
lerpendicular  to  that  containing  R  and  the  axis  of 
perpendicular  distance  irom  0  is 

-^ ("•) 

cos  t,  wliose  axis  is  parallel  to  the  line  of  action  «f 
of  further  combination. 

leara  finally,  that  eveir  system  of  forces  which  is  not 
equivalent  either,  (A);  to  a  single  force,  as  in  Cases 
;  to  a  couple,  as  in  Case  III.  (C) ;  to  a  force,  com- 
luple  whose  axis  is  parallel  to  the  line  of  action  of 
1  Cases  IV.  and  V,  This  can  occur  with  inclined 
iiaving  been  shown  in  Article  47,  that  the  resultant 
of  parallel  forces  is  either  a  single  force  or  a  couple. 
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CHAPTER  IT. 

ON  PABALLEL  PROJECTIONS  IN  STATICSL 

61.  Pamllel  PrijeeltoM  of  a  FIgan  deflned. — If  two  figures  be  BO 

related,  that  for  each  point  in  one  there  is  a  cozTefl})oncling  point 
in  the  other,  and  that  to  each  pair  of  equal  and  parallel  lines  in  the 
one  there  corresponds  a  pair  of  equal  and  parallel  lines  in  the  other, 
those  figures  are  said  to  be  parallel  projections  of  each  other. 

The  relation  between  such  a  pair  of  figures  may  be  otherwise 
expressed  as  follows : — Let  any  figure  be  referred  to  axes  of  co- 
ordinates, whether  rectangular  or  oblique ;  let  tc,  y,  z,  denote  the 
co-ordinates  of  any  point  in  it,  which  may  be  denoted  by  A  :  let  a 
second  figure  be  constructed  from  a  second  set  of  axes  of  co-ordinates, 
either  agreeing  with,  or  differing  from,  the  first  set  as  to  rectan- 
gukrity  or  obliquity ;  let  of,  i/,  sf,  be  the  co-ordinates  in  the  second 
figure,  of  the  point  A'  which  corresponds  to  any  point  A  in  the 
first  figure^  and  let  those  co-ordinates  be  so  related  to  the  co-ordi« 
nates  of  A,  that  for  each  pair  of  corresponding  points.  A,  A',  in  the 
two  figures,  the  three  pairs  of  corresponding  co-ordinates  shall  bear 
to  each  other  three  constant  ratios,  such  as 

X  '    y  '    «         ^' 

then  are  these  two  figures  paraUel  projections  of  each  other. 

62.  dcometHcal  Pvopertlcs  of  Pamllel  Pr«Jectioas. — The  following 

are  the  geometrical  properties  of  parallel  projections  which  are  of 
most  importance  in  statics.  Being  purely  geometrical  propositions, 
they  are  not  here  demonstrated. 

I. — ^A  parallel  projection  of  a  system  of  three  points,  lying  in 
one  straight  line  and  dividing  it  in  a  given  proportion,  is/ also  a 
system  of  three  points,  lying  in  one  straight  line  and  dividing  it  in 
the  same  proportion. 

IL — ^A  parallel  projection  of  a  system  of  parallel  lines  whose 
lengths  bear  given  ratios  to  each  other,  is  also  a  system  of  paraUel 
'  lines  whose  lengths, bear  the  same  ratios  to  each  other. 

IIL — ^A  parallel  projection  of  a  closed  polygon  is  a  closed 
polygon. 
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Uel  projection  of  a  paraUelognun  is  a  parallel- 

1  projection  of  a  parallelepiped  is  a  parallelopipeA 
lei  projection  of  a  pair  of  parallel  plane  eurfaces, 
in  a  given  ratio,  is  also  a  pur  of  parallel  plane 
ireas  are  in  the  eame  ratio. 

llel  projection  of  a  pair  of  Tolnmea  having  a  given 
^  volomes  having  the  same  ratio. 

■  M  rualici  FarcM. — It  has  been  sho^n  in  Chap. 
;  the  equilibrium  of  any  sTstem  of  parallel  forces 
lutual  proportions  of  the  fbrcea  and  on  those  of  the 
:  lines  of  action  from  given  planeo.  B7  considering 
Q  with  the  principles  L  and  IL  of  Article  62,  it  is 
a  balanced  system  of  parallel  forces  be  represented 
inee,  then  any  system,  of  lines  which  ia  a  parallel 
)  first  system,  wUl  also  represent  a  balanced  system 

;  and  also,  that  if  there  be  two  systems  of  parallel 
d  by  systems  of  lines  which  are  parallel  projectioRB 
en  are  the  respective  resultants  of  those  syErt^ms  of 
angle  forces  or  oonples,  represented  by  lines  which 
»ctiona  of  each  other  related  in  the  same  manner 
airs  of  corresponding  lines  in  the  two  ^stems.  In 
inciple  to  amples,  it  is  to  be  ohserved,  that  they 
resented  by  single  lines,  as  in  Art  34,  but  bypaiis 
osite  lines,  aa  in  the  previous  orticlefl,  (^  by  areas, 
f  and  Al. 

MM  C«Mra  af  Panllel  FaroeA — ^If  tWO  systems  of 

1  projections  of  each  other ;  and  if  to  each  of  those 
applied  a  system  of  parallel  forces  bearing  to  each 
yatem  of  laJiioB,  then,  t^  considering  the  principles 
icle  62  in  conjunction  with  those  of  Chap.  IL,  Sect 
that  the  centres  ot  parsUeL  forces  for  those  two 
9  will  be  parallel  projections  of  each  other,  mutually 
me  manner  with  tlie  otlier  pairs  of  oorresponding 
0  systems, 

■  M   larllMtil  Fama  aadag  thi«B|h  Aim   PalM. — 

nX,  rV.,  and  V.,  of  Article  62,  teitea  in  conjunc- 
iciplesofChap.  IIL,Sect.  l,it  follows,  that  if  a  given 
epresents  a  b^nced  system  of  forces  acting  throu^ 
inll  any  parallel  projection  of  that  system  of  lines 
mlauced  f^stem  of  forces  acting  through  one  point ; 
f  two  systems  of  foroea,  each  acting  thmogh  one 
ented  by  two  systems  c^  lines  whidi  are  parallel 
ih  other,  then  will  the  respective  resultants  of  those 
forces  be  represented  by  a  pair  of  lines  which  are 
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parallel  projections  of  each  other,  mutuallj  related  in  the  same 
manner  with  other  pairs  of  corresponding  line& 

66.  AppUcatiOTi  t»  anr  mjwum  •f  Fotcm. — ^As  every  system  of 
forces  applied  to  any  system  of  points  can  be  reduced,  as  in  Art.  60^ 
to  a  system  of  forces  acting  through  one  point,  and  certain  systems 
of  parallel  forces,  it  follows  that  if  a  balanced  ciystem  of  forces  acting 
through  any  system  of  points  be  represented  by  a  system  of  lines, 
then  will  any  parallel  projection  of  that  system  of  lines  ropresent  a 
balanced  system  of  forces ;  and  that  if  any  two  systems  of  forces 
be  represented  by  lines  which  aro  parallel  projections  of  each  other, 
the  Imes,  or  sets  of  lines,  ropresenting  their  resultants,  will  be  cor- 
responding parallel  projections  of  each  other : — it  bdng  still  ob- 
served, as  in  Article  63,  that  couples  are  to  be  represented  by  pairs 
of  lineS)  as  pairs  of  opposite  forcesf,  or  by  areas,  and  not  by  single 
lines  along  their  axeSi 


CHAPTER  V. 

ON  mSTKlBUTED  FORCES. 


-In  Article  18  itl 
action  of  eTeiy  real  force  is  disti 
or  over  Bome  sur&ce.  It  is  t 
ther  a  single  rerndtimt,  or  a  rend 
mgU  force  toiih  a  couple  (like  tt 
i  given  distributed  force  is  equivi 
ium  of  the  body,  or  part  of  a  bod 

m  of  Mechanics  to  AHtronomy, 
len  necessary  to  find  the  resull 
r  repulsion,  whose  direction  is  s 
of  ^e  body  to  which  it  is  ap^led 
difficulty  and  complexity.  But 
to  Structures  and  Machinea,  th< 
it  the  volume  of  a  body  which  i 
ight,  or  attmction  towards  the 
ire  in  eveiy  instance  so  small  a 
is  attraction  may,  without  ^pri 
lei  directions  at  each  point  in  ea< 
tributed  over  surbces,  which  hi 
nechanics,  are  either  parallel  a 
pplication,  or  capable  of  being  r 
Hence,  in  applied  mechanics,  pa 
to  be  considered ;  every  such  fc 
to  a  single  resultant,  or  to  a  n 
[  finding  such  resultant  is  com  pa 

tf  mt  m  DlmlbBled  Fares  IS  the 

force,  expressed  in  unite  of  for 
b  is  distributed,  expressed  in  unit 

as  the  case  may  be.  An  unit  oj 
bnted  over  an  unit  of  volume  or 
:hat  there  are  two  kinds  of  un 
pound  per  cubic  foot  is  an  unit  o 
throughout  a  volume,  such  as  \ 
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pomid  per  square  foot  is  an  unit  of  mtensity  for  a  force  distributed 
over  a  sui&oe,  such  as  pressure  or  Miction. 

The  intensity  of  a  force  acting  at  a  single  point  would  be  infinite, 
if  such  a  force  were  possible. 

Section  1. — Of  Weighty  and  Cenira  ofOromly. 

69.  The  gpMMg  OntTiir  of  a  body  is  a  number  proportional  to 
the  weight  of  an  unit  of  its  volume;  for  example,  the  weight  in 
pounds,  of  a  cubic  foot  of  the  volume  of  the  body.  The  pound  per 
cubic  foot  is  the  most  convenient  unit  of  specific  gravity  for  practi- 
cal purposes ;  but  in  tables  of  specific  gravity,  a  special  unit  is  usu- 
ally employed,  viz.,  the  weight,  at  a  fiixed  temperature,  of  imity  of 
volume  of  water.  In  Britain,  that  fixed  temperature  is  usually 
62^  Fahrenheit;  in  France,  and  on  the  continent  of  Eurojie 
generaUy,  it  is  the  temperature  at  which  water  is  most  dense,  viz., 
3°-95  centigrade,  or  SQ**-!  Fahrenheit. 

In  a  table  at  the  end  of  this  volume  are  given  the  specific 
gravities  of  such  materials  as  most  commonly  occur  in  structures 
and  machines.  So  fiEir  as  this  and  similar  tables  relate  to  solid 
materials,  they  must  be  regarded  as  approximate  only;  for  the 
specific  gravi^  of  the  same  solid  substance  varies  not  only  in 
different  specimens,  but  frequently  even  in  different  parts  of  the 
same  specimen ;  still  the  approximate  values  are  sufiiciently  near 
the  truth  for  practical  purposes  in  the  art  of  construction. 

70.  The  Ontre  •£  OraTitr  of  a  body,  or  of  a  system  of  bodies,  is 
the  point  always  traversed  by  the  resultant  of  the  weight  of  the 
body  or  system  of  bodies, — ^in  other  words,  the  cenJb'e  of  paraUd 
forces  for  the  weight  of  the  body  or  system  of  bodies. 

To  support  a  body,  that  is,  to  balance  its  weight,  the  resultant  of 
the  supporting  force  must  act  through  the  centre  of  gravity. 

71.  CcBtre  mt  Omvitr  of  a  fl[oiii«c«oe«a«  Body  harla^  «  Cmmtt^  mt 

FigHre. — ^Let  a  body  be  homogeneous,  or  of  equal  specific  gravity 
throughout ;  let  it  sdso  be  so  far  symTnetriccd,  as  to  have  a  centre  of 
figure;  that  is,  a  point  within  the  body,  which  bisects  every 
diameter  of  the  body  drawn  through  it;  then  it  is  self-evident, 
that  the  centre  of  figure  of  the  body  must  also  be  its  centre  of 
giavity. 

Amongst  the  bodies  which  answer  this  description  are,  the 
sphere,  the  ellipsoid,  the  circular  cylinder,  the  elliptic  cylinder, 
prisms  whose  bases  have  centres  of  figure,  and  parallelopipeds^ 
whether  right  or  oblique. 

72.  IBmMm  Imit1b«  Planes  mr  Axe*  af  Bjmmmtrr* — ^If  a  homogene- 
ous body  be  of  a  figure  which  is  Sfymmetrical  on  either  side  of  a 
given  plane,  the  centre  of  gravity  must  be  in  that  plane.  If  two 
or  more  such  piUmes  of  symmetry  intersect  in  one  Hne,  or  aads  of 
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lie  of  gnvity  moet  b«  in  that  axis.     If  three  oc 
ometty  int«niect  each  other  in  a  point,  tiut  point 
)  of  gisTity , 
re  examples : — 

t  A  B  C  be  an  equilateral  triangle,  the  base  (^  a 
ritmffular  prUm.  This  prism  has  one  plane  of 
to  its  bases  at  the  middle  of  its  length.  It  has 
of  fTmrnetTy,  A  a,  B  6,  C  e,  each  trareiBing  one 
I  and  bisecting  the  opposite  side,  and  those  three 
1  an  axis  Q,  whose  perpendicular  distance  &om 
irds  of  Uie  distance  from  that  edge  to  the  oppocate 

5i  _  93  _^£^  A 

Xa  ~  BY  ~  Uc         3' 
dty  of  the  prism  is  at  tfie  middle  of  tMa  azis> 
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let  A  B  C  D  be  a  regvia/r  telraedron,  or  triangular 
1  bj  four  equilateral  triangles.  Bisect  any  edge 
he  plane  ABE  drawn  through  the  point  of  bisw- 
site  edge  is  a  plane  of  symmetrj.  There  are  nx 
they  intersect  each  other  in  one  point  Q-,  which  is 
re  of  gravity  of  the  tetraedron. 
■n  by  geometry,  that  the  point  G  can  be  found  in 
oner.  From  any  summit^  such  as  B,  draw  B  !E^ 
the  opposite  edges,  each  as  DC.     Li  BE  take 

Join  AF,  in  which  taJte  AOr'~Y^^'  ^^ 
gravity  sought. 

ifMiiiiifl  B»Ji—i — Let  a  CMmected  lysten  of 
lolute  or  proportional  weights  are  known,  and 
^vity  are  also  known  by  reaeoiK^  the  symmetiy 
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and  homog^ieitj  of  each  body,  be  arranged  in  any  manner ;  then 
the  common  ceTUre  0/ gravity  of  the  -whole  system  of  bodies  is  the 
same  with  the  centre  o/pcMraUd  forces  for  a  system  of  forces  equal  or 
proportional  to  the  weights  of  the  bodies^  and  acting  through  their 
respective  centres  of  gravity. 

Consequently,  applying  to  this  case  the  principles  of  Chap.  U., 
Section  4,  Artide  §0,  the  centre  of  gravity  is  found  in  the  following 

manner.  Let  yz  denote  any  fixed  plane,  x  the  perpendicular 
distance  of  the  centre  of  gravity  of  any  one  of  the  bodies  from  that 
plane,  and  W  the  weight  of  that  body,  so  that  Wx  is  the  moment 
of  the  weight  of  the  body  in  question  with  respect  to  any  axis  in 

the  plane  yz. 

Let  xo  denote  the  perpendicular  distance  <^  the  common  centre 

of  gravity  from  the  plane  y  z.     Then  we  have,  total  moment  of  the 

system  relatively  to  any  axis  in  the  plane  yz, 

and  consequently, 

By  proceeding  in  a  similar  manner,  the  ^stances  of  the  common 
centre  of  gravity  of  the  system  of  bodies  from  two  other  fixed 

planes.,  either  perpendicular  or  oblique  to  yz  and  to  each  other,  are 
found  so  as  to  determine  its  position  completely. 

The  same  process  is  applicable  to  any  body  whose  figure  is  capable 
of  being  divided  into  symmetrical  figurea 

74.  Bi«iM«geiie««a  B#di7  •f  nuj  Figure. — ^Let  w  be  the  Specific 
gravity  of  a  homogeneous  body  of  any  figure,  V  its  volume,  and 
W  =  wV  its  weight.     Conceive  three  fixed  co-ordinate  planes, 

yZjZXy  and  xy,  perpendicular  to  each  other,  and  let  a\)9  ^o,  ^  be 
the  co-ordinates  of  the  centre  of  gravity,  which  it  is  required  to 
find  j  so  that  toVa^  wVyo>  t£?V«b>  are  the  moments  of  the  body 
relatively  to  the  three  co-ordinate  planes  respectively.  Conceive  the 
space  in  and  near  the  body  to  be  divided  by  three  series  of  equi- 
distant planes  parallel  to  the  co-ordinate  planes  respectively,  into 
equal  and  similar  small  rectangular  molecules^  whose  dimensions^ 
parallel  to  x,  y,  and  z,  respectively,  are 

AXy  Ay,  az. 

Let  Xyy,z,he  the  co-ordinates  of  the  centre  of  one  of  these  molo* 
culea     Then  its  volume  is 

its  weight  w  ax  ^y  az, 


JKCIPLES  or  tFTATICa 

veiy  to  the  three  co-ordinato  planes  re* 

le  figure  of  the  body  whose  centre  of  gravity 
roximating  to  it  may  be  built  hy  puttin|; 
>er  of  Buitably  arranged  rectangular  mole- 


it  a  y  a  «  nearly; 

■  J  •  AX^y  aznea/rly; 

■XAX  Ay  aX nearly; 

immoa  and  constant  &ctor  w, 


XAya, 


oate  fonnule  for  y^  ^nd  ^ 

tat  the  smaller  the  dimensions  ax,  a  jr,  az, 
sculo,— or  in  other  words,  the  more  minute 
space  in  and  near  the  body  into  small 
rly  will  the  approximate  figure,  built  up  of 
gree  with  the  exact  figure  of  the  body,  and, 
aearly  will  Hie  results  of  the  approximate 
the  true  results ;  which,  therefore,  are  the 
the  results  of  tliese  formuUe  continually 
■arer,  aa  the  dimensions  Ax,  &y,  az,  are 
1  are  found  by  the  process  calloi  inUgration*- 
I  following  manner : — 


''V  =  <J!  j  j  j  dxdydi 
=  vi  j  j  j  xdxdyde 
=  v>  J  J  j  ydxdydz 
=  u,IJJ  zdxdydz; 


,    )■■ 


..(Z) 


■■('■) 
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r 


co-ordinates 

of  the 

centre  of 

gravity 


^  =  — ;- 


yo  = 


«b  = 


/  /  /  xdxdydz 
ill  dxdydz 

III  ydxdydz 
III  dmdydz 

III  zdxdydz 
I  I  j  dxdydz 


(*■) 


Such  are  the  general  fonnulie  for  finding  the  centre  of  gravity  of 
a  homogeneous  body,  of  any  form  whatsoever. 

75.  Cemtn  •r  CtemvitT  #•■■«  1^  Additton. — ^When  the  figure  of  a 
body  consists  of  parts,  whose  respective  centres  of  gravity  are  known, 
the  centre  of  gravity  of  the  whole  is  to  be  found  as  in  Article  73. 

76.  Cottve  mf  QniTitT  fUnut^  hf  SakCracttoa. — When  the  figure  of 

a  honu^eneous  body,  whose  centre  of  gravity  is  sought,  can  be 
made  hy  taking  away  a  figure  whose 
centre  of  gravity  is  known  from  a  larger 
figure  whose  centre  of  gravity  is  known 
also,  the  following  method  may  be  used. 
Let  A  C  D  be  the  larger  figure,  Gi  its 
known  centre  of  gravity,  W,  its  weight 
Let  A  B  E  be  the  dbialler  figure,  whose 
centre  of  gravity  G^  is  known,  W,  its 
weight  Let  EBCD  be  the  figure  whose 
centre  of  gravity  G,  is  sought,  made  by 
taking  away  ABE  from  A  C  D,  so  that 
its  weight  is 

w,  =  w,  — w,. 

Join  Gi  Ga ;  G.  will  be  in  the  prolongation  of  that  straight  line  be- 
yond Gi.  Li  the  same  straight  line  produced,  take  any  point  O  as 
origin  of  oo-ordinates,  and  an  axis  at  O  perpendicular  to  O  G|  Gi  as 

axis  of  moments.    Make  OGJ  =  a?i ;  OG^  =  a^  O  Ga  (the  unknown 
quantity)  =  av 
Then  the  moment  of  Wt  relatively  to  the  axis  at  0  is 


Fig.  20. 


x»W»=zx,W,  "X^W^ 


and  therefore 


a^  = 


w,  -  w.  • 


SBXSaiTLta  OF  BTATIOB. 
t  OnTllf  Alumd  br  IVfiliUM — In  fig.    21,  let 

A  B  C  D  be  a  body  of  the  weight  W, 
-whose  oentre  of  gravity  Q,  is  known.  Let 
the  figora  of  this  body  be  altered,  by  trans- 
posing a  part  whose  weight  ia  W,,  from  the 
podtioa  E  0  F  to  the  position  F  D  H,  so 
that  the  new  figure  of  the  body  is  A  B  H  £. 
Let  G,  be  the  original,  and  G,  the  new 
poration  of  the  centre  of  grayity  of  the 
transpooed  part  Then  the  moioeat  of  the 
body  relatively  to  any  axis  in  a  plane  per- 
pendicnlar  to  Q,G,  will  be  altered  by  the 
amount  Wg-O,  G,;  and  the  centre  of  gravity 
of  the  whole  body  will  be  shifted  to  G],uia 
,  parallel  to  Gj  G„  and  through  a  diatanoe  girea 


G<,G,=e:^ 


—  >f«niT*trofrri^iiMi4FhwFiMwL — The  general  for- 
Article  74  are  intended  not  so  much  for  direct  nse  in 
ntrea  of  gravity,  as  for  the  deduction  of  formulte  of  a  more 
m  adapted  to  particular  daasea  of  casea  Of  such  the  f(d< 
an  example. 

ktre  of  gravi^  of  a  light  prism  with  parallel  ends  lies  in 
idway  between  its  ends  ;  that  of  a  fiat  plate  of  uniform 
which  in  &ct  is  a  short  piism,  in  a  plane  midway  between 
Let  such  middle  plane  be  taken  for  that  oi  xy ;  any 
point  in  it  0  (fig,  22),  for  the  origin, 
and  two  rectangular  axes  in  it,  O  X 
and  0  Y,  for  axes  of  co-ordinates,  to 
which  A  B,  the  transverse  section  of 
the  plate,  is  referred.  Conceive  the 
figure  A  B  to  be  divided  into  narrow 
Innds,  by  equi-distant  lines  parallel  to 

! T     one  trf  the  axes  of  co-ordinates  0  T, 

and  at  the  distance  a  x  apart  Let  x 
f]g_  32.  ^  ^^  distance  of  the  middle  line  of 

one  of  these  bands  from  0  Y,  and 
distances  of  the  two  extremities  of  that  middle  line  from 
en  the  band  is  approximately  equal  to  a  rectangular  band 
~""  "■       Vi,  and  breadth  ^x,  the  co-ordinates  of  whose 

'^—     Consequently,  if  s  be  the  uniform  thick- 


igthy,  ■ 
K,  and ' 


PBISKB  ASD  FLAT  PLA.TB& 


W 


nesB  of  the  plate,  and  to  its  specific  gravity,  we  liaye  for  a  singla 
band, 

h-yx)^«  nearly; 

Tolnme  =      «  fyi  —  yi )  ^  «  nearly  ; 

weight  =ti7  «  \^a— yi)  Ax  nearly; 

moment  lelativelj  to  O  Y, 

z=iiDzx  (yj-yi)  A  a?  near^; 
moment  relatiyelj  to  O  X, 

=:«>«  — r —  Axnearly; 

and  for  the  whole  plate 

area  =         ^ '(if ^-yi)  ax  nearly; 

vohune  V  =     « •  a  (yt-yi)  ^  x  nearly; 
-weof^t  W=foz':^  (ya—yi)  Axnearly; 

niomeint  xelatiTelj  to  O  Y, 

a:,W  =  «7«  •  5«(yt-yi)  Axnearfy; 
moment  lelatiYelj  to  O  X, 

y^r=zv)z  -a   %      A  xnearfy; 


(1.) 


2 

oonseqnentlj^  the  co-ordinates  of  the  centre  of 
gravity  of  the  plate  (omitting  the  common  £su;tor8 
to«),are 

*  •  (y.-yi)A« 

y»  =  srr — 7 n: nearly. 

The  more  minntely  the  cross-section  AB  is  subdivided  into 
bands,  the  more  nearly  do  these  approximate  formTiLe  agree  with 
the  truth;  so  that  the  true  results  are  the  limits  to  which  the 
results  of  the  approximate  formulaa  (1.)  approach  continually  as 
^x  becomes  smaller ;  that  is  to  say,  in  the  notation  of  the  int^grnd 
calculus, 


area 


volume    V  =r     z  [{yg—yi)  dx; 
weight  10  V  =  w«  /  (y«— yO  dx; 


(2.) 


rthe 
otgnyity 
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S.^  =  ^j     (si-/)''* 

I  iS.-v!ldx 
,.=    /(y!-y!)Jic 


..(3.) 


...(*.) 


regoing  process  u  wh&t  is  nsnally  called  by  irritera  oa 
8,  "finding  the  cmtre  of  gramly  of  a  plana  gurfaee;"  bot 
36  ought  alwa3ra  to  be  undentood  to  signify  "finding  Uu, 
jravity  of  a  himogeneoua  pialt  ofvmybnn  Mekneu,  the  facet 
an  j^icm«  swrfacea qf  a  gwenfigvre." 

t*T  with  Mmilar  CMWHctiMM. — Let  all  the  croas-eections  of 
uule  by  planes  parallel  to  a  given  plaue  (say  that  of  x  y), 
r  figures,  but  of  different  sizes.  The  areas  of  the  different 
iona  are  to  each  other  as  4^e  sqiiares  of  their  corresponding 
■lensionB.  Let  t  denote  some  definite  linear  dimtaision  of 
ctdon  ThcMe  distance  from  the  plane  xy  H  z,aa  that  its 
[be 


af... 


..(1.) 


constant.  Xiet  x,,  y„  z,  be  the  co-ordinates  of  the  centre  of 
f  a  fiat  plate  having  its  middle  plane  coincident  -with  the 
BS-section.  Then,  by  reasoning  similar  to  that  of  Articles 
S,  we  find  the  following  results  for  the  whole  body : — 


,(2.) 


Tolmne 

V=       .jf.d.; 

might 

x,-Vr  =  waJK,ildit; 
t,W  =  waft  f'.dz; 

- 

,..(i) 


oo-ordmates  of 
centre  of  gravity 


x^ 
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67 


dz 


y.  = 


Zo   = 


jfi  dz 
(zf'dz 


dz 


(4) 


'When  the  centres  of  all  the  cross-sections  lie  in  one  straight  line, 
as  in  pyramids,  cones,  conoids,  and  solids  of  revolution  generaUy, 
the  centre  of  gravity  lies  in  that  line,  which  may  be  taken  as  the 
axis  oizy  TnaTnng  a;^  =  0,  y«  =  0;  so  that  z^  is  the  only  co-ordinate 
which  requires  to  be  determined 

80.  CnveA  lUd.^ — ^In  fig.  23,  let  R  R  represent  a  curved  rod  so 
slender,  that  its  diameter  may,  without  sensible  error,  be  neglected 
in  comparison  with  its  radius  of  curva- 
ture at  any  point ;  let  a  denote  its 
sectional  ar^  imiform  throughout,  ajid 
to,  as  usual,  its  specific  gravity ;  so  that 
the  weight  of  an  unit  of  length  of  the 
rodiswo.  Let  OX,  OY,OZ  be  rect- 
angular axes  of  co-ordinates.  Suppose 
the  rod  to  be  divided  into  arcs,  so  short 
as  to  be  nearly  straight  i  let  the  length  of 
any  one  of  these  arcs  be  denoted  by  a  ^ ; 
let  S  S  represent  it  in  the  figure,  and 
let  M  be  the  middle  of  its  length.  Then 
M  is  neaaiy  the  centre  of  gravity  of  a  f. 
perpendicular  distance  from  M  to  the  plane  oi  yz.  Then  for  the 
shicnt  arc  S  S  we  have, 

weight  =ti7a  A  ^j 

moment  with  respect  to  an  axis  in  the  plane  yz^ 

=zw  ax  A  *  neovrly; 
and  for  the  entire  rod, 


Ffg.  28. 
Let  M  P  =  aj  be  the 


W  =  t(?a2 


*} 


moment      d^W  =  ti7a2  •»  ^  $  nea/dy; 

co-ordinate  of     )  3  *  re  a  «        , 

centre  of  gravity  /  *•  =  sTaT  '-^^ 


a.) 


tr     Froceeding  b^the  metiuxl  Oi 
exact  formolifr — 


•  w 


Stf  The  forgoing  process  ie  what 
fecbanicfl]  "Jindinff  the  eerUn  of 
what  onght  more  properiy  to  be 
■avU}/  (if  a  tUndtr  cttrvorf  rod  ef 

■r  iBM«iBk. — Freqnent  referenoe 
B  of  iTifa^ndum,  as  being  eeseotial 
connected  ^tb  distribated  f orcc^ 
to  afford  to  those  who  have  not 
B  &  special  study,  some  elementair 

an  integral,  vii  :— 


«  area,  of  which  one  bonndary.AB, 
is  a  portion  of  an  axis  of  abedsss 
OX, — the  opposita  boundary, 
C  D,  a  curve  of  any  figure, — and 
the  lemaining  boundaries  A  C, 
B  D,  ordinates  perpendicular  to 
O  X,  whose  respective  abecissK, 
or  distances  &om  the  origin  O,  are 

;  OB  =  6. 

whatsoever  of  the  curve  C  D,  and 
«iBsa.     Then  the  int«%ral  denoted 


LCDB.      The  abacisse  a  and  £ 
st  values  of  at,  and  which  indicate 
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die  longitadioal  extent  of*  ihe  area^  are  called  the  Umtis  of  in- 
tegraUon;  but  when  the  extent  of  the  area  is  otherwise  indicated, 
the  symbols  of  those  limits  are  sonietiaies  omitted,  as  in  the  pre- 
ceding Articles. 

When  the  relation  between  u  and  x  is  expressed  hy  any  ordinary 
algebraical  equation,  the  value  of  the  inte^tJ  for  a  given  pair  of 
values  of  its  limits  can  generally  be  found  by  means  of  formulee 
which  are  contained  in  works  on  the  Integral  Calculus,  or  by  means 
of  mathematical  tables. 

Cases  may  arise,  however,  in  which  u  cannot  be  so  expressed  in 
tenns  of  x;  and  then  approximate  methods  must  be  employed. 
Those  approximate  methods,  of  which  two  are  here  described,  are 
founded  upon  the  division  of  the  area  to  be  measured  into  bands  by 
parallel  and  equi-distant  ordinates,  the  approximate  computation  of 
the  areas  of  those  bands,  and  the  adding  of  them  together ;  and 
the  more  minute  that  diivision  is,  the  more  near  is  the  result  to 
thetnitL 

First  Approxiination, 

Divide  the  area  A  C  D  B,  as  in  fig.  25,  into  any  convenient 
number  of  bands  by  parallel  or- 
dinates, whose  uniform  distance     * 
apart  is  A  a;/  so  that  if  n  be  the 
number  of  bands,  n-\-l  will  be  the 
number  of  ordififtfcfw,  and 


b  —  a  =  n  A  a. 


Fig.  25. 


the  length  of  the  figure. 

Let  u\  u",  denote  the  two  ordinates  which  bound  one  of  the 
bands ;  l^en  the  area  of  that  band  is 


u'  +  u" 


A  X,  nearly; 


and  consequently,  adding  together  the  approximate  areas  of  ail  the 
bands,-— denoting  the  extreme  ordinates  as  follows, — 


AC  =  w«j  BD  =  u,) 

«nd  the  intermediate  ordinates  by  w<,  we  find  for  the  approximate 
value  of  the  integral — 

j\dx=  (j|L  +  !|.+  2.t.,)  A  'X, (1.) 


S  OF  STATICS. 


B  in  fig.  36,  into  an  eoen  number  of 
bands,  by  parallel  ordinatea,  -wboae 
tmifoTm  distance  apart  ia  A  a;.  The 
ordinates  are  marked  alt«matclf  hj 
plain  lines  and  b]r  dotted  lines,  bo  as 
to  arrange  the  bands  in  paira.  Con- 
sidering any  one  pair  of  bends,  sucli 
as  E  F  H  G,  and  itMiiming  that  the 
curve  F  H  is  nearly  a  parabola,  it 
f  that  curve,  that  the  area  of  that 


i^ly; 


plun  ordinates  EF  and  OH,  and 
dinate  ;  and  consequently,  adding 
of  all  the  pairs  of  bands,  we  &a.i, 
e  integral — 

■  «,  -I-  2  2  -  «,  (plain) 
(dotted))^ (2.) 

s  of  the  ordinate^  u  required,  in  these 
it  is  unnecessary  to  drav  the  figure 
b  maybe  useful  to  aarast  the  memory. 
ition  is  repeated,  so  as  to  m^e  a 

u-dxdy, 
•dxdydx. 


^  for  a  given  ralue  of  y.  Con- 
re  the  various  values  of  y  within  the 
ates  the  corresponding  values  of  v. 
lenot«d  by 


f  f  u-dxdy. 
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Next,  let  t=fv'dy 

be  ihe  Talue  of  tliis  double  integral  for  a  given  value  of  z.  Con- 
struct  a  curve  wbose  abscissse  are  the  various  values  of  z  within  the 
prescribed  Hmits,  and  its  ordinates  the  corresponding  values  of  L 
Then  the  area  of  that  curve  ia  denoted  by 

/  t.  dz=j  jv'di/dz  =1  J  J  u  'dxdydz; 

and  so  on  for  any  number  of  successive  integrations. 

82.  CcHii«  m€  dmritr  fonnd  by  Projection. — According  to  the  geo- 
metrical  properties  of  parallel  projections^  as  stated  in  Chap.  lY., 
Article  62,  a  parallel  projection  of  a  pair  of  volumes  having  a  given 
ratio  is  a  pair  of  volumes  having  the  same  ratio ;  and  hence,  if  a 
body  of  any  figure  be  divided  by  a  system  of  plane  or  other:  sur- 
£ices  into  parts  or  molecules,  either  equal,  or  bearing  any  given 
system  of  proportions  to  each  other,  and  if  a  second  body,  whose 
figure  is  a  parallel  projection  of  that  of  the  first  body,  be  divided 
in  the  same  manner  by  a  system  of  plane  or  other  surfaces  which 
are  the  corr^ponding  projections  of  the  first  system  of  plane  or 
other  surfaces,  the  parts  or  molecules  of  the  second  body  will  bear 
to  each  other  the  same  system  of  ratios,  of  equality  or  otherwise, 
which  the  parts  of  the  first  body  do. 

Also,  the  centres  of  gravity  of  the  parts  of  the  second  body  will 
be  the  parallel  projections  of  the  centres  of  gravity  of  the  parts  of 
the  first  body. 

And  hence  it  follows  (according  to  Article  64),  that  if  the  figures 
of  two  bodies  are  pc^alld  projections  of  each  oiher,  the  centres  of 
gravity  of  these  two  bodies  ofre  corresponding  points  in  these  paraiUd 
projections. 

To  express  this  symbolically, — as  in  Article  61,  let  x,  y,  z,  be  the 
co-ordinates,  rectangular  or  oblique,  of  any  point  in  the  figure  of 
'^e  first  body ;  a/,  i/,  z\  those  of  the  corresponding  point  in  the 
second  body ;  a?*,  y*,*  «w  ^^  co-oi-dinates  of  the  centre  of  gravity  of 
the  first  body ;  o^„  f/^,  sf„  those  of  the  centre  of  gravity  of  the 
second  body;  then 


«o        «  '    t/o        y  '    »o 


This  theorem  facilitates  much  the  finding  of  the  centres  of  gravity 
of  figures  which  are  parallel  projections  of  more  simplo  or  more  efym- 
loetrical  figures. 

Por  example : — ^it  appears,  from  symmetry,  as  in  Art.  72,  that 
^  centre  of  gravity  of  an  equilateral  triangular  prism  is  at  the 
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iinea  joimng  the  tihre( 

dtlt  the  middle  pointa  < 

Jl  triiuizul^  priflms  a 

I  the  above  described 

f  of  any  triangular  prii 

itre  of  gravitj  of  a  reg' 

u  of  the  planes  joiiti 

>f  the  oppofdte  edge. 

of  each  other ;  hence 

ravitj  in  any  tetraedrc 

be  supposed  that  a  for 

^uel)  for  finding  the  ce 

of  a  sector  of  ft  cir 

kt  it  be  required  to 

of  gravity  ot  a  secto 

disc.     In  fig.  27,  let 

tlie    ellipse,   A  O  A 

B'OB'  =  36,it«u 

the  sector  whoae  cei 

isTeqnired.    One  oft 

jectiona  of  tie  ellij 

A£AB,irhoBe  radius 

major  a.     The  ellips 

being  both  referred 

co-ordinates,  with  t 

origin,  x  and  y  de. 

1  0  B  respectively  of 

the  corresponding  p<»a 

^ted:— 


^=X 


1 

y  » 

elj;dravr  EaO  and  ] 
e  in  0  and  D  reroect 
irallel  projection  of  th< 
of  gravity  of  the  sectoi 

t  centre  of  gravity  O'  i 

=y'.=Ay. 
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Further  ezampleB  of  the  results  of  this  prooees  will  be  found  in  the 
next  Article. 

83.  BxuMplM  of  ikmanm  of  Oraviir. — ^The  following  examples 
consist  of  formuliB  for  the  weight,  the  moment  with  respect  to  some 
specified  axis,  and  the  position  of  the  centre  of  gravity,  of  homo^ 
geneous  bodies  of  those  forms  which  most  commonly  occur  in 
practice.  In  each  case,  as  in  the  formulie  of  the  preceding  Articles, 
to  denotes  the  specific  gravity  of  the  body,  "W,  its  weight,  and  «„  &a, 
the  co-ordinates  of  its  centre  of  gravity,  which  in  the  dia^ams 
is  marked  G,  the  origin  of  co-ordinates  being  marked  O. 

A — Fbisms  and  Cylindebs  with  Parallel  Bases. 

The  word  cylinder  is  here  to  be  taken  in  its  most  general  meaning, 
as  comprehending  all  solids  traced  by  the  motion  of  a  plane  curvi- 
linear figure  parallel  to  itself 

The  examples  here  given  apply^  of  course,  to  flat  plates  of  imi- 
fbnn  thickness. 

In  the  formuln  for  weights  and  moments,  the  length  or  thickness 
is  supposed  to  be  unity. 

The  centre  of  gravity,  in  each  case,  is  at  the  middle  of  the  length 
(or  thickness) ;  and  the  formulae  give  its  situation  in  the  plane 
figure  which  represents  the  cross-section  of  the  prism  or  cylinder^ 
and  which  is  specified  at  the  commencement  of  each  example. 

L  TriangU.    (Fig.  28)  O,  any  angle.     Bisect         .o 
opposite  side  B  C  in  D.     Join  O  D. 


X.  =  OG  =  g-  O  D. 


2 

IL  Polygon,  Divide  it  into  triangles;  find 
Hie  centre  of  gravity  of  each;  then  find  their 
common  centre  of  gravity  as  in  Art  75. 

IIL  Trapezoid,     (Fig.  29.) 
AB||C1L 

Greatest  breadth,  A  B  =r  B. 
licast  „        0  £  =  5. 

Bisect  AB  in  O,  OE  in  D; 
join  O  D. 


Fig.  28. 


-^-^(>-il?4)  • 


W  =  wlDD-?4^sin 


Fig.  29. 

ODE. 
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TrapesMd.  (Second  Bolutioii.)  (Fig.  30.) 
it  where  indined  aides  meet  Let  0  F 
CTD  =  Jt»  (TB"  =  at 

_    2     »f  — aj 
'''—    3   ■  3^,  —  oi 

V  =  «.  •  ^^  ■  Bin'  ^  0  F  R 
)tftu.^OAB  +  cotan,,^:  OB  A). 

'^^''^'-Bia'^OFB. 

A  B  +  cotan  ^  O  B  A). 

_^        T.   jPorofioZic  E(df-SegtiKnL 

•^ —    (OAB,  fig.  31.)     0,   Tertei  of 

diameter  OX;  0A=  xc,  AB 

sc  y„  ordinate  ||  tangent  0  C  Y. 


;.    (0BC,fig.31.)    G',  centre  of  gravity, 

«  ■  a;,  y,  •  Bin  ^  X  0  T. 

(O  A  C,  fig.  32.)    Let  O  X  bisect  tie 
angleAOC;  OY-LOX 

Eadius  ^A  =  r 

Half-arc,  to  radius  unity,  „  .  q  =:  ft 

2       sin< 
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Tl  1 1.  Circular  Ualf'Segmenl,     (A  B  X,  fig.  32.) 

2  sin'^ 

^       3      ^-8m^co6# 

4  Hin*-5  -  am'  ^  oos  ^ 

^^"^^      3  (^  -  cos  ^  mn  ^)  * 

"W  =  - tw^  (tf  -  008  ^  sin  ^. 

IX.  OtreuW SpandriL    (ADX,  fig.  32.) 

_1     rai»J 

"^"■3*"28m^-smtfcos^-  #' 

^     Ssin*  ^ -2sin*  ^cos#  —  4sin*-^ 


y^a*-- 


2sm#  —  sin^cos^  —  / 


Wssstor*  •  (sin  ^  -  «  sin  ^cos  ^  """i)" 

X.  Sector  of  Bing.    (ACFE,  fig.  32.)  UA  =  r;  OE"=r^. 

a     f^-r^    sin^ 

«^=3-  ,5^rp5  -T^ 

yo=0. 

XT.  EUiptic  Sector,  Ralf-Segment,  or  SpandriL  Centre  of  giavitj 
to  1)6  found  hy  projection  from  that  of  ooxresponding  drcular 
fignre,  as  in  Article  82. 

B. — ^Wedges. 

A  Wedge  is  a  solid  bounded  by  two  planes  wbich  meet  in  an 
edge,  and  by  a  cylindrical  or  piismatic  surface  {cf/lindrical,  as 
before,  being  nsed  in  the  most  general  sense). 

XIL  General  Formvloefor  Wedges,  ^Pig.  33.)  All  wedges  may 
be  divided  into  parts  sncb  as  the  figure  nere  represented.  O  A  Y, 
OXY^  planes  meeting  in  the  edge  O  Y;  AXY^  cylindrical  (or  pris- 
matic) surface  perpendicular  to  the 
plane  OXYj  OXA,  plane  triangle 
perpendicular  to  the  edge  O  Y;  O  Z, 
axis  perpendicular  to  XOY.   Let  OX 

=  a?i;  X  A  =  xTj.     Then  z  =  -^; 


W=w — j  xy  dx 


Fig.  83. 


MSFUa  or  STATICS, 

mt  =  J^ ; 

J  xydm 

fxj/'-dm 

Zf=:  J-  ..    (This  lanfc  equation  deootiiig 

lich  traT«rBe8  O  T  and  Wsecto  A  X.) 

^,  if  O  be  taken  at  the  middle  of  the  edge, 

ase  in  the  following  examples,  in  each  d 

'■«^    (=  Triangular  Priam.)    (Kg.  34.) 
W  ■»  w  x,y,  Zf 


ige,     (=  Triangular  Pyramid.) 


W=  ■gvi-t'ir 


■*=  16" 
=  3  •  U16  neariy). 
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XVL  Armukar,  or  EoBow  SeamdrcaUvr  Wedge.    (Fig.  37.) 
Extemal  radius^  r;  internal^  /. 


W=.j»- 


(-— )f 


^3,    y^  — r^ 

*^  — Te"  V  — *^ 

C. — Cones  axd  Tyraxwb. 


Tig.  87. 


Let  O  denote  the  apex  of  the  oone  or  pyramid,  taken  as  the 
origin,  and  X  the  centre  of  gravity  of  a  supposed  prism  whose 
middle  section  coincides  with  the  base  of  the  cone,  or  pyramid. 
The  centre  of  gravity  will  lie  in  the  axis  OX 

Denote  the  area  of  the  base  by  A,  and  the  angle  which  it  makes 
with  the  axis  by  ^. 

Xyn.  CampUie  Cane  or  Pyramid.    Let  the  height  02  =  A; 


^  =     T 


3  A. 


W  =   -  to*  A  Asn  A 


X  viii-  Trvneated  Cone  or  PyrmML    Height  of  portianianm- 
csted  =  A'. 


W  =   y  wAh 


('  -  ^> 


smA 


D. — ^PoBTioira  OF  A  Sfheu 

XIX.  Zone  or  Ring  of  a  Spherical  ShM,  bounded  by  two  conical 
surfaces  having  their  common  apex 
at  the  centre  O  of  the  sphere  (%,  38). 

OX,  axis  of  cones  and  zone. 

r,  external  radios  )    m  ,  ,, 
J  •  .        1     J-      >  01  sneiL 
r ,  internal  radius  j 

^d^cXO  A = a,haJf-«Dgle  of  less ) 

-*:^XOB  =i8,        „     greater  J^^®- 

Fig.8S. 
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4  ■  r"  -  *^'  2 

^  f r"  -  rA  ,  few  fl  -  cos  «J. 
Eemvpherieal  ShtU.     (C  X  D,  fig. 


r(--4 


■•Jr- — If  a  body  conuste  of  parts 
'hose  specific  gntvities  are  differen 
is  homogeneous,  the  centres  of  grs 
I  as  in  Article  74  and  the  subsequei 
tre  of  gravity  of  the  whole  as  in  Ai 

■wrttT    CMBd    EK|>«HmeiilBllr. — Tho 

moderate  size  may  be  found  appxn 
ing  it  up  successively  by  a  single  c 
ad  finding  the  single  point  in  the  1 
intersected  by  the  axis  of  the  con: 
I  is  equivalent  sensibly  to  a  single  i 
is  that  force  balances  the  wei^t  o 
ord,  its  line  of  action  must,  in  all  ] 
e  centre  of  gravity  of  the  body. 

Jf  Stress,  and  Us  SemUanU  and  Ca 
■n  mm*  ibmuMt- — ^The  TOrd  Stree 

term  to  comprehend  various  forces 
ifjguous  bodies,  or  pai-te  of  bodies, 

t£e  sur&ce  of  contact  of  tbe  mass 

a  stress  is  its  amount  in  nnits  of  foi 
I  surface  over  which  it  acts,  in  un 
itish  units  of  intensity  of  sti'ess  ar 
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in  a  table  annexed  to  this  voluma     The  following  table  shows  a 
oompaiiaon  between  different  British  nnits  of  intensity  of  stress : — 

Pomidi  on  the     Poandt  on  th* 
iqaorelbot*         •qotfotnch. 

One  pound  on  the  sqaaxe  inch, ••.••  144                1 

One  pound  on  the  square  foot, 1               xh 

One  mch  of  mercury  (that  ii,  weight  of  a 

column  of  mercury  at  32^  Famr.,  one 

inch  high^, 70-78          0-4912 

One  foot  of  water  (at  39^*4  Fahr.), 62*425        0*4336 

One  mch  of  water, 5*2021      0*036125 

One  atmosphere,   of  29*922   inches  of 

mercmy, 2116*4          14*7 

87.  i^MMs  •r  Strew. — Stress  may  be  classed  as  follows  : — 

L  Thnuty  or  Pressure,  is  the  force  which  acts  between  two  con- 
tignous  bodies,  or  parts  of  a  body,  when  each  pushes  the  other  from 
itself,  and  which  tends  to  compress  or  shorten  each  body  on  which 
it  acts,  in  the  direction  of  its  addon.  It  is  the  kind  of  force  which 
is  exerted  by  a  fluid  tending  to  expand,  against  the  bodies  which 
sorromidit 

Thrust  may  be  either  normal  or  oblique,  relatiye  to  the  surface 
at  which  it  acts. 

IL  PuUy  or  Tension,  is  the  force  which  acts  between  two  con- 
tiguous bodies,  or  parts  of  a  body,  when  each  draws  the  other 
towards  itself,  and  which  tends  to  lengthen  each  body  on  which  it 
acts,  in  the  direction  of  its  action. 

Pull,  like  thrust,  may  be  either  Ttonnal  or  (Mique,  relatively  to 
the  sur&ce  at  which  it  acts. 

m  Shear,  or  Tangential  Stress,  is  the  force  which  acts  between 
two  contiguous  bodies  or  parts  of  a  body,  when  each  draws  the  other 
sideways,  in  a  direction  parallel  to  their  sur&ce  of  contact,  and 
which  tends  to  distort  eack  body  on  which  it  acts. 

In  expressing  a  Thrust  and  a  Full  in  parallel  directions  algebra!- 
c^j,  if  one  is  treated  as  positive,  the  other  must  be  treated  as 
neg^vcL  The  choice  of  the  positive  or  negative  sign  for  either  is 
a  matter  of  convenience.  In  treating  of  the  general  theoiy  of 
stress,  the  more  usual  system  is  to  call  a  puU  positive,  and  a  thrush 
native :  thus,  let  p  denote  the  intensity  of  a  stress,  and  n  a 
certain  number  of  pounds  per  square  foot  -  p  =:n  will  denote  a 
p^,  and  p  =  —  n  a  thrust  of  the  same  intensity.  But  in  treating 
of  certain  special  applications  of  the  theory,  to  cases  in  which  thrust 
is  the  only  or  the  predominant  stress,  it  becomes  more  convenient 
to  reverse  this  system,  calling  thrust  positive,  and  pull  negative. 

The  word  ^'Pressure,"  although,  strictly  speaking,  equivalent  to 
*^ihnut"  is  sometimes  applied  to  stress  in  general;  and  when  this 
is  the  case^  it  is  to  be  understood  that  thrust  is  treated  as  positive. 
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Mh  I   Us  BlBiBltBdfL — If  to  1 

a  is  S,  there  be  applied  a  stre 
I,  and  parallel  im  direction  at 
the  reetrictloQ  stated  in  At 
a  be  Tinifona  over  all  Uie  but 
Dosgnitude  of  its  resultant  wi 

P=pS 

the  stress  is  not  uniform,  tha 
found  bf  int^mtion. 
%40,letAAAbethei 
let  it  be  referred  to  rec 
co-ordinatea  in  its  own  j 
Conceive  that  plane  to 
■mall  rectandes  hr  a  i 
nuallel  to  OX  and  0  Y 
let  A  iE,  ^  y,  be  ihe  dimeo 
of  these  rectangles,  such 
ve  a  figure  approximating  to 
iposedof  several  of  these  small 

S  =  3  ■  Ax  ^y  neariy;.,:^.. 

J  of  the  stresB  at  the  centre 
stress  on  that  rectanj^  is 

pAx^y  nmrly. 

dte  resultant  stress  is  given  i 

P=  J  -pAxAyneaniif. 


previous  examples,  to  the  ii 
uniB  in  the  equations  2  and  : 
ubdiviuon  into  rectangles  ii 
the  exact  equations, 

S=jjdxdy;     1 

7  =  jjp-dxdy.y" 

the  stress  u  given  bf  the  foUo 

—  ^  _l fp^"'s 
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A  convenient  mode  of  representing  to  the  mind  the  foregoii^ 
prooess  k  as  follows: — ^In  fig.  ^l,  let  A  A  be  the  giyen  plane 
surface;  OX,  OY,  the  two  axes  of  co-ordinates 
in  its  plane;  O  Z,  a  third  axis  perpendicular  to 
that  plane.  Conceive  a  solid  to  exist,  bounded 
at  one  end  hy  the  given  plane  surface  AA, 
laterallj  by  a  cylindncal  or  prismatic  sui&oe 
generated  by  the  motion  of  a  straight  line  par- 
allel to  0  Z  round  the  outline  of  A  A,  and  at 
the  other  end  by  a  sur&ce  B  B,  of  such  a  figure, 
that  its  ordinate  z  at  any  point  shall  be  proportional  to  the  intensity 
of  the  stress  at  the  point  of  the  sniface  A  A  from  which  ihat 
(»dinate  proceeds,  as  uiown  by  the  equation 


Kg.  41. 


to 


.(«•) 


Tbe  volume  of  l^iis  ideal  solid  will  be 


V  =  /  j  z'dxdy. 


.(7.) 


So  that  if  it  be  conceived  to  consist  of  a  material  whose  specific 
gravity  is  w,  the  amoimt  of  the  stress  will  be  equal  to  the  weight 
of  the  solid,  that  is  to  say, 

P  =  w  V (8.) 

If  the  stress  be  of  opposite  signs  at  different  points  of  the  plane 
surface  A  A,  the  surface  B  B  and  the  solid  which  it  terminates 
iriU  be  partly  at  one  side  of  A  A  and 
partly  at  the  opposite  side,  as  in  fig.  42; 
and  in  this  case,  the  two  parts  into 
iviiich  the  solid  A  B  A  B  is  divided  by 
the  plane  X  O  Y,  are  to  be  regarded  as 
havmg  opposite  signs,  and  Y  is  to  be 
hdd  to  represent  me  dUffentnct  of  their 
volumes. 

The  mean  j^tsm  of  equation  5  is  evidently 

Jh  =  ^^ - •(^•) 

in  which  to  is  the  height  of  a  parallel-einded  prism  or  cylinder 
standing  on  the  base  AAA,  and  of  volume  equal  to  the  solid 
ABAR 

89.  The  C«Mre  •f  fliran,  wr  ef  PMMan^  in  any  sur&oe,  is  the 
point  traversed  by  the  resultant  of  the  whole  stress^  or  in  other 
words,  the  Cenitn  ofFa/raUd  Forcee  for  the  whole  stress.  From  the 
principles  already  proved  in  Chap.  IL,  Section  4,  it  follows,  that 


Fig.  48. 
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f  this  point  does  not  depend  upon  the  dim 
m  ita  absolute  magnitude ;  but  aolelf  on 
which  the  stress  acts,  and  on  the  proportio 
I  of  the  stress  at  different  points, 
de  88,  conceive  a  figure  approximating  to 
ir&ce  AA  A(fig.  40),  to  be  composed  of  se 
tt  •  |S  denote  the  angles  which  the  direction  • 
I X,  0  T  respectiv^y.  Then  the  moments, 
te  phmes,  Z  0  X,  Z  0  Y,  of  the  componei 
38  of  the  stress  on  ^x^y,  are  given  \>j  t] 

IS. 

^tivelf  to  ZOX,     yp^XAy    nn  li\ 
„  Z  OY,  —  xp  Ate  A  y  -  sin  a  J 

such  momente,  and  passing  to  the  int^ral 
1  former  examples,  we  find  the  following  e 
id  yo  denote  the  co-ordinates  of  the  centre 

y,  P- an  ^  =  sin  i9  J  j  yjj -rfaj^f y  J 
a%  P -an  •  =  sin  •  /  j  jTjt -rfa: dy  I 
the  co-ordinatea  of  the  centre  of  stress  are 

\  j  xp-dxdy 

j  j  p-dxdy 
_  f  J  Ifp-dxdy 

jjpdxdy 

identlr  the  same  with  the  ccM>rdinates, 
',  of  die  cenire  o/yravUy  of  the  ideal  solic 
tes  s  are  proportional  to  the  intensity  of  ti 
on  which  they  stand. 

intensity  of  the  stress  is  positive  and  i 
ts  of  the  surface  AAA,  cases  occur  in 
i^tive  parts  of  the  stress  balance  each  ot] 
s  is  notlung,  that  is  to  say, 


j  j  pdxdy  =  0. 


es,  the  resultant  of  the  stress  (if  any)  is  a 
ntre  of  stress.     T\aa  caae  will  be  nirtlier 
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90.  Ceadne  mf  Vwdn&rm  strcM. — If  the  intensity  of  the  stress  be 
anifonn,  the  factor />  in  equation  2  of  Article  89  becomes  constant, 
and  may  be  removed  from  both  numerator  and  denominator  of  the 
expressions  for  Xq  and  y^  which  then  become  simply  the  co- 
ordinates of  the  cerUre  of  gravity  ofafiaJt  pUU6  of  the  figure  AAA. 

This  also  appears  from  the  consideration,  that  the  surface  B  B 
in  fig.  41  becomes  a  plane  parallel  to  A  A,  and  the  solid  A  B  A  B, 
a  paiaUel^nded  prism  or  cylinder. 

91.  BiMMcat  •£  Uaiferaiir  TarTias  Sttcaa. — By  an  unifomdy 
varying  stress  is  understood  a  stress  whose  intensity,  at  a  given 
point  of  the  sur&ce  to  which  it  is  applied,  is  proportional  to  the 
distance  of  that  point  from  a  given  straight  line.  For  example,  let 
the  given  straight  line  be  taken  as  the  axis  O  Y ;  then  the  following 
equation 

P  =  aa^  (1.) 

a  being  a  constant,  represents  the  law  of  variation  of  the  intensity 
of  an  uniformly  varying  stress. 

The  amourU  of  an  uniformly  varying  stress  is  given  by  the  equa- 
tion 

P=  f  f  p'dxdy=:a  f  j  x'dxdy (2.) 

which,  if  the  axis  0  Y  traverses  the  centre  of  gravity  of  a  plate  of 
the  figure  of  the  emface  of  action  AAA,  becomes  equal  to  nothing^ 
the  positive  and  negative  values  of  p  balancing  each  other.  In 
this  case,  O  Y  is  called  a  neutral  axis  of  the  suifooe  AAA. 

In  ^,  43,  let  AAA  represent  the  plane  surface  of  action  of  a 
stress;  let  O  be  its  centre  of  gravity  (that  is,  the  centre  of  gravity 
of  a  flat  plate  of  which  AAA 

is  the  figure);  -YOY  the  "  -:sr 

nentral  axis  of  the  stress 
applied;  -XOX  perpendi- 
cular to  -YOY,  and  in  the 
plane  of  AAA;  — ZOZ 
perpendicular  to  that  plane. 
Conceive  a  plane  BB  inclined 
to  AAA  to  traverse  the 
neutral  axis,  and  to  form, 
with  the  plane  AAA,  a  pair 
of  wedges    bounded    by    a 


-St 


Fig.  48. 


cylindrical  or  prismatic  surface  parallel  to  —  ZOZ.  The  ordinate 
«,  drawn  from  any  point  of  AAA  to  BB,  will  be  proportional  to 
the  intensity  of  the  stress  at  that  point  of  AAA,  and  will  indicate 
^  its  upward  or  downward  direction  whether  that  stress  is  positive 
or  negative  ;  and  the  nullity  of  the  total  stress  will  be  indicated  by 
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r  the  process  c 

tirectioa  of  iiit 
i  Ax^y  deuol 
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The  followiog  eqiiation  is  easilj  yeiified : — 

006  «oosA  +  co8(9oos^  +  oosyoosF  =  0. (5  a). 

This  indicates  what  is  of  itself  obvious;  that  the  axis  of  the  resul- 
tant couple  M  is  perpendicular  to  the  direction  of  the  stress. 

The  following  form  is  often  the  most  convenient  for  the  constant 
a.  Let  pi  be  the  intensily  of  the  stress  at  some  fixed  distance,  a^ 
from  the  neutral  axis;  then 

a  =  ?'. (6.) 

92.  Tif  fi  ■!  «f  nmmdiag  Sirtm* — ^If  the  uniformly  vai^ying  stress 
be  normal  to  the  suiface  at  which  it  acts ;  that  is  to  say  in  symbols, 

°  cos<i  =  0;cos/8  =  0;co8y  =  I3 (1.) 

then  it  is  evident  that 

M,  =  0;oosF  =  0; (1) 

or  in  words,  that  the  axis  of  the  resultant  couple  is  in  the  plane  of 
the  surface  AAA.  Such  a  stress  as  this  is  cjJled  a  bending  stress^ 
for  reasons  v^hich  will  be  explained  in  treating  of  the  strength  of 
materials.  The  equations  of  Article  91,  when  applied  to  this  case, 
become  as  follows : — 

Mi  =  aK;  M,  =— al, 
M  =  a-  J(VtK^', 

00BA=:Sin^=  K 


(3.) 


eoBfft  =  BinX=      — I 

K 
.  ••  tan  fA=.  —  —  ; 

If  the  figure  AAA  is  symmetrical  on  either  side  of  the  axis 
OX,  then  for  every  point  at  which  y  has  a  given  positive  value, 
there  is  a  corresponding  point  for  which  y  has  a  negative  value  of 
equal  amount ;  so  that  for  such  a  figure 

K=  j  I  xy'dxdr/r=zO, 

and  the  same  equation  may  be  fulfilled  also  for  certain  unsymme- 
ttical  figures.     In  this  case  we  have 

Mi=0;  M  =  M8  =  — al;  a*  =  0; (4.) 

flo  that  the  ft^^«  of  the  couple  coincides  with  the  neutral  axis. 


a  OP  OTATica 


I  «  —  E  cos  a) ; 
:  0 ;  cos  *  =  1. 
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HOUENTS  OP  INESTIA  OF  A  SUBTACX. 

/  J  xp'-dxdy      aj  jt^'dxdy 
=  p  =  p  = 

j  j}fp'-dxdi/      a  J  ftiy  ■  dxdy 
=  p  =  p  = 


The  angle  t  wMch  the  line  joimng  0  and  the  centi 
makee  wiSi  the  nentnl  axis  OY,  is  tbat  whose  cotaDgen 


This  line  mil  be  called  the  axis  conjugate  to  the  nt 

-  Y  0  T.     When  K  =  0,  it  is  perpendicular  to  the  new 

95.  ■— BWM  mt  iBonte  «r  >  Bnftn. — The  int«^(ral  ] 

•dxdy  is  sometimes  called  the  monufni  of  inertia  of  1 
AAA  wlatiTely  to  the  nentnil  axis  —  YOY.  This 
ad<qited  from  the  science  of  DTiiamics  for  reasons  which 
waitis  appear.  The  preaent  Article  is  intended  to  point  ( 
relations  which  exist  amongst  the  moments  of  inertia 
snriaoe  of  a  given  figure  rdativeljr  to  different  neutra 
knowledge  of  which  relations  is  osefiil  in  the  determina' 
moment  of  a  bending  or  twisting  stress. 

Let  A  A  in  fig.  44  represent  a  plane  surface  of  any  fij 
centre  of  gravity,  YOY,  XOX,  a  pair  of  rectangular  axi 
each  other  at  O,  in  any  position. 

Taking  YOY  as  a  nentral  axis,  let 
the  moment  of  inertia  relatively  to  it  be 


■//•■ 


dxdy; 


let  the  moment  of  inertia  re- 
latively to  XOX  as  a  nentral 


■dxdy; 


(1) 


OY',  X'OX',  be  a  new  pair  of  rectangul 
iq.triTig  the  angle 


8 
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'withibe  original  pair  of  axes;  and  lot 

r  =  f  fa/^'dafdf/; 

J'  =  f  f^/'-dgfdf/;      [ (2.) 

K'  =  f  fx^y'-da^dy'. 

The  following  relations  exist  between  the  original  co-ordinates, 
X,  y,  of  a  given  point,  and  the  new  co-ordinates  of,  y',  of  the  same 
point; 

a/  ==ai  cos  fi  —  ysin/S; 


3/  =  xcoafi  —  y8in/8;1 

y^z=xshifi  +  yco8/3;V (3.) 

a/«  +  j/«  =  «•  +  y*.         j 


(This  last  qoantityy  which  is  the  square  of  the  distance  of  the 
given  point  from  0,  is  what  is  called  an  Isotropic  Function  of  the 
co-ordinates ;  being  of  equal  magnitude  in  whatsoever  position  the 
rectangular  co-ordinates  are  placed) 

Erom  the  equations  ^3),  the  following  relations  are  easilj  deduced 
between  the  original  integrals  I,  J,  K,  and  the  new  integrals 

r,  J',  K'>- 

r=rI'C0BP/8  +  J-sin«/8—  SK  •  cos /3  sin/8;) 

J'  =  I-Bin»/5  +  J-cos»/3+  2K 'cos/Ssin/S;  V...(4) 

K'  =  (I  — J)cosj8-Bin/3+  K(cos"/8  — sin«A)j 

Also,  the  following  fiinctions  of  those  integrals  are  found  to  be 
isotropic; 

I  +  J  =  r  +  J'  =  II  («»  +  y«)  •  dxdy (5.) 

(called the jpo2ar  mommt  qf  inertia)' 

IJ  —  K«  =  r  J'  —  K" (6.) 


Equation  6  may  be  thus  expressed  in  words  : — 

Theobex  I.  The  sttm  of  the  moments  of  inertia  of  a  stirface 
rdaixvdy  to  a  pai/r  of  recUmgvla/r  neuJt/ral  aaes  is  isotropic 

Equations  5  and  6  in  conjunction  lead  to  the  following  conse- 
quences. Because  the  sum  I'  +  J'  is  constant^  T  must  be  a 
TTKLYimnni  and  J'  a  minimum  for  that  position  of  the  rectangular 
axes  which  makes  the  difference  T — J'  a  maximum.     And  because 

(r— JO«=(I'  +  T)'  —  4VJ\ 

T  —  J'  must  be  a  maximum  for  that  position  of  tlie  axis  which 
makes  T  J'  a  minimum.     But  hy  equation  6,  T  J'  —  Kf  is  constant 
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for  all  positioiu  of  tiie  axes;  tiieiefora  when  K.'  =  0,  TJ"  is  a 
ininiTnnm,  I'  —  J'  a  xnaximiun,  I'  a  m&xuntun,  and  J'  a  TPJnttii'""- 

Hence  follows,  in  the  fiist  place, 

Thzokqi  IL  In  every  plane  nirjaoe  there  ii  a  pair  of  rtet- 
anffular  neutral  axes  for  om  of  vAich  the  moment  of  inertia  w 
greater,  and  for  the  otiter  lest,  than  for  amy  oth«r  neutral  axis. 

These  axes  are  called  Principtd  Axes.  IJet  I„  J„  be  the  maximnm 
and  lainimum  moments  of  inertia  relatiTelj  to  Ukem,  and  let  |3,  be 
the  angle  which  their  poaitioji  makes  -with  the  origiiutUy-assumed 
axes ;  then  becaoae  K,  =  0,  we  haTe,  from  the  third  of  the  equa- 
tions  (4) 

'*°^^i-cos'^,-ain'ai^r^^J ^  '^ 

and  because  I,  +  Jg  =  I  +  J,  and  I,  J,  =  IJ  —  K*,  we  haTe,  1^ 
the  acdotioD  c^  a  qnadiatic  equation, 

'       -4^^V{^-} L 

.=-i-V{s^-} J 

The  pOEdtdoa  of  the  principal  axes,  and  the  values  of  I„  J„  being 
once  hunm,  the  integrals  I',  J',  K',  for  any  pair  of  axes  which  make 
the  an^  ff  with  the  principal  ajces,  are  given  l^  the  equations 
r  =  I,  coE^/ff  +  J,  BinV;      ) 

J-sI,  sinV  +  J,  coa"^;      } (9.) 

K' =  (Ii  —  J,)  cos  j3' sin  ^.    j 
If  Ii  =  Jb  then  r  =  J*  =  I„  and  W  =  0,  for  all  axes  whatso- 
ever; mA  the  given  figure  may  be  said  to  have  its  moment  of 
"opie, 

lie  Axes.    By  equation  S,  Article  94,  we  have 
le  axis  conjugate  to  OT  makes  with  OY 
K 
I  ■ 
axes,  K  =  0,  cotan  t  =  0,  and  t  is  a  right 

tprinelpaZ  axes  are  conjugate  to  each  other: — 
hem  be  taken  for  neutral  axis,  the  other  will 

,tion  4  of  the  present  Article,  let  us  suppose, 
;  to  the  originally  assumed  neutral  axis  Y  O  Y> 
and  that  its  position  is  T  0  Y',  so  that 


cotan  t  =  -. 
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Let  this  conjugate  axis  be  assumed  as  a  new  neutral  axis.  Then  the 
integrals  P,  J'^  K',  belonging  to  it  are  determined  hj  substituting 
$  for  fi  m  the  equation  4;  that  is,  bj  substituting  for  cos  fi  and 
sin  fi,  the  values  of  cos  i  and  sin  ^  in  terms  of  K  and  I^  viz.  :— 


COS  0  = 


K 


— f 


tin  t  = 


▼Mch  substitution  having  been  m&de,  we  find 

._I(IJ  — K') 


r  = 


r  +  K' 


*--      I*  +  K* 


(10.) 


Now  let  it  be  required  to  find  the  angle  ^,  which  the  new  con- 
juffcUe  axis  makes  with  the  nao  neutral  axis  T'O  Y^  This  angle 
is  given  bj  the  equation 

ootan  ^  =  -=r  =  —   t   ^'^  —  ootan  #, 
whence 

<'=-*, (11) 

or  in  words, 

Theobex  it.  If  the  axis  conjugate  to  a  given  neutral  axis  be 
taken  as  a  new  neutral  axis,  the  original  neutral  axis  will  he  the  new 
conjugate  axis. 

The  following  mode  of  graphically  representing  the  preceding 

theorems  and  relations  depends  on  well 
known  properties  of  the  ellipse. 

In  fig.  45,  let  O  Xi  O  Y|  peipendicular 
to  each  other,  represent  the  principal  axes 
of  a  sur&oe.    With  the  semi-axes. 


a  =  OX,=  JL, 


6  =  0Y,  =  ^J, 


...(12.) 


Fig.  45. 


describe  an  ellipse,  so  that  the  square  of 
each  semi-axis  shall  represent  the  moment 
of  inertia  round  the  other. 


I^  the  semidiameter  OY'  be  drawn  in  the  direction  of  any 
assumed  neutral  axis,  and  let  .^  YjO  Y'  =  /y.    Draw  00,  the 
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■emidiameter  coiyugata  to  OY',  bo  that  the  tangent  CT  shall  be 
ponJleltoOY'.  Let  CT  =  t,  and  let  the  normal  OT  =  «.  Then 
it  is  wdl  known  that 

»'=:»'•  00^1*  +  ft*  mn*!*;   ) 

andthat  J. (13.) 

n(^  (a'  —  6')-coBfl^'8mjffj  j 
conseqaeDtly,  comparing  this  equation  with  the  equation  9,  we  find, 
r  =  «•; 
K'  =nt; 


,..(14.) 


fiotan  I  = -y  =  -  =  cotan  y  0  C; 

so  tliat  the  square  of  the  normal  O  T  repreaenfa  tho  moment  of  . 
inertia  for  the  neutral  axis  0  Y",  and  the  semidiameter  OC  con- 
jugate to  OY'  is  also  the  conjugate  axis  ot  the  neutral  axis  OY". 
and  vtM  twrad 

In  finding  the  moment  of  inertia  of  a  surface  of  complex  figure, 
it  may  sometimes  be  desirable  to  divide  it  into  parts,  each  of  more 
simple  figure,  find  the  moment  of  inertia  of  each,  and  add  tlie 
results  tt^ether. 

Id  a  case  of  this  kind,  the  neutral  axis  of  the  whole  surface  will 
not  necessariljr  tiarene  the  centre  of  gravity  of  each  of  its  parts, 
and  it  becomes  necessary  to  ose  formulte  for  finding  the  moment  of 
inertia  of  a  figure  relatively  to  an  axis  not  travendog  its  centre  of 
gcavitj. 

''"-'"'*'  ^ — '■a  such  an  axis,  as  the  distance  of  any  point  of  the 
it,  and  Xo  the  distance  of  the  centre  <^  graviiy  of 
rom  the  axis  O  Y.  Through  that  centre  of  gravity 
XY' to  be  drawn  parallel  toOYj  the  point  whidi 
X  from  0  Y,  is  at  the  distance 

ai^x  —  £Q, 

loment  of  inertia  is 

1  =  ff  a?dxdi,; 

af  =  3i  +  2x,af+af*; 


l  +  2xa  j  j  af-dxdy+  jj  a^'-dxdgi 
traveiBes  the  centre  of  gravity  of  S^ 
Jf  a^-dxd!,  =  Oi 


8S 
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00  that  iJie  middle  term  of  the  expression  for  I  -vanishes,  leaving 

l  =  xiS  +  ffaf^'dxdf/; (15.) 

or  in  words, — 

Thbobem  Y',  The  nunnerU  o/mertia  of  a  mrfaee  rdcUivdy  to  cm 
aada  not  trcwersmg  its  centre  o/grcmtf/  is  greater  tJian  the  frumient  of 
inartia  round  a  parallel  aads  traversing  its  centre  qfgrcmty,  by  the 
product  of  the  area  of  the  swrface  into  the  sgva/re  of  the  distance  between 
those  two  axes. 

The  following  is  a  table  of  the  principal  (or  maxima  and  minima) 
moments  of  inertia  of  snrfaces-of-action  of  stress  of  those  figures 
which  most  commonly  occur  in  practice  : — 


Flgiiie» 

L  Bbotakglb. — ^Length  along  OX, 
h ;  breadth  along  O  Y,  b 


} 


Maximum  I*         Minimum  Ji 
(neutral  axis  Ox).  (neatralazisOX). 

h'b 


IL  Squabk — Side  =  A. 


III.  Elupsel — ^Longer  axis,  h. 

Shorter  axis,  b, 

X  1 

rV.  OntCLE. — ^Diameter,  h , 


} 


12 

12" 
^h*b 


hV 
12 

12 

rhV 
"64" 


Y.  Hollow  symmetrical  figures;  sub- 
tract I  or  J  for  inner  figure^  £ix>m 
I  or  J  for  outer  figure. 

YL  Symmetrical  assemblage  of  reo- 
tangles;  dimensions  of  any  one 
^  II  ^  ^  II  y ;  distance  of  its  centre 
firom  0  Y,  fl^ ;  from  OX,  yo 


64 


A* 


h*h 
'•12- 

+  2A6a5 


hV 

+  2-A6S/J, 


SEonoK  3. — Of  Internal  Stress,  its  Composition  and  Resolution, 

96.  latcnudStrcM  1m  GenenL — If  a  body  be  conceived  to  be 
divided  into  two  parts  by  an  ideal  plane  traversing  it  in  any 
direction,  the  force  exerted  between  those  two  parts  at  the  plane  of 
division  is  an  internal  stress.  The  finding  of  the  resultant,  and 
of  the  centre  of  stress,  for  an  internal  stress,  depend  upon  the 
principles  relating  to  stress  in  general,  which  have  been  explained 
in  the  last  section.  The  present  section  refers  to  a  difierent  class 
of  problems,  viz.,  the  relations  between  the  difierent  stresses 
which  can  exist  together  in  one  body  at  one  point 


dy  may  be  divided  into  two  parta  hy  a  plane 
given  pointy  in  an  indefinite  nnmber  of  ways,  by  vaiyin 
position  of  the  plane ;  and  the  stress  which  acto  betv 
parts  may  vaiy  in  direddon,  or  intensity,  or  in  both,  ai 
of  the  plane  variea  The  object  of  the  present  sectio 
ttie  laws  of  BQch  variation  ;  (uid  alao  the  effect  of  appl; 
stresses  aimultaneoiuBly  to  one  body. 

The  investigations  in  tliia  section  TfJate  strictly 
im/om  iniensily  ;  bnt  th«dr  results  are  made  applical: 
vaiiaUe  intengi^  to  any  required  d^ree  of  aocuiacy,  I 
contracting  the  space  under  consideration,  bo  that  the 
the  stress  within  its  limits  shall  not  exceed  the  assic 
deviation  from  nniformity. 

97.  Staple  StraM  •■«  Ha  IVOTmal  iMauNr. — A.  dm] 

pnil  or  a  thrust.     In  the  following  investigations  a 
treated  as  positive,  and  a  thrust  as  nc^tive. 

Id  £g.  16,  let  a  prismatic  solid  body,  or  part  of  a 
■olid  body,  whoee  odes  are  parallel  to  the  axis  0  X, 
be  k^t  in  eqnilibrio  by  a  pull  applied  in  opposite 
directions  to  ita  two  ends,  <^  uniform  intensity,  and 
(tf  the  amount  F. 

Let  an  ideal  plane  A  A,  perpendicular  to  O  X, 
be  conceived  to  divide  the  body  into  two  parts,  and 
let  the  area  of  that  plane  of  section  be  &  That 
<ach  of  these  parts  may  be  in  equilibrio,  it  ia 
necessBiy  that  ^ey  should  act  upon  each  other,  at 
tlieplaneofsectionAA,  with  a  pull  in  the  direction 
0  X,  of  the  amount  F,  and  of  the  intensity 


This,  which  is  the  intensity  of  the  stress  as  distributee 
nramal  to  its  direction,  may  be  called  its  nonnai  inUn 

9S.  BsdMiUaB  sr  NHpki  B(r«M  M  >■  «kU«BB  Fhui 

in  be  conceived  to  have  the  podtion 
be  a  line  normal  to  BB,  and  OT 
e  phmes  BB  and  'S.O'S.  Let  tht 
in  be  denoted  by 

*-^XON-^TOA 

into  which  B  B  divides  the  body  n 
iba  former  ease,  a  pull  of  the  amot 
. ;  but  the  area  over  which  th^  pull 


the  plane  of  i 
olea  55,  67,  i 


laro, 


tntial  eompoi 
rUmaitiea  of\ 
tjiiensUy  o/t, 
ei  condition ' 

!B9  is  known 
given  plane 
)  same  compc 
11  show)  into 
8  of  simple  t 
xtblema  of  fii 
of  detennini 


of  some  inte 
bounded  by 
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101.  Pair  mt  Cmijbibi«  BtfMBi.  THEOREM.  1/  the  tlreM  on  a 
ifiven  plans  in  a  body  b«  m  a  given  directitm,  the  itreM  on  any 
plaiu  paralld  to  that  direction  must  he  in  a  direction  paraUd  to 
li*  ^rsl-merUioned  piaTie. 

In  fig.  47,  let  YOY  represent,  in  section,  a  given  plane  tra- 
veling a  body,  and  let  the  stress  on 
that  plane  be  in  the  direction  X  O  X. 
Consider  the  condition  of  a  priamatio 
portion  of  the  body  represented  in  sec- 
tion by  A  B  C  D,  bounded  by  a  pair 


of  planes  A  B,  D  C,  parallel  to  the  given 

pWe,  and  a  pair  of  planes  A  D,  B  C, 

parallel  to  each  other  and  to  the  given 

direction  XOX,  and  having  for  its 

axis  a  line  in  the  plane  YOY,  cutting  '*'  Flir.  47. 

XOX  in  O. 

The  equal  resultant  forces  exerted  by  the  other  parte  of  the  body 
on  the  faces  AB  and  D  C  of  this  prism  are  directly  opposed,  their 
conunoD  line  of  action  traversing  the  axis  0  ;  and  they  are  there- 
fore independently  balanced.  Therefore  the  forces  exerted  by  the 
other  parts  of  the  body  on  the  iaces  A  D  and  B  C  of  the  prism 
most  be  independently  balanced,  and  have  their  resultants  directly 
opposed;  which  cannot  be  unless  their  direction  is  parallel  to  the 
plane  YOY.     Therefore,  4c— Q.  K  D. 

A  pair  of  stresses,  each  acting  on  a  plane  parallel  to  the  direction  of 
the  other,  are  said  to  be  eonjugaie.  In  a  rigid  body,  it  is  evident  that- 
their  intensities  are  independent  of  each  other,  and  that  they  may 
he  of  the  same,  or  of  opposite  kinds: — a  pair  of  pulls,  a  pair  of' 
thmste,  or  a  pull  and  a  tliruBt 

In  those  cases  (of  fretjoent  occmrence  in  practice)  in  which  the- 

{Katies  of  action  oi  a  pair  of  conjugate  stresses  are  both  perpendi- 

nilar  to  the  plane  ivhich  contains  their  two  directions,  tJicir  obli- 

le,  being  the  complement  of  the  angle  which  they 

other. 

maiague  9itimu  loay  act  together  in  one  body,  the 
h  being  parallel  to  the  line  of  intersection  of  the 
1  of  the  other  two;  and  in  a  rigid  body,  the  kinds 
of  those  stresses  are  independent  of  each  other, 
if  X  0  X  and  YOY  represent  the  directions  of 
;h  acting  on  a  plane  which  traverees  the  direction 
I  intersection  of  those  planes  (which  may  make  any 
>  X  and  Y  O  Y),  will  give  a  third  direction,  being 
stress  of  either  kind  and  of  any  intensity,  which 
plane  XOY,  and  will  be  conjugate  to  e&ai  of  the 
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Three  is  tke  greatest  nxuuber  of  a  group  of  oonjngate  stresses ;  for 
it  is  evidently  impossible  to  introduce  a  fourth  stress  which  shall  be 
conjugate  at  once  to  each  of  the  other  three. 

The  relations  between  the  three  angles  which  the  directions  of 
three  conjugate  stresses  make  with  each  other,  the  three  ohliqfiiUes 
of  those  stresses  (being  the  angles  which  they  make  with  the  per- 
pendiculars to  their  respective  planes  of  action),  and  the  three  angles 
which  those  perpendiculars  make  with  each  other,  as  found  by  the 
ordinaiy  rules  of  spherical  trigonometry,  are  given  by  the  following 
formuhe. 

General  Cass.  Let  a,  y,  z,  denote  the  directions  of  the  three 
conjugate  stresses; 

y  Zy  zx,  xyy  their  inclinations  to  each  other; 
Uy  Vy  to,  the  directions  of  the  perpendiculars  to  their  planes  of 
action,  so  that  u  -L  plane  yZyV-^  plane  zxyto-^  plane  xy;  . 

AAA 

vw,  wUy  uVy  the  inclinations  of  those  perpendiculars  to  each 
other; 

AAA, 

uxy  vy,  foz,  the  respective  obliquities  of  the  stresses. 
Then  those  nine  angles  are  related  as  follows : — 

Tx1  9     ^  »     ^  m     ^  ^  AA  A 

JLet  1  — co^  y  a  —  cob  zx  —  co^xy  +  2  cos  ys;  cos  zx  cos  xy 

^  =C; (1.) 

Then 


.     A 

8mi7tl7  = 


.      A 

smtott= 


.     A 
sint«vs= 


JG 


A  A  A 

A       cos^os'coso;^  —  coayz 

V~A^7-^5  cos  ^ «;  = ,     A     ^^     A     ^ 

aanzx'emxy  smzx'smxy 

in  AAA 

/J  U  A        cosx^'cosv2;  —  cos^o; 


.       A         .       A 

fsxuxy  *Baiiyz 
A  A 


emxy'fsaiyz 

JC  A       cosyz'coBZx  —  cosasy 

A^  .  A  >«»««>= — V-A — r-^ — ■ 

smyz'smzx  smyz  *  smzx 


(2.) 


A         JO 


C03UX  = 


emyz 


sinjer» 


cos  WZ  =     ^    j^  , 

sina;y 


.(3.) 


Kestsicted  Case  L  Suppose  two  of  the  stresses,  for  example, 
those  parallel  to  x  and  y,  to  be  perpendicular  to  each  other,  and 
oblique  to  the  third     Then 


cos  X  y  =  {);  sin  x  y  = 
C  =  1  -  cos^  y  z  -  cos^ 


.(4.) 


KLUn  or  UQDAX  BEEAl 

L 

«„      -Z" 

coa«u;^  — 

A 

BtUSX 

anax 

5.    </" 

A           _ 

cossie 

^A 

(0 

■BU12« 

A           C0«/, 

ocwaa: 

flinys 

sinxx 

•Z".;™. 

^     ^"'. 

-(«) 


=  ^C...(«.) 


— .SE  n.     Sappose  one  of  the  stresses  (aach  as  s) 

to  be  perpendicular  to  Uie  otiker  two,  vhich  are  oblique  to  eadi 
other.     Then 


..(7.) 


«=  1;  coat>u>=0;  (orvw=&0^; 
w  =  l;  coa»«  =  0;  (or«JM  =  90')j 


...(a> 


(or,  wr  +  iry  =  180^ 

.A  A         .A  ^        ,     \ 

vrith  those  given  at  the  end  of  Article  101. 
ASE  IIL     All  three  atresseB  perpendicular  to  each 
ase  the  normals  to  the  three  planes  of  action  are 
each  other,  and  coincide  with  the  directions  of 

'  BqiMl  Skeuv  w  Tanvoittal  BtMM. — ThEDBEM.   ff 

iven  pair  of  planes  be  tangential  to  tko»e  planet,  and 
i  plane  which  it  perpendiotdar  to  the  pair  ((f  jianea, 
!  be  ofequol  iniensilff. 

plane  be  represented  by  the  plane  of  the  paper  in 
le  pair  of  planes  on  which  the  BtresseB  are  tongan- 
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Fig.  48. 


tial,  and  parallel  to  the  plane  of  the  paper,  be  parallel  respectiTely 
to  AB  and  AD.     Consider  the  condition  of  a  right  prism  of  any 

length,  represented  in  section  by  ABCD,  and 
bounded  by  a  pair  of  parallel  planes,  AB,  CD, 
and  a  pair  of  parallel  planes,  AD,  CR  Let  ji^ 
denote  the  intensity  of  the  shear  or  tangential 
stress  on  AB,  CD,  and  planes  parallel  to  them, 
and  ^1  the  intensity  of  the  shear,  or  tangential 
stress  on  AD,  CB,  and  planes  parallel  to  them. 
The  forces  exerted  by  the  other  parts  of  the  body 
on  the  pair  of  fajcea  AB,  CD,  form  a  couple  (right-handed  in  the 
figure),  of  which  the  arm  is  the  perpendicular  distance  EF,  between 
AB  and  CD,  and  the  moment, — 

p, -areaAB-EF. 

The  forces  exerted  by  the  other  parts  of  the  body  on  the  pair  o 
faces  AD,  CB,  form  a  couple  (left-handed  in  the  drawing),  of  which 

the  arm  is  the  perpendicular  distance  GH  between  AD  and  CB^ 
and  the  moment 

It/,' area  AD -GH. 

The  equilibrium  of  the  prism  requires  that  these  opposite  moments 

shall  be  equal     But  the  products,  area  AB  *  EF,  and  area  AD  ' 

GH  81*6  equal,  each  of  them  being  the  volume  of  the  prism;  there- 
fore the  intensities  of  the  tangential  stresses 

are  equal — Q.  EL  D. 

The  above  demonstration  shows  that  a  shear  upon  a  given  plane 
cannot  exist  alone  as  a  solitary  or  simple  stress,  but  must  be  com- 
bined with  a  shear  of  equal  intensity  on  a  different  plane.  The 
tendency  of  the  action  of  the  pair  of  shearing  stresses  represented 
in  the  figure  on  the  prism  A  B  C  D  is  obviously  to  distort  it^  by 
lengthening  the  diagonal  DB,  and  shortening  the  diagonal  AC,  so 
as  to  sharpen  the  angles  D  and  B,  and  flatten  the  angles  A  and  C. 

104.  SireM  •■  Three  B€ClM^vlar  PUnca. — ThEOBEIL  1/ there  bt 

Mtque  stress  on  three  planes  at  right  angles  toeachother,  the  tangential 
cofnponents  of  the  stress  on  any  two  of  those  planes  in  cUreGtunu 
paralld  to  the  third  plane  must  be  o/ equal  intensity. 

Let  yz,  zXy  xy,  denote  the  three  rectangular  planes  whose  interseo- 
tions  are  the  rectangular  axes  of  x,  y,  and  z.  Consider  the  condition 
of  a  rectangular  portion  of  the  body,  having  its  three  pairs  of  fiMses 
parallel  respectively  to  the  three  planes,  and  its  centre  at  the  point 
of  intersection  of  the  three  axes.     Let  ABCD  (fig.  49),  represent 

the  section  of  that  rectangular  solid  by  the  plane  of  xy,  the  feces 


rHESS  ON  THREE  REcrASaOLAB  PLANES. 

:  parallel  to  the  plane  ys,  and  the  &c< 
X.     I^  the  equal  and  parnUel  lines  X 
of  the  forces  exerted  by  the  other  parts 
'  faces  AB,  CD;  resolve  each  of 
to  a  compoaent  XN,  parallel  to 
md  a  tangential  component,  XT, 
axis  o(  y;  the  resultants  of  the 
Cf  vill  act  through  the  axis  of  2,  and 
»  couple  round  that  axis;  the  com-    .^ 
U  form  a  couple  acting  round  that     fTl 
ame  manner  the  intensities  of  the     ^^ 
on  the  faces  AD,  CB,  being  re- 
lie  eqoal  and  parallel  lines,  Yr, 
o  the  components,  Yn,  -whose  resul- 
igh  the  axis  of  z,  and  the  compo- 
!t  form  a  couple  acting  round  that 
f  the  conditions  of  equilibrium  of  the 
most  be  equal  and  opposit«  to  the  fon 
ug  Edmilar  to  that  of  Article  103,  it  is 
>f  the  tangential  stresses  constituting  th' 

xt  =  yX 

;  and  similar  demonstrations  apply  t 

t  this  symbolically: — let  p,  as  before, 
ibcesa;  and  let  small  letters  affixed  belo 
letter  to  denote  the  direction  perpend 
the  stress  acts,  and  the  second  to  deno 
ess  itself: — for  example,  let  p^  denote  1 
the  plane  normal  to  y  (that  is,  the  plan' 
Then  resolving  the  stress  on  each  c 
nes  into  three  rectangular  components, 


X  y  z 

P~  P^  P«  \ 

A.  P„  P^  \  ^*«^^ 

P-M  P^  P~  J 

tae  of  the  Theorem^  of  Articles  101  i 
E  afrewev,  7i„  ;>^  Ps,  conjugate  and  indep 
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in  yirtne  of  the  theorem  of  this  Article,  there  are  tli/ree  pairg  qf 
tcmgenUal  stresses  qf  equal  intensity/, 

[The  reader  who  "wishes  to  coniine  his  attention  to  the  more 
simple  class  of  problems  maj  pass  at  once  to  Article  108,  page  95.] 

105.  TeiraeciMa  of  Sfx«fl«. — PROBLEM  I.  The  wUensiHes  qf  three 
conjugate  stresses  on  three  jilanes  t/raversing  a  body  being  given,  it  is 
required  to  find  the  direction  and  intensity  of  the  stress  on  a  Jour^ 
plime,  traversing  the  same  body  in  any  direction. 

In  fig.  50,  let  YOZ,  ZOX,  XOY,  bethe 
three  planes,  on  which  act  conjugate  stresses  in 
the  diroctions  OX,  O  Y,  O  Z,  of  the  intensities 
Pmj  Pp  Pr  l^niv  A  plane  parallel  to  the  fourth 
plane,  cutting  the  tluree  conjugate  planes  in  the 
triangle  ABC,  so  as  to  form  with  them  the  tri- 
angular pyramid  or  tetraedron  0  A  B  0.  Then 
must  the  stresses  on  the  four  triangular  fisboes  of 
PI    60.  ^^^  tetraedron  balance    each  other;  and  the 

total  stress  on  A  B  C  will  be  equal  and  opposite 
to  the  resultant  of  the  total  stresses  on  O  B  C,  O  0  A,  and  O  A  & 
On  O  X,  O  Y,  0  Z,  respectively  take 

0D  =  total  stress  on  OBC=  JO.  -areaOBC, 
O E  =  total  stress  on  O C  A  =  ^,  •  area  OCA, 
OF  =  total  stress  on  OABs|^-  area  OAK 

Complete  the  parallelopiped  O  D  E  F  It ;  then  will  its  diagonal 

OR  represent  the  direction  and  amount  of  the  total  stress  on  an 
area  of  the  fourth  plane  equal  to  that  of  A  B  C  j  and  the  intensity 

of  that  stress  will  be  ,  .^  ^.      Q.  E.  I. 

area  ABC 

Hence  it  appears,  that  if  the  stresses  on  three  conjugate  planes 
in  a  body  be  given,  the  stress  on  any  other  plane  may  be  deter- 
mined ;  from  which  it  follows.  That  every  posnhle  system  of  stresses 
which  can  co-exist  in  a  body,  is  capable  of  being  resdved  into,  or  ex- 
2>res8ed  by  Tneoms  of,  a  system  qf  three  conjugate  stresses. 

Pboblem  II.  The  directions  and  intensities  oftlve  stresses  on  three 
rectangular  co-ordinaie  planes  being  given,  it  is  required  to  fimd  the 
direction  and  intensity  of  the  stress  on  a  fofwrth  ^^ane  in  any  posi- 
tion^ 

Let  the  planes  YOZ,  Z  0  X,  X  0  Y,  in  fig.  50,  represent  the 
rectangular  co-ordinate  planes,  so  that  OX,  O  Y,  O Z,  are  noto  at 
right  angles  to  each  other  (instead  of  being,  as  in  Problem  I.,  in 
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Etednce  the  three  given  stresses,  as  in  Article  104, 
iponentB,  with  the  notation  already  explained. 
in  Problem  I.,  be  a  triangle  parallel  to  the  fourth 
plane,  enclosing,  irith  three  triangles  in  the  co-ordinAt«  planee,  tlie 
tetnedron  O  A  B  0.  The  total  atress  on  A  B  0  will  be  equal  and 
opposite  to  the  recniltaDt  of  all  the  rectangolar  components  of  the 
total  stresses  on  0  B  C,  0  C  A,  and  O  A  B. 

Therefore,  on  O  X,  O  Y,  0  Z,  reepectively,  take 

OD=i>_-areaOBC  +p^  area  OCA  +p„-areaOAB, 
OE=p,-areaOBC  +  p„-taea  OCA  +  p^-area  OAB, 
OP  =p„ -area  0^0  +y^ -area  OCA  +p„ -area  OAB; 

Complete  the  rectangle  ODEFR;  then  will  its  diagonal  OR  re- 
present ike  direction  and  amount  of  the  total  stress  on  an  area  of 
the  iburth  plane  equal  to  A  B  C,  and  the  intensity  of  that  stress 

To  express  this  algebraically,  let  a;  n,  y  n,  zn,  denote  the  angles 
'whidi  a  normal  to  the  foorth  plane  makes  with  &e  'Uireq  rectangu- 
lar axes  respectively ;  xr,  yr,  zr,  the  angles  which  the  direction 
oS  the  stress  on  that  plane  makes  with  the  three  rectangular  axes 
respectivety;  and  p,  the  intensity  of  that  stress.  Then,  it  is  well 
knovn  that  f^ 

area  OBC  =  area  ABC  -coaxn, 

area  O  C  A  =  srea  A  B  C  •  cos  y  n, 
area  0  AB  ^  area  ABC  '  cos  sn; 
angular  components  of  the  intenaty  p,  are 
,  ■  cos  xn  -i-  p^  •  COB  J/  n  +  Pa  '  "cs  z 
■cos3!»  +  j)„-C083/n  +  fi,,'C03sn 
,  ■  cos  a;  n  +  ^^  ■  cos  s  n  +  p„  •  coe 
intensity  of  the  stress  required  is  given  by  the 

Pr=^(pZ   -i-pi   +Pi) (2.) 

1  by  the  equation 

P«  A  p„  A  p„  (o-L 


..(1.) 
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Hence  it  appears,  that  if  the  rectangular  components  of  the  stress 
on  three  rectangukr  phines  in  a  body  be  given,  the  stress  on  any 
fourth  plane  may  be  determined;  from  which  it  follows,  That  every 
possible  system  of  stresses  which  com  co-exist  in  a  body,  is  capable  of 
being  resolved  into,  or  expressed  by  means  of,  tlis  three  normal  stresses, 
and  the  six  pairs  0/ tangential  stresses,  on  Hires  rectangular  co-ordinaU 
^planes, 

106.  TmnsforaMition  of  sinm. — For  the  direction  of  the  normal 
to  the  new  plane  of  action,  ABC,  which  direction  is  denoted  by  n 
in  Problem  II.  of  Article  105,  let  there  be  successively  assumed 
the  directions  of  Utree  new  rectangular  axes  oi,  %f,  s^,  and  let  it  be 
required  to  express  the  rectangular  components,  pj^,  &c,  of  a 
given  compound  stress  relatively  to  those  new  axes,  in  terms  of  the 
rectangular  components,  p,g,  <&c.,  of  the  same  compound  stress 
relatively  to  the  original  rectangular  axes,  x,  y,  z. 

To  solve  this  question,  let  n  be  taken  to  denote  any  one  of  the 
three  new  axes.  The  three  components,  parallel  to  the  original 
axes,  of  the  stress  on  the  plane  normal  to  n,  are  given  by  equation 
1  of  Article  105.  Each  of  these  components  being  further  resolved 
into  its  components  parallel  to  the  new  axes,  and  the  nine  com- 
ponents so  found  collected  into  three  sums  of  intensities  parallel  to 
the  new  axes,  the  following  results  are  obtained : — 

AAA, 

p^'=:zp^'coaxaf  +  Pt^'coayx^  +  p„'C0Bzx  ; 

AAA, 

p^  =p^*ooaxy  +  Pi^'cosyy'  +  jp«f 'cos^y  ; 

A  A,  A, 

p^'=zp„'Cosxsf  +  p^'cosyz  +  p^'coazz. 

For  n  are  now  to  be  substituted  successively,  both  in  p^J,  <kc,,  and 
in  the  values  of  jp^  <kc.,  according  to  equation  1  of  Article  105,  the 
symbols  a^,  y',  «';  and  thus  are  obtained  finidly  the  foUowing 
equations  0/ transformation : — 

NOBHAL  StBESSES. — 

PM'J=PMMOO^xaf  +  p„coa*yaf+p„ooa^zaf 

-r  ^p^coayafco8zx  +  2p„coazafcoaxx'  +  2  ^^  cos  a;  a/ cos  ya^; 

-r  Jjp^cosyycos«y'  +  2j[>„cos«y'cosa:y  +  2p^co8a;y'C08yy'; 
p/#  =Pmm 00^ xzr-i-p^  Qoa^yz'  +^,,  cos'««' 
-^-^PtB^^^y^^fiOfKzz+^p^Qoaz^i  coaxz+2p^waxsliyoay9fi 


A  A^  ,         A  A, 

3Byf^coaz!r)+p„{coBX^<x»zz  + 

A  A  A  A, 

yy'coeaia'  +  coBaiy  cosys'); 

'af+p„ootiyifcoai/z'  +  p„<xmi 

ayacossa;')  +  J>„(co8a:^'<»8aaJ'+ 
A  A  A  A„ 
B  y  *■  COB  a:  ar  +  008  a;  y  cos  y  ar) ; 

A  A  A, 

a:  y*  +  p„  COB  y  a:*  COS  y  y  +  p„  COS 

eya:' eoszi/')  +  j>u(cos  aw' C08^'+i 

)s  y  a.' COS  a;  y' +  cos  »  a/ cos  y  ^ 

omponent  stresses,  |i,„  A^,  re) 
fcc,,  relative  to  the  axes  of,  y,  si 

awnd  street,  are  said  to  be  equiv 

•f  Straw.  —  Theobeh.  For  e 
fatyitem  qfthree  planes  perpend: 
'Jie  Btras  is  w&iHy  normal. 
lation  3  of  Article  105,  it  is  evit 
ection  of  stress  on  a  plane  shall  ( 
ne,  is  expressed  \>j  ^e  equation 


coBsr^  —  ^cossn 

Pr 

-aloes  into  tlie  equation  1  of  Ar 

\  A  A 

n  +  p^cosyn  +j)„cosan  =  0 

»„  -  p,)  cos  y  n + p„  cos  «  n  =  0 

„cOByn+(p„-p,)cos«n  =  0. 


=  A; 

-P„P^-P..P 
-C  =  0 

ion  of  bong  u 
the  propertief 
tctioos  of  thosi 
other. — Q.  K 
I  are  called^ 
itreSK 

those  principt 
jr  asBamed  axe 
ions,  deduced 

'>r-p.)p^}:- 

:  ofp„  vhich  B 
oties  of  eqoati 
lave  the  follow 


of  stress,  the  1 
3  and  6,  are  t1 
of  X,  y,  ^  or  s 
95. 

be  token  for  i 
,s;  and  let  it 
f  the  stress  on 
with  those  a: 
rticle  105,  are 
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Urns  ve  obtain 

A  AAA 

P  00a  X p  =  p,  COB  X n ;  p  coa  If  p  ^ P,  ooa  j/n  ; 

ptOBzp  =  p,coBsn (7.) 

P=  V  i  Pf  ■««'«» +5^  ■oos'yn+i'j- cob's  »  I  ...{&) 
The  equations  7  are  easily  tranaformed  into  the  following  :— 
co«  a;  n  _  ooe  a;  jp     cogywcoayp  .coa3n_cos3p 
P  P%      '      P  P^~'      p  ^■■■™' 

Which  equations  beuig  squared  and  added,  and  the  square  root  of 
the  Bum  extracted,  give  lie  following  value  for  Uie  Ttciprocal  of  the 
mteud^  required  : — 

2=^fcO^^CO^y^^C08'4]  poo 

I  equation  of  an  dltpaotd,  in  which  p^ 

1X68,  and  p  the  semidiaueter  in  any  ^ 

^e  obliqiiiit/  of  the  utreas  7  is  given  I 

A  A  A  A 

asa;ncoea^;)-{-coBy>)COsyp  +  co8 

=  P<  ya'atp  I  008*?/) ...coa'a^p  ( 
(      i>i  J>.  />.      J 


i-axes,  and  p  the  semidiameter  in  any  given  direction, 
lie  obliquity  of  the  utreas  p  is  given  by  the  equation 

A  A  A  A      ,  A  A 

osarncos^pfcoHsrncoByp  +  cosanooaaji 


{Pioo^xn+ptooefyn  +  ptcofzn)-, (11.) 


positive  I  indicates  C  a  pull     ) 
nothing  y  that  the  <  a  shear    V  - 
amative  )  stress  j)  is  (  a  thrust  j 
nUd  M  okc  pibmb. — In  most  praetical  questions 
ress  in  structures,  the  directions  of  the  stresses 
ddered  are  parcel  to  one  plane,  to  which  tiieir 
are  perpendicular,  the  remaining  stress,  if  any, 
stress,  aiid  peipendicular  to  the  plane  to  which  the 

ooncermng  the  relations  amongst  stresses  parallel 
^t  be  solved  by  considering  them  as  particular 
general  problems  respecting  stresses  in  any  direo- 
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f  in  Articles  I( 
'estigations  and 
emonstrftto  the 
jidependently. 
d  direetiona  of  i 
U  perpendiculcu 
ofind  Ute  direeli 
idicuiar  aim  to  ■ 

paper  represent  i 
tresses  are  para 
represent  the  dii 
ajug&te  Btresses, 
,andp,;  and  lot 
Lress  on  which  is 
tnditioQofapris 
B  plane  A  B,  and 
S  and  OY  respei 
he  body  on  ^e 

5A; 

it  foixse.     The  fo 

Me  0  B  of  the  I 

OB; 

is  force.    The  fo 

ce  A  B  of  the  pi 

Bj  therefore  o 
iR  will  represent 

the  iniengiiy  of 

OR 

*'PmP,  •  015  •  (D 
OB-0~AcoB^ 

the  figure  with ' 
I  which  p,  and  j 
a,  in  which  case 
irked  with  the 
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the  given  conjugate  streasea  vhaee  directum  fella 
to  the  same  side  of  A  B  with  it.  When  0^  ia  parallel  to  A  B,  ^ ,  is 
ft  shear,  or  tangential  stress. 

Fbobleh  n.  The  iiOmailiea  and  directuma  o/tAe  stresses  on  a 
pair  o/jilane*  perpendietiioT  to  each  oth^  mui  to  a  plane  to  ttAicA  the 
ilrtttet  are  paraUel,  being  given,  it  is  required  to  find  the  itd^uity 
and  direction  o/the  stress  on  a  piane  in  ant/ position  perpendieuiaT  ia 
tkatpiane  to  to&ieA  the  stresses  areparailel. 

In  fig.  52,  let  the  plajie  of  the  paper  represent 
the  pkuie  to  which  Uie  stresaes  are  paraUel,  and  i 
OX,  OX,  die  pur  of  rectangular  planea  on 
whi<^  the  sb^ases  are  given.     L^  those  streaaea 
he  reeolved,  as  in  Article  99,  into  rectAngular 
normal  and  tangential  components.     Xiet  p^x  de- 
note the  intensity  of  the  normal  atreaa  on  the       \ 
-'  -     "■"  —^'-^  stress  ia  parallel  to  OX;  let 
Qsity  of  the  normal  streas  on~ 
ich  streaa  ia  parallel  to  O  Y. 
!  Theorem  of  Article  103,  the  ^-  "*' 

on  those  two  planea  must  be  of  equal  intensit;; 
fore  be  denoted  by  one  aymbol,  px„  which  sym- 
meaning 

itensity  of  (x\  on  a  plane  (y\, 
tress  along  |  y  |  normal  to  \xf' 
ine  normal  to  the  plane  the  streas  on  which  is 

th  OX  the  angle  XON  =  xfl.  Conaider  the 
im  O  A  B,  of  the  length  v/niiy,  bounded  by  the 
B  J.  !c,  A  B  X  O  N.  The  areaa  of  the  faces  of 
e  following  proportions  : — 

AB-coaa;n;  OA  =  AB  ■  sin  aw. 
on  the  feces  OA  and  O  B,  in  a  direction  parallel 
normal  stress  on  O  B,  and  the  tangential  etress 
say, 

OA  =  AB-  <pa'<x>3xn+  p^*  sin  a:n  >  ■ 

ited  by  OD. 

d  on  the  faces  O  A  and  0  B,  in  a  direction  paial 
the  normal  stress  on  OA,  and  the  tangential 

OA  =  AB"  ipxf'eoBxn  + Pff-anxni' 
ited by  OE. 
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Complete  the  rectangle  O  D  R  E ;  the  amount  and  direction  of 
the  str^  on  A  B  will  be  represented  by  its  diagonal, 

QR=:  ^(OD^  +  OE*) 
and  the  iiUmx^  of  that  stress  by 

Pr  =  '==  V  "j^«**<»s'a;«+jPyy»-Bin"an+;?xy* 

A  A         \ 

+  2/>^(;?a»+i'yy)cosa;n'sin«w  > (1.) 

From  R  draw  R P  perpendicular  to  the  normal  ON;  then  the 
normal  and  the  tangential  components  of  the  total  stress  on  A  B  will 
be  represented  respectively  by 

OP  =  OD  •  cos  a?»  +  OE  sin  xn; 

PR  =0^sina;w-OE -cos  xn; 
and  the  mtensUiea  of  these  components  by 

Pi^  =  -==  =  pxx  '  cos'  ajn  +  j?y»  •  sm'ajT*  +  2pt^  *  cos  xn '  sm  xny\ 


AB 
PR 


Vt  = 


A        ,       A  •  .   a    A  -     A 

=  {pgz-p„)  COS  a?n  'sm  xn+p^g  (sm'  an-cos'  a;w)., 


(2.) 


N  0  R  =  nr,  of  the  stress  on  A  B  is  giyen  by 
^         *»'  (3.) 


AB 

The  cbUqwUj/, 
the  equation 

tan  TO  r  =  -^ — • 
Pn 

109.   Principal  Axes  of  Btnm  Fualiel  to  One  Pianei^ — ^ThEOREIL 

For  every  condition  of  stress  pwraUeL  to  OTve  piUme,  there  are  two  planes 
perpendicuUvr  to  each  other y  on  which  there  is  no  tangential  stress. 

As  in  Article  108,  let  the  three  rectangular  components,  pxn 
Pjff9  Pxfy  of  the  stress  on  two  rectangular  planes,  O  Y,  OX,  be  given. 
The  condition,  that  there  shall  be  no  tangential  stress  on  a  plane 
normal  to  O  N,  is  expressed  by  making  jpi  =  0  in  the  second  of  the 
equations  2  of  that  Article ;  and  in  order  that  this  may  be  fulfilled, 

we  must  have 

A       .     A 
cos  x  n  •  sin  a;  TO    _      p^p      ^ 


,    A  'A 

cos"  05  TO— sm' a?  TO 


Psx^Pinf 


or,  what  is  the  same  thing. 


tan  2xn  = 


-      ^P^ 


Pxx-Pn 


(1.) 


FUHD  RtKBSUKB, 

les  of  X  %  differing  by  a  right  angle,  tt 

tm  2 xn  aio  equal;  hence  there  are  two  diiectdoos  of 

OK  peipendicu&r  to  each  other,  which  ful£l  ihe  conditio! 

DO  tangential  stress. 

Th™.  h=n  .q.-»»KnQg  dre  called  prindpal  aax»  o/slrt 

which  are  conjugate  to  each  other 

hiid  principal  sfcrea,  ccaijogate  ai 
i;  bat  aa,  with  one  exception,  the 
ctiou  relate  to  stresses  upon  planee 
third  principal  stress,  whitUL  doei 
e  left  ont  of  consideration. 
lode  of  expressing  the  relations  ami 
o  a  plane  is  obtained  by  taking  th 
n  that  plane  for  axes  of  co-ordinate 
g  Artides. 

■1  (KnMm— VkM  giii— lu. — TbEOI 

i»eg  be  of  the  aame  kind  and  •/^gvi 
&e  aameplame  it  of  the  tatM  Umd,  < 

)  ilsploTie  of  action. 

L,  OY,  be  the  direo- 

incipal  stieeees,  and 

ies.     Br  the  condi- 
thoae  inteosities  an 

ft- 

0  find  the  direction 
stress  on  any  plane "''" 
[e  108,  coDfflder  the 
ignlar  prism  0  A  B; 
of  that  prism,  in  a 
liar  to  the  plane 
hen  the  total  streaaeB  "^ ' 
OA  will  be  respectively — 

p,  •  OB  and  ft  ■  OA, 
ipectively,  take  0  D  to  repieoent  p, 
•OA;  complete  the  rectangle  O  I> 

1  represent  the  amount  and  diieo 
B  of  the  [oism,  and  the  intensit7  oj 

05 


[ 
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Now,  because  p,  =■  p^  we  have 

6D  OE 


and  consequently 


OB  OA 


Pr^'Ps^Pfl 


OR 
AB 


and  because  of  the  similarity  of  the  triangles  AOB,  OERyOB 

is  peipendicular  to  A  B.  Therefore,  the  stress  on  each  plane  per- 
pendicular to  X  O  Y  is  normal,  and  of  equal  intensity  in  all  direc- 
tions.—Q.  E  D. 

In  this  case  it  is  obvious,  that  every  direction  in  the  plane 
X  O  Y  has  the  properties  of  an  axis  of  stress, 

OoBOLLABT.  If  the  stress  in  all  directions  parallel  to  a  given  plane 
be  normal,  it  must  be  of  equal  intensity  in  all  those  directions. 

Theobsm  II.  In  a  perfect  Jlaidy  the  pressure  cU  a  given  point 
is  normal  amd  of  equal  intensity  in  all  directions. 

Flaid  is  a  term  opposed  to  solidy  and  comprehending  the  liquid 
and  gaseous  conditions  of  bodies,  which  have  been  defined  in  Article  4. 
The  property  common  to  the  liquid  and  the  gaseous  conditions  is 
that  of  not  tending  to  preserve  a  definite  shapSy  and  the  possession  of 
this  property  by  a  body  in  perfection  throughout  all  its  parts,  con- 
stitutes that  body  a  perfect  fluid.  The  parts  of  a  body  resisting 
■alteration  of  shape  must  exert  tangential  stress;  a  perfect  fluid  does 
not  resist  alteration  of  shape;  therefore  the  parts  of  a  perfect  fluid 
<»nnot  exert  tangential  stress;  therefore  the  stress  exerted  amongst 
and  by  them  at  every  point  and  in  every  direction  is  normal ;  there- 
fore at  a  given  point,  it  is  of  equal  intensity  in  every  direction. 
— Q.E.D. 

This  theorem,  and  its  consequences,  form  the  branch  of  statics 
called  HydrostcUics,  which  is  sometimes  treated  of  separately,  but 
which,  in  this  treatise,  it  has  been  considered  more  convenient  to 
include  in  the  subject  of  the  statics  of  distributed  forces  in  general. 

Gaseous  fluids  always  tend  to  expand,  so  that  the  stress  in  them, 
is  always  a  pressure.  Liquid  fluids  are  capable  of  exerting  to  a 
slight  extent  tension,  or  resistance  to  dilatation,  as  well  as  pressure; 
but  in  all  cases  of  practical  importance  in  applied  mechanics,  the 
only  kind  of  stress  in  liquids  which  is  of  sufficient  magnitude  to  be 
considered,  is  pressure. 

The  term  fluid  presstMre  is  used  to  denote  a  thrust  which  is  normal 
and  equally  intense  in  all  directions  round  a  point.  . 

The  idea  of  perfect  fluidity  is  not  absolutely  realized  by  actual 
liquids,  they  having  all  more  or  less  a  tendency  in  their  parts  to 
resist  distortion,  which  is  called  viscosity,  and  which  constitutes  an 
approach  to  the  solid  condition ;  nevertheless,  in  problems  of  applied 
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_^ , eomption  of  perfect  fluidity  gives  results  near 

enongh  to  the  truth  for  practical  purposes. 

111.  Off  tM  FirtBcipal  ■»«■«. — Theoreil  If  a  pavT  of  prin- 

apd  itrt»»a  be  of  equal  xnleruiHeB,  but  of  oppomU  hxTtdi,  the  ftrem 

OH  any  plane  perpendicular  to  the  plane  of  &e  directum*  of  the 

prinapal  ^reuee  ii  of  the  tame  intensity,  and  the  angles  loAtcA  He 

with  the  normal  to  its  ^ane  are  bisected  by  the  axes 

Hie  stresses  actins  along  the  rectangular  axes  OX, 

e,  of  equal  iuteusity;  but  let  them  now  be,  not  as 
Line  kind,  but  of  opposite  kinds,  one  being  a  tiirust 
pnll : — a  condition  expressed  bj  the  equation 

F,  =  —P.\ 
nired  to  find  the  direction  and  int«nsitj  of  the  stress 

B,  to  which  OR  b  normal  

UT>  is  to  be  taken  as  before,  to  represent}),  *  OB, 
on  the  face  0E  of  the  triangular  prism  0  A  B; 
taking  U£  in  the  direction  from  0  towards  B,  to 
tal  stress  on  O  A,  yiz.,  p^  •  OA,  we  are  now  to  take 
gth,  but  in  the  contrary  direction.  Complete  the 
;  then  the  diagonal  Or  will  represent  the  total  stress 
itensi^  of  this  stress  is  the  same  ssbetore,  viz., 

Or,  instead  of  being  perpendicular  to  AB,  makes  an 
one  side  of  the  axis  OX,  equal  to  the  angle  XOB 
lal  OB  makes  on  the  other  side  of  Hiat  axis;  and 
angle  of  obliquity  R  Or.— Q.  E.  D. 
igrees  in  kind  with  that  one  of  the  prindpai  stresses 
action  is  nearest ;  and  when  it  makes  angles  of  iS" 
e  axes,  it  is  shearxTig  or  tangential;  so  that  a  pull 
qual  intensity,  on  a  pair  of  planes  at  right  angles  to 
equivalent  to  a  pair  of  shearing  stresses  of  tho 
>a  a  pair  of  planes  at  right  angles  to  each  other, 
les  of  45°  with  tiie  first  pair. 
tf  atrtm. — Fkobleh  I.    A  pmr  ofprimnpal  stresses 

f,  and  of  the  same  or  opposite  kinds,  being  given,  it  is 
the  direction  and  intensity  of  the  stress  on  a  plane  in 
right  angles  to  the  plane  parallel  to  which  the  two 
r  act. 

0  Y  (figs;  5i  and  55),  be  the  directions  of  the  two 
3;  OX  being  the  direction  of  the  greater  stress. 
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Let  j9«  be  the  intensity  of  the  greater  sfareas ; 
and  /?,  that  of  the  leas. 


— f 


Q  Y 


Pig.  64.  Fig.  55. 

The  kind  of  stress  to  which  each  of  these  belongs,  pull  or  throst, 
is  to  be  distinguished  hj  means  of  the  algebraical  signs.  If  a  pull 
is  considered  as  positiye,  a  thrust  is  to  be  considered  as  negative^ 
and  vice  vend.  It  is  in  general  convenient  to  consider  that  kind 
of  stress  as  positiYe  to  wmch  the  greater  principal  stress  belongs. 
"Fig.  5i  represents  the  case  in  which  p,  and  p,  are  of  the  same  kind; 
fig.  65  the  case  in  which  they  are  of  opposite  kinds.  In  all  the 
following  equations^  the  sign  of  p,  is  held  to  be  implied  in  that 
symboL 

Consider  the  two  equations 


Pm  =  — o-^  + 


P> 


2 


2      ' 


«  _    P'-^P^      P'  —  Pf, 
A—      2  2     ' 

IVom  these  it  appears,  that  the  pair  of  stresses,  p^  and  p„  may  be 
considered  as  made  up  of  two  pairs  of  stresses,  viz.: — a  pair  of 
stresses  of  equal  intensity  and  of  the  same  kind,  whose  common 

value  is  '  ^',  and  a  pair  of  stresses  of  equal  intensiiy^  but 

opposite  kinds,  whose  values  are  +  ^'  ^  *  ^ 

Kow  let  AB  be  the  ^lane  on  which  it  is  required  to  ascertain  the 
direction  and  intensity  of  the  stress,  and  ON  a  normal  to  that  plane, 
making  with  the  aads  of  greatest  stress  the  angle 

.^  XON  =  xru 


xumt  or  BTxns. 


ff  ^  "'      "'j  this  Trill  repreaent  a  normal  atnes 

3  kind  -mih  the  greater  principal  stnss,  and  of 
is  a  mean  between  the  intenratiee  of  the  two 
and  this,  according  to  Article  110,  Theorem  L, 

>ou  the  plane  AB,  of  the  pair  of  stresaes  "'         ■ 

'  FUQ,  making  with  the  axis  of  streea  the  same 
nakes,  but  in  &e  opposite  direction;  that  is  to 
rQ  =  MO.  On  the  line  thus  found  set  off  from 
s  of  greatest  stress,  MR  =  P"  ^  ^'.     This,  ac- 

11,  will  represent  the  direction  and  the  intensity 
I  on  AB,  which  is  the  effect  of  the  pair  of  si 


I  will  that  line  repreaent  the  resultant  of  the 
^OMandMR;  that  is  to  say,  the  directdoii  and 
ire  stress  on  AB.— Q.  £.  L 
expression  of  this  solution  is  easily  obtained  by 
Is  of  plsjie  trigononiBtry,  and  consists  of  the  two 

»rp,  =  J  \p:-oo^xn  +  pi-aa'xn] (1.) 

night  have  been  obtained  by  making  p„  =  0  ia 
le  108,  Problem  IL 
Obliquity,  ,^  N  0  R  or  »  r. 

..d.-(d.2Aa=i.) w 

ilways  towards  the  ana  of  greatest  stras. 

p,  are  represented  as  being  of  the  same  kind; 

ently  less  than  O^  ao  that  OR  ftlls  on  the 

ithON,  that  is  to  sa,j,nr.^xn. In  %  55, 

osite  kinds,  MR  is  greater  than  OM,  and  OR 
laideof  OX  toOM;  that  is  to  say, « *■  :?^  at n. 
5  point  M  is  obvionsly  a  circle  of  the  radius 
f  the  point  R,  an  ellipee  whose  semi-axes  are 
!i  may  be  called  the  Ellipbb  of  Stbbss,  because 
I  any  direction  represents  the  intensity  of  the 
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The  principal  stresses,  being  represented  by  the  semi-axes  of  this 
ellipse^  are  respectively  the  greatest  and  least  of  the  stresses  parallel 
to  the  plane  XO  Y. 

The  direct  and  shearmgy  or  Twrmal  and  tangential  components  of 

OR  =  pr  are  found  by  letting  fall  a  perpendicolar  from  B  upon 
O  N,  and  are  as  follows: — 

Direct, p^  =  p^  •  cos^nx  +  p,*  sin'ajn; (3.) 

Shearing,  pt  ==  (p«  -  p,)  cosa;n*  sinasn; (4.) 

equations  which  might  have  been  deduced  from  the  equations  2  of 
Article  108,  Problem  IL 

From  equation  3  it  is  obvious,  that  the  sum  of  the  normal  stresses 
on  a  pair  of  pUmea  ait  right  angles  to  each  other  is  equal  to  the  stun 
of  the  pviridpal  stresses ;  and  from  equation  4  follows  the  principle, 
already  demonstrated  otherwise  in  Article  104,  of  the  equality  of 
the  shearing  stress  on  a  pair  of  planes  perpendicular  to  each  other. 

Pboblek  U.  a  pair  of  principal  stresses  being  given,  it  is  required 
to  find  the  positions  of  the  planes  on  tohich  the  shear,  or  tangential 
component  of  the  stress,  is  most  intense,  and  the  intensitt/  of  that  sfkear. 
It  is  evident  that  the  shear  is  greatest  when  MB  is  perpendicular 

to  O  M  j  and  then  M  B  itself  represents  the  intensity  of  the  shear; 
that  is  to  say, 

maximum  p,  =        ^  ^^ (5.) 

lu  this  case,  A  B  is  either  of  the  two  planes  which  make  angles 
of  45^  with  the  axes  of  stress. 

Probleh  IIL  To  find  the  planes  on  which  the  obliquitf/  of  the 
stress  is  greatest,  the  tntensity  of  that  stress,  and  the  angle  of  its 
oUiqtdty. 

Case  1.  When  the  pricinpal  stresses  are  o/the  same  kind.  fFig.54.) 
In  this  case  MB.  ..^  MO,  and  it  is  evident  that  the  angle  of 

obliquity,  .^  MOB  =  n  r  is  greatest,  when  M  B  is  perpendicular 
to  0  B,  and  that  its  value  is  given  by  the  equation 


"     •  ^  .    '      MB 

maxmium  nr  ■=  arc  •  sm  •         - 

OM 

=  arc  •  8in^*~^^ (6.) 

P*  -^  Pjf 
To  find  the  position  of  the  normal  ON  to  the  plane  A  B,  we  hayp  to 

consider  that, 

xn=  l-^  PMN; 


J 


-j{'-j^ 
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=  90°  +  majciir; 
aee, 

A        gO'  +  mMcnr 

■""^ 2 

(an  obtuse  angle). 
And  for  the  position  of  the  plane  AB  itself^  we  het^ 

^XOA.90--.^,'""-7""' 

(an  acote  ati^e). 

Tbeae  equatioiis  a^f  to  a  pair  of  planes,  making 
kt  qiponte  sides  of  OX. 

Tne  iTiiauity  of  the  most  oblique  stress  is  obriouslj 

I  proportional  between  the  principal  stret 
it  from  tbe  consideration,  that  when 
PB  ■  KQ),  and  that  RQ  =  ;i«  PR  = 
n  the  principal  itrtuet  are  of  oppotiU 
,t  the  most  oblique  stress  possible  i 
;he  problem  amounta  to  fitirling  the 
i  lies  in  the  plane  AB.  In  this  casi 
e  OMR  becomes  right-angled  at  • 
e  intensity  of  the  stress  is  given  bj 

-Jlr-f.r,),- 

a  mean  proportional  between  the  pri: 
j»,  p,  is  a  positive  quantity,  notwi 
«anse  p,  in  tius  case  is  implicitly  neg 
if  the  normal  O  N  ia  found  by  consi 

a!n  =  -|-=-:PMlir, 

PMN  =.  ^MOR  +  ^MRC 

=  00°  +  arc  ■  saa^ — "j 
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(11.) 


consequentlj, 

(an  obtuse  angle); 

XOA  =  90^  — A  =  i-|90''— arc-sin-^i^i&l 

2  1  P'-Pfi 

(an  acute  angle). 

In  these,  as  in  the  other  formuln  applicable  to  the  case  in  which 
p,  andjp,  are  of  opposite  kinds,  it  is  to  be  borne  in  mind  that  p, 
is  impCicUly  negaiwe,  and  that  consequently  p^  +  p,  means  the 
diffhrevuse,  and  p^  —  p^  the  sum,  of  the  arithmetioal  values  of  the 
principal  stresses. 

Pbobleu  TV,  The  intenaities,  kinds,  cmd  obliquities,  of  amy  tioo 
stresses  whose  planes  ofucUon  o^  perpe!ndi4mla/r  to  the  plcme  of  their 

directions,  being  given,  it  is  required  tofindthe 
principal  stresses  cmd  axes  of  stress.     Case  1. 
When  the  given  stresses  are  of  the  same  kind, 
amd  UTiequal, 

In  fig.  5Q,  let  AB,  A'K,  represent  the 
given  planes,  ON,  ON',  their  normals,  OB, 
O  K',  the  stresses  upon  them. 

Let  the  intensities  be  denoted  algebraically 
by 

p  =  OB,;p  =  0R', 

Fig.  56.  and  the  obliquities  by 

^  NOR  =  nr;  ^  N'OR'=  /f'. 

In  fig.  57,  take  O  N  to  represent  at  once  the  normals  to  both 
planes. 

Make  .^  NOR  =  nr;  .^NOR'  =  n^r; 

OR  =jp;  OR'  =:p'. 

Join  RR'^  Msect  it  in  S,  from  which  draw  SM  -i-  RR',  cutting 

K  OMinM.  Join  MR,  MR', 
which  lines  are  evidently 
equal  Then  from  a  com- 
parison of  the  construction 
of  this  figure  with  the  gene- 
ration of  the  ellipse  of  streaB, 
as  described  under  Problem 
Fig.  67.  I.,  is  evident,  that 


;  the  principal  Btreases  are 

^  +  MR;ft  =  ffM-MR.; (12.) 

,  that  the  angles  made  by  the  axis  of  greatest 
onnaU  respectively,  are 

-:NMR;  a:n'=4--^NMR'; (13.) 

lent  to  determine  the  position  of  the  axes. — 

given  ttressea  are  of  opposite  kinds,  the  con- 
in  every  respect,  except  that  the  lesser  of  tho 
)e  represented  in  fig.  67  by  a  line  in  the  pro- 
ion  beyond  0,  making  an  obtuse  angle  with 
iplement  of  ite  obliquity. 
two  cases  that  have  been  stated,  the  angle 
to  the  tTo  given  planes  must  have  one  or 
wing  valnea  r — 

[cithCT««'-|-  «n  =  ,<i:KMS) 

[or       A'-A-^UMSJ 

nonnals  are  at  opposite  sides,  or  at  the  same 
latest  stress. 

see  1  and  2  ia  expressed  algebraically  by  the 
which  aw  deduced  from  the  geometrical 
well  known  formulie  of  trigonometry  : — 

■OM. li^ — ^; ('«■) 

2  (p  cos  n  r  -//  cos  re  r't 
^2"^'  =  MB  =  MK 
=-^^  +  p"  -  (p. +P,)  P  coa  « '• } 

-A  +P'*~{P-  ■*■  P,)P' «««'••'    f    ' (^^) 

**  _  2pcosnr  — p^— p, . 


^,       2»'C0Sii't'— p.  — n. 
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In  using  these  equations,  it  is  to  be  observed  that  the  cosine  of 
an  obtuse  angle  is  negative. 

Simplified  Forms  of  Cases  1  ami  2. 

Case  3.  When  the  t%joo  given  etresaea  are  conjttgate,  they  are  of 
equal  obliquity;  and  the  points  O,  B!,  S,  B^  in  fig.  57,  are  in  one 
straight  line,  to  which  MS  is  perpendicuhur ;  the  angle  between 
the  two  normals  being 

^NMS  =  ir«f  =  90'-'4irr (la) 

In  this  case,  equation  15  becomes 

£^=Oli,J-£_. (19) 

2  cos  nr 
equation  16  becomes 


l4co8'nr  j 


^/^77:T■^-»'^ (20.) 

equations  17  are  modified  only  by  the  equality  of  nr'  to  nr. 

Case  4  When  the  planes  of  action  of  the  ttoo  given  stresses  art 
perpendicidar  to  each  other,  M  S  is  perpendicular  and  R  R'  parallel 
to  O  N,  in  ^g,  57,  so  that  we  have,  for  the  tangential  component  of 
each  stress, 

MS  =zp  sin  n  r  =zp  sin  n  r'  =p,. 
Let  the  normal  components  of  the  given  stresses  be  denoted  by 

p^  =p  cos  n  r ;  p'^  =|>'  cos  n  f. 
Then  equation  15  becomes 

£^^P^; (21.) 

equation  16  becomes 

^^=  jI^-^^+I*?  }••• (22.) 

The  equations  17  become 

COS  2  a;  n  =  —  COS  2  o;  n'  =  c* — £?  - 

or,  what  is  equivalent, (^^O 

tan  2  «n  =  -  tan  2  x'n' = -IfL. . 

Pn-I^n 
being  the  same  with  equation  1  of  Article  109. 


3E  or  BTBSSa — PBOBLEUS 

w*  tn  every  direction  bein 
given,  it  w  required  to  fi 
mTtmon  Miqyity  it  giveA 

■en  greatest  obliquity.     ' 


Qot  exceed  9,  denote  the 
irusts,  BO  thftt,  aa  in  Pro1 

reen  the  normids  to  thei 

W~nr 
i  planes  tliemselrea.     Le^ 
hat  of  the  less,  of  those 
then  dividing  equation  2< 
ng  the  result,  we  find 

^)=1  ^. 


(p+py^  coa-nr 

4j)yf        cob'* 

the  ratio  of  the  conjuga 
*  a  quadiatic  equation. 

-2cOBnr'«+co^*=  0 

tJie  greater  thrust,  and  p 

osnr — J{oo^nr  —  oo) 

os«r+  J{coifnr — coi 

imes  the  ratio  of  the  princ 

P,  _  !■— gill  * . 

p,     1  +  sin  P ' ' 

becomes  that  of  eqTialitj 
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113.  c«Bii»iiicd  strcMc*  la  ^m»  piuMr—FsoBLEiL  Gwentkenof- 
maZ  vntensUies  and  directions  of  any  rmmber  of  mrvpU  sbnsKS  uihcM 
directions  a^e  in  the  same  pUme;  requ,ifred^  the  directions  amd  intenr 
sUies  of  the  pair  of  principal  stresses  resulting  from  their  conMnaHoik 

Distdnguiah  the  pulls  from  the  thrusts  by  considermg  the  kmd 
whose  sum  is  greatest  as  positive,  and  the  opposite  kind  as  negative. 
Assume  two  planes  at  right  angles  to  each  other  (which  may  be 
called  planes  of  reduction),  to  each  of  which,  by  the  process  of 
Article  98|  reduce  all  the  given  stresses ;  and  then  resolve,  as  in 
Article  99,  each  of  the  reduced  stresses  thus  obtained  into  a  direct 
or  normal,  and  a  sheaiing  or  tangential  component.  Compute 
(attending  to  the  positive  and  n^ative  signs)  the  two  sums  of  the 
direct  component  stresses  on  the  two  planes  of  reduction  respectively; 
compute  also  the  sum  of  the  shearing  components,  whidi  will  be 
the  same  for  each  plane  of  reduction :  lastly,  &om  the  pair  of  total 
direct  stresses,  and  the  total  shearing  stress,  thus  computed,  re- 
latively to  the  assumed  rectangular  planes  of  reduction,  determine, 
as  in  Article  112,  FK>blem  I  v.,  case  4,  the  directions  and  inten- 
sities of  the  resultant  principal  stressea-^Q.  E.  L 

The  algebraidd  expression  of  this  solution  is  as  follows : — ^Let  n 
be  taken  to  denote  the  normal  to  one  of  the  rectangular  planes  of 
reduction. 

Let  jp  denote  the  norfnal  intensity  of  any  one  of  the  given  direct 

stresses,  and  np  the  angle  which  its  direction  makes  with  the 
normal  n.  The  symbol  s,  as  in  previous  examples,  denotes  the 
operation  of  taking  the  sum  of  a  set  of  quantities,  wit^  due  regard 
to  their  algebraical  signs,  that  is  to  say,  adding  the  positive  and 
subtracting  the  negative  quantities. 

The  direct  and  shearing  components  of  a  single  stress  jf,  as 
reduced  to  the  rectangular  planes  of  reduction  respectively,  accord- 
ing to  the  principles  of  Article  99,  are  as  follows : — 

NormaL  J  ^^  *^®  plane  normal  to  n,  p  cos?  np ; 
(  on  the  other  plane,  p  sin*  np ; 

Tangential  on  each  plane,  p  cos  np  an  n  p. 

Consequently,  the  total  direct  and  eiiearing  stresses  on  the  planes 
of  reduction,  are  as  follows : — 

{pn=  ^  \P  ^' np)  f 


4  ONE  FLA^IE. 


lee  into  tlie  eqnationB  21 
«that 

,  32,  and  23,  of 

=  1;  co^np  —  Bm*»p=i 

=0.2  A 

.       A        1               A 

i>'Bmnp=-gm2Bp, 

esultfl: — 

K^-l'p- 

■0) 

2        2^ 

■pc<x2npy+{:x-pm2npYi- 

..(2.) 

^a«t.«'-''™2A.. 

.(3.) 

3-pcoa2np 
lie  of  being  expressed  in  another  form,  a» 
'  two  angles.     Then 

+  sin<jaina'  =  coa(a — a). 

the  Kign  J,  is  equation  2,  oonsiBta  of  the 

iresj)^coe*2flp; 

locta  3  p  p' COS  3  N  p  cga  2  R  p' ; 

[>f  the  given  streaaea ; 

area  p'sin*  2  np; 

incte  2  p  j/  sin  2  np  sin  2  np*. 

nese  clABsee  being  added  together,  mats 

arth  make  2  a  (p  p'  •  cos  2pp') ;  pp  being 
f/.     Equation  2  Urns  becomes 

{l(p')  +  23(pp'0082pp')}  (i) 

)  and  (i)  it  appears  that  the  inimeitue  of 
nd  p,  can  be  computed  without  assuming 
the  only  angles  involved  in  this  pair  M 
angles  pp',  -which  the  ffwa.  ttxeeBea  mala 
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vrith  each  other  when  compared  bj  pairs  in  eyery  possible  com- 
bination.    To  find  the  directions,  however,  of  those  principal  stresses, 
planes  of  reduction  must  be  assumed. 
In  using  the  equation  (4),  it  is  to  be  remembered  that  when 

2pp  exceeds  90®,  we  have 

cos2pjp'  =  — cos  (l80**  — 2pp')- 

Section  4. — 0/the  IrUemal  EqvUibrwm  of  Stress  and  Weight, 

and  tite  Principles  of  Hf/droskUics. 

114.  YmrjUkg  iBtenutl  strcM. — ^The  inrestigations  of  the  preced- 
ing section  have  been  conducted  as  if  the  internal  stress,  whether 
simple  or  compound,  were  uniform  at  all  points  in  the  body  imdei 
consideration;  but  their  results  are  nevertheless  correctly  applicable 
to  internal  stress  which  varies  from  point  to  point  of  the  body ; 
for  those  results  are  arrived  at  by  considering  the  conditions  of 
equilibrium  of  a  pyramidal  or  prismatic  portion  of  the  body  con- 
taining the  point  at  which  the  relations  amongst  the  components 
of  the  stress  are  to  be  determined;  and  when  the  stress  varies  from 
point  to  point,  then  by  supposing  the  pyramid  or  prism  to  be  small 
enough,  its  condition  of  stress  may  be  made  to  deviate  from  uni- 
formity to  an  extent  less  than  any  assigned  limit  of  deviation; 
but  the  truth  of  the  propositions  of  the  preceding  section  for  an 
uniform  stress  is  independent  of  the  size  of  the  prism  or  pyramid ; 
therefore  they  can  be  proved  to  deviate  from  the  truth  for  a  vary- 
ing stress  by  less  than  any  assignable  error ;  therefore  they  must 
be  true  for  a  varying  as  well  as  for  an  uniform  stress. 

115.  CaasM  of  TiuTiBff  strcM. — The  internal  stress  exerted 
amongst  the  parts  of  a  body,  may  vary  from  point  to  point,  from 
three  classes  of  causes,  viz. : — 

I.  Mutual  attractions  and  repulsions  between  the  parts  of  the 
body; 

II.  Attractions  and  repulsions  exerted  between  the  parts  of  the 
body  in  question  and  external  bodies ; 

IIL  Stress  exerted  between  the  body  in  question  and  external 
bodies  at  their  surfaces  of  contact. 

I.  The  first  of  these  classes  of  causes  may  be  left  out  of  considera- 
tion in  the  present  treatise;  because  the  mutual  attractions  and 
repulsions  of  the  parts  of  an  artificial  structure  are  too  small  to  be 
of  practical  importance  in  the  art  of  construction. 

IL  Of  the  second  class  of  causes,  the  only  force  which  is  of 
sufficient  magnitude  to  be  considered  in  the  art  of  construction,  is 
weight, 

IIL  The  consideration  of  the  third  class  of  causes  belongs  to 
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fb  of  materials,  which  will  be  treated  of  iu 

eseut  section,  therefore,  is  the  relation  be- 
B  parts  of  a  body,  and  the  variation  of  its 
condition  of  stress  from  point  to  point, 

116.    «cMm  PrrtliiM  af  IsMnnt  Evdllbriuai. — Let  u>  denote 
the  weight  per  nnit  of  Tolume  of  a  body,  or  part  of  a  body,  and  let 
it  be  required  to  determine  what  modes  of  variation  of  internal 
stress  are  consistent  with  that  specific  gravity. 
Consider  the  condition  of  a  rectangular 
i),  bounded  by  ideal 
are  parallel  to  three 
X,  OY,  OZ.     The 
}f  axes  is  immaterial 
he  algebraic  formulie 
nming  one  axis  to  be 
hen,  be  vertical,  and 
:  he  positive  upwards.   • 
be  treated  as  a  nega- 
weight  of  a  portion 
Dlume  V  will  be  denoted  by 

-wT. 

IS  of  the  molecule  A  be 

AX  parallel  to  OX, 

Ay    „       „    OT, 

A«     „       „     OZ. 

presented  by 

-W  Ate  Ay  &g. 
I  dedgnated  as  foUows  : — 


E1ff.a3. 


el  to  YOZ 
„  ZOX 
„  XOYl 
zontal  pair.)  J 


(the  upper.)  J 


KeatwttoO. 
-  Ay  4* 


(the  lower. 


i^} 


if  the  components  of  the  stress  be  denoted 


Normal,  px„  p^  p„; 
tangential,  p^,  p„  p^ 
normal  strees,  let  puU  be  positive 
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n^^aiiiye.  As  for  the  signs  of  tangential  stress,  let  those  stresses 
be  considered  as  <  ^^ij:-^  >  which  tend  to  make  the  pair  of  co^ 

nars  of  the  molecule  which  are  nearest  and   farthest  from  0 

(sharper) 

\  flatter  J" 

In  the  nrst  place,  let  the  raie  o/variaHon  of  the  stress,  of  what 
Mnd  soever,  fiiom  point  to  point,  be  nniform;  that  is  to  say,  far 
example,  if  the  mean  intensity  of  any  one  of  the  oompon^its  of 
the  stress  at  the  face  —  Ax  Ay  hep,  then  at  the  face  +  Ax  Ay^ 
whose  distance  from  --  Ax  Ay  ia  Az,  let  the  menn  intensiiy  of 
the  same  component  be 

in  which  -=^  is^  a  constant  co-efficient  or  &otor,  meaning  *^  the  rai$ 

ofwmaJAofn  of  p  along  z,"  which  is  positiye  or  negative,  according 
as  the  variation  of  p  is  of  the  same  or  of  the  contrary  kind  to  that 
oiz.  Rates  of  vernation  are  also  known  by  the  name  of  differwiHei 
co-efficienta.  As  there  are  six,  components  in  the  stress,  and  three 
axes  of  co-ordinates,  there  are  eighteen  possible  differential  co- 
efficients of  the  stress  with  respect  to  the  co-ordinates ;  but  it  will 
presentiy  appear  that  nine  only  of  those  co-efficients  are  conconed 
in  the  solution  of  the  present  problenL 

The  relations  amongst  the  weight  of  the  molecule  A,  and  the 
variations  of  the  intensities  of  the  component  stresses  on  its  differ- 
ent &ces,  depend  on  this  principle,  that  the  force  arising  from  the 
variations  of  stress  must  balance  the  weight  of  the  Tuoleeule;  that  is 
to  say,  the  resultant  force  parallel  to  each  of  the  horizontal  axes, 
which  arises  from  the  variation  of  stress,  must  be  nothing,  and  the 
resultant  force  parallel  to  the  vertical  axis,  which  arises  from  the 
variation  of  stress,  must  be  upward,  and  e^^ud  to  the  weight  of  the 
mclectde — a  principle  expressed  by  the  three  following  equa- 
tions:— 

-^AX'AVAZ  +  -P^Ay'AZAX  +  --?^  AZ  *  AX  AV  =  0; 

dx  ^  dy     ^  dz  ^        ^ 


-MsiAX'AyAz  +  -.^Ay^AzAx  +  ?^A«'Aa?Ay=0: 
dx  ^  dy  da 

•^  AX'  Ay  AZ  +  -p^AyAZAZ  +  -^AZ'AXAy 

dx  ^  dy     ^  dz  ^ 

=  W'  AX  Ay  AZ, 


(1) 


NTcaxAL  ntmuBBioic  lib 

bob  of  tbemiiA  terms  which  compose  the  Idt  Bidea  of  the  khore 
•qoatiana  is  the  piodud;  (£  four  factois;  the  fiist  beiiig  the  nte  of 
rtrees,  the  second  the  distance  between  two  fkoea  on 
B  acts,  &nd  the  third  and  fourth  the  dinuBisicstB  of 
se  product  is  their  common  area, 
thoee  three  equations  ooabios  as  a  commtHi  &ctor 
he  molecule,  a  <b  ^  y  a  s ;  dividing  b^  this,  thej  ate 
ibUowing: — 

-»-    ^    =    0;   [  (3.) 


im      ^     dy 

ix      ^      dy      ^     dz 

ibrm,  the  equations  are  applicable  to  rates  of  Taria- 
Qot  uuifonu  as  well  aa  to  those  which  are  onifonn. 
staogolar  moleonle,  from  the  conditions  of  whose 
se  eqnatiouB  are  deduced,  is  of  arbitraiy  dze,  it  may 
small  as  we  please;  and  when  the  rates  of  variation, 
re  not  uniform,  we  can  always,  by  suppoaing  the 
enoiigh,  make  the  rates  of  variation  of  the  stresses 
bulk  deviate  fi-om  onifonn  rates  to  an  extent  less 
limit  of  error. 

IS  2  can  easily  be  modified  so  as  to  adapt  them  to 
Tangement  of  the  axes  of  co-ordinatea.  Thus,  if  z 
'6  downwards  instead  of  upwards,  —  to  is  to  be  put 
Ird  equation.  If  x  or  y,  inat«ad  of  z,  be  made  the 
is  to  be  substituted  fbr  0  in  the  first  or  the  second 
e  case  may  be,  and  0  for  to  ia  the  third  equation. 
X,  y,  and  z  make  respectively  the  angles  a,  /s,  and  v, 
linting  vertically  upwards,  tiie  force  of  gravity  is  to 
>  three  rectangular  components,  each  of  which  must 
alanoed  by  variations  of  stress ;  so  that  for 

)>  0,  to, 

icond,  and  third  equations  respectively,  aire  to  be 

ca  •>  to  cos  |3,  to  COS  y. 

>ns  of  this  Article  are  not  in  general  nifficient  of 
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themselves  to  determine  the  mode  of  yariation  of  the  intensity  of 
the  stress  in  a  solid  body,  because  of  their  number  not  being  so 
great  as  that  of  the  number  of  imknown  quantities  to  be  determined. 
They  have  therefore  to  be  combined  with  other  equations,  deduced 
£x)m  the  relations  which  are  found  by  experiment  to  exist  between 
the  alterations  of  figure,  which  the  parts  of  a  solid  body  undeigo 
when  a  load  acts  on  it,  and  the  stresses  which  at  the  same  time  act 
amongst  the  disfigured  parts.  These  relations  belong  to  the  sub- 
ject of  elasticity  and  of  the  strength  of  materials,  and  not  to  that 
of  the  principles  of  statics.  The  remainder  of  the  present  section 
will  relate  to  those  more  simple  problems  which  can  be  solved  by 
means  of  the  equations  2  alone. 

117.  Eqniiibriam  of  Finida. — ^It  has  already  been  explained  in 
Article  110,  that  in  a  fluid  the  only  stress  to  be  considered  iu 
practice  is  a  thrust  or  pressure,  normal  and  of  equal  intensity 
in  all  directions.  This  is  expressed  symbolically  in  the  following 
manner: — 


the  single  symbol  p  being  used,  for  the  sake  of  convenience  and 
brevity,  to  denote  the  intensitt/  of  tfie  fluid  pressure  at  any  given  point 
in  the  fluid. 

In  adapting  the  equations  2  of  Article  116  to  this  case,  it  is  con- 
venient to  take  X  to  denote  vertical  co-ordinates,  and  to  make  it 
positive  downwards.  Then,  bearing  in  mind  that  p  is  now  a  thrust, 
being  positive  (and  not  a  pull  when  positive  and  a  thrust  when 
negative,  as  in  the  general  problem),  we  obtain  the  following 
equations : — 


dp 

01  =  ""' 

dy  dz 


(3.) 


The  first  of  these  equations  expresses  the  &ct,  that  tn  a  hdkmced 
fiuidy  the  pressure  increases  with  the  vertical  depths  at  a  rate  expressed 
by  the  xjoeight  of  the  fluid  per  urdt  of  volume;  and  tibie  second  and  third 
express  the  fstct,  that  tn  a  balanced  fluids  the  pressure  has  no  variation 
in  any  horizontal  direction;  in  other  words,  that  the  pressure  is  equal 
at  all  points  in  the  same  Uvd  surface. 

[The  exact  figure  of  a  level  surface  is  spheroidal ;  but  for  pur- 
poses of  applied  mechanics  it  may  be  treated  as  a  plane,  without 
sensible  enx)r.] 
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Those  principles  may  also  be  proved  directly, 
iection  of  a  fluid; 
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''pt+j'^wdx; 
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specific  gravily,  as  well  as  the  pressore,  should  be  the  same  at  all 
points  in  the  same  level  surfiace. 

The  preceding  principles  are  the  base  of  the  scdenoe  of  Hydro- 
statics. 

118.  Bqirilibrinii  of  a  liiqaid. — A  liquid  IS  a  fluid  whose  parts 
tend  to  preserve  a  definite  size ;  that  is  to  say,  a  portion  of  a  liquid 
of  a  given  weight  tends  to  occupy  a  certain  definite  volume;  and  to 
make  it  occupy  a  greater  or  a  less  volume,  tension  or  pressure,  as 
the  case  may  be,  must  be  applied  to  it.  The  volume  occupied  by  an 
unit  of  weight  is  the  reciprocal  of  the  weight  of  an  unit  of  volume; 
so  that  the  preceding  principle  might  otherwise  be  stated  by  say- 
ing, that  a  liquid  tends  to  preserve  a  definite  specific  gravity,  which 
may  be  increased  by  pressure,  or  diminished  by  tension. 

The  volume  which  a  given  weight  of  a  liquid  tends  to  occupy 
depends  on  its  temperature  according  to  laws  which  belong  to  the 
science  of  Heat. 

The  alterations  of  the  specific  gravity  of  liquids  produced  by  any 
pressures  which  occur  in  practice,  are  so  small,  that  in  most  pro- 
blems respecting  the  equilibrium  of  liquids,  the  specific  gravity  w 
may  be  treated  mthout  Benaible  enor  as  a  constant  quantity,  inde- 
pendent  of  the  pressure  p.  In  the  case  of  water,  for  example,  the 
compression  of  volume,  and  increase  of  specific  gravity,  produced  by 
a  pressure  of  one  atmosphere,  or  14*7  pounds  per  square  inch,  is  about 
aoflflo,  or  ftftAoo  for  each  poimd  on  the  square  inch. 

If,  then,  the  specific  gravity  w  be  treated  as  a  constant  in  equation 
3  of  Article  117,  it  becomes  as  foUows: — 

p  -  Po  +  ^ox; (1.) 

that  is  to  say : — let  po  be  the  pressure  at  the  upper  sur£a,ce,  Y  O  Y, 
(fig.  59)  of  a  mass  of  liquid;  then  the  pressure  p  at  any  given  depth 
X  below  that  sur&ce  is  greater  than  the  superficial  pressure  p^  by 
an  amount  found  by  mtdtiplying  that  depm  by  the  weight  of  an 
unit  of  volume  of  the  liquid. 

When  the  mass  of  liquid  is  in  the  open  air,  the  superficial  pres- 
sure Pq  is  that  arising  from  the  weight  of  the  earth's  atmosphere 
of  air,  and  at  places  near  the  level  of  the  sea,  is  estimated  on  an 
average  at  14*7  pounds  on  the  square  incL  In  a  close  vessel, 
the  superficial  pressure  may  be  greater  or  less  than  that  of  the 
atmosphere. 

119.  Eqnillbrinm  of  dUTerent  Flnlda  In  c«Blact  wUh  eRck  •thc'kr. — 

If  two  different  fluids  exist  in  the  same  space,  they  may  unite  so 
that  each  of  them  shall  be  distributed  throughout  the  whole  space, 
either  by  chemical  combination  or  by  diflusion;  but  in  such  cases 
they  form,  in  fisict,  but  one  fluid,  which  is  a  compound  or  mixture, 
as  the  case  may  be.     The  present  Article  has  reference  to  the  case 


when  fluids  of  different  kinds  remain  in  contact,  oncoi 
nnmixed.  In  this  case,  the  coBoition  of  equilibnam 
pRsgores  of  two  fltiids  at  each  point  of  their  surface  of  <x 
be  equal  to  each  other, — a  condition  which,  -when  the 
ate  o[  difierent  specific  giaTities,  can  only  be  fulfilled 
earbitx  of  contact  is  horizontal 

I^  then,  two  or  more  fliiids  of  different  q)ecific  gravi 
do  not  combine  nor  mix  ^th  each  other,  be  contained  ii 
uninteirapted  by  partitions,  they  will  arrange  themseh 
loutal  strata,  the  heavier  fluids  being  below  the  lighter. 

If  two  fluids  of  different  specific  gravities  be  contai 
tvo  1^  of  a  tube  shaped  like  the  letter  IT  (and  called  ai 
n|dion"),  or  if  one  of  the  two  fluids  be  contained  in  a  v 
opea  below,  and  the  other  in  the  space  surrounding  tha 
geuetallj,  if  the  two  fluids  he  partially  separated  irom  ea 
•  TKtical  or  nearly  vertical  partition,  below  which  thei 
monica^on  between  the  spaces  on  either  aide  of  it;  the 
nir&ce  of  contact  of  the  fluids  will  be  at  that  aide  of  tl 
at  which  the  lighter  fluid  is  found,  so  that  it  may  be  abo 
heavier  fluid  below,  that  surface  of  contact. 

Let  p)  denote  the  common  pressure  of  the  two  fluids  a 
face  of  contact,  and  let  any  ordinate  meaanred  &om  t 
tipKarda,  be  d^ioted  by  x.  Let  vi  denote  the  apecific  g 
j/  the  pressure,  of  the  lighter  fluid;  to"  the  specific  gra' 
ti»e  proBsaie,  of  the  heavier  fluid.  Then  at  any  given 
'contact 

P'  'P»—]^^^ 
len  the  fluids  are  liquidt,  and  vf,  vf 


=  p^  -  v)x;p    =po  -  w  X... 


e  barometer,  and  the  mercurial  prec 
a  liquid  stands  in  a  tube,  closed  an 
re  its  Burface  of  contact  with  anothei 
«  the  pressure  exerted  by  that  other 
In  this  case,  j»°  =  0,  or  nearly  so;  o 
I)a  =  v/'x, 

I  heights  above  the  surface  of  conta 
sures  of  the  lighter  and  the  heavit 
other,  or  both  equal  to  nothing;  tti 
IT  floida  in  general, 
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/     ^  dx  =  /     to"  dXy 

If  the  fluids  be  botli  liquids,  this  beoomesy 

vyos  =  w"  x**, 


(*•) 


(«•) 


or,  the  beigHts  are  inversely  as  tbe  specific  gravities. 

If  the  heavier  fluid  be  a  liquid  (such  as  the  mercury  in  the  baro- 
meter) and  the  lighter  a  gas  (such  as  the  atmosphere)  the  equation 
becomes 


/; 


id  dx  —  to"aj" 


(6.) 


and  on  this  last  formula  is  founded  the  method  of  determiniag 
diflerences  of  level  by  barometric  observations  of  the  ^atmospheric 
pressure. 

120.  Eqnillbriam  of  m  Floattaig  Bodf. — ^ThEOBEIL     A  sclid  body 

JloaJting  on  the  surface  of  a  liqidd  is  balcmced,  when  U  disflaces  a 
volume  ofUquid  whose  weight  is  equod  to  the  weighJt  of  the  fioaJ^'ng 
body,  cmd  when  the  centre  of  gra/vUy  of  the  flocOing  body,  and  thai 
of  the  volume  from  which  the  liquid  is  displaced,  are  in  the  same 
vertical  line. 

Let  fig.  60  represent  a  solid  body  (such  as  a  ship),  floating  in  a 
liquid,  whose  horizontal  upper  surface  is  Y  Y.     Suppose,  in  the  first 

place,  that  there  is  no  pressure  on 
the  surface  YY.  Consider  a  small 
portion  S  of  the  sur&ce  of  the  im- 
mersed part  of  the  solid  body.  The 
liquid  will  exert  against  S  a  normal 
pressure,  whose  amount  will  be  ex- 
pressed by 


fig.  60. 


Bp  =  Bwx, 


where  S  is  the  area  of  the  small  portion  of  the  immersed  surface,  x 
the  depth  of  immersion  of  its  centre  below  the  le^el  sur&oe  Y  Y, 
and  w  the  weight  of  unity  of  volume  of  the  liquid. 

Let  «  denote  the  angle  of  inclination  of  the  area  S  to  a  horizontal 
plane,  or,  what  is  the  same  thing,  the  angle  of  inclination  of  the 
pressure  on  S  to  the  vertical  Conceive  a  vertical  prism  H  S  to 
stand  on  the  area  S ;  the  area  of  the  horizontal  transverse  section 
of  this  prism  is  what  is  called  the  horizontal  projection  of  the  area 
S,  and  its  value  is 

S  cos  », 

Conceive  a  horizontal  prism  ST  to  have  its  axis  in  the  vertical 
plane  which  is  perpendicular  to  S,  and  to  have  the  area  S  for  an 
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the  immeraed  surface  in 
aa  11  'vertical  plane  perpen 
qual  to  that  of  S,  and  ^hic 
stains  pressure  of  the  same 
re  on  S  into  a  horizontal  o 
le  horizontal  component  is 

of  the  intensity  p  by  the  ver 
is  balanced  by  an  equal  and 
ore  on  T ;  and  the  same  i: 
into  which  the  immersed  i 
ultant  of  all  the  horizontal 
e  liquid  against  the  solid  is 

of  the  pressure  on  S  is 
u^s  (■  =  QwxcoBa, 
ict  of  the  intensity  p  by 
e  cos  M  is  the  volwM  of  we 
mall  area  S,  and  bounded 
id  u)  ia  the  weight  of  unit 
X  cos  «  is  the  weight  of  liqi 
1 ;  so  that  the  vertical  con 
1  force,  equal  and  opposite  to  \ 
matio  portion  of  tfCs  solid  bo* 
if  the  whole  of  the  immei 
such  as  S,  the  resultant  of  i 
bire  sur&ce  is  the  sum  of  s 
ires  on  the  small  areas;  t 
um  of  the  weights  of  liquid  c 

that  is,  a  sum  equal  and  • 
iume  of  liquid  displaced  I 
tion  of  that  resultaiat  trave 
>f  liquid  so  displaced, 
itre  of  grayity,  which  is  e 
t  G  denote  tJie  centre  of 
mote  the  weight  of  the  £oa 
isplaced  by  it 
f  equilibrium  of  the  floatin 

its  weight  must  be  equal  t 
aced  by  it; — 
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Fig.  61. 


Secondly: — ^its  centre  of  gravity  Gt,  and  the  centre  of  buoyuuT' 
0,  must  be  in  the  same  vertical  line.— Q.  E.  D. 

The  preceding  demonstration  has  reference  to  the  case  in  which 
the  pressure  on  the  horizontal  surfisu^  Y  Y  is  nothing.  In  the  case 
of  bodies  floatmg  on  water,  that  surface,  as  well  as  the  non-immersed 
part  of  the  surfiaoe  of  the  floating  body,  have  to  sustain  the  pressure 
of  the  air.  To  what  extent  this  &ct  modifies  the  conclusions 
arrived  at  will  appear  in  the  next  Article. 

121.  Fiuwrne  •n  am  loiBienieil  Bodf. — ^ThEOREIL      If  a  SoUd  bodff 

he  wholly  immersed  in  ajluid,  the  resuUcmt  of  the  pressure  of  the  ftmd 
on  the  solid  body  is  a  nertux^  force,  equal  cand  directly  opposed  to  ^ 
tceight  of  the  portion  of  the  fluid  which  the  solid  body  displaces. 

Let  flg.  61  represent  a  solid  body  totsJly  immersed  in  a  fl^uid, 
7  T     whether  liqiiid  or  gaj3eou&     Conceive  a  small 

vertical  prism  STJ  to  extend  from  a  portion 
S  of  the  lower  sur&x)e  of  the  body,  to  the 
portion  U  of  the  upper  surfiowje  which  is  ver- 
tically above  S.  Also  let  S  T  be  a  horizontal 
prism  of  which  S  is  an  oblique  section,  and 
UY  a  horizontal  prism  of  which  XT  is  an 
oblique  section,  as  in  Article  120. 

Then,  as  in  Article  120,  it  may  be  proved 
that  the  horizontal  component  of  the  pressure  on  S  is  balanced  by 
an  equal  and  opposite  component  of  the  pressure  on  T,  and  the 
horizontal  component  of  the  pressure  on  TJ  by  an  equal  and  opposite 
component  of  the  pressure  on  Y;  so  that  the  horizontal  component 
of  the  resultant  of  the  pressure  of  the  fluid  on  the  entire  body  is 
nothing,  and  that  resultant  is  vertical. 

The  vertical  component  of  the  pressure  on  S  is  upward,  and 
equal  to  the  weight  of  the  prismatic  portion  of  the  fluid  which 
would  stand  vertically  above  S  if  a  part  of  it  were  not  displaced  by 
the  solid  body.  The  vertical  component  of  the  pressure  on  XT  is 
downward,  and  equal  to  the  weight  of  the  prismatic  portion  of  the 
fluid  which  stands  vertically  above  TJ.  The  vertical  force  arising 
from  the  pressures  on  S  and  on  U  together  is  upward,  and  equal 
to  the  diflerence  between  those  two  weights;  that  is,  it  is  equal 
and  directly  opposed  to  the  weight  of  the  portion  of  the  fluid  dis- 
placed by  the  prismatic  portion  S  XT  of  the  immersed  body. 

Hence  the  resultant  of  the  pressure  of  the  fluid  over  the  entire 
surface  of  the  immersed  body  is  equal  and  directly  opposed  to  the 
weight  of  the  portion  of  fluid  displaced  by  that  body. — Q.  E,  D. 

Tie  centre  of  gravity  C,  of  the  portion  of  fluid  which  would 
occupy  the  position  of  the  body  if  it  were  not  immersed,  is  called, 
as  before,  the  centre  of  buoyancy,  and  is  traversed  by  the  vertical 
line  of  action  of  the  resultant  of  the  pressure  of  the  fluid,  which  is 
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[tself  called  the  buoyancy  of  the  immeraed  iodj,  and  tomctimes  the 
tfjMrefUlogsqftoetffkL 

To  Tnaintain  an  ImmerBed  body  in  eqtdlibriOy  there  xntut  be  applied 
to  it  a  force  or  couple,  aa  the  case  may  be,  equal  and  directly  op- 
posed to  the  resultant,  if  any,  of  its  downward  weight  and  upward 
buoyancy;  that  resultant  being  determined  according  to  the  principles 
ofAriicIeB39and40. 

When  a  body  floats  in  a  heavier  fluid  (as  water)  having  its  upper 
portion  sanounded  by  a  lighter  fluid  (as  air),  its  total  buoyancy  is 
cqtial  and  opposite  to  the  resultant  of  the  weights  of  the  two  portions 
of  the  respective  fluids  which  it  displaces. 

In  piactical  questions  relative  to  the  equilibrium  of  ships,  the 
buoyancy  arising  from  the  displacement  of  air  is  too  small  as  com- 
pared idtii  that  arising  from  llie  displacement  of  water,  to  require 
to  be  taken  iato  account  in  calculation. 

122.  Aprrnvtrnt  HTdghta. — ^The  only  method  of  testing  the  equality 
of  the  weights  of  two  bodies  which  is  sufficiently  deHcate  for  exact 
sdentific  purposes,  is  that  of  hanging  them  from  the  opposite  ends 
of  a  lever  with  equal  anna 

If  this  process  were  performed  in  a  vacuum,  the  balancing  of  the 
bodies  would  prove  their  weights  to  be  equal ;  but  as  it  must  be' 
performed  in  air,  the  balancing  only  proves  the  equality  of  the 
opforem  weights  of  the  bodies  in  air,  that  is,  of  the  respective  ex- 
ceaMS  of  their  weights  above  the  weights  of  the  volumes  of  air  which 
they  displace^  The  real  weights  of  the  bodies,  therefore,  are  not 
^^ul  unless  their  volumes  are  equal  also.  If  their  yolumes  are 
inK({oal,  the  real  weight  of  the  larger  body  must  be  the  greater  by 
aa  amount  equal  to  the  weight  of  the  diflerence  between  the  volumes 
of  air  which  they  displace. 

The  weight  of  a  cubic  foot  of  pure  dry  air,  under  the  pressure  of 
one  atmosphere  (14*7  lbs.  on  the  square  inch),  and  at  the  temperature 
of  melting  ice  (32^  Fahrenheit)  is 

0 '080728  pound  avoirdupois. 

Let  this  be  denoted  by  Wq.  Then  the  weight  of  a  cubic  foot  of  air 
mider  any  other  pressure  of  p  atmospheres,  and  at  the  temperature  t 
of  Fahroiheit's  scale,  is  given  with  a  degree  of  accuracy  sufficient 
for  most  purposes,  by  the  formula, 

493°-2  ,,  . 

"'^^^-PTTleFB^ ; ^^'^ 

*^  if  w,  tef,  be  the  weights  of  a  given  volume  of  air,  under  the 
"5^«ctive  pressures  |7,j/,  and  at  the  temperatures  t,  If,  of  Fahrenheit's 

«/_p    t  +  461*^-2  /g^v 

i  -  p-  f  +  461^2 ^  ' 
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Let  Wi  denote  the  true  weight  of  a  body,  Y\  its  volume,  toi  its  weight 
per  unit  of  volume,  to  the  weight  of  unity  of  volume  of  ain     Thm 

and  the  apparent  weight  of  the  same  body  in  air  is 


w 


to, 


W,, 


(SO 


Let  this  body  now  be  balanced  against  another  body  in  an  aocnrate 
jpsxc  of  scales,  and  let  their  apparent  weights  be  equaL  Then,  if 
Wf  denote  the  true  weight,  and  w^  the  weight  per  unit  of  volume 
of  the  second  body,  we  have 


^'~'^W  =  ^' 


w 


w„ 


(4-) 


80  that  the  proportion  between  the  real  weights  of  the  bodies  is 

Wi      WitOi  —  Wito ^  '-' 

123.  Belathr«  SpecUle  GniTiiiM. — If  the  true  weight  of  a  solid 
body  be  known,  and  that  body  be  next  weighed  while  immersed  in 
a  liquid,  the  proportion  of  the  specific  gravities  of  the  solid  Ixxi^ 
and  of  the  liquid  can  be  deduced  from  the  apparent  loss  of  wei^^ 
which  is  the  weight  of  the  volume  of  liquid  displaced  by  the  body. 

Let  Wi,  as  in  equation  3  of  Article  122,  denote  the  true  weight 
of  the  solid. body,  wl  its  weight  per  unit  of  volume,  tOt  the  weight  of 
an  unit  of  volume  of  the  liquid  in  which  its  apparent  weight  ia 
found,  and  W  the  apparent  weight;  then  by  the  equation  already 
referred  to 

w  =  ^^  —  ^» 


and  consequently 


w, 


(1.) 


Let  the  £b^  weighing  take  place  in  air  and  the  second  in  the  liquic^ 
and  let  W  be  the  apparent  weight  in  air ;  then 


W  = 


w, 


to 


and  consequently 


«7| 


Wx 


w 


tOi  —  to  ' 


(i) 


80  that  if  —  is  known,  ^  may  be  found  by  the  eqaation 


tr- 
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w  — W- 

=  "W'  — W" 
lung  of  Haa  kind  IB  to  deten 
!  liquid  usually  employed  w  pui 
I  the  ratioa  of  the  specific  gn 
water.     If  these  ratios,  or  rela 
by  the  weight  of  a  cubic  fool 
foot  of  tbo  Nolid  is  obtained 
of  pure  water  at  the  t«mperati 
Bcording  to  Playfair  and  Jou 
the  best  existing  data, 
ounds  avoirdupois, 
on  Fahrenheit's  scale,  the  we 
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M  which  a  mass  of  water  measu 
t  ^;  a  Tolume  which  may  be  o 
IT  Fahrenheit,  by  means  of  th' 
ted  from  Prof  W.  H.  Miller's 
Philo»ojJiieal  TrantaetUms  for 
-0-0369  (<  — 391)*+10,000,( 
itieB  of  two  liquids  are  detem 
ly  immersed  in  them  BucceBsi 
I  of  weight 
mmt  Ptaac — If  a  horizontal  pi 


Fig.  0!. 

gisTity  of  the  plane  surface. 
>&ue  suriace  be  immersed  in 

a  section  of  the  horizontal 
ag,  and  B  F  a  vertical  sectio: 


126 


rUUiCIPLES  OF  8TATICSL 


immersed  plane.  Let  a?!  =  BE  be  the  depth  to  which  the  lower 
edge  of  this  plane  is  immersed  below  OY.  From  B  draw  BD  = 
BEy  and  -i-  BE;  produce  the  plane  BE  till  it  cuts  the  horizontal 
plane  of  no  pressure,  O  Y,  in  the  line  represented  in  section  hyO; 
through  0  and  D  draw  a  plane  OKD,  and  concdvethe  prism 
B  D  H  E  to  stand  normally  upon  the  base  B  E  and  to  be  bounded 
above  bj  the  plane  D  H.  The  pressure  on  the  plane  BE  will  be 
normal;  its  amount  will  be  equal  to  the  weight  of  fluid  contained 
in  the  yoliune  B  D  H  E ;  that  is  to  saj,  let  Xo  denote  the  depth  of 
the  centre  of  gravity  of  the  plane  BE  below  0  Y,  and  w  the  weight 
of  unity  of  tho  volume  of  liquid;  then  the  fnean  wtennly  of  the 
pressure  on  B  E  is 

fb  =  ^^ (1) 

and  the  amount  of  the  pressure 

P  =  i^oso-areaBE ^ (2.) 

Let  C  be  the  centre  of  gravity  of  the  Yolume  BD  HE;  then  the 
centre  of  pressure  of  the  surface  B  E  is  the  point  where  it  is  cut  l^ 
the  perpendicular  OF  let  fall  on  it  from  C. 

As  the  intensity  of  the  pressure  on  any  point  of  BE  is  propor- 
tional to  its  depth  below  0  Y,  and  consequently  to  its  distance  from 
O,  this  is  a  case  of  vmiformly  varying  stress,  and  the  formuls  of 
Axtide  94  are  applicable  to  it.  In  the  application  of  those  formulse 
it  is  to  be  observed,  that  the  ordinates  y  are  to  be  measured  hori- 
zontally in  the  plane  BE,  whose  centre  of  gravity  is  to  be  taken  as 
the  origin;  that  the  co-ordinates  x  are  to  be  measured  in  the  same 
plane,  along  the  direction  of  steepest  dedivUy,  and  reckoned  positive 
downwards;  and  that  the  value  of  the  constant  a  in  the  equations  of 
-iVrticle  94  is  given  by  the  formula 

a  =  WOJXa « (^) 

where  »  is  the  angle  of  inclination  of  the  plane  B  E  to  a  horixontal 
plane. 

125.   PraMore  In  mm  Indeflnite  VnlfonBlsr  B1«fIiM(  B^IM. — Conceive 

a  mass  of  homogeneous  solid  mate- 
rial to  be*  indefinitely  extended 
laterally  and  downwards,  and  to 
be  bounded  above  by  a  plane  sur- 
face, making  a  given  an^e  of  de> 
clivity  0  with  a  horizontal  plane. 
In  fig.  63,  let  Y  O  Y  represent  a  vei^ 
tical  section  of  that  upper  sloping: 
surface  along  its  direction  of  greates*«. 
declivity,  and  OX  a  vertical  plaiaii 
Fig.  63.  i>erpendicular  to  the  plane  of  verticul 
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ented  by  the  paper.  Let 
ilmne  of  the  substanca 
it  a  vertical  depth  x  beloi 
:posed  to  no  external  fon 
re  which  any  portion  of  tl 
weight  of  the  material  ( 

indefinite  homogeneous  solid 
esgure  on  any  plane  paraU 
Iff  an  vati/orm  intennty  equ 
I  stands  on  tmily  of  area  of 
tzontal  section  of  that  prii 

ritlj,  the  inteBBily  of  the  vertical  pressnre  on 
depth  X  is 


:«in,  combined  with  the  prin 
I,  there  followB — 
stress,  if  any,  on  any  vertica 

and  conjugate  to  tJie  stress  en 

condition  of  a  prismatic  mol 
lanes  B  B,  C  C,  parallel  to  t 
)y  two  pairs  of  p&rallel  ver 
ihe  upper  and  lower  surfaces 
>  A  fc ;  then  its  volume  is  i. 
which  is  equal  and  oppositt 
vertical  preesure  on  its  low 
ts  upper  face.  Therefore,  tl 
r&cej  on  the  vertical  faces  ol 
dependency ;  therefore  the; 
ghout  the  whole  extent  of  t 

whence  follows — 
6  State  of  streaSy  at  a  given  u/ 
un^orm. 
Id  Pr^eMtaB  mt  Mran  u4  D 

parallel  projection  to  distri 
l^at  those  principles,  as  state 
ea  representing  the  amount 
d  not  their  vntenMHes.  The 
lystem  of  distributed  forces, 
y  the  method  of  projection, 
Tocess  of  dividing  each  proj« 
rer  which  it  is  distributed, 
l^lication  of  processes  of  thie 
'  in  the  Second  Part, 


11'^ 


CHAPTER  VI. 

ON  STABLE  AND  XJNffTABLE  EQXJILIBRlUBt. 

127.  Slablo  and  1Jiiatabl«  Eqnllibriniii   of  a  Free  Bodj. — Sap- 

pose  a  body^  wliich  is  in  equilibrio  under  a  balanced  system  of  forces, 
to  be  free  to  move,  and  to  be  caused  to  deviate  to  a  small  extent 
from  its  position  of  equilibriiun.  Then  if  the  body  tends  to  deviate 
further  from  its  original  position,  its  equilibrium  is  said  to  be  un- 
stable; and  if  it  tends  to  return  to  its  original  position,  its  equi- 
librium is  said  to  be  stahle. 

Cases  occur  in  which  the  equilibrium  of  the  same  body  is  stable 
for  one  kind  or  direction  of  deviation,  and  unstable  for  another. 

When  the  body  neither  tends  to  deviate  further,  nor  to  recover 
its  original  position,  its  equilibrium  is  said  to  be  indifferent. 

The  solution  of  the  question,  whether  the  equilibrium  of  a  given 
body  under  given  forces  is  stable,  imstable,  or  indifferent,  for  a 
given  kind  of  deviation  of  position,  is  effected  by  supposing  the 
deviation  made,  and  finding  the  resultant  of  the  forces  which  act 
on  the  body,  altered  as  they  may  be  by  the  deviation,  in  amount,  in 
position,  or  in  both.  If  this  resultant  acts  towards  the  same  direc- 
tion witii  the  deviation,  the  equilibrium  is  unstable— if  towards  the 
opposition  direction,  stable — and  if  the  resultant  is  still  nothing, 
the  equilibrium  is  indifferent. 

The  disturbance  of  a  free  body  from  a  position  of  stable  equi- 
librium causes  it  to  oscillate  about  that  position. 

128.  siabiiitr  •f  a  Fixed  Body. — The  term  '<  stability,*'  as  ap- 
plied to  the  condition  of  a  body  forming  part  of  a  structure,  has,  in 
most  cases,  a  meaning  different  from  that  explained  in  the  last 
Article,  viz.,  the  property  of  remaining  in  equilihrio,  without  sen- 
sible deviation  of  position,  notwithstanding  certain  deviations  of 
the  load,  or  externally  appUed  force,  from  its  mean  amount  or  posi- 
tion. Stability,  in  this  sense,  forms  one  of  the  principal  subjects  of 
the  second  part  of  this  treatise. 
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rHEORT  OF  STBnOTnBE& 


tnnoKS  AHD  oknubal  psmciFLn; 


-Ptec«»  Julmtm. — Structures  have  i 
Article  16,  been  difldDguiahed  from  macbmes.  A  stn 
uatfl  of  two  or  more  Bolid  bodies,  called  ite  pteeet,  vhich 
d  at  portions  of  their  emikcea  cal 
duiaaa, — Although  the  pieces  of 
Bach  other,  tlie  Btructuie  as  a  whi 
a  lelatiTel;  to  the  eartL 
Bupported  on  a  part  of  the  solid 
xmaa^on  of  the  stmctore ;  the  p 
nppoited,  being  the  refliBtances  of 
,  may  be  more  or  less  oblique, 
e  may  be  supported,  as  a  anip,  b; 
J,  by  resting  on  the  solid  grooi 
h  structure  is  actually  in  niotion, 
he  propertiea  of  a  machine  ;  aDC 
1^  which  it  is  Bujmorted  reqair 
as -veil  as  of  statical  principles ;  1 
,  though  capable  of  being  move< 
are  determined  by  the  principles 
hey  must  be  wholly  vertical,  and 
ectly  opposed  to  the  weight  of  th' 

rted  on  the  vihoU  Hrwlure  by  ext 
The  forces  to  be  considered  und 
m  of  the  Earth,  that  ia,  the  w 
rmU  Load,  arising  from  the  presRi 
by  bodies  not  forming  part  of  il 
>  kinds  of  forces  constitute  the  ^ 
liny  /"rojUTM,  or  resistance  of  i 
sses  of  forces  will  be  spoken  of 
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II.  TJuU  ths  forces  exerted  <m  each  piece  of  the  structure  shall 
balance  each  other.  These  consist  of — (1.)  the  Weight  of  the  pieoe^ 
and  (2.)  the JSodemal Load  on  it,  making  together  iheGrossLoad;  and 
(3.)  the  Besistamces,  or  stresses  exerted  at  the  joints,  between  the 
piece  under  consideration  and  the  pieces  in  contact  with  it 

TTTt  Thai  the  forces  exerted  on  each  of  the  parts  into  vMch  the 
pieces  of  the  straGtwre  cam,  he  conceived  to  be  divided  shall  balance 
each  other.  Suppose  an  ideal  sm^EU^  to  divide  any  part  of  any  one 
of  the  pieces  of  the  structure  from  the  remainder  of  the  piece;  the 
forces  which  act  on  the  part  so  considered  are — (1.)  its  weight,  and 
(2.)  (if  it  is  at  the  external  surface  of  the  piece)  the  external  stress 
applied  to  it,  if  any,  making  together  its  gross  load;  (3.)  the  stress 
exerted  at  the  id^  surface  of  division,  between  the  psirt  in  ques- 
tion and  the  other  parts  of  the  piece. 

132.  StttbOtart  streiHKth,  ana  nuttuetm, — It  is  necessaiy  to  the  per- 
manence of  a  structure,  that  the  three  foregoing  conditions  ol 
equilibrium  should  be  fulfilled,  not  only  under  one  amount  and 
one  mode  of  distribution  of  load,  but  under  all  the  variations  of  the 
load  as  to  amount  and  mode  of  distribution  which  can  occur  in  the 
use  of  the  structure. 

Stability  consists  in  the  fulfilment  of  the  Jirst  and  second  condi- 
tions of  equilibrium  of  a  structure  under  all  variations  of  load 
within  given  limits.  A  structure  which  is  deficient  in  stability 
gives  way  by  the  displacement  of  its  pieces  from  their  proper  posi- 
tions. 

Streng^  consists  in  the  fulfilment  of  the  third  condition  of  equi- 
librium of  a  structure  for  all  loads  not  exceeding  prescribed  limits; 
that  is  to  say,  the  greatest  internal  stress  produced  in  any  part  of 
any  piece  of  the  structure,  by  the  prescribed  greatest  load,  must  be 
such  as  the  material  can  bear,  not  merely  without  immediate  break- 
ing, but  without  such  injuiy  to  its  texture  as  might  endanger  its 
broaking  in  the  course  of  time. 

A  piece  of  a  structure  may  be  rendered  unfit  for  its  purpose  not 
merely  by  being  broken,  but  by  being  stretched,  compressed,  bent, 
twisted,  or  otherwise  strained  otft  of  its  proper  shape.  It  is  necefi^ 
Jteiy,  therefore,  that  each  piece  of  a  structure  should  be  of  such 
dimensionB  that  its  alteration  of  figure  under  the  greatest  load 
applied  to  it  shall  not  exceed  given  limits.  This  property  is  called 
stiffitess,  and  is  so  connected  with  strength  that  it  is  necessary  to 
consider  them  together. 

IVom  the  foregoing  considerations,  it  is  evident  that  the  theory 
of  structures  may  be  divided  into  two  divisions,  relating,  the  fii-st 
to  ffTABELPTY,  or  the  property  of  resisting  displacement  of  the  pieces, 
and  the  second  to  stbength  and  stiffness,  or  the  power  of  each 
piece  to  resist  fracture  and  disfigurement* 


mt. — Tbt  mode  of  duftribatioii  i 
1  a  ^ren  piece  of  a  Btractnre  affe 
r.  Bo  &r  aa  liability  alone  is  cotu 
magnitude  and  position  of  the  re 
be  found  by  means  of  the  princip] 
if  this  Tork,  and  may  then  be  tr«i 

lee  mt  b  xsiBt. — In  like  manner, 

a,  it  is  sufficient  to  conidder  the  pi 
iUmi  of  the  resiirtance  or  stresa  e 
structore  at  the  joint  -where  thCT 
,  as  a  single  force.  The  point  'wh 
)  joint  is  called  the  tantre  ojTtgUu 

M  is  a  line,  straight,  angular,  or  c 
esistance  of  the  joints  of  a  structo: 
it  th6  direction  of  this  line  at  anj' 
xiincide  with  the  direction  of  the 

tk  it  may  so  coincide  in  certain  cast 
tinis,  and  the  stmctures  in  vhicl 
^hree  classea,  according  to  the  limits 
ch  their  centres  of  resistance  are  ce 
soch  as  occur  in  carpentry,  in  fiui 
ree  of  ropes  and  chains,  fi»iTig  thi 
ether,  but  ofieriug  little  or  no  red 
angular  positioas  of  those  pieces. 
TO  of  reeistance  ia  at  the  middle 
if  any  Tariation  of  position  eonm 

such  as  oooor  in  masonry  and  biiol 
tees  of  contact,  of  considerable  ext 
sions  of  the  pieces  whidi  they  co 
raiA  more  or  less  oblique,  accordi 
lined,  but  not  of  resisting  a  pull  ( 
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ficient  intensity  to  be  taken  into  aooonnt  in  practice.  In  such 
joints  the  position  of  the  centre  of  resistance  may  be  varied  within 
certain  limits. 

IIL  FasteTved  joifnJtSy  at  which^  by  means  of  some  strong  cement, 
or  of  bolts,  rivets,  or  other  fastenings,  two  pieces  are  so  connecteil 
that  the  joint  fixes  their  relative  angular  position,  and  is  capable  of 
resisting  a  pull  as  well  as  a  thrust  In  this  case,  the  centre  of 
resistance  may  be  at  any  distance  from  the  centre  of  the  joint ;  and 
there  may  even  be  no  centre  of  resistance,  when  the  resoltaiit  of 
the  stress  at  the  joint  is  a  couple,  as  exphuned  in  Articles  91,  92, 
and  93.  It  is  obvious  that  the  effect  of  a  joint  thus  cemented  or 
fastened  is  to  make  the  two  pieces  which  it  connects  act  as  one 
piece,  and  that  the  resistance  which  it  is  capable  of  exerting  is 
a  question  not  of  stability  but  of  strengtL 

Section  1. — EqMibrium  arndStabilUy  ofFraTtiea, 


137.  FnMie  is  here  used  to  denote  a  structure  composed  of  bars, 
rods,  links,  or  cords,  attached  together  or  supported  by  joints  of 
the  first  class  described  in  the  last  Article,  the  centre  of  resistance 
being  at  the  middle  of  each  joint,  and  the  line  of  resistance,  con- 
sequently, a  polygon  whose  angles  are  at  the  centres  of  the  joints. 
The  condition  of  a  single  bar  will  be  considered  first,  then  that  of  a 
combination  of  two  bars,  then  of  three  bars,  and  then  of  any  number. 
^Tx  138.  Tie. — ^Let  ^g.  64  represent  a  single  bar  of  a 
frame,  L  the  centre  of  resistance  where  the  load  ia  ap- 
plied, and  S  the  centre  of  resistance  where  the  support- 
ing force  is  applied ;  so  that  the  straight  line  L  S  is  the 
^^  fine  of  resistance." 

The  bar  is  represented  as  being  straight  itself,  that 
being  the  figure  which  connects  the  points  L  and  S,  and 
gives  adequate  stiffiiess  and  strength,  with  the  least  ex- 
Fi  64  P^^i<^*^^®  o^  material  But  thebar  may,  consistentiy 
*^'  •  with  the  principles  of  this  Article,  be  of  any  other  figure 
connecting  those  two  points,  provided  it  is  sufficiently  strong  and 
stiff  to  prevent  their  distance  from  altering  to  an  extent  inconsistent 
with  the  purposes  of  the  structure. 

The  condition  of  the  bar  is  the  same  with  that  of  the  solid  in 
Article  23;  and  it  is  obvious  that  the  load  P,  and  the  supporting 
resistance  K,  must  be  equal  and  directiy  opposed,  and  must  both 
act  along  the  line  of  resistance  L  S. 

In  the  present  case  those  forces  are  supposed  to  be  directed  out- 
ward, or  from  each  other.  The  bar  between  L  and  S  is  in  a  state 
of  tensum,  and  the  stress  exerted  between  any  two  divisions  of  it  is 
a  puU,  equal  and  opposite  to  the  loading  and  supporting  forces.    A 
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resultant  intersects  the  axis  of  the  beam^  R,,  B^  the  two  sop- 
porting  pressures  or  resistances  of  the  props  parallel  to,  and  in  the 
same  plane  with  P,  and  acting  through  the  points  S^,  S^y  ia  the 
axis  of  the  beam. 

Then,  according  to  the  Theorem  of  Article  39,  each  of  thofle 
three  forces  is  proportional  to  the  distance  between  the  lines  of 
action  of  the  other  two ;  and  the  load  is  equal  to  the  sum  of  the 
two  supporting  pressures ;  tha;b  is  to  say, 


Ri  :   B^  : :  Si  S,  :  L  S,  ;  L  Si ; 
and  F  =  El  +  R». 


(1.) 

(2.) 


»y 


I* 


m. 


1 


Next,  let  the  load  act  beyond  the  points  of 
support,  as  in  fig.  67,  which  represents  a  canti- 
lever or  projecting  beam,  held  up  by  a  waJl  or 
other  prop  at  S^,  held  down  by  a  notch  in  a  mass 
of  masonry  or  otherwise  at  Sg,  and  loaded  so  that 
P  is  the  resultant  of  the  load,  including  the 
weight  of  the  beam.     Then  the  proportional 


Fig.  67. 

equation  (I)  remains  exactly  as  before;  but  the  load  is  equal  to 
the  difference  of  the  supporting  pressures ;  that  is  to  say, 

P  :^  Rl  —  Rs** •• • (3.^ 

In  these  examples  the  beam  is  represented  as  horizontal;  but  the 
same  principles  would  hold  if  it  were  inclined ;  for  the  proportiona 
amongst  the  distances  between  parallel  lines  in  the  same  plane  aie 
the  same,  whether  they  be  measured  in  a  direction  peipendi^mlar 
or  oblique  to  those  lines. 


Forces. — Let  the  directions  of  the 
supporting  forces  Rj,  Rj,  be  now  inclined 
to  that  of  the  resultant  of  the  load,  P,  as 
in  fig.  68.  This  case  is  that  of  the  equili- 
brium of  three  forces  treated  of  in  Articles 
51  and  52 ;  and  consequently  the  following 
principles  apply  to  it 

L  The  lines  of  action  of  the  supportuig 
forces  and  of  the  resultant  of  the  load  musk 
Fig.  68.  ^yQ  ui  Que  plane. 

IL  They  must  intersect  in  one  point  (0,  fig.  68). 

III.  Those  three  forces  must  be  proportional  to  the  three  sides  of 
triangle  A,  respectively  parallel  to  their  directions;  or  in  other 
words,  to  the  sides  and  diagonal  of  a  parallelogram. 

Problem.  Given  the  reeuUcmt  of  the  load  in  magnitude  and 
position,  P,  t?ie  line  o/ action  of  one  o/the  eitpporting  forces^  R,,  and 
the  centre  o/resietance  of  tJie  other,  B^;  reqw/red  ilie  line  of  action  qf 
the  second  supporting /oroe^  and  the  inagmiudes  o/bofA 
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Produce  the  line  of  actioa  of  B  till  it  eats  the  line  of  action  of 
F  at  the  point  0 ;  join  C  S^  j  this  will  be  the  line  of  action  of  Bs; 
construct  a  triangle  A  with  its  sides  respectively  parallel  to  those 
tliree  lines  of  action ;  the  ratios  of  the  sides  of  that  triangle  will 
give  the  ratios  of  the  forcea — Q.  E.  L 

To  express  this  algebraically,  let  ii,  t^,  be  the  angles  made  by  the 
lines  of  action  of  the  supporting  forces  with  that  of  the  resultant 
of  the  load ;  then  because  each  side  of  a  triangle  is  proportional  to 
the  sine  of  the  angle  between  the  other  two^ 

P :  Ki :  B2 : :  sin  (it  +  ^) :  sin  ^  :  sin  i|, 

143.  liMiA  Hvpwted  by  Time  PiualUl  Vorees. — ThEOBEM.     If 

four  pcaraUd  forces  balance  each  other,  let  their  lines  of  action  he  inter- 
seded  by  a  ptanCy  and  let  the  four  points  of  intersection  be  joined  &) 
six  straight  lines  so  as  to  form  four  triangles;  each  force  will  be  pro- 
portioned  to  the  area  of  the  triangle  whose  angles  are  in  the  lines  of 
action  of  the  other  three. 

In  fig.  69,  let  the  plane  of  the  paper  represent  the  plane  which 
»  cut  by  l^e  lines  of  action  of  the  four  forces 
in  the  points  L,  Si,  S2,  S,;  let  P,  Ri,  E,,  I^ 
denote  the  four  parallel  forcea  Join  the  four 
points  by  six  lines  as  in  the  figure,  and  pro- 
duce each  of  the  three  lines  S  L  till  it  cuts  the 
opposite  line  S  S  in  one  of  the  points  B. 

Becaose  the  forces  balance  each  other,  the 
resultant  of  £3  and  Eg,  whose  magnitude  is  FSg.  69; 

Es+  B9,  must  traverse  B^;  and  because  the 
resaltaat  of  that  resultant  and  Bj  is  equal  and  opposite  to  P,  we 
must  have  the  following  proportion : — 


P:Bi::SiBi:LB,::A8iS,S^:ASiLSi; 

and  applying  the  same  reasoning  to  the  £brces  B,,  I^  we  find  the 
proportions^ 

P:Ri:B»:B,::ASiS,8a:AS2LSa:AS.LSi:ASiLS» 
>~Q.  E.  D. 

By  the  aid  of  this  Theorem  may  be  determined  the  proportion 
in  which  the  load  of  a  given  body  is  distributed  anu>ngst  three 
props,  exerting  parallel  suj^rting  force& 

144  ii<na  amrpwud  hj  Tiwee  ImcI1bc4  Vwcca. — ^The  case  of  a 
load  supported  by  three  inclined  forces  is  that  considered  in  Artideg 
54  and  56.  The  lines  of  action  of  the  three  supporting  forces  must 
intersect  that  of  the  load  in  one  point ;  and  the  magnitudes  of  the 
three  supporting  forces  are  represented  by  the  three  edges,  ol  1^ 
paiaUekpiped,  whose  diagonal  represents  the  load. 
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145.  FnuM  •r  Tw* 

7I9  and  72  represent  three 


B^aiiibrtmi.— Faobleie.  Figures  70, 
in  which  a  fcame  oonaisting  of  two 


Rg.  70.  Fig.  71.  Fig.  72. 

bars,  jointed  to  each  other  at  the  point  L,  is  loaded  at  that  point  with 
a  given  force,  P,  and  is  supported  by  the  connection  of  the  bars  at 
their  farther  extremities.  Si,  Sj,  with  fixed  bodies.  It  is  required 
to  find  the  stress  on  each  bar,  and  the  supporting  forces  at  Sj  and  Si. 

Besolve  the  load  P  (as  in  Article  55)  into  two  components,  B],  Rj, 
acting  along  the  respective  lines  of  resistance  of  the  two  bars. 
Those  components  are  the  loads  borne  by  the  two  bars  respectively; 
to  which  loads  the  supporting  forces  at  S|,  S|,  are  equal  and  directly 
opposed. — Q.  R  I. 

The  symbolical  expression  of  this  solution  is  as  follows : — let  i|,  ^ 
be  the  respective  angles  made  by  the  lines  of  resistance  of  the  bars 
with  the  line  of  action  of  the  load ;  then 

P  :  Si :  Bs : :  sin  (fi  +  is)  :  sin  4  :  sin  i^. 

The  inward  or  outward  direction  of  the  forces  acting  along  each 
bar  indicates  that  the  stress  is  a  thrust  or  a  pull,  and  the  bar  a 
strut  or  a  tie,  as  the  case  may  be.  Fig.  70  represents  the  case  of 
two  ties  y  fig.  7 1  that  of  two  struts  (such  as  a  pair  of  rafters  abuttiug 
against  two  walls) ;  fig.  72  that  of  a  strut,  L  S|,  and  a  tie,  L  S^  (such 
as  the  gib  and  the  tie-rod  of  a  crane). 

146.  Vwwame  of  Two  Ban— citKbilitr- — ^A  frame  of  two  bars  is 
stable  as  regards  deviations  in  the  plane  of  its  lines  of  resistance. 

With,  respect  to  lateral  deviations  of  angular  position,  in  a 
direction  perpendicular  to  that  plane,  a  frame  of  two  ties  is  stable; 
so  also  is  a  friune  consisting  of  a  strut  and  a  tie,  when  the  directioii 
of  the  load  inclines ^rom  the  line  Si  Sg,  joining  the  points  of  support 

A  frame  consisting  of  a  strut  and  a  tie,  when  the  direction  of  t^e 
load  inclines  tovxvrda  the  line  S^  S^,  and  a  frame  of  two  struts  in  all 
cases,  are  unstable  laterally,  unless  provided  with  lateral  stays. 

These  principles  are  true  of  any  pair  of  adjacent  bars  u^iase/arAer 
eentrea  of  resisCance  are  faced;  whether  forming  a  frame  by  them- 
selves, or  a  part  of  a  more  complex  frame. 

147.  Tnatment  of  Diitribnied  ij4mdi. — Before  applying  the  prin- 
ciples of  Article  145,  or  those  of  the  following  Articles,  to  frames 
in  which  the  load,  whether  external  or  arising  from  the  weight  of 
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1  over  their  length,  it  is  necessary  to  reduce 
an  equivalent  load,  or  seriesof  loads,  applied  at 
e.  Illie  stepB  in  thiB  process  are  as  follows : — 
it  load  on  each  single  bar.  ' 
I,  as  in  Article  HI,  into  two  panJlel  compo- 
scentres  of  resistance  at  the  twoendsof  the  b«ir. 
of  resistance  where  two  bars  meet,  combine 
due  to  the  loads  on  the  two  bars  into  one 
6  considered  as  the  total  load  acting  through 
r& 

of  resistance  is  also  a  point  of  support,  the 
',  through  it,  as  found  by  step  IL  of  the  pro- 
of consideration  until  the  supporting  force 
I  of  loads  at  the  other  joints  has  been  detcr- 
porting  force  is  to  be  compounded  a  force 
le  component  load  acting  dii^ctly  through  the 
ke  resultant  will  be  the  total  supporting  force, 
rticles  of  this  section,  all  the  fnmes  will  be 
I  only  at  those  centres  of  resistance  which 
ort ;  and  therefore,  in  those  cases  in  which 
A  act  directly  through  the  points  of  support 
opposite  to  such  components  must  be  com- 
rtine  forces  as  determined  in  the  following 
impete  the  solution. 

vine. — Let  fig.  73  represent  a  triangular 
he  three  bars  A,  B,  C,  con-  , 

nts  1,  2,  3,  viz. :  C  and  A  at 
ad  C  at  3.     Let  a  load  F,  be  ^ 
,  in  any  given  direction  j  let 
P„  be  applied  at  the  joints        p.    _j 
on  of  those  two  forces  must 
rith  that  of  P,,  and  must  either  be  parallel 
n  one  point.     The  latt«r  case  is  taken  first, 
mprehends  that  of  the  former, 
forces,  in  vii'tue  of  Article  '' 

lance  each  other,  and  are 
to  the  three  sides  of  a  tri-    o  ^ 
Uel  to  their  directions.    In 
nch  a  triangle,  in  which 
resents  P„ 
...        P^ 

P„  Fig.  78*. 

US  of  equilibrium  of  a  frame  of  two  ban 
!mal  force  P,  applied  at  the  joint  I,  and  the 
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resistances  or  stresses  along  the  bars  C  and  A  which  meet  at  that 
joint)  are  represented  in  magnitude  by  the  sides  of  a  triangle  re- 
spectively parallel  to  tiieir  directions.     Therefore,  in  fig.  73%  draw 

CO  parallel  to  the  bar  0,  and  AO  parallel  to  the  bar  A,  meeting 
in  the  point  O,  and  those  two  lines  will  represent  the  stresses  on 
the  bars  C  and  A  respectively.     In  the  same  manner  it  is  proved, 

that  B  0  represents  the  stress  on  the  bar  R  The  three  lines  C  0» 
A  O,  B  0,  meet  in  one  point  O,  because  the  components  along  the 
line  of  direction  of  a  given  bar,  of  the  external  forces  applied  at 
its  two  extremities,  are  equal  and  directly  opposed. 

Hence  follows  the  following 

Theoreil  If  Hiree  forces  he  represented  by  the  tkres  sides  of  a 
iricmgle,  cmd  if  three  straight  Ihies  radioUing  from  om/s  point  be  drawn 
to  the  three  angles  of  that  triangle,  then  a  triangular  fra/nie  whom 
lines  of  resistanyse  are  pa/raUd  to  the  three  radiating  lines  wUl  he  m 
equUihrio  tmder  the  three  given  forces,  each  force  heing  applied  to  the 
joint  where  the  two  lines  of  resista/nce  Tneety  which  are  parallel  to  the 
radiating  lines  contiguous  to  that  side  oftlie  original  tricm^  which 
represerUs  the  force  in  question. 

Also,  the  lengths  of  the  three  radiaiing  lines  will  represent  the 
stresses  on  the  bars  to  which  they  are  respectively  pa/raUd. 

149.   Trlaasalar  Vmme  nader  Parallel  F«rces. — ^When  the  three 

external  forces  are  parallel  to  each  other,  the 
triangle  of  forces  ABC  of  fig.  73*  becomes  a 
straight  line  C  A,  as  in  fig.  74*,  divided  into  two 
segments  by  the  point  B.  Let  stnnight  lines  radiate 
from  O  to  A,  B,  0;  and  let  fig.  74  represent  a 
triangular  frame  whose  sides  1  2  or  A,  2  3  or  B, 
3  1  or  C,  are  respectively  parallel  to  O  A,  O  B,  O  0 ; 

thenif  thejoad  CAbeappHedat  1  (fig.  74),  ABapplied 

at  2,  and  B  C  applied  at  3,  are  the  supporting  foiQes 

required  to  balance  it ;  and  the  radiating  lines  OA, 

B  OB,  00,  represent  the  stresses  on  the  bars  A,  B,  C, 
respectively. 

From  O  let  fall  OH  perpendicular  to  C  A,  the  com- 

J-      .^^    mon  direction  of  the  external  forces.     Then  that  line 

*•       *      will  represent  a  component  of  the  stress,  which  is  of 

equal  amount  in  each  bar.     When  CA,  as  is  usually  the  case,  is 

vertical,  OH  is  horizontal;   and  the  force  represented  by  it  is 

called  the  *' horizontal  thrust"  of  the  frame.     Rorieontal  Stress  or 

Besistance  would  bo  a  more  precise  term;  because  the  force  in 

question  is  a  pull  in  some  parts  of  the  frame,  and  a  thrust  iai  othen. 

In  fig.  74,  A  and  C  are  stnUs,  and  B  a  ^    If  the  ficame  w«ce 


Fig.  74. 
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exactl J  inverted^  all  the  forces  would  bear  the  same  proportions  to 
each  other ;  but  A  and  0  would  be  ties,  and  B  a  stmt. 

The  tngonometiical  expression  of  the  rehitions  amongst  the  forces 
acting  in  a  triangular  frame,  under  parallel  forces,  is  as  follows : — 

liCt  a,  b,  c,  denote  the  respective  angles  of  inclination  of  the  bars 
A,  B,  C,  to  the  line  O  H  (that  is,  in  general,  to  a  horizontal  line). 

Then,  Load  CA  =  OH  •  (tan  c  =4=  tan  a) ;  ' 

Supx>ortingj  AB  =  OH  •  (tan a i^  tan  6) ;    (1.) 

Forces     |  BC  =  OH  •  (tan  6  =t:  tan  c)  J 

The  siffn  /  "**  I  ^  *®  ^  ^^^^^  when  the  two  )  opposite  directions 
^^  I  ■"  /        inclinations  are  in        /  the  same  direction. 

OA  =  OH  -seca 


Stresses 


OB  =  OH 


10C=0H 


sec  b 
sec  c 


.(2.) 


0H  = 


CA 


tan  G  z±=  tan  a 


.X3.) 


150.  Potys^aai  FnuiM— Kqnttibrimn.— The  Theorem  of  Artida 
148  is  the  simplest  case  of  a  general  theorem 
respecting  polygonal  frames  consisting  of  any 
number  of  bars,  which  is  arrived  at  in  the  fol- 
lowing manner.  In  ^g.  75,  let  A,  B,  C,  D,  E,  be 
the  lines  of  resistance  of  the  bars  of  a  polygonal 
frame,  connected  together  at  the  joints,  whose 
centres  of  resistance  are,  1  between  A  and  B,  2 
between  B  and  C,  3  between  C  and  D,  4  between 
D  and  E,  and  5  between  E  and  A  In  the  figure, 
the  frame  consists  of  five  bars;  but  the  demonstra- 
tion is  applicable  to  any  number.  From  a  point 
O,  in  fig.  75*  (which  may  be  called  the  Diagram        

of  Forces),  draw  radiating  lines  OA,  OB,  00,  OD,  (5E,  parallel 

respectivdly  to  the  lines  of  resistance  of  the  bars;  and  on  those 

radiating  lines  take  any  lengths  whatsoever,  to  represent  the  stresses 

on  the  several  bars,  which  may 

have  any  magnitudes  within  the 

limits  of  strength  of  the  mateiiaL 

Join  the  points  thus  found  by 

straight  Imes,  so  as  to  form  a 

closed  polygon  ABODE  A ;  then 

it  is  evident  that  A  B  is  the  ex-  i\'  76. 


Kg.  75*. 


140  THEORY  OF  8TRUCTUBES. 

ternal  force,  which  being  applied  at  the  joint  1  of  A  and  B,  wiD 

produce  the  stress  O  A  on  A  and  OB  on  B ;  that  BO  is  the  external 
force  which  being  applied  at  the  joint  2  of  B  and  0,  will  produce 

the  stress  OB  on  B  (already  mentioned)  and  OU  on  0;  and  so 
on  for  all  the  sides  of  the  polygon  of  forces  A  B  0  D  £  A«  Hence 
follows  this 

Theobeil  If  lines  radioHng  Jrom  a  point  be  drawn  pardUel  to 
the  lines  ofresistcmce  of  the  bars  of  a  polygonal  frame,  then  the  sides 
of  amy  polygon  whose  angles  lie  in  those  radioing  lines  will  represent 
a  system  offorceSy  which,  being  applied  to  the  joints  of  the  frame,  vnll 
balance  each  other;  ecuih  such  force  being  applied  to  the  joint  between 
the  ba/rs  whose  lines  ofresistaffice  areparaUd  to  the  pair  ofradiatiing 
lines  thai  enclose  the  side  of  the  polygon  of  forces,  representing  the  force 
in  question.  Also,  the  lengths  of  the  radiating  lines  wiU  r^presenl  the 
stresses  along  the  bars  to  whose  lines  of  resistance  they  are  respeodody 
paraiUL 

151.  Opoi  p«i7g«Hai  FniHtc — When  the  polygonal  frames  instead 
of  being  closed,  as  in  fig.  75,  is  converted  into  an  Open  frssme,  by 
the  omission  of  one  bar,  such  as  E,  the  corresponding  modification 
is  made  in  the  diagram  of  forces  by  omitting  the  lines  O  £,  D  E, 
E  A.   Then  the  polygon  of  external  forces  becomes  A  B  0  D  0  A ;  and 

D  O  and  O  A  represent  the  supporting  forces  respectively,  equal  and 
directly  opposed  to  the  stresses  along  the  extreme  bais  of  the  frame, 
D  and  A,  which  must  be  exerted  by  the  foundations  (called  in  this 
case  abutment^,  at  the  points  4  and  5,  against  the  ends  of  thooe 
bars,  in  order  to  maintain  the  equilibrium. 

152.  p*i7goaai  Fnune—siabiiitT. — ^The  stability  or  instability  of 
a  polygonal  frame  depends  on  the  principles  already  stated  in 
Articles  138  and  139,  viz.,  that  if  a  bar  be  free  to  change  its 
angular  position,  then  if  it  is  a  tie  it  is  stable,  and  if  a  strut, 
unstable ;  and  that  a  strut  may  be  rendered  stable  by  fixing  its 
ends. 

For  example,  in  the  frame  of  fig.  75,  E  is  a  tie,  and  stable ;  A,  B, 
C,  and  D,  are  struts,  free  to  change  their  angular  position,  and 
therefore  unstable. 

But  these  struts  may  be  I'endered  stable  in  the  plane  of  the  frame 
by  means  of  stays ;  for  example,  let  two  stay-bars  connect  the  joints 

1  with  4,  and  3  with  5 ;  then  the  points  1,  2,  and  3,  are  all  fixed, 
so  that  none  of  the  struts  can  change  their  angular  positions.  The 
same  effect  might  be  produced  by  two  stay-bai«  connecting  the  joint 

2  with  5  and  4. 

The  frrame,  as  a  whole,  is  unstable,  as  being  liable  to  overturn 
laterally,  unless  provided  with  lateral  stays,  connecting  its  joints 
with  fixed  points. 
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Let  P  be  the  r^niltant  of  the  external  farces  acting  tbrongh  the 
joint  or  joints  between  those  two  bars. 

Then  R  =  H-8ec*;  R'  =  H-seci''; 

P=:H(tani±:tani7 
qn     (      stun      )  of  the  tangents  of  the  inclinations  is  r  opposite  > 
®  (  difference  J     to  be  used  according  as  they  are     (  similar  J  ' 

154.  i^pem  Polrgoval  Fvame  «iidcr  Pwrallel  Fo>c«s« — Wlien  the 

frame  becomes  an  open  polygon  by  the  omission  of  the  bar  E^  the 
diagram  of  forces  75**  is  modified  by  omitting  the  line  O  K 

Then  the  supporting  forces  exerted  by  the  abutments  at  4  and  5, 

are  no  longer  represented  by  the  segments  DE  and  E  A  of  the  line 
A D^  but  by  the  inclined  lines  DO  and  O  A,  equal  and  directly 
opposed  respectively  to  the  stresses  along  the  extreme  bars  of  the 
frame,  D  and  A. 

Let  i^  and  i«  denote  the  angles  of  inclination  of  those  bars. 

Let  11^  =  0  D  and  I^  =  OA  be  the  stresses  along  them. 
Let  2  -P  =  AD  denote  the  total  load  on  the  frame.     Xhen  by 
the  equations  of  Artide  153, 

_  2'P 

tan  i^  +  tau  t.* 
B»  =  H'sect^;  E^  :c  H'sect.. 

155.  Bntctog  m€  Vtmamvm. — ^A  brcice  is  a  stay-bar  on  which  there 
is  a  permanent  stress.  When  the  external  forces  applied  to  a  poly- 
gonaJ  frame,  although  balancing  each  other  as  an  entire  system,  art 
distributed  in  a  manner  not  consistent  with  the  equilibrium  of  eadk 
bar  separately,  then  by  cozmecting  two  or  more  joints  together  by 
means  of  braces,  which  may  be  either  struts  or  ties,  the  resistances 
of  those  braces  may  be  made  to  supply,  at  the  joints  which  they 
connect,  the  forces  wanting  to  produce  equilibrium  of  each  bar. 

The  resistance  of  a  brace  introduces  a  pair  of  equal  and  opposite 
forces,  acting  along  the  line  of  resistance  of  the  brace,  upon  the 
pair  of  joints  whidi  it  connects.  It  therefore  does  not  idter  the 
reatUUmt  of  the  forces  applied  to  that  pair  of  joints  in  amount  nor 
in  position;  but  only  tiie  di^rUmiion  of  the  components  of  that 
resultant  on  the  pair  of  joints. 

The  same  remark  applies  to  any  number  of  joints  oonnected  by  a 
system  of  braces. 

To  exemplify  the  use  of  braces  and  the  mode  of  determining  the 
stresses  on  them,  let  fig.  76  represent  a  frame  such  as  frequentiy 
occurs  in  iron  roofs,  consisting  of  two  struts  or  rafters,  A  and  E, 
and  three  tie-bars,  B,  0,  and  D,  forming  a  polygon  of  five  sides, 
jointed  at  1,  2,  3,  4,  5,  loaded  vertically  at  1,  and  supported  by  the 
vertical  resistance  of  a  pair  of  walls  at  2  and  5.     The  joints  3  and 


^ 


r3g.7S. 
qnired  to 
lofthef 
rcea  (fig. 
ipresent 
lof  tlie 


5;  and 
wntthe 
id  from  1 
Rw  straig 

irked  wil 

Ee'aad 
and  E  i 

be  filled 
I  say,  fro 
4  1.  Tl 
i  braces  b 
sent  the 
ces  so  ct 
me,  fig.  1 
ed  polyg 
iToportioi 


ibA;  B 
lioates  tl 


emiEi. 
ids  on  the 
lilibrinm. 


lit  THEOnY  OF  STBUCTUHES. 

^with  tlie  equilibrium  of  each  bar,  tben,  in  the  diagram  of  forces, 
when  converging  lines  respectively  parallel  to  the  lines  of  resistance 
are  drawn  from  the  angles  of  the  polygon  of  external  forces,  those 
converging  lines,  instead  of  meeting  in  one  point,  will  be  found  to 
have  gaps  between  them.  The  lines  necessary  to  fill  up  those  gaps 
will  indicate  the  forces  to  be  supplied  by  means  of  the  resistance 
of  braces. 

156.  Bigtditf  •f  a  Trass.— The  word  tru88  is  applied  in  carpentry 
and  iron  framing  to  a  triangular  frame,  and  to  a  polygonal  frame  to 
which  rigidity  is  given  by  staying  and  bracing,  so  that  its  figure 
shall  be  incapable  of  alteration  by  turning  of  ti^e  bars  about  their 
joints.  If  each  joint  were  abaolvJtdy  of  the  kind  described  as  the 
first  class  in  Article  136,  that  is,  like  a  hinge,  incapable  of  ofiering 
any  resistance  to  alteration  of  the  relative  angular  position  of  the 
bars  connected  by  it,  it  would  be  necessary,  in  order  to  fulfil  the 
condition  of  rigidity,  that  every  polygonal  frame  should  be  divided 
by  the  lines  of  resistance  of  stays  and  braces  into  triangles  and  other 
polygons  BO  arranged,  that  every  polygon  of  four  or  more  sides 
should  be  surrounded  by  triangles  on  all  but  two  sides  and  the 
included  angle  at  farthest.  For  every  unstayed  polygon  of  fbur  sides 
or  more,  with  flexible  joints,  is  flexible,  unless  all  the  angles  except 
one  be  fixed  by  being  connected  with  triangle& 

Sometimes,  however,  a  certain  amount  of  stifi^ess  in  the  joints  of 
a  frame,  and  sometimes  the  resistance  of  its  bars  to  bending,  is  relied 
upon  to  give  rigidity  to  the  frame,  when  the  load  upon  it  is  sub- 
ject to  small  variations  only  in  its  mode  of  distribution.  For 
example,  in  the  truss  of  fig.  81  (for  which  see  Article  161,  farther 
on),  the  tie-beam  A  A  is  made  in  one  piece,  or  in  two  or  more 
pieces,  so  connected  together  as  to  act  like  one  piece ;  and  part  of 
its  weight  is  suspended  from  the  joints  C,  C,  by  the  rods  C  !B,  O  R 
These  rods  also  serve  to  make  the  resistance  of  the  tie-beam  C  O  to 
being  bent,  act  so  as  to  prevent  the  struts  AC,  C 0,  C  A,  &om 
deviating  fbom  their  proper  angular  positions,  by  turning  on  the 
joints  A,  0,  0,  A.  If  A  B,  £  B,  and  B  A,  were  three  distinct 
pieces,  with  flexible  joints  at  B,  B,  it  is  evident  that  the  frame 
might  be  disfigured  by  distortion  of  the  quadrangle  B  0  C  B. 

157.  Tariati«iis  of  i«oad  on  Trass.— The  object  of  stiffening  a 
truss  by  braces  is  to  enable  it  to  sustain  loads  variously  distributed ; 
for  were  the  load  always  distributed  in  one  way,  a  fiume  might  be 
designed  of  a  figure  exactly  suited  to  that  load,  so  that  there  ^ould 
be  no  need  of  bracing. 

The  variations  of  load  produce  variations  of  stress  on  all  the 
pieces  of  the  frame,  but  especially  on  the  braces ;  and  each  piece 
must  be  suited  to  withstand  the  greatest  stress  to  which  it  is  liable. 

Some  pieces,  and  especially  braces,  may  have  to  act  sometimeB  aa 
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struts  and  sometimes  as  ties,  aocording  to  the  mode  of  distribution 
of  the  load.  ... 

1^8.  Bar  c«Bm«B  f  mwtnd  FmiMM. — ^When  the  same  bar  forms 
at  the  same  time  part  of  two  or  more  different  frames^  the  stress 
along  it  is  determined  by  the  aid  of  the  following 

Theobeil  The  alreaa  on  a  bar  common  to  two  or  more  frame»y  is 
iht remUani  of  the  different. Ureases  to  which  it  is  subject^  in  virtue  of 
its  posUion  in  the  different  frames. 

Illustrations  of  this  will  be  found  in  the  following  Articles. 

159.  nttnm^rr  Tnuaiiic. — A  secondary  truss  is  a  truss  which  is 
supported  by  another  tnis& 

When  a  load  is  distributed  over  a  great  number  of  centres  of 
resistance,  it  may  be  advantageous,  instead  of  connecting  all  those 
centres  by  one  polygonal  frame,  to  sustain  them  by  means  of  several 
small  trusses,  which  are  supported  by  larger  trusses,  and  so  on,  the 
whole  structure  of  secondary  trusses  resting  finally  on  one  large 
trass,  "which  may  be  called  the  primary  truss.  In  such  a  combina- 
tiou,  the  same  piece  may  often  lorm  part  of  different  trusses ;  and 
then  the  stress  upon  it  is  to  be  determined  according  to  the  Theorem 
of  Article  158. 

Example  I.  Fig.  77  represents  a  kind  of  secondary  trussing  com- 
mon in  the  fnonework  of  iron  roofs. 


ing.77. 


The  entire  frame  is  supported  by  pillars  at  2  and  3,  each  of  which 
sustains  in  all,  half  the  weight. 

1  2  3  is  the  primary  truss,  consisting  of  two  rafters  1  3,  1  2,  and 
» tie-rod  2  3. 

The  weight  of  a  division  of  the  roof  is  distributed  over  the 
laffcers. 

The  middle  point  of  each  rafter  is  supported  by  a  secondary  truss; 
one  of  those  is  marked  14  3;  it  consists  of  a  Bbmt,  1  3  (the  rafter 
itself),  two  ties  4  1, 4  3,  and  a  strut-brace,  5  4,  for  transmitting  the 
load,  applied  at  5,  to  the  point  where  the  ties  meet. 

Each  of  the  two  larger  secondary  trusses  jiust  described  supports 
Wo  smaller  seeondofry  trusses  of  similar  form  and  construction  to 
itself;  two  of  those  are  marked  1 7  5, 5  6  3;  and  the  subdivision  of 
the  load  might  be  carried  still  farther. 

Li  determining  the  stresses  on  the  pieces  of  this  structure,  it  is 
utdifierent,  so  £uras  mathematical  accuracy  is  concerned,  whether  wo 
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ooHuncoLoe  with  the  primaiy  truss  or  with  the  secondaiy  trusses; 
but  by  commencing  -with  the  primary  truss,  the  process  is  rendered 
more  simple. 

(1.)  Primary  Tmae  12  3.  Let  W  denote  the  weight  of  the  roof; 
then  ^  W  is  distributed  over  each  rafter,  the  resultants  aoting 
through  the  middle  points  of  the  rafters.  Divide  each  of  those 
resultents  into  two  equal  and  parallel  components,  each  equal  to 
^  W,  acting  through  the  ends  of  the  rafter ;  then  4  W  is  to  be 
considered  as  direotly  supported  at  3,  ^  W  at  2,  and  J  W  +  J  W 
s:  ^  W  at  1 ;  therefore  the  load  at  the  joint  1  is 

Let  %  be  the  indinatioii  of  the  rafters  to  the  horizon;  then  by  the 
equationfi  of  Article  149 

■°-~2tan»""4tani' ^  ' 

This  is  the  pull  upon  the  horizontal  tie-rod  of  the  primary  truss, 
2  3;  and  the  thrust  on  each  of  the  rafters  1  3,  1  2,  is  given  by  the 
equation 

.       Wcoseci  ,^. 

KssXLB&0%=S' J (3.) 

(2.)  Secondary  Truss  14  3  5.  The  rafter  1  3  has  the  load  ^  W 
distributed  over  it;  and  reasoning  as  before,  we  are  to  leave  two 
quarters  of  this  out  of  the  calculation,  as  being  directly  supported 
at  1  and  3,  and  to  consider  one-half,  or  ^  "W,  as  being  the  vertical 
load  at  the  point  5.  The  truss  is  to  be  considered  as  consisting  of 
a  polygon  of  four  pieces,  5 1, 1  4,  4  3,  3  5,  two  of  which  happen  to  be 
in  the  same  straight  line,  and  of  the  strut-brace,  5  4,  which  exerts 
obliquely  upwards  against  5,  and  obliquely  downwards  against  4,  a 
thrust  equal  to  the  component  perpendicular  to  the  rsdEber  of  ^e 
load  \  "W;  which  thrust  is  given  by  the  equation 

K«4.=  iWcost (3.) 

Then  we  easily  obtain  the  following  values  of  the  stresses  on  the 
rafter  and  ties,  in  which  each  stress  is  distinguished  by  having  affixed 
to  the  letter  B>  the  numbers  denoting  the  two  joints  between  which 
it  acts. 

^^^^     /  T>  -D  H|4  1   TXT       X  . 

ontiesi^»  =  I^i=ySE7=8       ^^""^^ 


Thrusts    I^-=2i^i'^gWaini=.  I W 
on      < 


laftet 


K,i  =  Q.   *.  —  -■Wsini=  7-W(cosect-2siat) 
2tant       8  8      ^ 


(*•) 


Hm  iSSenoM  between  the  thmsts  <n  the  two  divi 
rafter, 

B„  — R,,  =iW8int, 

is  the  component  along  At  raJUr  of  the  load  kt  thepoL 
(3.)  SmaOer  Secondary  Trvnei,  176,  5  6  &— Thew 
nmilar  in  every  reepect  to  the  larger  Becondary  tn 
diat  the  load  on  each  point  ia  one-hal^  and  oonaequc 
the  streeses  is  reduced  to  one-half  of  the  corresponding 
equations  3  and  4. 

(4.)  SeaviUaa  Strtma.    The  pnll  on  the  middle  di 

great  tie-rod  2  3  is  aimplj  that  due  to  the  primary  trusa, 

pull  on  the  tie  4  7  is  edmply  that  due  to  the  secondary 

The  puQs  on  the  ties  5  7,  5  6,  are  simply  those  due  t< 

secondary  tmitses,  1 6  7,  6  6  3.    But  agreeably  to  the  The 

■I  ma    ii  _  — 11  __  .1.  _  ^^e  1  7  is  tiie  gnm  of  those  due 

nd  the  smaller  secondary  trats 

'  those  due  to  tJie  primary  truss 

a  1  4  3.    The  pull  on  6  3  is  the 

1  33,  to  the  larger  secondary  tr 

truss  6  6  3.     The  thrust  on  eac 

1  3,  is  the  sum  of  three  thn 

y  trass,  the  laiger  secondary  ti 

econdfuy  trusses. 

represents  another  form  of  trus 

'  '  ■    if  the  roof,  as  before,  dial 


athe  great  tie-rod;  1  7, 6  5, 8  9, 

,  struts. 

2  3.    The  load  at  1,  as  before,  is 

I  7  e  3,  7  8  2.  The  load  at  6  is 
I  load  between  6  and  1,  and  on 
that  is,  one-half  of  the  load  be 
I  are  tnangular,  each  consiating 
ea  are  to  be  found  as  in  Article 
7  supports  two- thirds  of  the  lo 
«d  on7  8  2;  that  is.l-l-W 
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ibis,  together  with  ^W  which  rests  dir&sUy  on  1^  makes  up  the 
load  of  \  W,  already  mentioned. 

(3.^  Smaller  Se(x!fuiaryTru89e8S  4. 5,9  102.  Each  of  the  pointB 
4  ana  10  sustains  a  load  of  i  W,  from  which  the  stresses  on  the  bars 
of  those  smaller  trusses  can  be  determined. 

One-ha]f  of  the  load  on  4,  that  is  ^t  W,  hangs  by  the  suspension- 
rod  6  5;  and  this,  together  with  i.W,  which  rests  directly  on  6, 
makes  up  the  load ;  of  i  W  on  that  point,  formerly  mentioned.  The 
same  remarks  apply  to  the  suspension-rod  8  9. 

(4.)  BesuUarU  Stressee.  The  pull  between  6  and  9  is  the  sum  of 
those  due  to  the  primary  and  larger  secondary  trusses;  that  between 
d  and  3,..  and  between  9  and  2,  is  the  sum  of  the  pulls  due  to  the 
priinaiy,  laiger  secondary,  and  smaller  seoondaiy  trusses. 

The  thrust  on  1  6  is  due  to  the  primaiy  truss  alone ;  that  on  6  4 
to  the  primaiy  and  larger  secondary  truss  ;  that  on  4  3  to  the 
primaiY,  larger  secondary,  and  smaller  secondary  trusses ;  and 
similarly  for  the  divisions  of  the  other  rafter. 

Example  ILL  Suppose  that  instead  of  only  three  divisions,  there 
are  n  divisions  in  eadi  of  the  rafters  1  3,  1  2,  of  fig.  78 ;  so  that  be- 
sides the  middle  suspension-rod  1  7,  there  are  n  —  2  suspezision-rods 
under  each  rafter,  or  2  n —  4  in  all ;  and  n  —  1  sloping  struts 
under  each  rafter,  or  2  n  —  2  in  all.  There  will  thus  be  2  n  —  1 
centres  of  resistance ;  that  is,  the  ridge-joint  1,  and  n  —  1  on 
each  rafter ;  and  the  load  direcUy  su^^pcrUd  on  each  of  these 

W 

points  will  be  tt— . 

W 
The  total  load  on  the  ridge-joint,  1,  will  be  as  before,  -^  ;  that 

W  "W  /         1\ 

is  to  say,  ^—  directly  supported,  and  -^  (1 1  hung  by  the 

middle  suspension-rod. 

The  total  load  on  the  upper  joint  of  any  secondary  truss,  distant 

from  the  ridge-joint  by  m  divisions  of  the  rafter,  will  be,  — W; 

■  4  w 

that  is  to  say,  ^  directly  supported,  and W  hung  by 

a  suspension-rod. 

The  stresses  on  the  struts  and  tie  of  each  truss,  primary  and 
secondary,  being  determined  as  in  Artide  149,  are  to  be  combined 
as  in  the  preceding  examples. 

160.  CMpMud  Twmmm. — Several  frames,  without  being  distin- 
guishable into  primary  and  secondary,  may  be  combined  and  con- 
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nccted  in  such  a  manner,  Uiat  certain  pieces  we  com 
ire  to  have  their  BtreBsea  deh 
I. 

>,  8  9  represents  part  of  the  1 
'^,  support«d  and  balanced 


Fie- 78. 
I  considered  as  a  diHttnct  trii 
9,  and  two  idea  1  8  and  1  S 
9,  and  supported  at  1.  Let 
nspenaion  1  above  the  level 
ance  of  those  points  on  eith 
he  load  at  each  point,  B«  = 
),  Tg,  the  thrnst  between  8  a 


is. 


.  TJif* 


ot  each  of  the  other  distinct 
notation  in  each  case,  the  tli 

ytiia  of  divisions  aa  the  platfc 
)  represents  the  framework 


1       I       1 
Fig.  80. 

ridge,  resting  on  two  pers  a 
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12  3  4  loaded  at  2  and  3, 

13  6  4        ,f        5    „   6, 
17  84        „        7    „   8, 

but  all  those  truases  have  the  same  tie-beam,  1  4 ;  and  the  poll 
along  that  tie-beam  is  the  sum  of  the  pulls  due  to  the  four  troflBe& 

161.   B«0laiwiM  «f  Viame  at  a  Secitoa. — ^ThBOBEK.     If  a  Jrome 

he  ctcted  upon  by  amy  system  of  exterrud  forces^  and  if  that  Jrame  be 
conceived  to  be  completdy  divided  into  two  pcurta  by  am  ideal  surface^ 
the  stresses  along  the  bars  tohich  are  interseded  by  that  suafaoe,  bala/nce 
the  eoctemal  forces  which  act  on  each  of  the  ttoo  parts  of  the  frame, 

This  theorem,  which  requires  no  demonstration,  furnishes  in 
some  cases  the  most  convenient  method  of  determining  the  stresses 
along  the  pieces  of  a  frame.  The  following  consideration  shows  to 
what  extent  its  use  is  limited. 

Case  1.  When  the  lines  of  resistance  of  the  bars,  and  the  lines 
of  action  of  the  ezteroal  forcesi  are  all  in  one  plane,  let  the  frame 
be  supposed  to  be  intersected  anywhere  by  a  plane  at  right  angles 
to  its  own  plane.  Take  the  line  of  intersection  of  these  two  planes 
for  an  axis  of  co-ordinates ;  say  for  the  axis  of  y,  and  any  convenient 
point  in  it  for  the  oiigin  O ;  let  the  axis  of  »  be  perpendicular  to 
this,  and  in  the  plane  of  the  frame,  and  the  axis  of  z  perpendicular 
to  both,  and  in  the  plane  of  sectioia 

The  external  forces  applied  to  the  part  of  the  frame  at  one  side 
of  the  plane  of  section  (either  may  be  chosen)  being  treated  as  in 
Article  59,  give  three  data,  viz.,  the  total  force  along  a;  =  F«;  the 
total  force  along  y  =  F^  and  the  moment  of  the  couple  acting 
round  zsrzM;  and  the  bars  which  are  cut  by  the  plane  of  section 
must  exert  resistances  capable  of  balancing  those  two  forces  and 
that  couple.  If  not  more  than  three  bars  are  cut  by  the  plane  of 
section,  there  are  not  more  than  three  unknown  quantities,  and 
three  relations  between  them  and  given  quantities,  so  that  the 
problem  is  determinate ;  if  more  than  three  bars  are  cut  by  the 
plane  of  section,  the  problem  is  or  may  be  indeterminate. 

The  formulas  to  which  this  reasoning  leads  are  as  follows  : — ^Let 
X  be  positive  in  a  direction  from  the  plane  of  section  towards  the 
part  of  the  structure  which  is  considered  in  determining  F^  F^  and 
M ;  let  +  y  lie  to  the  right  of  +  ^  when  looking  frx)m  z ;  let  angles 
measured  from  O  x  towards  +  y,  that  is,  towards  the  right,  be 
T)ositive ;  and  let  the  lines  of  resistance  of  the  three  bars  cut  by  tho 
F^ne  of  section  make  the  angles  t,,  i|,  %,  with  x.  Let  n,,  n^,  919,  bo 
^^  perpendicular  distances  of  those  three  lines  of  resistance  from. 
^9  ^^tances  towards  the 
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lie  reautanccfl,  or  toM  niiiMUi, 
positive,  and  thnut*  negktiTe. 
»  equations  ;— 
Mf,  +  E,ooet,  +  R,ooB^; 

quantities  sought,  Bj,  R»  R|,  car 
moe  to  the  given  plane  of  section, 
w,  F,  the  shearing  gtrett,  and  M  1 
[reft;  for  it  tenda  to  bend  the  ft 

lars  of  the  &ame,  and  the  forces 
ition,  the  forces  applied  to  one  ' 
ire  to  be  reduced  to  rectangnlo]-  C( 

forces  along  these  rectangular  a: 
iant  couples  round  these  three  azi 
I  in  Article  60.  Those  forces  a 
osite  to  the  oorresponding  forces  s 
les  along  the  ban  cut  b;  the  se 
quations  between  tiiose  streeses  i 
he  section  cuts  not  more  than  a. 

•  if  more,  it  is  or  mav  be  indetcr 
itained  as  follows  : — Let  B  denot 
ITS,  puU  being  positive  and  thnu 
inations  of  the  line  of  resistance  i 
Let  n  be  ite  perpendicular  distan 
I  through  O  and  through  the  line  o 
il  to  be  drawn  to  that  plane  in  n 
I  the  end  of  that  normal  towards 
^t  of  0,  Bud  let  %,  /*,  r,  be  thf 
mud  to  the  three  axes.  Let  s ' 
spending  quantitiee  for  the  six  bi 

,  =  s-Rcos|3;  F,  =  a-Iloos; 

cosK;  —  M,  =  I '  K  n  cos  /*; 
[,  =  J'Rncos"-; 
Bses  sought  can  be  computed  1:^  e 
;  as  before,  that  of  the  section,  F, 
id  F,  are  the  total  shearing  stressi 

and  M,  a  twisting  couple. 
roblem  respecting  the  equilibriun 
1^  the  meAod  qfaeetwiu  expkii 


152 


THEORY  OF  STRUCTUIIES. 


Article,  can  also  be  solved  by  the  metluxi  of  polygons  explained  in 
tbe  previous  Articles;  and  the  choice  between  the  two  methods  is 
a  question  of  convenience  and  simplicity  in  each  particular  case. 

The  following  is  one  of  the  simplest  examples  of  the  solution  of 
a  problem  in  both  ways.     Fig.  81  represents  a  truss  of  a  form  very 

common  in  carpentiy  (already  referred 
to  in  Article  156\  and  consisting  of 
three  struts,  AC,  CC,  OA,  a  tie- 
beam  A  A,  and  two  suspension-rods, 
C  B,  C  B,  which  serve  to  suspend  part 
of  tiie  weight  of  the  tie-beam  &om 
^fr  ®^*  the  joints  0  0,  and  also  to  stiffen  the 

truss  in  the  manner  mentioned  in  Article  156* 

Let  i  denote  the  equal  and  opposite  inclinations  of  the  rafters 
AC,  CA,  to  the  horizontal  tie-beam  AA;  and  leaving  out  of 
consideration  the  portions  of  the  load  directiy  supported  at  A  A, 
let  P,  P,  denote  equal  vertical  loads  applied  at  0  C,  and  —  P, 
—  P,  equal  upward  vertical  supporting  forces  applied  at  A  A,  by 
the  resistance  of  the  props.  Let  H  denote  the  pull  on  the  tie- 
beam,  B  the  thrust  on  each  of  the  sloping  rafters,  and  T  the  thrust 
on  the  horizontal  strut  CO. 

Proceeding  by  the  method  o/jpolygons,  as  in  Article  153,  we  find 
at  once, 

H  =  — T  =  Pcotani;^ 

B  =  —  Pcoseci.       j 

(Thrusts  being  considered  as  negative.) 

To  solve  the  same  question  by  the  method  o/eeetions,  suppose  a 
vertical  section  to  be  made  by  a  plane  traversing  the  centre  of  the 
right  hand  joint  C ;  take  that  centre  for  the  origin  of  co-ordinates; 
let  X  be  positive  towards  the  right,  and  y  positive  downwards ;  .let 
Xi,  yx,  be  the  co-ordinates  of  the  centre  of  resistance  at. the  right 
hand  point  of  support  A.  When  the  plane  of  section  traverses  the 
centre  of  resistance  of  a  joint,  we  are  at  liberty  to  suppose  either 
of  the  two  bars  which  meet  at  that  joint  on  opposite  aides  of 
the  plane  of  section  to  be  cut  by  it  at  an  insensible  distance  from 
the  joint. 

First,  consider  the  plane  of  section  as  cutting  C  A.  The  forces 
and  couple  acting  on  the  part  of  the  frame  to  the  right  of  tiie 
section  are 

F.  =  0;  P,  =  — P 

M=:— PflC,. 

Then,  observing  that  for  the  strut  A  C,  n  =  0,  and  that  for  the  tie 
A  A,  n  =  yij  we  have,  by  the  equations  1  of  this  Article 


(3.) 
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Ico8t  +  H  =  r,  =  0j 

E8inf  =  — P; 
[lft  =  — M=  +  VtBii 
n  die  last  equation, 

H  =  ^  =  Pootan» 

the  second 

= .  =  —  P  coaec  t. 


■•(*■) 


Bection  to  cut  C  C  at  an  iuseiiBible  distance 
I  the  equal  and  opposite  applied  forces  +  P 
lave  to  be  taken  into  account ;  so  that 
0;  F,  =  0;  M  =  — Pa:,; 

equations  we  obtain 
H  +  T  =  F.  =  0,  and 

=  -  H  =  -Pcotani .(5.) 

given,  the  method  of  sections  is  tedious  and 
-with  the  method  of  polygons,  and  is  intro- 
lustiation  only;  hut  in  tie  problems  which 
■ee  is  the  caee,  the  solution  by  the  method  of 
le  more  simple.' 

Qirdiir,  sometimes  called  a  "Warren  Girder," 
.  It  consists  essentially  of  a  horizontal  upper 
rr  t)ar,  and  a  series  of  diagonal  bars  sloping 

iaagkK      d 

' "»»:  Fig.  81 

ipposed 

vertical  resistance  of  piers  at  its  ends  A  and 
ights  acting  at  or  through  the  joints  at  the 
iangles. 

I  treated  as  a  case  of  secondary  trussing,  b; 
and  lower  and  endmoat  diagonal  bam  as 
OSS  like  £g.  81,  but  inverted,  supporting  a 
be  same  kmd,  which  supports  a  s^  smaller 
ipports  a  still  smaller  erect  truss,  and  so  on 
'nich  is  the  middle  triangle,     Bnt  it  is  more 


^|vVAAAAAA-7pr 
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siiiiple  to  proceed  bj  the  method  of  sections^  which  must  be  applied 
successiyely  to  each  division  of  the  girder. 

The  load  at  each  joint  being  known,  the  two  supporting  forces 
at  A  and  B,  are  to  be  determined  by  ihe  principles  of  the  equili- 
brium of  parallel  forces  in  one  plane  (Articles  43,  44).  Let  P^ 
Pb,  denote  those  supporting  forces,  up'ward  forces  being  treated  as 
positive,  and  downward  as  negative ;  and  let  —  P  denote  the  load 
at  any  joint,  which  may  be  a  constant  or  a  varying  quantity  for 
different  joints. 

Suppose  now  that  it  is  required  to  find  the  stress  along  any  one 
of  the  diagonals,  such  as  C  E,  along  the  top  bar  immediately  to  the 
right  of  C,  and  along  the  bottom  bar  immediately.to  the  left  of  E. 
Conceive  the  girder  to  be  divided  by  a  vertical  plane  of  section 
C  D,  at  an  insensibly  small  distance  to  the  right  of  C;  take  th^ 
intersection  of  this  plane  with  the  line  of  resistance  of  the  top  bar 
for  the  origin  of  co-ordinates,  which  sensibly  coincides  with  C. 

Let  X  denote  the  distance  of  any  one  of  the  joints  to  the  left  of 
th^  plane  of  section,  from  that  plane.  Let  Xi  be  the  distance  of  the 
point  of  support  A  to  the  left  of  the  same  plane.  Let  y  be  positive 
upwards ;  so  that  for  the  joints  of  the  upper  bar,  y  =  0,  and  for 
those  of  the  lower  bar,  y  =  —  h,  h  denoting  the  vertical  depth 
between  the  lines  of  resistance  of  the  upper  and  lower  bars. 

Let  t  be  the  inclination  of  the  diagonal  C  E  to  the  horizontal 
axis  of  a:.  In  the  present  instance  this  is  positive;  but  had  G£ 
sloped  the  other  way,  it  would  have  been  negative. 

Let  the  symbol  —  sj  *  P  denote  the  sum  of  the  loads  acting  at 
the  joints  between  the  plane  of  section  and  the  point  of  support  A, 
the  load  <U  the  joint  C  being  imdvded.  Then  for  the  total  forces  and 
couple  acting  on  the  division  of  the  girder  to  the  left  of  the  plane 
of  section,  we  have, — direct  forc^y  F,  =  0,  because  the  applied 
forces  are  all  vertical ; — Bhearing  force,  F^  =  P^  —  ^o  '  P ;  *  toroa 

^^^^  ^  {  n??^T(W^ 

^^  I  &rther  from  I  ^®  V^^^  o^  support  A,  than  a  plane  which 

divides  the  load  into  two  portions  equal  respectively  to  the  support- 
ing pressures; — bending  couple  M  =  Pa  a^i  —  "ic'Vx;  which  is 
upwardy  and  right-handed  with  respect  to  the  axis  of  z, 

Now  let  Hi  denote  the  sti'ess  along  the  upper  bar  at  C,  Ilj  that 
along  the  lower  bar  at  D,  and  R,  that  along  the  diagonal  C  E ; 
then  the  equations  1  of  Article  161  become  the  following : — 

!Ri-fHs'fBtCO6ts=0;orRi  +  BsCO6ts=  —  Bt...(a.) 

that  is,  the  stress  along  the  upper  bar,  and  the  horizontal  component 
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•oaal,  are  equ&l  and  oppodte  to  the  Btresi 

=  P,  =  P.—  aj  ■  P; (6.) 

>iient  of  the  stnes  along  the  diagonal, 

ft  =  M  =  Pia^  —  »;  •  Pa:; (c.) 

d  brthe  equal  and  oppodte  boiuontnl 
itisg  at  the  enda  of  the  arm  h,  balances 

ana  (a),  (&),  (c),  are  deduced  the  folloiring 

^(Px«^-iS-P«); 

wec*(Pi  — 3j-P); 

;  —  B,  —  B,  cos  1 

4  •  P  le)  —  cotan  t  (P^  —  aj  ■  P). 

a  more  convenient  form,  can  be  foand 
of  those  expressions.  Let  «  denote  the 
S,  and  X,'  the  horizontal  distance  of  its 
t  of  support  A ;  then 


a-) 


,..(2.) 


been  miule,  giv« 

•P:.  +  W-„)(P.-JJP)}       (3.) 

Pi"*'— »s-p«o 
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in  wliicli  a/  is  taken  to  denote  the  harizoTUal  distance  of  (xny  joint 
to  the  left  of  a  vertical  plane  travereing  E.  The  last  expression  for 
Hi-  is  exactly  what  would  have  been  obtained  bj  supposing  the 
plane  of  section  to  traverse  E  instead'  of  0. 

Any  given  diagonal  is  I  ^*  2^^^  I  a<xjordm^ 

the  direction  of  the  shearing  force  F,  acting  on  a  plane  of  section 
traversing  it  • 

163.   Half-IiAltice  Oivdcr— rnlform  I<mi4 CaSE   1.    Every  joirU 

loaded.  When  the  joints  of  a  half-lattice  girder  are  at  equal  dis- 
tances apart  horizontally,  and  loaded  with  equal  weights,  the 
equations  take  the  following  form : — 

Let  N  denote  the  even  number  of  divisions  into  which  vertical 
lines  drawn  through  the  joints  divide  the  total  length  or  span 
between  the  points  of  support  Let  I  be  the  length  of  one  of  these 
divisions,  so  that  NT  is  the  total  span.  .The  total  number  of 
loaded  joints  is  N  — 1 ;  this  must  be  an  odd  number,  and  there 
must  be  a  middle  joint  dividing  the  girder  into  two  halves,  sym- 
metrical to  each  other  in  every  respect,  figure,  load,  support,  and 
stress,  so  that  it  is  sufficient  to  consider  one  half  only;  let  the  left 
hand  half  be  chosen.  Let  the  middle  joint  be  denoted  by  O,  and 
the  other  joints  by  numbers  in  the  order  of  their  distances  from  the 
middle  joint,  so  that  the  joint  numbered  ti  shall  be  at  the  distance 
n  I  £rom  O.  The  even  numbers  denote  joints  on  the  same  horizontal 
bar  with  O;  the  odd  numbers  those  on  the  other. 

The  total  load  on  the  girder  is 

-(N-l)P, 
of  which  one-half  is  supported  on  each  pier ;  that  is  to  say, 


Pa  =  -Pb  =  — o —  P« 


(1.) 


The  stress  on  the  upper  bar  is  everywhere  a  thrust ; — that  on 
the  lower  bar  a  pulL     Diagonals  which  <  J^?  >  fix)m  the  middle 

towards  the  ends  ^J®  ]  -^  ^  i  •  ^^^  these  principles  the  kind  of 

stress  on  each  piece  is  determined;  it  remains  only  to  compute  the 
aTnownt 

Let  n  be  the  number  of  any  joint ;  it  is  required  to  find  the  stress 
along  the  diagonal  which  runs  from  that  joint  towards  the  middle 
of  the  girder,  and  the  stress  along  that  part  of  either  of  the  horL« 
zontal  bars  which  is  opposite  the  joint 

Suppose  a  vertical  section  to  be  made  at  an  insensible  distance 
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the  diagonal  in  question  and  tlic  Lori- 


section  in  queation,  there  are  n — 1 
plane  of  section  and  ihe  pier  there  are 

-^  —  n  joiuta.     CouBequeutly 

and  the  Jitaring  fvrce  is 

F,  =  Pi  — i-P=(n— J)     P; (3.) 

80  that  it  increases  at  an  uniform  rate  ii'om.  the  middle  towards 
the  ends. 

The  distance  of  the  n*  joint  from  the  pier  iax,  =  (- — n\  •  I. 

Hence  the  npvard  moment  of  the  supporting  force  i» 

TliB  itnwn-waivi  mnm^t  of  the  lood  at  the  joints  between  the 
I  pier  b  found  from  the  consideration,  that 
rest  portion  of  that  load  is  nothing,  and 

—  1  —  n\  I,  so  that  the  mean  leverage  is 
ih  being  multiplied  by  the  load  i  '  P  as 


;-4(f+")(f-»)- 

^(?-»^-^'- m 

ortional  to  the  product  of  ike  tegmenU  into 
n  divide  the  length  of  th»  girder,  and  is 
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The  nnifonn  inclination  of  the  diagonalfl^  in  one  direction  or  the 
other^  being  denoted  bj  t,  we  have 


coseo 


and  hfflioe  the  amounts  of  the  stresses  are, 
Along  the  diagonal, 

Il'=F,-cosec»=:j(»— D  P; 

Along  the  horizontai  bar, 


^      M       /IT*        .\     Tl 


.(4.) 


These  stresses  are  stated  irrespectiYe  of  their  signs,  which  are  to 
be  determined  by  the  rules  laid  down  after  equation  1. 

The  least  Talue  of  B'  is  for  the  diagonals  next  the  middle  point, 

for  which  n=  1,  and  R'  =  ^.     Its  greatest  Yslue  is  for  the  dia- 

gonals  next  the  piers,  for  which  n=-s->  and  R'=^ — ^^ — ;  in  fact, 

these  diagonals  sustain  the  entire  load. 

The  least  value  of  the  horizontal  stress  B  is  at  the  divisions  of 

N 
one  of  the  horizontal  bars  next  the  piers,  for  which  n=  -5-  —  1,  and 

(N-1)P/ 

^"       2h      ' 
The  greatest  value  of  B  is  at  the  division  of  one  of  the  horizontal 

bars  opposite  the  middle  joint,  for  which  w  =  0,  and  B  =  . 

Case  2.  Every  oltBrruUejoiTit  loaded.    Suppose  those  joints  onlj 
to  be  loaded  which  are  diiitant  bj  an  even  number  of  divisions  from 

the  piers.     The  total  number  of  loaded  joints  is  —  -  1,  the  load 


on 


the  girder  —  (  -^ —  1 )  3?,  and  the  supporting  pressures 

-'-•=(M)' 


.(5.) 


Let  n  be  the  number  of  any  loaded  joint,  n  —  1  that  of  the 
unloaded  joint  nearest  to  it  on  the  side  next  the  middle  of  the 
girder,  O.    If  a  plane  of  section  traverse  the  gii-der  at  an  insensible 


LTnCl  GIRDER.  139 

jOintatm  the  nde  next  0,  the  ahearing 

force  is  the  same,  being  the  exceact  of  the  supporting  pressure,  F^ 
(equation  5)  above  the  load  on  n,  and  the  other  loaded  joints 
between  it  and  A,  vhoee  number  is  one-half  of  "what  it  was  la 

N      n 
oee  1,  that  is  -; —  -^  ■    Henoe  we  find 


r.  =  =-=-.? (6) 

^e  nfnrard  moment  of  the  supporting  force  is 

atthejointn,P^a!,=  (^  _|)  ^^_„).p/; 

stflie  joint  n-  1,  P^  (a:,  + ^  =  ( j  - -|)  (^  -»+l)pt 

The  doiniward  moment  of  ttie  load  from  the  joint  n  inclusiTe  to 
the  pier,  relatively  to  the  plane  of  section  near  that  joint,  is  found 
by  considering  that  the  leverage  of  the  nearest  portioa  of  that  load 

arthest  (^  -  2  -  tA  ?;  so  that  the 
I  -  n\l,  which  being  mnltipUed  by 
Ives  for  tlie  moment, 

Tor  the  joint  n  —  1  is 


[  (7) 
(„_l)._llpi 
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Ustng  these  data,  we  obtain  for  the  stress  dUmg  Uie  diagonal  oon- 
nectiug  the  joints  n  and  n  —  1^ 

R'  =  F,  cosec  t  =  ^^^  .  ?^ (a) 


(The  stress  along  the  diagonal  connecting  the 
n  —  2  is  of  equal  amount  and  opposite  kind). 

Ahmg  ike  bar  opposite  the  loaded  joirU  n, 

M_l/N'        A  Pi 

Along  the  bar  opposite  the  unloaded  joint  n  —  1, 


—  1  and 


1 


)    h 


..(9.) 


The  last  two  stresses  are  of  opposite  kinds ;  and  the  kind  of  each 
stress  is  to  be  determined,  as  before,  by  the  rule  given  after  equa- 
tion 1  of  this  Article. 

164.  liiutice  Otodo^— Aay  l<Midr— In  a  lattice  girder,  as  in  a  half- 
lattice  girder,  there  are  a  hori- 
^  zontal  upper  and  lower  bar; 

but  whereasa  half-lattice  girder 
contains  but  one  zig-zag  set  of 
diagonal  bars,  a  lattice  girder 
contains  two  or  more  sets^cross- 
ing  each  other,  usually  at  equal 
inclinations    to    the    horizon. 


gsx 


Fig.  83. 


Fig.  83  represents  the  simplest  form  of  a  lattice  girder,  in  which 
there  are  two  sets  of  diagonals,  crossing  each  other  midway 
between  the  upper  and  lower  horizontal  bars.     . 

The  load  is  supposed  to  be  applied  at  the  joints. 

Suppose  the  girder  to  be  cut  by  a  vertical  plane  of  section  CD, 
traversing  one  of  the  joints  where  the  diagonals  cross.  The  shearing 
force  and  bending  couple  at  this  plane  of  section  are  to  be  deter- 
mined exactly  in  the  same  manner  as  for  a  half-lattice  girder,  in 
Article  162. 

In  the  present  case,  because  the  plane  of  section  0  D  cuts  fifur 
bars,  the  problem,  in  a  strict  mathematical  sense,  is  indeterminate, 
according  to  the  principles  stated  in  Article  161  j  but  it  is  solved 
by  taking  for  granted  what  is  the  fact  in  well-constructed  lattice 
girders,  tiiat  ^ich  of  the  two  diagonals  which  cross  each  other  at 
the  section  C  D  bears  one-half  of  the  shearing  force ;  and  in  like 
manner,  when  several  pairs  of  diagonals  a*088  each  otiier  at  the 


!  OIBOEB — DHtFOKM  LOAD. 

■ssiimed  tluit  the  reBLstaace  to 
force  ifi  equally  distributed  amongst  tliem. 

To  faim  Uus  condition  vKere  a  pair  of  diagonalB, 

croea  each  other,  with  equal  and  opposite  inclinationi 

along  them  most  be  equal,  and  of  opposite  kinds.     Tb 

ong  the  pair  of  diagonals,  an 

a  horizon,  we  shall  hare  for 

nutained  by  them 

*  —  E'  sin  (—  »)  =  2  R'  sin  t 


»  —  R'  cos  (— «)  =  0  J 

components  of  the  strenee  a) 
'  section  halance  each  other. 
er  of  diagonal  bars  wMdk  croi 
1,  the  amount  of  the  stress  aloi 

r,,     F  eoaec  t 

^=      2m     • 

bars  which  slope  I  j^J^} 

rer  bar,  and  the  thrust  along  ti 
.on,  must  constitute  a  couple  w! 
hence  iJieir  common  amount  i 


jautem  z.Hd.— If  X  denote  tl 
nto  which  the  length  of  a  lat 
Iraversing  all  the  joints,  'whethi 
b1  bare,  or  of  crossing  of  diago: 
lose  divisions,  so  that  Nl,a£ 
1  the  effect  of  a  load  eqaallj 
sal  lines,  or  amongst  the  sJt 
of  the  fbrmulffi  for  a  half-la 

listrilmted  over  all  the  vertii 
tious  1,  2,  3,  i,  are  to  be  applit 
itrersing  the  joints  of  crossing ' 
Tesistance  to  the  shearing  force : 
I  shown  by  equation  2  ^  Arti 
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IL  When  the  load  is  distributed  over  those  vertical  lines  only 
which  traverse  joints  of  meeting  of  diagonal  and  horizontal  bars, 
the  formuhB  of  case  2,  equations  5,  6,  7,  8,  9^  9o  far  as  they 
rdate  to  aecUons  made  <xt  unloaded  jamts,  are  to  be  applied  to  vertical 
sections,  such  as  C  D,  traversing  ike  joints  of  crossing  of  diagonals; 
attending  as  before  to  the  distribution  of  the  stress  amongst  the 
diagonals  by  equation  2  of  this  Article. 

166.  TrauiformatiMi  m£  Fnunca* — ^The  principle  explained  in 
Article  66^  of  the  transformation  of  a  set  of  lines  representing  one 
balanced  system  of  forces  into  another  set  of  lines  representing 
another  system  of  forces  which  is  also  balanced,  by  means  of  what 
is  called  "Parallel  Peojection,"  being  applied  to  the  theory  of 
frames,  takes  obviously  the  following  form  : — 

Theobem.  If  a  f  ramie  whose  Imea  o/ resistaaice  constitute  a  given 
figure,  he  halamced  under  a  system  of  external  forces  represented  by  a 
given  system  of  lines,  then  wUl  a  frame  whose  lines  of  resistaause  con- 
stituie  a  figure  which  is  aparalld  projection  qfthe  original  figure,  be 
balanced  under  a  system  of  forces  represented  by  the  corresponding 
pa/raUd  projection  of  the  given  system  of  lines;  and  the  lines  rtpre- 
senting  the  stresses  along  the  bars  of  the  new  frame,  will  be  the 
corre^fonding  paralld  projections  of  ike  lines  rqnvsenting  the  stresses 
aJUmg  the  ba/rs  of  the  original  f  ramie. 

This  Theorem  is  called  the  "  Principle  of  the  Transfcnrmation  of 
Prame&"  It  enables  the  conditions  of  equilibriimi  of  any  unsym- 
metrioal  &ame  whi<dL  happens  to  be  a  parallel  projection  o£  a 
fiymmetrical  frame  (for  example,  a  sloping  lattice  gilder^  to  be 
deduced  from  the  conditions  of  equilibrium  of  the  symmetrical 
frame, — a  process  which  is  often  much  more  easy  and  simple  than 
that  of  finding  the  conditions  of  equilibrium  of  the  unsynmietrical 
frame  directly. 

SacxKUf  i.'^EqinKbrium  qf  ChaMU,  Cords,  Ribs,  and 

Linear  Arches, 

167.  B«idlflMm  mim  Cwdir— Let  D  AO  in  fig.  84  represent  a 

flexible  cord  suf^ported  at 
the  points  0  and  D,  and 
loaded  by  forces  in  any 
direction,  constant  or  vary* 
ing,  distributed  over  its 
-whole  length  wiUi  oon* 
Btant  or  varying  intensity. 

Let  A  and  B  be  any 
two  points  in  this  oord ;  firom  those  points  draw  tangents  to  tftie 
oord,  AP  and  BP,  meetang  in  P.  The  load  acting  on  ilio  covd 
between  tiie  points  A  and  B  is  balanced  by  the  pills  along  the 


Fig.  84. 


rely;  those  pnlla  aaust  Tee 
;  h^kce  follows — 
f  the  load  between  two  giv 
te  point  of  intereactwn  of  Qt. 
^  reaidtcmt,  and  the  puUa 
TopoHiontd  to  tha  aides  ofi 
their  direclioni. 
id  points  in  B,funicuI(K' pt 
sea, — or,  in  other  words, 
^n  ifi  multiplied, — the  mo 
tioD  of  a  ctnd  continuoiul; 
imber  of  lines  iwUatiag 
I  (exemplified  in  fig.  7S*) 
Fdnicolar  polygon,  ajid  tot 
pprozinutes  to  a  ooDtinu 

itinuonely  loaded  oord  ma 
r  (fig.  61*).  Let  ndiatinj 
to  the  tuigents  of  the  oo: 
fdderation: — for  example^ 
at  the  pdnta  of  snmwrt, 
the  pointa  A  and  B  of  £ 
lliose  radiating  lines  repri 
:>miis  to  whose  tangents 
0,  carved  or  straight,  as 
bhnnigb.  the  extremitieB  • 
he  pulle  along  the  cord  at 
!.  it  appears,  that  a  stra 
*,  will  rmieBent  in 
oad  ou  tite  oord 


tekenp«diully 
11 0  A  in  fig.  84* 

neaier  to  OB; 
sight  line  drawn 
chea  nearer  and 
gent  at  the  point 
4*  the  resultant 
3sented  hy  that 
dies  nearer  and 
on  of  the  load  at  the  point 
hi  load  ftt  any  pront  B  ol 
iredson  of  a  tangent  at  B 
lows^ 
xi  a  line  of  loads)  6a  dn 
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168.  €m4 


that  tohUe  its  radws-ifectorjromagw&npin^  a  tangent 

to  a  loaded  cord  ait  a  given  point,  its  own  tangent  ie  parallei  to  the 
direction  qfthe  load  ai  the  point  in  the  cord;  then  mil  the  length  of 
a  raditu-vector  of  the  line  of  loads  represent  the  puU  at  the  eorro- 
spondmg  poirUqfthecord;  and  a  straight  Unedraium  between  any  two 
points  in  the  line  of  loads  tmll  represent  in  magmtude  and  direction 
the  resultant  load  betiveen  the  two  corresponding  points  in  the  cord. 

The  supporting  forces  required  at  the  points  0  and  D  (fig.  84), 
are  obviotualy  represented  in  magnitude  and  direction  by  the  ex- 
treme radiating  lines,  OC,  O  D. 

A  loaded  cord,  hanyng  freely,  is  obviously  stdNe,  but  capable  of 
oscillation. 

PandlAl  l«MidU. — ^If  the  direction  of  the  load  be 
evetywhere  parallel  and  vertical,  the  line  of  loads  be- 
comes a  vertical  straight  line,  as  C  B  A  D  (fig.  84**). 
To  express  this  case  algebraically,  let  A  in  fig.  84 
be  the  lowest  point  of  the  cord,  so  that  the  tangent 
AP  is  horizontal  Then  in  fig.  84**,  O  A  will  be 
horizontal^  and  perpendicular  to  G  D.    Let 

H  :=  0  A  =  horizontal  tension  along  the  cord  at  A; 
B  =  OB  =:  pull  along  the  cord  at  B; 
I^g-  84**         p  _.  XB  =  load  on  the  cord  between  A  and  B; 

t  ==  ^^  X  PB  (fig.  84)  =  -^  AO  B  (fig.  84**)  =  inclination 

of  cord  at  B; 

then, 

P  =  Htanf;  R=  ,/ (P  +  H^  =  Hsect (1.) 

To  deduce  from  these  formulie  an  equation  by  which  the  form  of 
the  curve  assumed  by  the  cord  can  be  determined  when  the  distri- 
bution of  the  load  is  known,  let  that  curve  be  referred  to  rectangular 
horizontal  and  vertical  co-ordinates,  measured  fix)m  the  lowest  point 
A,  the  co-ordinates  of  B  being,  ATS  =  a;,  X  B  =  y ;  then 


4.    '    ^y. 


vhenoe  we  obtain 


dy 
dx 


P 
H' 


(2.) 


a  differential  equation  which  enables  the  form  assumed  by  the  cord 
to  be  determined  when  the  distribution  of  the  load  is  known. 

169.  c«rdi  Wider  VBifem  Terticai  i«mUI. — Byantm|/^>r99i  vertical 
load  is  here  meant  a  vertical  load  uniformly  distributed  along  a 


>KB  mnroBM  tkbtical  loasl 


80  ibat  if  A  (fig.  85),  he  the  loweet  point  of 
ad  saepeQded  between  A  and  B  shall  be 


■^>^ 


L^> 


Kg.8S. 

X,  the  horizontal  distance  between  those 
ung  expresaed  hj  the  equation 

^  =  P^; (1.) 

autitf ,  denoting  the  inimtilff  of  the  load  in 
of  horitorUal  lengtA:  m  pounds  per  lineal 
is  required  to  find  the  iorm  of  the  curve 
>ns  amongst  the  load  P,  the  horizontal  pull 
R),  and  theco-ordinateeAX  =  a:,  BX  =  y. 
ise  the  load  between  A  and  B  is  nniformW' 
i  bisects  A  X ;  therefore,  the  tangent  B  F 
roperly  characterigtio  of  a  farabola  whose 
e,  the  cnrre  assomed  bjr  the  oord  is  such  a 

of  the  load,  and  the  horizontal  and  oblique 

■■'r,-"-4*B « 

the  present  case  equation  2  of  Article  16S 

il—ti  (31 

di=& <'■' 

rith  due  r^rd  to  the  condition  that  when 

^=11 w 

ila  vhose  focal  distance  (or  modvltta,  to  nsa 
Booth's  paper  on  the  "Tr^nometry  of  the 
e  British  Association,  1856),  is, 

™  =  i^  =  2^ <'''> 
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(*) 


For  a  parabola  we  have  also  the  inclination  i  to  the  hozisiii  re- 
lated to  the  co-ordinates  by  the  following  equations  >— 

tan  t  =  ^  =  —  =  — • 
dx       2m        X* 

whence  we  have  the  proportions 

P:H:R::tani:l:8ect::^:l:V(l  +  ^ 

X  \  X   / 

'  'P^  '  2^  •  ^*'  */  0  "*"  4y»)' -"•"  ^'^ 

as  before. 

The  following  are  the  solutions  of  some  useful  problems  respectang 
uniformly  loaded  cords. 

Fboblem  L  €fiven  thedevaUons,  ji,  j^,  qfthe  two  paints  qfmippori 
of  the  cord  above  ita  lowest  point,  and  aiao  the  horizontal  dieicmce^  or 
span  a,  between  those  points  of  support;  it  is  re^fusred  to  find  ths 
horizontal  distances,  Xi,  Zj,  of  the  lowest  point  from  the  twopoimisif 
support;  also  the  modulus  m. 

In.  a  parabola, 

therefore. 


Xi^^a" 


also 


;  Xt=za 


Jyt 


Jyi  +  Jy*'' 


.(a) 


m=:  —  =^—z=  aa  +  a4 


4yi      4y,      ^(2/i+y%)      ^yi  +  ^y2+SJy,y, 
When  the  points  of  support  are  aJb  the  same  level, 


...(9.) 


a  a 


2 


16  yi 


•ao.) 


Problex  IL     Given  the  same  data,  to  find  the  inclinations  i,, 
of  the  cord  atthe  points  ofsupporL 
By  equations  6,  we  have, 

tant,==^=?2^i±^^^^tant,===^-==?^^ 

«k  a  '  Xg  a  ^' 


-%Jl4Sl 


»     ..    k. 


y,  =y^tant, 


=  taat.  =  ly! 


(12.) 


LADOLIO  COBD. 


«ame   data,  and  the  load  jier 
al  tenaion  H,  and  the  tenmovs 


2y,+  2y.  +  4^y,y,' 

■■^A'^'-h <" 

na  become 

^{^^'-¥) 

tame  data  as  in  Pr<Mem  L,  to 

ill  known  formaln  for  the  len 
t  the  vertex,  one  being  in  term 
&rther  extremity  of  the  arc, : 
IS  m,  and  the  inchnation  i  of  th( 
igent  at  tlie  Yertex. 

b"  ^     ,    y-"  ^/(^^  +  T) 

—  •  hyp.  log. ^^ tl 

y  X 

3 

4-  hyp.  log.  (tuL »  +  Beo  •)}.. 

»i  +  a„  where  a,  is  fonnd  by  pu 
bore  formula,  or  ii  in  the  moo 
e  fiist  foimula,  or  s  in  the  b»x 
»  formula  for  the  length  of  a  p 
ly  near  the  tmth  for  practical  pi 

'  =  fB  +  ^  neimyi 

gth  of  the  cord 
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s,  +  B,=:a  +  ^(^1  +^)  MOiiy. (LS.) 

and  when  yi  =  y^  this  becomes 

2^,  =  a  +  y  •  ^  neaWsTj (19.) 

Probleic  Y.  Owen  the  same  data,  to  find,  approadmatelly,  thesmall 
eUmgaiian  of  the  cord  d  (si  +  s^)  required  to  produce  a  given  email 
depression  d  j  o/the  lowest  point  A,  and  conversely. 

Differentiating  equation  18^  we  find 


ef(.,  +  ^=|(g+|)^y W 


which  seires  to  compute  the  elongation  £rom  the  depiession;  and 
converselj, 


rfy  =  ^  .^i5±^; (21.) 


Xi         Xt 


which  serves  to  compute  the  depression  of  the  lowest  point  fixnn 
the  elongation  of  the  cord.     When  yi  =  yi,  those  formuliB  become^ 


2rf,,=Jg«dy 


^y= 


3a 


16yi 


,2dSi 


(22.) 


The  preceding  formulBS  serve  to  compute  the  depression  which 
the  middle  point  of  a  suspension  bridge  undergoes  in  consequence 
of  a  given  elongation  of  the  cable  or  chain,  whether  caused  by  heat 
or  by  tension. 

170.    SafpeaatoK  Bridge  wtdk  Terdcal  H»J«i — ^In  a  suspension 

bridge  the  load  is  not  continuous^  the  platform  being  hung  by  rods 
from  a  certain  number  of  points  in  each  cable  or  chain :  neitiiier  is 
it  uniformly  distributed ;  for  although  the  weight  of  the  platform 
per  unit  of  length  is  uniform  or  sensibly  so,  the  load  arising  from 
the  weight  of  tiie  cables  or  chains  and  of  the  suspending  rods  is 
more  intense  near  the  piers.  Nevertheless,  in  most  cases  which 
occur  in  practice,  the  condition  of  each  cable  or  chain  approaches 
sufficiently  near  to  that  of  a  cord  continuously  and  uniformly 
loaded  to  enable  the  formulBS  of  Article  169  to  be  applied  without 
matenal  error* 


■rLEHBLK  TIE.  169 

suspension  bridge  an  slender  and  verticftl 
he  resultant  pressure  of  the  chain  or  cable 
light  to  be  vertical  also.  Thus,  let  C  E,  in 
liical  axis  of  a  pier,  and  G  G  tlie  portion  of 
d  the  pier,  which  dtiier  supports  another 
I,  or  is  made  fast  to  a  mass  of  rock,  or  of 

If  the  chain  or  cable  passes  over  a  curved 
pier  called  a  saddle,  on  vhich  it  is  free  to 
a  portions  of  the  chain  or  cable  on  either 
equal ;  and  in  order  that  those  tensions  may 
me  on.  the  pier,  their  incIinatiouB  must  be 
t  »  be  the  common  vslue  of  those  inclina- 
Une  of  the  two  tensions ;  then  the  vertical 

,wii=2Rt&ai=2pK; (1.) 

b  of  the  portion  of  the  bridge  between  the 

t,  A,  of  the  curve  C  B  A  D. 

OB  of  the  ch^n  or  cable  D  A  0,  C  Q,  which 

to  a  sort  of  truck,  which  is  supportod  by- 
cast  iron  platform  on  the  top  of  the  pier, 
I  pier  will  be  vertical,  whether  the  inclina- 
s  of  ^e  chain  or  cable  be  equal  or  unequal; 
that  the  horuamial  componetUs  of  their  ten- 
lat  is  to  say,  let  t,  t*,  be  the  inclinations  of 

chain  or  cable  in  oppomte  directions  at  C, 

B,  then 

Haeoi;  R'  =  Hseci'; 

+  Ksin«'  =  H(tani  +  tan*^ (3.) 

et  a  vertical  load,  P,  be  applied  at  A,  fig.  86, 


of  a  horizontal  sfcrulj  A  B,  abutting  against 
I  sloping  rope  or  chain,  or  other  flexible  tie, 
e  weight  of  the  strut,  A  B,  is  supposed  to 
iponents,  one  of  wbidi  is  supported  at  B, 
ied  in  the  load  P.    Hie  weight,  W,  of  the 
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flexible  tie,  A  D  C,  is  supposed  to  be  known,  and  to  be  considered 
separately ;  and  with  these  data  there  is  proposed  the  following 

Probleil  W  being  rnnaU  compared  with  P,  to  find  approximatdy 
the  vertical  depreadon  'El}  of  the  fleodhle  tie  hdow  the  sk'aight  line 
AG,  the  puUe  oH&ng  it  <xt  A,D,  and C,  and  the  horizontcd  thrust 
along  A!R 

Because  W  is  small  compared  with  P,  the  curvature  of  the  tie 
will  be  small,  and  the  distribution  of  its  weight  along  a  hori- 
zontal line  may  be  taken  as  approximately  uniform ;  therefore  its 
figure  will  be  tiea/rly  a  parabola ;  the  tangent  at  D  will  be  sensibly 
parallel  to  A  C,  and  the  tangents  at  A  and  C  will  meet  in  a  point 
which  will  be  near  the  vertical  line  E  D  F,  which  line  bisects  A  O, 
and  is  bisected  in  D.    Hence  we  have  the  following  construction : — 

Draw  the  diagram  of  forces,  fig.  86*,  in  the  following  manner. 

W    — 

On  the  vertical  line  of  loads  h  c,  take  5/=  P;  6«  =  P  +  — j  be 

=  P  +  W.  From  6  draw  b  O  parallel  to  the  strut  A  B  j  that  is, 
horizontal ;  from  e  draw  e  O  pairallel  to  G  A^  cutting  6  O  in.  O  ; 
join  c  O,  fO. 

In  fig.  86,  bisect  A  C  in  £,  through  which  draw  a  vertical  line ; 
through  A  and  C  respectively  draw  A  F  ||  O/,  C  F  ||  O  c,  cuttLog 
that  vertical  line  in  F  \  bisect  £  F  in  D.  Then  will  A  F  and 
0  F  be  tangents  to  the  flexible  tie  at  A  and  C,  D  will  be  its  most 

depressed  point,  and  D  £  its  greatest  depression ;  and  the  polls 
along  the  tie  at  C,  D,  and  A,  and  the  thrust  along  the  strut  AB, 
will,  in  virtue  of  the  principle  of  Article  168,  be  represented  by 
the  radiating  lines  O  c,  O  6,  O/,  and  O  5,  in  fig.  86*. 

Tins  solution  is  in  general  sufficiently  near  the  truth  for  practi- 
cal purposes.  To  express  it  algebraicsJly,  let  B.,  E^  B^  be  the 
tensions  of  the  tie  at  A,  D,  C,  respectively,  and  H  the  horiaontal 
thrust;  then 


BC 


B,  =  y^{H'  +  (P  +  W)'}; 


DEs=iEF  =  |BO 


W 


a.) 


P+f 


J 
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bween  the  curve  ADO  and  the  straight 

□early,  l^  Bubstitnting,  in  the  secood 

AB-5E, 

e  169,  AC  for  a,  and       -  ~^-  for  If,; 

~2i         AC"         |p  +  ^J-(^-> 

rUh  MaHBK  M»dM. — Let  tlte  tuufonnly- 

jion  bridge  be  hung  fitiin  the  chains  by 

g  an  uniform  angle  j  wiUi  the  vertical. 

ins  loaded  is  the  eame  with  that  of  a 

ept  in  the  direction  of  the  load;  and 

un  ia  a  parabola,  having  ite  axis  paral- 

iipension  rods. 

lent  a  chain,  or  portion  of  a  oTimtij  snp- 

jrizontal  at  „ 

AH  be  a 

^presenting 

i;  and  let 

parallel  to    ■*-= — -r- 

^ECH  '^       -^ 
It  BX  r«-  FiG'87 

96  a  vertical  load  v  to  be  Eupported  at 
principles  of  the  equilibrium  oi&Jrama 
is  load  TriU  produce  a  pull,  p,  on  lie  rod 

platform  between  X  and  H ;  and  the 
proportional  to  the  sides  of  a  triangle 
nich  as  ^  triangle  G  E  H ;  tihat  is  to 

V&  :EH::  1:  sec;":  tanj. (1.) 

;  the  load  on  one  rod  B  X,  consider  the 
een  A  and  X.  This  being  the  sum  of 
rods  between  A  and  X,  it  is  evident 
ion  (1)  may  be  applied  to  it ;  and  that 
rf  the  pull  acting  on  the  rods  between 
hnuft  on  tlie  platform  at  the  point  X, 

OE:EH:il  :seoj!  tan/ (2.) 

j  is  what  hangs  from  the  chain  between 
Y  distributed,  its  resultant  bisects  A  X 
t  <£  iutenectton  of  the  tangents  A  F, 
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B  P;  and  the  ratio  of  the  oblique  load  P,  the  horizontal  tensoa 
H  along  the  chain  at  A^  and  the  tension  It  along  the  chain  at  B^ 
is  that  of  the  sides  of  the  triangle  BXP;  that  is  to  sslj, 

P  :  H  :  R  ::  BX  :  X1P  =  :^  :  BP. (3.) 

Comparing  this  -with  the  case  of  Article  169  and  fig.  85,  it  is  evi- 
dent that  the  form  of  the  chain  in  ^,  87  must  be  similaT  to  that 

of  the  chain  in  fig.  S5,  with  the  exception  that  the  ordinate  X  B 

=  ^  is  oblique  to  the  abscissa  AX  =  a;,  instead  of  perpendicular ; 
that  is  to  say,  C  B  A  is  a  parabola,  having  its  axis  parallel  to  the 
inclined  suspension  rods. 

The  equation  of  such  a  parabola,  referred  to  its  oblique  co-ordi- 
nates, with  the  origin  at  A,  is  as  follows  : — 

y  =  ^^: (4.) 

where  m,  as  in  Article  169,  denotes  the  modtdua  of  the  parabola^ 
^ven  by  the  equation 

g^-cos'i 

"^=-4^ ^^-^ 

X  and  y  being  the  co-ordinates  of  any  known  point  in  the  curve. 

The  length  of  the  tangent  B  P  =  ^  is  given  by  the  following  equa- 
tion:— 

t=\/(^  +  l/'  +  xyfanj) (6.) 

Hence  are  deduced  the  following  formulsB  for  the  relations 
amongst  the  forces  which  act  in  a  suspension  bridge  with  inclined 
rods.  Let  v  now  be  taken  to  denote  the  iniensUy  of  the  vertical 
load  per  unit  of  length  of  horizontal  platform — ^per  foot,  for  ex- 
ample ;  p  the  intensity  of  the  oblique  load ;  q  the  rate  at  which  the 
thrust  along  the  platform  increases  from  A  towards  H.     Then 

Y  =  vx;  P=jpaj  =  ra5'8ecj;)  ^* 

Q=iqx  =  vx' tAnj;  J 

-r      arP      pa;*       2pm      ^               ,.  ... 

^=  2y  =%  ^^V^^""*  ''^' <^> 

R  =  iP  =  !l5=£ffl (9.) 

y         X  y  ^  ' 


BADOS  ADD  IimiAJKja 

'.  at  the  point  A  may  be  Bustaiti 
aiwiared  or  made  fast  at  A  t< 

d  at  A  to  another  equal  and  an 

ana  of  oblique  rods,  aloping  a 
poeite  to  that  of  the  rods  BX,  ■ 
of  the  span  of  the  bridge. 
a  made  &Bt  at  A  to  the  horizont 
A  shall  be  balanced  by  an  eqi 
latform,  which  mnst  be  strong  < 
lat  thrust  In  this  cose,  the  toti 
form  is  no  longer  simply  Q  =  ; 

2f»  "Bee*/ 4- as*  tanj). 


■abolic  arc,  A  B,  is  given  exac 
;  i  denote  the  inclination  of  th 
perpendicular  to  its  axis.    Thei: 


■(fi  ■«••')■■ 


es  with  A,  becomes  umply  t  = 
i  for  the  lengths  of  parabolic  an 


•■  tan  j  +  secj  / 

cnr  in  practice,  however,  it  is  a 
imat«  formula : — 

.  ■    -_l2     y"  -coa'j 

■    Bin  J  +  ■=  •  -^^-T—    .-   ,  nearly, 

irticle  are  applicable  to  Mr.  Di 
ch  the  suspending  rods  are  im 
allel,  are  nearly  so. 
iBdM.— When  a  cord  is  loaded  w^ 
ates  are  diawn  downwards  fron 
o  the  intensity  of  the  vertical  . 
whidi  they  are  drawn,  a  line. 
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coiTctl  as  the  case  may  be,  which  trayerses  the  lower  ends  of  all 
these  ordinates,  is  called  the  eodrados  of  the  given  load.  The  cmre 
formed  by  the  cord  itself  is  called  the  mtrados.  The  load  sospended 
between  any  two  points  of  the  cord  is  proportional  to  iiie  vertical 
plane  area,  boimded  laterally  by  the  vertical  ordinates  at  those  two 
points,  above  by  the  cord  or  intrados,  and  below  by  the  extiados ; 
and  may  be  regarded  as  eqnal  to  the  weight  of  a  flexible  sheet  of 
some  heavy  substance,  of  uniform  thickness,  bounded  above  by  the 
intrados,  and  below  by  the  extrados.  The  following  is  the  alge- 
braical expression  of  the  relations  between  the  extrados  and  the 
intrados. 

Assume  the  horizontal  axis  of  a;  to  be  taken  at  or  below  the  level 
of  the  lowest  point  of  the  extrados;  and  let  the  vertical  axis  of  y, 
as  in  Articles  168,  169,  and  170,  traverse  the  point  where  the 
intrados  is  lowest.  For  a  given  abscissa  w,  let  f/  be  the  ordinate  of 
the  extrados,  and  i/  that  of  the  intrados,  so  that  y  —  ^  is  the  length 
of  the  vertical  ordinate  intercepted  between  tiiose  two  lines,  to 
which  the  intensity  of  the  load  is  proportionaL  Let  to  be  the 
weight  of  unity  of  area  of  the  vertical  sheet  by  which  the  load  is 
considered  to  be  represented.  Then  we  have  for  the  load  between 
the  axis  of  y  and  a  given  ordinate  at  the  distance  x  from  that  axis, 


=  to  j ^(fy  -i/)dx; (1.) 


the  integral  representing  the  area  between  the  axis  of  y,  the  given 
ordinate,  the  extrados  and  the  intrados.  Combining  this  equation 
with  equation  2  of  Article  168,  we  obtain  the  following  equation : — 

an  equation  which  aiSbrds  the  means  of  determining,  by  an  indirect 
process,  the  equation  of  the  intrados,  when  the  horiaontal  tension  H, 
and  the  equations  of  the  extrados  are  given,  and  also,  by  a  some- 
what more  indirect  process,  the  equation  of  the  intrados  and  the 
horizontal  tension,  when  the  equation  of  the  extrados  and  one  of 
the  points  of  the  intrados  are  given.  Both  these  processes  are  in 
general  of  considerable  algebraical  intricacy. 

—  obviously  represents  the  area  ci  a  portion  of  the  sheet  abofve 
to 

mentioned,  whose  weight  is  equal  to  the  horizontal  tension.     Let 

that  area  be  the  square  of  a  certain  line,  a;  that  is^  let 

l-''^ (^> 


I  aOBIZONTAI.  EXT&ADOa 

«  parameter  of  Qm  intradoB, 

t  ia  of  oniform  intendty,  ai 
a.  parabola,  it  is  obrious  Uiat 
parabol^  aitaated  at  an  nn 

t  studied  tlie  propertiea  of 

1  to  Article  176.] 

rmtml    BxDmdH. — If  the    6X1 

it  line  may  iteelf   > 
5.     Thus,  in  fig.     \ 
EUght  horizontal       ^v,^ 
t  rf  the  intrados,  ' 

A  be  the  axis  of 

>A,  whicb  ia  the  

doa,  by  yo-     l^et  ■ 

inate,  at  the  end  ^" 

Let  the  area  OABX  be 

2  of  Article  172  become  the  1 


of   y  dx; 


Oie  Utter  of  these  eqoatjons 


=  A«-  — B«     

onstants,  which  are  determ 
roblem  ia  the  folloving  man 

at  at  lite  same  time  u  ^ 
,  may  be  put  in  the  form, 

■  dfi-.-i) 

U(,j+,-^) 

i  yo  ^  - —  >  and  tlierefore 
A  _  ?!»...._ 
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-which  value  being  introduced  into  the  Tarious  preceding  equaiions, 
gives  the  following  results,  as  to  the  geometrical  properties  of  the 
intiudos  :^- 


Ordinate, y z=^  \e^  +e     •); 

^^'  ax      a^      2  a  * 


(2.) 


'  a «'       a'       2  a*         ^ 

The  relations  amongst  the  forces  which  act  on  the  cord  are  given 
hj  the  equations 


ax 


R  (tension  at  B)  =  ^P'  +  H«  =  H  a/  1  +  j^ 


(3.) 


In  the  course  of  tho  application  of  these  principles,  the  following 
jproblem  may  occur : — given,  the  exlradaa  O'X.,  the  vertex  A.  of  the 
wUrados,  and  a  point  of  support  B;  it  ie  rehired  to  complefe  the 
figure  of  the  inJtiradoB,  For  l^is  purpose  it  is  necessary  and  sufficient 
to  find  the  parameter  a;  so  that  the  problem  in  fact  amounts  to 
this ;  given  the  least  ordinate  y^,  and  the  ordinate  y  cozreflponding 
to  one  given  value  of  the  abscissa  x,  it  is  required  to  find  a,  so  as  to 
fulfil  the  equation 


y 


«•  +  «* 


x 


=  hyperbolic  cosine  of  -, 


•  ••••••a  I  4* I 


as  this  function  is  called.     Supposing  a  table  of  hyperbolic  codnes 


X 


to  be  at  hand,  -  is  found  by  its  being  the  number  whose  hjpei^ 


a 


bolic  cosine  is  ^  :  so  that 

yo 


ass 


X 


number  to  hyp.  cos.  — 

^^         yo 


(5.) 


CATEHAXT. 

jly  to  be  met  with;  and  in  ito  a 
a  in  terms  of  y  by  the  equation 


^ye         V  yj 


ame  given  to  the  ourre  in  whic 
l1  and  sectional  area  (so  that  th< 
to  its  length)  hangs  -vhen  load 

represent  this  curve;  but  let  A  1 
^  so  that  the  axis  of  a;  is  a  horizon 
i  leiuth  of  any  given  arc  A  B. 
it  of  lengtli  of  the  cord  or  chai 
td  B  is  ^  —  ps.  The  indinata 
]1  line  is  expressed  by  the  equati 


=j?=V' 


=S=V'- 


d^ 


ds 

man.  be  equal  to  the  weight  o 
it 

H  =pm 

and  ironx  the  general  equation  i 


/ 


1  — 

dx 
37 


daj* 
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whicli^  bf  ft  few  lednctions,  is  brought  to  the  following  form : — 

dx  m' 


the  integral  of  which  (paying  due  regard 
when  A  =  0,  »  =  0)  is  known  to  be 


(4.) 


05  =  w  hyp  log.  (-1  +  A  /  1  +  -i-) (5.) 

This  equation  gives  the  abscissa  x  of  the  extremity  of  an  arc  A  B 
=  8y  when  the  pa/rameter  of  the  catenary  (as  m  is  <»lled)  is  known. 
Transforming  the  equation  so  as  to  have  a  in  terms  of  x,  we  obtain 


The  ordinate  y  is  found  in  terms  of  x  by  int^rating  the  equation 

which  gives 

y -  ^  /e^+e''^—2\  =  J  ^+  m'  —  m  •  >...  (8.) 

the  term  — -^  2  being  introduced  in  order  that  when  x  =  0^  y  may 
be  also  =  0.  Thisisthe  equation  of  the  catenary,  so  far  as  its  form 
is  concerned.     The  mechanical  condition  is  given  by  the  equations 


'R  =  pm;  P  :=p8; 


'R=ipjm*  +  ^=z?^fe^  +e   "^  =jp(y  +  «»); 


(9.) 


so  that  the  tension  <xt  amy  paint  is  equal  to  the  weight  of  a  piece  oj 
the  Aain,  ariose  length  is  ^  ordinate  added  to  the  parameter. 

Suppose  the  axis  of  x,  instead  of  being  a  tangent  at  the  vertex 
of  the  curve,  to  be  situated  at  a  depth  A  O  =  m  below  the  vertex, 
and  let  f/  denote  any  ordinate  measured  from  this  lowered  axis; 
then 

y=iy  +  m=^  ^6- +«""  V (10.) 

which,  being  compared  with  the  expression  for  the  ordinate  amongst 
equations  2,  Article  173,  shows,  that  the  irUradosfor  a  horizoTikU  ea> 
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identical  wUh  a  cai&nary,  hamng  the  same  par€Smeier{m  =  a  =  Jq). 

Pboblex.  Oioen,  ttoo  painie  in  a  catenary ,  amd  the  length  of 
Aain  between  them;  required  the  remamder  of  ike  ecirm. 

Let  h  be  the  horizontal  distance  between  the  two  points,  v  their 
difference  of  level,  I  the  length  of  chain  between  thenu  Those  three 
quantities  are  the  data. 

The  unknown  quantities  may  be  expressed  in  the  following 
manner.  Let  o^,  y^i  be  the  co-ordinates  of  the  higher  given  point, 
and  Sx  the  arc  terminating  at  it,  all  measured  from  the  yet  unknown 
vertex  of  the  aitenaiy,  and  x,  y.  .„  the  corresponding  quantities 
for  the  lower  given  point.  (The  particular  case  when  the  points 
are  at  the  same  level  will  be  afterwards  considered).     Also  let 

sCi  +  ^  =  A  (an  unknown  quantity). 
Then  we  have 

h  -^  h^       h  —  h  n-w 

*i  —  — 2     ^  ^ —      2     * \^"^v 

Putting  these  values  of  as  in  the  equations  6  and  8,  we  find 


...(12.) 


Square  those  two  equations  and  take  the  difference  of  the  squares  ; 
then, 

J^l^—^  =  m(e  ^— «"ni;V (13.) 

In  this  equation  the  only  xmknown  quantity  is  the  pardymder  m, 
which  is  to  be  determined  by  a  series  of  approximations. 

!Next,  divide  the  sum  of  the  equations  (12)  by  their  difference. 
This  gives 

i       l  +  v 

and  ooaosequently 

A  =  «» •  hyp.  log.  ^—^ (14.) 

Stiier  or  both  of  the  absoisB»  x^  and  x,,  being  computed  by  the 
equations  11,  we  find  the  position  of  the  vertical  axis.  Then  com- 
puting by  equation  8,  either  or  both  of  the  ordinates,  y^,  y^,  ve  find 
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the  vertex  of  the  catenary,  wbicb,  together  with  the  parametery 
being  known,  completely  determines  the  curve. — Q.  K  L 

When  the  given  points  are  at  the  same  level,  that  is,  when  9  =  0, 
the  vertical  axis  must  be  midway  between  them,  so  that 


«i  =  —  0^  =  2 ;  /*  =  0, 


,{15.) 


In  this  case  equation  13  becomes 


I 


=  m  j«*» — 0  «»y 


(16.) 


from  which  m  is  to  be  found  by  successive  approximations.  Then 
the  computation  of  y^  =  y^  by  means  of  equation  8  determines  the 
vertex  of  the  curve,  and  completes  the  solution. 

The  following  are  some  of  the  geometrical  properties  of  the 
catenary : — 

I.  The  radius  of  curvature  at  the  vertex  is  equal  to  the  para- 
meter, and  at  any  other  point  is  given  by  the  equation 


r  =  n>  •  sec*!., 


(17.) 


IL  The  length  of  a  normal  to  the  catenary,  at  any  point,  cut  olT 
by  a  horizontal  line  at  the  depth  m  below  the  vertex,  is  equal  to  the 
radius  of  ciurature  at  that  point 

IIL  The  involute  of  a  catenaiy  commencing  at  its  vertex,  is  the 
tractory  of  the  horizontal  line  before  mention^,  with  the  constant 
tangent  m. 

I Y.  If  a  parabola  be  rolled  on  a  straight  line,  the  focus  of  the 
parabola  traces  a  catenaiy  whose  parameter  is  equal  to  the  focal 
distance  of  the  parabola. 

176.  Ceitfre  •£  OniTtty  mt  a  Flexible  flMractvre. — ^In  eveiy  case  in 

which  a  perfectly  flexible  structure,  such  as  a  cord,  a  chain,  or  a 
funicular  polygon,  is  loaded  with  weights  only,  the  figure  of  stable 
equilibrium  in  the  structure  is  that  which  corresponds  to  the  lowest 
possible  position  of  the  centre  of  gravity  of  the  entire  load.  This 
principle  enables  all  problems  respecting  the  equilibrium  of  ver- 
tically loaded  flexible  structures  to  be  solved  by  means  of  the 
"  Calculus  of  Variations," 

177.  TmaafeniatleB  of  Cotda  andl  Chaiu.  —  The    principle    of 

TrxmtfornuUion  hy  PardUd  Prcjection  is  applicable  to  continuously 
loaded  cords  as  well  as  to  polygonal  frames :  it  being  always  borne  in 
mind,  that  in  order  that  forces  may  be  correctly  transformed  by 
X)arallel  projection,  their  magnitudes  must  be  represented  by  the 
Ungtlia  of  straight  lines  parallel  to  their  direc^ons^  so  that  if  in  any  case 
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presented  by  an  area  (as  in  Articles 
(til  of  a  curve  (aa  in  Article  175), 
t  force  by  projection,  first  consider 
raight  line  should  have  ia  order  to 

iveai  might  have  been  treated  as  ex- 
uallel  projection.  For  instance,  the 
3  of  Arti<de  172  might  be  treated  as 
•-chain  with  vertic^  rods,  made  by 
[ularoo-ordinates;  and  the  intradoa 
tide  1 74>  where  the  lesat  ordinate  y^ 
itio,  might  be  treated  as  a  parallel 
g  the  proportions  of  tlie  rectangular 
onding  curve  in  which  the  least  co- 
ter;  that  is,  from  the  cat«nary. 
fear  the  alterations  made  hy  parallel 
if  a  loaded  chain  or  cord,  and  in  the 

be  the  vertical  co-ordinate  of  any 
rdinate.  Let  F  be  the  vertical  load 
>f  the  chain  and  its  lowest  point  A; 

horiiontal  unit  of  length;  let  H  be 

he  tension;  let  B  be  the  tension  at 

aed  figure,  the  vertical  ordinate  j/, 
is  represented  by  a  vertical  line,  are 
ion,  so  that  we  have 


..(I.) 


inate  x,  let  there  be  substituted  an 
at  the  angle  j  to  the  horizon,  and 

it  ratio  —  =  a.     Then  for  the  hori- 

i  substituted  an  oblique  tension  H', 
the  same  proportion  with  that  oo 


the  resultant  of  the  vertical  load  F 
Let  B  be  its  amoimt,  and  i  its  in- 


..(3.) 
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ai^d  the  ratios  of  those  three  forces  are  expressed  hy  the  proportioii 

P:H:Il:  :tan.i  :l:eeoi:  :Biii<:oo6{:  1 (4.) 

Let  R'  be  the  amount  of  the  tensiooL  at  the  point  B  in  the  new 
stractnre^  corresponding  to  B,  and  let  i'  be  its  inclination  to  the 
oblique  co-orcUnaie  of;  then 

R'=  ^(F»  +  H:»=4=2FH'fflnj) (5.) 

F  :  H' :  B' : :  sin  t:  008(1"  =±=i) :  cosi (6.) 

The  altematiye  signs  ^c  are  to  be  used  aooording  as  i  and  J 

I  d^^  I  ^  <^irection. 

The  intensih/  of  the  load  in  the  transformed  stmctore  par  unU  of 
oblique  length  measared  along  docf,  is 

p'  =  :r',  ==  -; - (7.) 

'^        das         a  ^   ^ 

but  if  the  intensitj  of  the  load  be  estimated  per  ttnii  qf  horizofdal 

lengthy  it  becomes 

P 

p*  sec  J  =  — - — (8.) 

^       "^       a'cos^  ^   ^ 

178.  i«iiiMn*  Arches  or  wuhm* — Conceive  a  cord  or  chain  to  be 
exactlj  inverted^  so  that  the  load  applied  to  it,  unchanged  in  direc- 
tion, amount,  and  diBtribution,  shall  act  inwards  instead  of  out- 
wards; suppose,  further,  that  llie  cord  or  chain  is  in  some  manner 
stayed  or  stiffened,  so  as  to  enable  it  to  preserve  its  figmre  and  to 
resist  a  thrust ;  it  then  becomes  a  linear  a/rch,  or  equUibraied  rib  ; 
and  for  the  pull  at  each  point  of  the  original  cord  is  now  substi- 
tuted an  exactly  equal  t?Mru8t  along  the  rib  at  the  corresponding 
point. 

Linear  arches  do  not  actually  exist;  but  the  propositions  respect- 
ing them  are  applicable  to  the  lines  of  resistance  of  real  arches  and 
arched  ribs,  in  those  cases  in  which  the  direction  of  the  thmst  at 
each  joint  is  that  of  a  tangent  to  the  line  of  resistance,  or  curve 
connecting  the  centres  of  pressure  at  the  joints. 

All  the  propositions  and  eqiiations  of  the  preceding  Articles;, 
respecting  cords  or  chains,  are  applicable  to  linear  arches,  substi- 
tuting only  a  thniet  for  a  pidl,  as  the  stress  along  the  line  of  resist- 
ance. 

The  principles  of  Article  167  are  applicable  to  linear  arches  in 
general,  with  external  forces  applied  in  any  direction. 

The  principles  of  Article  168  are  applicable  to  linear  archeB 
under  parallel  loads;  and  in  such  archeS|  the  quantity  denoted  by 
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H  in  the  fonnube  represents  a  cfmBtami  tknut,  in  a  direction  peiw 
pendicular  to  that  of  the  load. 

The  form  of  eqnilibrimn  for  a  linear  arch  nnder  an  nniform  load 
18  a  parabola,  similar  to  that  described  in  Article  169. 

In  the  case  of  a  linear  arch  nnder  a  yertical  load,  intradae  denotes 
the  figure  of  the  arch  itself,  and  extrado8  a  line  trayersing  the  vpper 
ends  of  Grdinates,  drawn  upwards  from  the  intiados,  of  lengths  pro- 
portional to  the  intensities  of  the  load;  and  the  principles  of 
Artide  173  are  applicable  to  relations  between  the  intrados  and 
ihe  eztradoSb 

The  cmrire  of  Article  174  is  the  figure  of  eqnilibrinm  for  a  linear 
arch  with  a  horizontal  extrados ;  and  from  Article  17£^  it  appeazsy 
that  the  figures  of  all  such  arches  may  be  deduced  from  that  of  a 
catenaiy,  bj  uiTertiDg  it  and  alteiing  its  horizontal  and  yertical 
oo-ordinates  in  given  constant  proportions  for  each  case. 

The  principles  of  Article  177,  relative  to  the  transformation  of 
cords  and  chains^  are  applicable  also  to  linear  arches  or  ribs.  This 
subject  will  be  further  considered  in  the  sequeL 

The  preceding  Articles  of  this  section  contain  propositions  which, 
though  applicable  both  to  cords  and  to  linear  arahes,  are  of  impor- 
tance in  practice  chiefly  in  relation  to  cords  or  chaiua  The  follow- 
ing Articles  contain  propositions  which,  though  applicable  also  to 
cords  as  well  as  linear  arches,  are  of  importance  in  practice  chiefly 
in  relation  to  linear  arche& 

179.    CtremUmr  Arcli  f«r  VBlfmrm  Flnld  PitJ— id. — It   is   evident 

that  a  linear  arch,  to  resist  an  uniform  normal  pressure 'from  with- 
out, should  be  circular ;  because,  as  the  force  to  which  it  is  sub- 
jected is  similar  all  round,  its  figure  ought  to  be  similar  to  itself 
all  round — a  |HX>perty  possessed  by  the  circle  alona 

In  fig.  88,  let  A  B  A  B  be  a  circular  linear  aich,  rib,  or  ring, 


Fig.  88. 

whose  centre  is  0,  pressed  upon  from  without  by  a  normal  pressure 
of  uniform  intensity. 

In  order  that  the  intensity  of  that  pressure  may  be  conveniently 
expresBed  in  units  of  force  per  unit  of  are%  oonoeive  the  ring  in 
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question  to  represent  a  vertical  section  of  a  cylindrical  shelly  whose 
lengthy  in  a  direction  perpendicular  to  the  plane  of  the  figure,  is 
tmiti/.  Let  p  denote  the  intensity  of  the  external  pressure,  in 
units  of  force  per  unit  of  area ;  r  the  radius  of  the  ring ;  T  the 
thrust  exerted  round  it,  which,  because  its  length  is  unity,  is  a 
thrust  per  v/nU  of  length. 

The  uniform  normal  pressure  p,  if  not  actually  caused  by  the 
thrust  of  a  fluid,  is  similar  to  fluid  pressure ;  and,  according  to 
Article  110,  it  is  equivalent  to  a  pair  of  conjugate  pressures  in  any 
two  directions  at  right  angles  to  each  other,  of  equal  intensity. 
For  example,  let  x  be  vertical,  y  horizontal,  and  let  p^j  p^  be  the 
intensities  of  the  vertical  and  horizontal  pressure  respectively,  then 

PM—Pf—P'> (1.) 

snd  the  same  is  true  for  any  pair  of  rectangular  pressures. 

To  find  the  thrust  of  the  ring,  conceive  it  to  be  divided  into  two 
parts  by  any  diametral  plane,  such  as  C  C.  The  thrust  of  the  nng 
at  the  two  ends  of  this  diameter,  of  the  amount  2  T,  must  balance 
the  component,  in  a  direction  perpendicular  to  the  diameter,  of  the 
pressure  on  the  ring;  the  normal  intensity  of  that  component  is  p, 
as  already  shown ;  and  the  area  on  which  it  acts,  projected  on  the 
plane,  C  C,  which  is  normal  to  its  direction,  is  2r ;  hence  we  have 
the  equation 

2T  =  2jpr;  or  T=^r (2.) 

for  the  thrust  all  round  the  ring;  which  is  expressed  in  words  by 
this 

Theorem.  The  thrust  rownd  a  circuUir  ring  under  an  uniform 
normal  pressure  is  the  prodfuct  of  the  pressure  on  an  umt  ofdrcuji^ 
ference  hy  the  radius. 

180.    EUtpHcal  Archoa  for  ITnlltom  PreanWM^ — H  a  linear  arch 

has  to  sustain  the  pressure  of  a  mass  in  which  the  pair  of  conjugate 
thrusts  at  each  point  are  uniform  in  amount  and  direction,  but  not 
equal  to  each  other,  all  the  forces  acting  parallel  to  any  given  direc- 
tion will  be  altered  froia  those  which  act  in  a  fluid  mass,  by  a  given 
constant  ratio ;  so  that  they  may  be  represented  hj  paraUd  projee- 
tions  of  the  lines  which  represent  the  forces  that  act  in  a  fluid  mass. 
Hence  the  figure  of  a  linear  arch  which  sustains  such  a  system  of 
pressures  as  that  now  considered,  must  be  a  parallel  projection  of  a 
circle ;  that  is,  an  eUipse,  To  investigate  the  relations  which  must 
exist  amongst  the  dimensions  of  an  elliptic  linear  arch  under  a  pair 
of  conjugate  pressures  of  uniform  intensity,  let  A'  K  A'  K,  B"  A"  B", 
in  fig.  88,  represent  elliptic  ribs,  transformed  from  the  circular  rib 
A  B  A  B  by  parallel  projection,  the  vertical  dimensions  being  un- 
changed, and  the  horizontal  dimensions  either  expanded  (as  B"  B")^ 


iniform.  latio  denote 
he  horizontal  semi-a 
the  vertical  and  hor 
and  sS  y,  those  of 
U  have 


re  of  the  circle  at  ri 
e  a  pair  of  conjugate 


■,  =  P,  =  T=pr. 

rtical  pressure,  and  P'^^o  total 
it  of  the  ellipee,  aa  A'  ff,  or  A"  1 
1  on  the  rib  at  B'  or  B',  and  T 

I  of  traitaformation, 

=  P,  =  T=pr;  1 

=  c  P,  =cT  =  cpr;/ 

I  <A«  axoi  to  which  iheg  an  parait 
e  the  total  pressnre,  parallel  to 
s  O*  D"  or  0*  D')  on  ttie  qnadiai 
)  the  thmst  of  the  rib  at  C  or  < 
conjugate  to  C  D"  or  0"  D^j  an 


=  T  =  ~  P=pt'; 

I  the  dtameters  to  lohvA  they  are  j 
e  inteMitiea  of  the  conjugate  hotj 
B  elliptic  arch  ;  that  ia,  of  the 
12).  Each  of  those  intensities  b 
onding  total  preaauie  \ij  the  a 
lal,  tiiey  are  given  l^  the  follow 
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80  that  the  vntensUies  of  the  principal  pressures  are  ae  the  aqueares  of 
the  aaoea  qf^  dliptic  arch  to  whu^  ^key  a/re  parcdUL 

Hence  the  '^  ellipse  of  stress  "  of  Article  112  is  an  eUipee  idiofle 
axes  are  proportional  to  the  squares  of  the  axes  of  the  elliptic  arch ; 
and  to  adapt  an  elliptic  ardi  to  uniform  vertical  and  horizontal 
pressures^  the  rcUio  of  the  aaxs  of  the  a/rch  must  he  the  square  root  of 
the  ratio  of  the  intensities  of  the  principal  pressures  ;  that  is, 


-Vi- 


■(«•) 


The  external  pressure  on  any  point,  D'  or  D",  of  the  elliptic  arch, 
is  directed  towards  the  centre,  (>  or  O",  and  its  intensity,  per  unit 
of  area  of  the  plane  to  which  it  is  conjugate  (CX  O  or  O''  CT),  is  given 
by  the  following  equation,  in  which  /  denotes  the  semidLameter 
(0'  jy  or  O"  D*^  parallel  to  the  pressure  in  question,  and  r^  the  con- 
jugate semidiameter  (C  O  or  O"  C)  :— 

JP'  =  z«  =  P  V^ ^^'^ 

r  r 

that  is,  the  intensity  of  the  pressure  in  the  direction  of  a  given  dia- 
meter is  directly  as  that  diameter  and  inversely  as  the  canjugaie  dic^- 
meter. 

Let  p"  be  the  intensity  of  the  external  pressure  in  the  direction 
of  the  semidiameter  r^.     Then  it  is  evident  that 

p'  ip"  ::  t^  :  r"' ; (7.) 

that  is,  the  intensitiesof  a  pair  of  conjugate  presstures  are  to  eoc^  other 
as  the  squares  of  the  conjugaie  diameters  of  the  dliptic  rib  to  uMak 
they  are  respectively  parallel. 

These  results  might  also  have  been  airived  at  by  means  of  the 
principles  relative  to  the  ellipse  of  stress,  which  have  been  explained 
in  Article  112. 

181.  iMMMcd  BlUpclo  Arch. — To  adapt  an  elliptic  linear  arch 
to  the  sustaining  of  the  pressure  of  a  mass  in  which,  while  the  state 
of  stress  is  imiform,  the  pressure  conjugate  to  a  vertical  pressure  is 
not  horizontal,  but  inclined  at  a  given  angle  j,  the  figure  of  the 
ellipse  must  be  derived  £rom  that  of  a  dicle  by  the  substitution  of 
inclined  for  horizontal  co-ordinates. 

In  fig.  89,  let  B  A  C  be  a  semicircular  arch  on  which  the  ex- 
ternal pressures  are  normal  and  uniform,  and  of  the  intensiiy  jp,  as 
before;  the  radius  being  r,  and  the  thrust  round  the  arch,  and  load 
on  a  quadrant,  being  as  before,  P  =  T  =pr.  Let  D  be  any  point 
in  the  circle,  whose  co-ordinates  are,  vertical,  OE  =  x,  horizontal. 


arch,  in  which  the  verti- 
the  cmde,  while  for  each 


sate  inclined  to  the  hori- 
o  the  corresponding  hori- 
li  ratio  c;  that  ia  to  nay, 


9  circle  OA  =  r,  will  Ija 
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circle  CB  =  2r,  willbe 
illipae  ffW=2  c  r,  which 
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«  0*  A' and  CF,  instead 
Let  P,  denote  tiie  total 
preasore,  on  either  of  the 
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Then 


proportional  to  the  dia- 
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'    ^  ^JL^P. 


cr 


V 


(3.) 


80  that^  as  before,  the  intensities  of  the  conjugale  pressures  am  as 
the  sqiM^'ss  of  the  diameters  to  which  ihey  areparalld. 

The  thrast  of  the  arch  at  any  point  ly  is  as  before,  proportional 
to  the  diameter  conjugate  to  O'  D'. 

It  is  sometrmes  convenient  to  express  the  intensity  of  the  Terti- 
cal  pressure  per  unit  of  area  of  the  horizontal  projection  of  the  space 
over  which  it  is  distributed ;  this  is  given  by  the  equation 


pM  •  sec  J  = 


P 


C  'COS J 


(*•) 


It  is  to  be  borne  in  mind,  that  this  is  not  the  pressure  on  unify 
of  area  of  a  horizontal  plane  (which  pressure  is  inversely  as  the 
horizontal  diameter  of  the  ellipse  and  directly  as  the  diameter  con- 
jugate to  that  diameter,  to  which  latter  diameter  it  is  parallel),  but 
the  pressure  on  that  area  of  a  plane  inclined  at  the  angle  j,  whose 
horizontal  projection  is  unity. 

The  following  geometrical  construction  serves  to  determine  the 
major  and  minor  axes  of  the  ellipse  K  A'  (7. 

Draw  O'  a  JL  and  =  O  A' ;  join  K  a,  which  bisect  in  m ;  in  B'a 

produced  both  ways  take  mp  =  mq  =  O' w  j  join  (yp,  (Yq ;  these 
lines,  which  are  perpendicular  to  each  other,  are  the  directions  of 
the  axes  of  the  ellipse,  and  the  lengths  of  thesemiaxes  are  respectively 
equal  to  the  segments  of  the  line  p  q,  viz.,  "Bp  =  a  ^,  Rg  =  ap. 

The  following  is  the  algebraical  expression  of  this  solution.  Let 
A  denot'O  the  major  and  B  the  minor  semi-axis  of  the  ellipse. 

Then  

A  +  B  =  2  0'm  =  r  ^(1 +  c"  + 2c -cosy); 

A-B  =  Fa  =  rV(l+c«-2c-cosi); 
whence  we  have  for  the  lengths  of  the  semi-axes, 

A  =  ||  ^(l  +  c*  +  2c'cosy)+  ^(l  +  c"-2c-oosJ)|j 


B=^|  n/(1+c"  +  2c-cos^')-V(1+c»-2o-cos/)|; 


(5.) 


I  nearest  axis  makes  with  tlie 

the  Bhorter. 

iarallel  to,  and  proportional 
the  ellipse  of  stress  in  the 
>e  found  by  the  aid  of  case 


~Tho  condition  of 
it  where  the  pressure  is  nor- 

arch  of  the  same  cnrraturc 
r;  and  hence  modifying  the 
se,  we  have  the  following  :— 
lally  pregeed  point  of  a  linear 
curvature  hy  Hie  inlenaity  of 
diua  of  curvature  by  j,  the 
f  curve  by  p,  and  the  thrust 


..(1.) 


I  by  the  vertically  and  hori- 
rticle  180;  for  the  radii  of 
■A  its  two  axes,  r  and  c  r,  are 


tioDS  of  Article  1 80,  and  into 


,..(3.) 


Bsnre  be  normal  at  eeery  point 
les  cited),  the  throst  must  be 
iry  only  by  the  application  of 
.  hence  follows 
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Theorem  1L  In  a  linear  arch  sustaining  a  presnire  tMeh  it 
everywhere  nomuU,  the  thrust  is  v/nifcrmy  amd  the  radius  qfourva- 
ture  is  inversely  as  the  pressure — a  theorem  expressed  symbolically 
thus : — 

T  =  jp^  s  constant (4.) 

The  only  arch  of  this  class  which  has  hitherto  been  considered  is 
the  circular  arch  under  uniform  normal  pressure.  Another  ingfamce 
will  be  given  in  the  following  Article. 

183.  The  BjdrMtatic  Arch  is  a  linear  arch  suited  for  soatuning 
normal  pressure  at  each  point  proportional^  like  that  of  a  liquid  in 
repose^  to  the  depth  below  a  given  horizontal  plane ;  and  is  some- 
times called  ^^  the  arch  of  Yvon-Yillarceaux/'  from  tiie  name  of  tho 
mathematician  who  first  thoroughly  investigated  the  properties  of 
its  figure  by  the  aid  of  elliptic  functions. 

The  radius  of  curvature  at  a  given  point  in  the  hjdrostatio  arch 
being,  in  virtue  of  Theorem  IL  of  the  last  Article,  inversely  propor- 
tional to  the  intensity  of  the  pressure,  is  also  inversely  propOTtioDal 
to  the  depth  below,  the  horizontal  plane  at  which  vertical  ordinates 
representing  that  intensity  commence. 

In  fig.  90,  let  Y  O  Y  represent  the  level  surface  from  which  the 
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pressure  increases  at  an  imiform  rate  downwards,  so*as  to  be  gimiUr 
to  the  pressure  of  a  liquid  having  its  upper  sur&ioe  at  Y  O  Y.  Let 
A  be  the  crown  of  the  hydrostatic  arch,  being  the  point  where  it  is 
nearest  the  level  sur&ce,  and  consequently  horizontal  Let  co-ordi- 
nates be  measured  fix)m  the  point  O  in  the  level  sur&ce,  directly 
above  the  crown  of  the  arch ;  so  that  OX  =  ITC  =  x  shall  be  the 
vertical  ordinate,  and  O  Y  =  XO  =  y  the  horizontal  ordinate,  of 
any  point,  C,  in  the  arch.  Let  O  A,  the  least  depth  of  the  aixh 
below  the  level  surfiice,  be  denoted  by  x^,  the  radius  of  curvature 
at  the  crown  by  r^  and  the  radius  of  curvature  at  any  point  C  bv  r. 
Let  «7  be  the  weight  of  an  unit  of  volume  of  the  liquid,  to  whose 
pressure  the  load  on  the  arch  is  equivalent  Then  the  intensities  of 
the  external  normal  pressure  at  the  crown  A,  and  at  any  point  C, 
are  expressed  respectively  by 


rtne  of  &e  priacipUa  of  Ai-tide 
by  the  equ&tion 


..(1.) 

Article 
..(2.) 


..(3.) 


operty  of  having  the  ndins  of 
>  the  vertical  ordinate  from  a. 
rve  to  be  drawn  approximatelj, 
rt  circular  arcs.  It  is  found  to 
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og  of  alternate  arches  and  loops, 

or  division  of  this  carve,  viz, 
iroagh  a  vertex,  A,  to  a  second 
of  an  arch  ;  and  that  the  por- 
I  ihe  carve  is  vertical,  is  alone 

the  point  R  The  vertical  load 
itedby 


LTuat  T  of  the  arch  at  £,  must 
whence  follows  the  equation 

}y<iy (4-) 

itre  betvjeen  the  ihorUsl  vertical 
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'odiva  of  m/rvaiure. 
:,  C,  ia 


ry; 
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and  tills  is  sustained  by  and  equal  to  the  vertical  component  of  tiie 
thrust  of  the  arch  at  C,  which  is  T '  sin  i  (t  being  the  inclination  of 
the  ai^ch  to  the  horizon). 
Hence  follows  the  equation 


Jxdy  =  x^r^*aji%=  ^\^^^] (5.) 

That  is  to  say,  the  a/rea  of  tJie  figure  between  the  shortest  verticxd 
ordinate  and  cmy  vertical  ordinate,  varies  as  tlie  sine  of  the  angle  oj 
inclination  to  the  horizon  of  the  curve  at  the  latter  ordinate. 

The  horizontal  external  pressure  on  the  semi-arch  &om  B  to  A 
is  the  same  with  that  on  a  vertical  plane,  AF,  immersed  in  a 
liquid  of  the  specific  gravity  w  with  its  upper  edge  at  the  depth 
Xf^  below  the  sui-face  (see  Article  124);  so  that  its  amount  is 


w\     xdx  =  w  ■  ^   ^; 


and  this  is  balanced  by  the  thrust  of  the  arch,  T,  at  the  crown. 
Hence  follows  the  equation 

a»-  =  ab»'o  =  — 2— • (^O 

That  is  to  say,  half  the  difference  of  the  squares  oftlie  least  vertical 
ordinate  and  of  tlie  tangent  vertical  ordinaJte  is  equal  to  the  constant 
product  of  the  vertical  ordinate  and  radius  of  curvature. 

Equation  6  gives  for  the  value  of  the  vertical  tangent  ordinate, 


»!  =  Jxi  +  2x^r^ (7.) 

The  horizontal  external  pressure  between  B  and  any  jpoint,  C,  is 
equal  to  the  pressure  of  a  liquid  of  the  specific  gravity  to  on  a  ver- 
tical plane  X.  F  with  its  upper  edge  immersed  to  the  depth  x,  so 
that  its  amount  is 


WJ     xdxssw  -L^ — ; 

•'*  2     ' 


and  this  is  balanced  by  the  horizontal  component  T  *  cos  %  of  the 
thrust  of -the  arch  at  C ;  whence  follows  the  equation 


3/1  ^~  fl?* 

=  rc^r.  •  cos  i; (&) 


2 "o'o 

which  gives  for  the  value  of  any  vertical  ordinate, 


s- 
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The  values  of  those  ftmctioiis,  when  the  upper  liinit  of  int^i»- 
iion  is  ^  =  -,  or  90  degrees,  are  called  oompUie  functions,  and  de» 

noted  respectiyely  by 

Fj  {S)  and  E^  {(f). (a) 

In  order  to  apply  those  functions  to  the  case  of  the  hydrostatic 
archy  let  the  amplitude  be  half  the  supplement  of  the  inclination  of 
the  curve;  that  is,  let 

f  =  90o_|; (d) 

so  that  at  D,  f  =  0,  at  B,  ^  =  45°,  and  at  A,  ^  =  90"*.  Let  the 
vertical  ordinate  and  radius  of  curvature  at  the  point  D  be  denoted 
respectively  by  X,  R ;  then 

X=  ^(a5+4roai,)jan<i  \ /jjx 

RX  =  r«  =  rj,af^j;  ;  ^    '' 

for  the  modulus  ^  take  an  angle  such  that 

sin'tf  =  -==r-  =    .,1        («.) 

Then  equation  9,  the  expression  for  the  vertical  ordinate,  becomes 
a;  =  'Y/(«J  +  4«^ro•Bin•l^=X•>y/  (l— sin»^-sin*fy(14.) 
7lie  values  of  ^^  far  the  points  B  and  A  are  respectively 
*,  =  xy'(l_??fi);a^  =  X^(l-8in-^) 

==  X  •  008  $. (14  A.) 

Introducing  the  above  vafaw  of  « into  eqiiati<»L  5,  weohtein  fi»r  the 
area  betveen  O  A  and  any  other  vertictd  ordinate, 

/    »ei?y  ;?=.«^tv*«int:^2XB  'cosf  aiiaf 

= 5 eosf  sm.^ (15.) 

The  value  of  this  expression  for  the  point  B  is 

/*'•     ,  ^nr.       X"-sin*^ 

/   a:c?y  =  a^,ro  =  XR= •. (15  a-) 

I^ow  differentiate  the  area  (15)  -with  respect  to  the  amplitude  9, 
and  divide  by  as ;  this  gives 
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184.  OoMiatte  Ai«hcs.~It  is  proposed,  bj  the  term  **GeosUUie 
Archf*  to  denote  a  linear  arch  of  a  figure  suited  to  sustain  a  pressure 
similar  to  that  of  earth,  which  (as  will  be  shown  in  Section  3  of 
this  Chapter)  consists,  in  a  given  vertical  plane,  of  a  pair  of  con- 
jugate pressures,  one  vertical,  as  in  Article  12^  of  Part  L,  and 
proportional  to  the  depth  below  a  given  plane,  horizontal  or  sloping^ 
and  the  other  parallel  to  the  horizontal  or  sloping  plane,  and  bearing 
to  the  vertical  pressure  a  certain  constant  ratio,  depending  on  the 
nature  of  the  material,  and  other  circumstances  to  be  explained  in 
the  sequel  In  what  follows,  the  horizontal  or  sloping  plane  will 
be  called  the  conjugctte  plane,  and  ordinates  parallel  to  its  line  of 
steepest  declivity,  when  it  slopes,  or  to  any  line  in  it,  when  it  is 
horizontal,  eof^tigcUe  ordinates.  The  intensity  of  the  vertical  pres- 
sure will  be  estimated  per  imit  of  area  of  the  eonjugate  plane;  and 
the  pressure  parallel  to  the  line  of  steepest  declivily  of  that  plane, 
when  it  slopes,  or  to  any  line  in  it,  when  it  is  horizontal,  will  be 
called  the  conjugate  preaswre,  and  its  intensity  will  be  estimated  per 
unit  of  area  of  a  vertical  plane. 

Let  the  origin  of  co-ordinates  be  taken  at  a  point  in  the  conju- 
gate plane  vertically  above  the  crown  of  the  proposed  arch ;  let  t! 
denote  the  vertical  co-ordinate  of  any  point,  ana  y'  the  conjugate 
co-ordinate.  Let  j  be  the  angle  of  inclination  of  the  coniugate  plane 
to  the  horizon.  Let  vf  be  the  weight  of  unity  of  volume  of  the 
material  to  which  the  pressure  is  due,  and  whose  npper  surface  is 
at  the  conjugate  plana  Then  the  intensity  of  the  vertical  pressure 
at  a  given  depth  o^,  according  to  Theorem  L'of  Article  125,  is 

p'm^vf  oi  '  COBJ; (1.) 

and  that  of  the  conjugate  pressure 

p',  =  c»j/.  =  c^v/a^'coaj; (2.) 

c*  being  a  constant  ratio,  expressed  in  the  form  of  a  square,  for  a 
reason  which  will  afterwards  appear. 

Conceive  a  hydrostatic  arch,  whose  vertical  and  horizontal  co- 
ordinates are  x  and  y,  and  which  is  subjected  to  the  pressure  of  a 
material  whose  weight  per  cubic  foot  is 

to  =  ctccoaj (3.) 

Then  at  any  given  point  in  that  hydrostatic  arch,  whose  depth 
below  the  sut&ce  is  «  =  tc',  we  shall  have  for  the  intensities  of  the 
vertical  and  horizontal  pressures 

Pm=  Pt  -wx  ^  cv/oC'COBJ  =  c//.  =  ^ (4.) 

c 

Now  let  the  figure  of  an  arch  be  transformed  finom  that  of  the 
hydrostatic  arch  by  parallel  projection,  in  such  a  manner  that  the 
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Tertical  co-ordinate  of  any  point  in  the  new  arch  shall  be  the 
same  with  that  of  the  corresponding  point  in  the  hydrostatic  arch^ 
and  that  the  eonjugaie  co-ordinate  of  any  point  in  the  new  arch 
shall  bear  to  the  horizontal  eo-ordmale  of  the  corresponding  point 
in  the  hydrostatic  arch  the  constant  ratio  c;  that  is  to  say,  let 

of  =  x;  j^  =  c  y (5.) 

The  total  vertical  and  horizontal  pressures  on  the  arc  between 
two  given  points  in  the  hydrostatic  arch  are  respectively 

1*-  =  f  P.d!f;  P,  =  I p,dx. (6.) 

The  total  vertical  and  cor^u^cUe  pressures  on  the  arc  between  the 
two  corresponding  points  in  the  new  arch  are  respectively 

F.=  /  j/,rfy;  F,=  /i>',d«'; (7.) 

and  if  into  these  two  expressions  we  introduce  the  values  ofp*,,  p',, 
dai^  and  d  y,  deduced  fix>m  equations  4  and  5^  viz.  : — 

c 

we  find  the  following  relations  between  the  total  vertical  and 
horizontal  pressures  in  a  given  arc  of  the  hydrostatic  arch,  and  the 
total  vertical  and  conjugate  pressures  on  the  corresponding  arc  of 
the  transformed  arch, 

F-  =  P.;  F,  =  cP,; (8.) 

being  the  same  with  the  relations  which,  according  to  equation  5, 
exist  between  the  co-ordinates  respectively  parallel  to  the  pressures 
in  question.  Therefore  the  transformed  arch  is  a  parallel  projection 
of  tlie  original  arch  under  forces  represented  by  lines  which  are  the 
corresponding  parallel  projections  of  the  lines  representing  the 
forces  acting  on  the  original  arch:  therefore  it  is  in  equilibrio. 
The  conclusions  of  the  preceding  investigation  may  be  summed  up 
in  the  following 

Theoseil  a  ffeoetatic  airch,  transformed  from  a  hydroetaUe  arch 
hy  preeeroing  the  vertical  oo-ordinatea,  and  eubetihUing  for  the  hori- 
zontal co-ortUnateSf  corrugate  co-ordinatea,  either  horizontal  or  indvned, 
and  altered  in  a  given  ratio,  austaine  vertical  and  corrugate  pressurea, 
tJte  ratio  of  the  intensity  of  the  conjugale  preaawre  to  that  of  the  vertical 
pressure  being  the  aquare  of  the  ratio  of  the  conjugate  eo-^yrdinates  to 
tJie  original  horizontal  oo-ordinatee. 

This  transformation  is  exactly  analogous  to  that  of  a  circular 
arch  into  an  eUiptio  arch,  in  Articles  180,  181. 

Let  To  be  the  thrust^  horizontal  or  inclined  as  the  case  may  be, 
at  the  crown  of  a  geoetatic  arch,  and  T|  the  vertical  thrust  at  the 
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points  where  the  arch  is  vertical,  which  in  this,  as  in  other  cases, 
is  the  vertical  load  of  the  semi-arch;  then 

To=  c  T, (10.) 

All  the  equations  relative  to  the  eo-ordinoAm  of  a  hydrostatic  arch, 
given  in  Article  183,  are  made  applicable  to  a  geostatic  arch,  by 

substitating  a^  for  «,  and  ^  for  y.  This  principle,  however,  is  appli- 
cable to  co-crdiTiatea  only,  and  not  to  angles  of  inclination,  radii  of 
curvature,  nor  lengths  of  arcs.  The  modulus  ^t  ft&d  amplitude  f  , 
are  therefore  to  be  considered  as  functions,  not  of  inclinations,  nor 
of  radii  of  ourvature,  but  of  vertical  ordbiates ;  that  is  to  say,  let 
Kfi  be  the  least  vertical  ordinate  at  the  crown,  «i  the  vertical  tangent 
ordinate,  and  X  the  greatest  vertical  ordinate  at  the  loop  (which 
are  the  same  in  both  kinds  of  arch),  then 


^  =:  arc  COS  ^  =  arc  cos 


Oo 


^  =  arc  sin 


m  -^ = =  arc  sm  J  < — _  >  : 

X-sintf  ^IX«  — aSr 


(11.) 


and  ^  is  the  same  function  of  ^  and  (p  for  a  geostatic  arch,  that  y 
c 

is  for  a  hydrostatic  arcL 

185.  gtcwiftic  Arch. — This  term  is  employed  to  denote  a  linear 

arch  sustaining  the  pressure  of  a 
material  in  which,  at  any  given 
point,  there  are  a  pair  of  conjugate 
pre&^mres,  one  vertical,  and  the 
other  in  a  fixed  direction,  hori- 
zontal or  inchned,  but  not  bearing 
to  each  other  any  constant  propor- 
tion, nor  following  any  invariable 
law  as  to  their  intensities,  except 
that  of  being  of  the  same  intensity 
throughout  each  plane  which  is 
conjugate  to  the  vertical  pressure, 
—-a  condition  which  involves  the 
Bymmetrical  distribution  of  the  ver- 
tical load  on  either  side  of  a  verti- 
cal axis  traversing  the  crown  of  the 
arch. 

The  principal  questions  which 
^***  arise  respecting  any  stereostatio 

azoh  are  comprehended  under  the  following 


Let  C  be  anv  noint  io  the  arch,  whose  co-ordinate! 


the  arch  at  C  to  the  horizon. 
e  arc  between  0  and  C. 
vertical  lino  CW  to  repreae 
he  diagonal  of  the  rectangle  0 
B  thrust  along  the  arch  at  ( 
of  that  thrust;  and  if  this  b 
at  be  made  up  by  means  of 
16  arch  betveen  0  and  C.  '. 
I  the  amount  of  that  horizont 
I  the  arch  at  0;  then 

-^=P,coaeo»  =  P.-4^., 
Bint  ax 

I  increment  of  the  arc  0  C). 
ponent  0?  of  ibis  thrust  is 

•   dx' 

untal  pressure  which  must  t 
!  to  maintain  equilibrium  ia 


s  i  =  P,  -  cotan  « 
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and  if  this  equation  be  fiiMlled  at  every  point  of  the  ardi,  it  will 
be  balanced. — ^Q.  K  L 

When  P,  is  posdtiyey  it  represents  wuxvrd  preuua^  sach  as  may 
arise  from  the  resistance  of  the  materials  of  the  tpcmdrU  of  an  arch 
to  compression.  When  P,  is  n^^tive,  it  represents  (miuxyrd 
preswrey  such  as  may  arise  from  the  resistajice  to  compression  of 
a  portion  of  material  situated  below  the  crown  of  the  ideal  linear 
9s6k  O  C,  or  tension^  sach  as  may  arise  from  tenadtyin  the  qwmdril, 
and  in  the  materials  connecting  it  with  the  aicL 

The  vniensUy  of  the  horizontal  pressure  is  found  by  taking  two 
points  in  the  arch  indefinitely  near  to  each  other,  and  finding  the 
ratio  which  the  portion  of  the  horizontal  pressnre  applied  between 
them  bears  to  the  difference  of  their  vertical  ordinatoa.  Let  the  in- 
tensity required  be  denoted  by  j?,;  then 


_</Py rf(P^'cotant) d_ 

'"~c?«  ~  dm  dx 


(p.g)...w 


(This  equation  comprehends  the  cases  already  considered  in  Article 
168,  of  a  cord  imder  vertical  loads,  or  an  arch  whose  figure  is  that 
of  such  a  cord  inverted;  for  in  that  case,  P«  =  Tq  tan  «,  and 
P«  cotan  i  =  To  =  constant,  so  that  j>,  =  0.) 

If  it  be  required  to  express  the  intensity  of  the  horizontal  pressure 
in  terms  of  that  of  the  vertical  pressure,  let  the  latter  intensity  be 


then 


'.=-r.®/'-^») --•« 


Eestricted  Com,  Let  the  arch  have  a  horisonUU  eastradaa,  at  the 
height  a  above  the  crown  O,  and  let  the  vertical  pressure  be  due  to 
the  weight  of  material  below  that  extrados;  then 

Po  =  wa;  p,  =  w{a  +  «); 
and  the  vertical  load  becomes 

T,=  f  p,dt/  =  w  f  (a  +  x) dy-r (6.) 

being  proportional  to  the  area  between  the  intrados  and  extrados, 
and  the  vertical  ordinates  at  O  and  0. 

Example,    Let  the  linear  arch  be  part  of  a  circle  of  the  radius  r, 
with  a  horizontal  extrados  at  the  distance  r  +  a  firom  its  centra 


e  itself  is  giyen  hy  introducing 
)na  8  and  9  into  equation  3,  and 

liroat  of  the  arch  at  C  is  given 
,        .       ccrfi       icofl»l  ,,-,. 

a  of  the  arob,  p,  takes  the  fol- 
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BO  that  for  every  circular  linear  arcK  in  which  the  depth  of  load  at 
the  crown,  w*  r,  is  less  than  one-third  of  the  radius,  p^  has  ne^aihe 
values  at  and  near  the  crown,  showing  that  otUward  horizontal 
pressure  or  tension  is  required  to  preserve  equilibrium.  In  such 
cases,  there  is  a  certain  value  of  the  angle  i  for  which  p^  =  0.  At 
the  point  where  this  takes  plaoe,  P,  consequently  attains  a  negaiive 
maadTnumy  and  the  horizontal  component  T  *  cos  i  of  the  thrust 
along  the  arch  attains  a  positive  maximtmh,  greater  than  To,  because 
of  P,  being  negative  Let  this  point  be  called  Co,  and  let  the  in- 
clination of  the  arch  at  it  be  denoted  by  v  This  ang^  mnai 
satisfy  the  transcendental  equation 


1  _i_                •       tp  — costpsin^       ^ 
1+m  — cost^^— "    o^-^3.' ^  =  0> 


2  sin^i 


.(13.) 


and  can  therefore  be  found  by  approximation  only. 
approximation,  may  be  taken 

3wi+l, 


As  a  first 


♦^=:arc 


cos 


and  then  by  successive  substitutions,  nearer  and  nearer  approxi- 
mations may  be  found. 

Supposing  t^  to  have  been  thus  determined  to  a  sufficient  degree 
of  accuracy,  its  substitution  for  i  in  the  equation  12  will  give  l^e 
maximum,  value  of  the  horizontal  component  of  the  thrust  of  the 
arch. 

By  expanding  or  contracting  the  horizontal  dimensions  of  a  cir- 
cular arch,  it  can  be  transformed  into  an  elliptic  arch,  which  will 
be  balanced  under  forces  deduced  from  those  applied  to  the  circular 
arch  according  to  the  principles  explained  in  Articles  180,  184. 
In  adapting  the  equations  from  7  to  13  inclusive  to  an  dliptic 
arch,  it  is  to  be  observed  that  t  represents  not  the  inclination  of  the 
elliptic  arch  itself  at  a  given  point,  but  that  of  the  circular  arch 
from  which  the  dliptic  arch  is  derived  at  the  coitesponding  point. 

Cass  2.  WTien  the  direction  of  the  conjugate  pressure  is  inclined. 
This  case  is  represented  in  the  lower  diagram  of  fig.  91.  The  in- 
clined axis  of  co-ordinates,  Y'  O  Y',  is  taken  parallel  to  the  direo- 
tion  of  the  conjugate  pressure,  and  touching  the  arch  at  the  point 
0',  which  is  now  its  crown.  Each  double  ordinate  of  the  arch, 
CXf(y=s:2^,  is  bisected  by  the  vertical  axis,  on  either  side  of 
which  the  vertical  load  is  symmetrically  distributed. 

Let  j  denote  the  inclination  of  the  conjugate  pressure  to  the 
liorizon.  Construct  a  parallel  projection  of  the  given  arch,  like  the 
upper  diagram  of  the  figure,  having  its  vertical  ordinates  equal  to 
those  of  the  distorted  arch,  and  its  horizontal  ordinates  less  in  the 
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ratio  000  jil;  conceiTe  it  to  be  under  a  yeztical  load,  of  equal 
amonni  to  that  on  the  digtorted  arch,  and  similarlj  distributed ; 
detennine  the  horizontal  pressures  required  to  keep  it  in  equilibrio; 
tiiCQ  inll  the  proper  projection  of  those  pressures  keep  the  dis- 
torted arch  in  equilibria 

The  relations  amongst  the  co-ordinates  of  the  two  arches,  and 
the  amounts  and  magnitudes  of  the  vertical  and  conjugate  pres- 
sures, are  as  follows,  quantities  relating  to  the  distorted  aich  being 
diatiiigaiahed  hj  accented  letters : — 

F.  =  P,;  T'o  =  ToSecy;  F,  =  Py8eci;    -...(14.) 

p\  =  p,  cos  J  j  p\  =p,  secj. 

Let  H'  denote  the  conjugate  component  of  the  throst  of  the  dis- 
torted azch  at  any  point  C;  then  we  have 

ff  =  r,  -  F,  =  (T,  -  P,)  Beoj; (15.) 

aikd  if  T  be  the  thrust  along  the  distorted  arch  at  CT,  then 

r=  v(f:+h'«=±=2H'f,-cosj) (i6.) 

the  positive  or  negative  sign  being  used  according  as  the  point  (7 
is  at  the  depressed  or  the  elevated  side  of  the  arch. 

186.  p^iMtcd  Arches- — If  a  linear  arch,  as  in  £g.  92,  consists  of 
two  arcs,  B  C,  0  B,  meeting  in  a  point  at  C,  it  is 
neoessazy  to  equilibrium  that  there  should  be  con- 
centrated at  the  point  0  a  load  equal  to  that  which 
would  have  been  distributed  over  the  two  arcs  AC, 
C  A,  extending  from  the  point  C  to  the  respective 
crowns,  A,  A,  of  the  curves  of  which  two  portions  "'  j..  go 
form  the  pointed  arch.  ^* 

187.  T«lal  Cma§uam»e  Thniat  aflAmemr  Ajrches. — ^The  total  con- 
jugate thrust  of  an  arch  is  the  conjugate  component,  horizontal  or 
indined,  as  the  case  may  be,  of  the  entire  pressure  exerted  between 
one  ^mi-arch  and  its  abutment,  whether  directly,  at  the  point 
from  which  the  arch  springs,  or  above  that  point,  through  the 
matmal  of  the  spandriL 

'Wben  a  linear  arch  is  of  such  a  figure  as  to  be  balanceid  under  a 
load  of  which  the  pressure  is  whoUy  vertical  (as  in  the  case  de- 
scribed in  Article  174),  that  is  to  say,  when  its  figure  is  that  in 
wMeh  a  cord  would  hang,  loaded  with  the  same  weight  distributed 
in  the  same  manner,  its  conjugate  thrust  is  exerted  simply  at  the 
point  £rom  which  it  springs,  and  is  equal  to  the  conjugate  com- 
ponent of  the  thrust  along  the  arch,  which  is  a  constant  quantity 
througbont  its  whole  extent. 


-  I 
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When  an  arch  springs  vertically  from  its  abutments,  the  point 
of  springing  sustains  the  vertical  load  of  the  semi-arch  only;  and 
the  conjugate  thrust  is  exerted  wholly  through  the  qpandiiL 

In  other  cases,  the  conjugate  thrust  is  exerted  partly  at  the 
point  of  springing  and  partly  through  the  spandriL 

Thbobeil  The  amwaml  of  the  conjugate  tkruat  is  equal  to  the  eon- 
jugaJte  eompofient  of  the  thrust  along  the  arch  ai  the  poirU  tohere  that 
component  is  a  maaimfum;  for  at  that  point,  as  appears  from  the 
reasoning  of  Article  185,  the  intensity  of  the  conjugate  presaurt 
between  the  arch  and  its  spandril  is  nothing :  it  is,  therefore^  en- 
tirely below  that  point  that  the  conjugate  thrust,  whether  through 
the  spandnl  or  at  the  point  of  springing,  is  exerted;  and  conse- 
quently the  amount  of  that  thrust  must  be  equal  to  the  wiAYiniiiTn 
conjugate  component  of  the  thrust  aloog  the  arch,  which  is  balanced 
by  it.  The  point  of  the  arch  where  the  conjugate  component  of  the 
thrust  along  it  is  a  maximum,  is  called  ike  point  0/  rupture,  for 
reasons  which  will  afterwards  appear.  It  may  be  at  the  crown;  or 
it  may  be  in  a  lower  position,  to  be  determined  by  solving  the  equa- 
tion formed  by  maHng  the  intensity  of  the  coiyugate  pressure 
between  the  arch  and  spandril,  as  found  by  the  method  of  Article 
185,  equal  to  nothing ;  that  is, 

''.=S=-.4(--jl)=» •('•) 

This  equation  having  been  solved  so  as  to  give  the  position  of  the 
IK>int  of  rupture,  the  corresponding  value  of  P^  being  the  vertical 
load  supported  at  that  point,  is  to  be  computed ;  and  then  the  conju- 
gate thrust  is  given  by  the  equation 

H^  =  max.  value  of  P,*j^... (2.) 

(Where  the  conjugate  pressures,  as  is  generally  the  case,  are  hori- 

dy 
zontal,  ^  =  cotant;  and  the  value  of  ^  the  inclination  of  the  anh, 

which  fulfils  equation  1,  is  called  the  angle  qf  rupture). 

When  the  point  of  rupture  is  the  crown  of  the  arch  (as  in  hydro- 
static and  geostatic  arches),  equation  2  gives  no  result^  because  of 

d  V 
P,  vanishing  and  -^  increasing  indefinitely;  but  it  has  already 

been  shown  by  other  methods  that  in  this  case,  where  the  coigugato 
pressures  are  Aori«(mto^ — 

Ho  =  T,  =p,r,; (3.) 

Pa  being  the  intensity  of  the  vertical  load,  and  r^  the  radius  of  cur- 
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ion  vMch  shall  be  applicable 
o-ordiDates  are  Jiorizontal  or 
»nverted  into  one  expressed 


,  =  ^(fors,=  0)...(4.) 

d'j' 

at  the  crown  of  the  arch,  so 

tion  3. 

)f  the  conjugate  thnrnt.  To 
It  to  saj,  die  depth  of  its  line 
ate  plane,  ire  must  oonoeiTe 
nding  from  the  depth  of  the 
]  co-ordinate  plane,  down  to 
dov  that  plane,  and  find,  by 
1  oo-ordinate  of  the  centre  of 

That  is  to  saf ,  let  x^  denote 
K,  that  of  the  point  of  spring- 
lane  ;  Pf  the  intenmt;  of  the 

and  spandril  at  any  point 


■■(»■) 


at  of  the  arch  at  the  point  of 
of  the  resultant  conjugate 
J  plane;  then 

^^ {6) 

vm/orin  twrmal  prenvre  of 
of  mpture  is  at  the  crown, 

pr P) 

0-ordinatea,  so  that  a:^  :=  0. 
H,  =  0 ;  vdA 

•  J w 
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Case  2.  SegmsnL  Llclinatioii  at  q>iiiigmg,  i^  Here  a%  «=  r 
(1  —  cos  i);  Hi  =|> r  •  cos  t;  and 

p  r 
=  ^'  (i  (1  —  cos  «)•  +  cos  t  (1  —  cos  t))  =^  •  3111*1.. .(9.) 

Example  IL  SemireRiptic  a/rchy  vmder  conjvgaJte  uniform  vertical 
a/nd  horieorUal  presswrea  (Art  180).  Let  a  =  a;i  be  the  rise,  or 
vertical  semi-axis;  ca  the  horizonm  semi-axis^  or  htdf-spa/a;  and 
let  the  origin  of  co-ordinates  be  at  the  crown.  Then  p,  =  f^p^i 
And  we  have 

Ho  =  To  =  apy  =  c»a|?.  =  c  P.;  «h==2  ....(IOL) 

Example  III.  Semirelltptic  distorted  arch,  vnth  conjwgaie  wntfarwi^ 
vertical  and  oblique  pressures  (Art  181).  The  vertical  and  oonju- 
g9,te  semidiameters,  or  rise  and  indvned  half-spany  being  denoted 
by  a  and  c  a  respectively,  the  equations  10  apply  to  this  case  also. 

Example  lY.  HydrostaMc  arch  (Art  183).  The  origin  of  oo- 
ordioates  being  taken,  as  in  the  article  r^erred  to,  at  the  point  of 
the  extrados  vertically  above  the  crown,  we  have  p,  :szpgz=wx. 


Ho  =  To  =  to  • 


irf 


Xq 


»H  = 


2 
a^'dx 


;  Hi  =  0;  and 


Ho 


^  sf—4 


(11.) 


Example  V.    Oeostaltio  arch,  with  horizontal  or  isdined  eaabnubm 
(Art  184).   Herep,  =  w  « •  cos^;  p  =  c»p,  ^zn^wx-  cos  J:  H*= 

To  =  c  P,  =  c^t(?  cosy  • — jr—? ;  and  consequently 


«e  =  -3r 


>••••••  ••••••.•••• a I  i,Jb%/ 


3    jb} —  ffj 

as  in  the  last  example. 

Example  Y  L  Semicireulafr  arch  with  horiaonM  motradot.  In 
this  case  the  angle  of  rupture  i^  is  to  be  determined  by  means 
of  equation  13  of  Ajrtide  185;  and  thence,  by  equation  12  of  the 
same  Article,  is  to  be  found  H^  The  springing  being  vertical, 
we  have  »^  :=  90^;  Hi  =:  0.  Let  the  crown  of  uie  arch  be  taken  as 
origin ;  then  x  =  r  {1  —  cos  %),  dx  =  r  '  eixii  '  diy  and  equation 
6  of  the  pres^it  Article  becomes 
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«H  =  ^BT-  •  f^p,emi{l  —  006i)-dt; (13.) 

n^     J  m 

Bwumpis  Vll.  Circular  iegmental  arch  toUh  harizontai  eOrados. 
Let  ti  be  the  indination  of  ihe  arch  at  the  springizig^  Pi  the  total 
vertical  load;  then 

Hi  =  Px  ootan  i (14.) 

Let  to  be  determined  as  in  the  last  example. 

Case  1.  i^  >  or  =  tx.  In  this  case  Ho  =  Hi,  and  the  conjugate 
thmst  is  simply  the  single  horizontal  force  H^  at  the  point  of  spring- 
ing. 

Case  2.  Iq  <  ti.  Find  Ho  as  in  the  last  example,  and  let  the 
orig^  of  co-ordinates  be  at  the  crown;  then 

«,  =  r  (1  —  cos  t|);  and  we  hare 
^  =  —r  |r*J  ;?,aint(l— cosi)c;«  +  rHi(l— cosfi)!  (15.) 

188.  ApVMzlMata  Mydwflic  mm4  Cleoaliale  Jkrthm^     The  snbject 

of  elliptic  fdnctions  is  so  seldom  studied,  and  complete  tables  of 
^em  are  so  scarce,  that  it  is  useful  to  possess  a  method  of  finding 
the  ^proper  proportioDS  of  hydxostatio  and  geostatic  arches  (Articles 
183,  ISi)  to  a  degree  of  approximation  sufficient  for  practical  pur- 
poses, using  algebraic  fdnctions  alone. 

Such  a  method  is  founded  on  the  £Ebct  that  a  hydrostatic  arch 
approaches  nearly  to  the  figure  of  a  semi-elliptic  arch  of  the  same 
height)  and  having  its  mAYiTnuyn  and  TniTiimnTn  radii  of  curvature 
in  the  same  proporUon. 

Let  2E^  «!,  as  in  Article  183,  be  the  depth  of  load  of  a  hydrostatic 
aich  at  the  crown  and  springing  respectively;  r^,  r„  its  radii  of 
corvataie  at  those  points;  a  =  ^i  —  a:^  its  rise;  yi  its  half-span, 
given  in  Article  183  by  means  of  elliptic  functiona 

Suppose  a  semi-elliptic  arch  to  be  drawn,  having  the  same  rise, 
a,  with  the  hydrostatic  arch;  let  r^o>  ^u  ^  its  radii  of  curvature  at 
tihe  crown  and  springing,  whose  proportion  to  each  other  is  the  same 
nifii  Hiat  of  the  radii  of  tiie  hydroeteutic  arch;  that  is  to  say. 

Let  ft  be  Ae  half-span  of  this  semi-ellipse.  Then  because  the  cubes 
of  the  semi-axes  of  an  ellipse  ^re  to  each  other  inversely  as  Ididxadii 
of  oorvature  at  the  rei^)ective  extremities  of  the  semi-'Uces,  we  have 

^ = « V '^^  ""  ^"^  ~ '^^ '  V  S ^^'^ 
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A  roogli  approximation  to  the  half-span  of  the  hydrostatic  arch 
is  found  hj  making  y,  =  6;  but  this,  in  the  cases  which  occur  in 
practice,  is  too  great  by  an  excess  which  varies  between  ^  and  i^, 
and  is  about  -^  on  an  averaga  Hence  we  may  take,  as  a  first 
approximation  whose  utmost  error  in  practice  is  about  A>  and 
whose  average  error  is  about  rivy  the  following  formula^  giving  the 
Ao^Aponin  terms  of  the  d^i>th8  o/loadBtthecacownand  springing: — 


1^  /  \  .  V*i 


(2.) 


Suppose  the  rise  a  and  hal/'Span  ffi  of  a  proposed  hydrostatic  azch 
to  be  given,  and  that  it  is  required  to  find  the  depths  of  load;  equa- 
tion 2  gives  us,  as  an  approximation, 

«j_  _  /20  yiV 
Ob""  \19a/' 

and  because  xi  —  a:^  =  a^  we  have 


asi  =  a* 


Vl9a/ 


/20y.y 
\19a/ 


«,= 


/20y.y_ 
\l9aj 


■(3.) 


A  doaer  apprommation  is  given  by  the  equations 


6  =  y,  + 


30  a' 


X,  s=a' 


b* 


6»  — a 


t> 


i  av>  =  a'Q 


IJ'—tf 


.(4.) 


A  semicircular  or  semi-elliptic  arch  may  have  its  conjugate  thrust 
approximately  determined,  by  considering  it  as  an  approainuUe  geo- 
static  oflTch^  as  follows : — 

Let  there  be  given,  the  h^-span  of  the  arch  in  question,  horizontal 
or  inclined,  as  the  case  may  be,  y„  the  depths  of  load  at  its  crown 
and  springing,  oi^  o^,  and  the  vertical  load  at  the  springing,  P]. 
Determine,  by  equation  2  or  equation  4,  the  span  ^i  of  a  kydro" 
sUUic  arch  for  the  depths  of  load  x^  o^  and  let 


(5.) 
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be  the  ratio  of  the  half-span  of  the  actual  arch  to  that  of  the  hydro- 
static arch. 

The  actual  arch  may  dot?'  be  conceiyed  as  an  approximation  to 
a  geoetatic  arch^  transformed  £rom  the  hydrostatic  arch  by  pre- 
aerying  its  vertical  ordinates  and  load,  and  altering  its  conjugate 
ordinates  and  thrust  in  the  ratio  e.  The  conjugate  thrust  of  a 
hydrostatic  arch  being  equal  to  the  load,  we  have,  as  an  approxi- 
mation to  the  conjugate  thrust  of  the  given  semi-elliptic  or  semi- 
circular arch, 

H^  =  c  Pi (6.) 

Sbctiok  3.— On  FricUoncU  StabilUy. 

189.  FHcttom  is  that  force  which  acts  between  two  bodies  at  their 
Bur&oe  of  <x>ntact,  and  in  the  direction  of  a  tangent  to  that  surface, 
so  as  to  resist  their  sliding  on  each  other,  and  which  depends  on 
the  force  with  which  the  bodies  are  pressed  together. 

There  is  also  a  kind  of  resistance  to  the  sliding  of  two  bodies 
upon  each  other,  which  is  independent  of  the  force  with  which 
they  are  pre»ssed  together,  and  which  is  analogous  to  that  kind  of 
strength  which  resists  the  division  of  a  solid  body  by  shearing, — 
that  is,  by  the  sliding  of  one  part  upon  another.  This  kind  of 
resistance  js  called  (idhenon.  It  will  not  be  considered  in  the 
present  section. 

Friction  may  act  either  as  a  means  of  giving  stability  to  struc- 
tures, as  a  means  of  transmitting  motion  in  machines,  or  as  a  cause 
of  loss  of  power  in  machines.  In  the  present  section  it  is  to  bo 
considered  in  the  furst  of  those  three  capacities  only. 

190.  Mjmw  m€  ••lid  Fricttoa^ — ^The  following  law  respecting  the 
friction  of  solid  bodies  has  be^  ascertained  by  experiment : — 

Thefridion  which  a  given  pair  of  solid  bodies,  with  iheivr  swrfaces 
in  a  given  condition,  are  capable  qf  exerting,  is  simply  proportional 
to  ike  force  toith  which  they  are  pressed  toge^er. 

If  the  bodies  be  acted  upon  by  a  lateral  force  tending  to  make 
them  slide  on  each  other,  then  so  long  as  the  lateral  force  is  not 
greater  than  the  amount  fixed  by  this  law,  the  friction  will  be  equal 
and  opposite  to  it,  and  wUl  balance  it 

There  is  a  limit  to  the  exactness  of  the  above  law,  when  the 
pressure  becomes  so  intense  as  to  crush  or  grind  the  parts  of  the 
bodies  at  and  near  their  surface  of  contact.  At  and  beyond  that 
limit  the  friction  increases  more  rapidly  than  the  pressure;  but 
that  limit  ought  never  to  be  attained  in  a  structure. 

From  the  law  of  friction  it  follows,  that  the  friction  between 
two  bodies  may  be  computed  by  multiplying  the  force  with  which 


no 
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they  am  pzossed  together  bj  a  cx>n8t»xit  oo^effident  irbidi  is  to  be 
deteimined  by  experiment,  and  which  depends  on  the  nature  of  the 
bodieB  and  the  condition  of  their  suidboes :  that  is  to  say,  let  N 
denote  the  pressure,  /the  eo-^ficierU  qf/riction,  and  F  the  focoe  of 
fiEiotion,  th^ 

F  =/N. 

19L  imiPb  •TMipiiB. — ^Let  A  A,  in  fig.  93,  represent  any  solid 

body,  B  B  a  portion  of  the  surfaoe  of  another 
body,  with  which  A  A  is  in  contact  throu^ont 

the  plane  surface  of  contact  e  K  Let  P  C  re- 
present the  amount,  direction,  and  position  of 
the  resultant  of  a  force  by  which  A  A  is  urged 
Miqudy  towards  B  B,  so  that  C  is  the  cenire  of 
pre89wn  of  the  snr&oe  of  contact  e  K  (Art. 
89.) 

Let  PC  be  resolved  into  two  rectangular  components:  one^ 
N  C,  normal  to  tibe  plane  of  contact,  and  pressing  the  bodiea  to- 
gether: the  other,  TO,  tangential  to  the  plane  of  contact^  and 
tending  to  make  the  bodies  slide  on  each  other.     Let  the  totel 

force  P  0,  be  denoted  by  P,  its  normal  component  by  N,  axid  its 
tangential  component  by  T ;  and  let  the  angle  of  obliquity  T  P  O 
or  P  0  N  be  dieted  by  ^,  so  that 


Fig.  98. 


N  =  P  •  cos  ^, 

T  =  P  -ain^  =  N 


tan 


.} 


(1.) 


Then  so  long  as  the  tangential  force  T  is  not  greater  ihaa  /N,  it 
will  be  balanced  by  the  faction,  which  wiU  be  equal  and  opposite 
to  it ;  but  the  ficiction  cannot  exceed  /N;  so  that  if  T  be  grettber 
than  this  limit,  it  will  be  no  longer  balanced  by  the  fiicti^  bat 
will  make  the  bodies  slide  on  each  other.     Now  the  condition,  that 

T 

T  shall  not  exceed  /.K,  is  equimlent  to  the  condition,  that  -^ 

or  tan  ^,  diall  not  exceed/ 

Hence  it  follows,  thai  the  greatest  angie  ofMiquity  of  premmre 
between  two  pla/nes  which  ia  eoneietenit  with  etabiUtif,  ia  the  angie 
fi^ioae  tcmgent  ia  the  co-efficient  of/rietion. 

This  angle  is  called  the  cmgle  ofrepoee^  and  is  denoted  by  ^  It 
is  the  steepest  inclination  of  a  plane  to  the  horizon,  at  which  a 
block  of  a  given  substance  will  remain  in  equilibiio  upcm  it ;  lor  if 
P  represents  the  weight  of  the  body  A  A,  so  that  P  0  is  Tertical, 
and  ^  =  C^,  l^en  ^  is  the  inclination  of  B  B  to  Hie  horizon. 

The  relations  between  the  friction,  the  normal  pressure,  and  the 
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totel  -jpname,  whea  the  obbqtdty  is  equal  to  the  an§^e  of  repoeey 
are  ^Ten  hj  the  followiiig  equatioziB : — 

F  =  T  =/N  =  N-tanf^  =  P-Bin^  «       /£^...(2.) 

Vl+/*     ^  ' 


192. 

Yeiy  extensive  tables  of  the  co-efficients  of  fciction  of  different 
materials  used  in  construction  are  published  in  the  works  of 
General  Morin  of  the  Prench  Artillery,  and  have  been  reprinted 
in  various  treatises.  The  following  is  a  condensed  table  compiled 
from  General  Morin's  tables  and  ^rom  other  autihorities,  giving 

those  constants,  and  also  the  redprocal,  -.  =  cotan  ^,  for  the 

materials  of  structures,  arranged  in  a  few  oompr^iensive  classes. 
Its  practical  utilitj  is  equal  to  that  of  the  more  volaminonB  and 
detailed  tables  from  which  it  has  been  condensed : — 


Dry  masomy  and  brick- 
work,  

Masoniy  and  brickwork, 
with  damp  mortar...... 

Timber  on  stone, 

Iron  on  stone, 

Timber  on  timber,  ...•••.. 

Timber  on  metals, 

Metals  on  metak, 

Maaoniy  on  dxy  clay,.... 

Masonry  on  moist  clay,.. 

Earth  on  earth, 

Earth  on  earth,  dry  sand, ) 
day,  and  mixed  earth,  | 

Earth   on   earth,   damp) 

<^7, - J 

Earth  on  earth,  wet  cli^. 

Earth  on  earth,  shingle 
and  gravel, 


} 


o'6  to  07 

074 

about  o'4 
07  to  o'3 
0*5  to  ca 

0'6  to  0'3 

0*25  to  o"i5 
0-51 

o'33 
0-25  to  1*0 

0*38  to  075 

I'D 
0-31 

o-8i  to  I'll 


3^'  to  3sr 

3<5^ 

35**  to  i€^ 

26°l  to  I  i°i 

31°  ton*'* 

14**  to  8*** 

af 

i8^i 

14°  to  45*' 

21°  to  37° 

^r 

39**  to  48** 


7 

I '67  to  I '43 

1-35 

2-5 
1*43  to  3*33 

«  to  5 

i^  to  5 

4  to  6-67 

1*96 

3 

4  to  I 

2-63  to  1-33 


3«3 
I  •23  to  o*9 


193.  FHcttMua  aiiAiiitr  •£  piwm  jrcints. — ^In  a  structure  com- 
posed of  a  number  of  pieces  connected  only  by  touching  each  other 
at  plane  sur&ces  (as  is  the  case  in  masonry  and  brickwork),  it  is 
neceasaiy  to  stability  that  the  obliquity  of  the  pressure  should  at  no 
joint  exceed  the  angle  of  repose. 
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In  Binictures  of  masonry,  this  condition  can  almost  always  be 
complied  with  by  suitably  placing  the  joints. 

Both  this  and  other  principles  depending  on  the  effect  of  friction 
in  promoting  the  stability  of  masoniy,  will  be  considered  in  subse- 
quent sections. 

194.  FricU^aiU  8iabilit7  •f  Bwrtk* — ^A  structure  of  earth,  whether 
produced  by  excavation  or  by  embankment,  preserves  its  figure  at 
first  partly  by  means  of  the  friction  between  its  grains,  and  partly 
by  means  of  their  mutual  cohesion  or  tenacily;  which  latter  force 
is  considerable  in  some  kinds  of  earth,  such  as  clay,  especially  when 
moist.  It  is  by  its  tenacity  that  a  bank  of  earth  is  enabled  to  stand 
with  a  vertical  &ce,  or  even  an  overhanging  fisu;e,  for  a  few  feet 
below  its  upper  edge;  whereas  Motion  alone,  as  will  afterwards 
appear,  would  make  it  assume  an  uniform  slopa 

But  the  tenacity  of  earth  is  gradually  destroyed  by  the  action  of 
air  and  moisture,  and  of  the  changes  of  the  weather;  so  that  its 
friction  is  the  only  force  which  can  be  relied  upon  to  produce 
permanent  stability.  In  the  present  investigatioD,  therefore,  the 
stability  of  a  mass  of  earth,  or  of  shingle  or  gravel,  or  of  any  other 
material  consisting  of  separate  grains,  will  be  treated  as  arising 
wholly  from  the  mutual  friction  of  those  grains,  and  not  from  any 
adhesion  amongst  them. 

Previous  researches  on  this  subject  are  based  (so  far  as  I  am 
acquainted  with  them)  on  some  mathematical  artifice  or  assumption, 
suchas  Coulomb's  "W  edge  of  Least  Besistance."  Besearches  so  based, 
although  leading  to  true  solutions  of  many  special  problems,  are 
both  limited  in  the  application  of  their  results,  and  unsatisfactory 
in  a  scientific  point  of  view.  I  propose,  therefore,  to  investigate 
the  mathematical  theory  of  the  fiictional  stability  of  a  granular 
mass,  without  the  aid  of  any  artifice  or  assumption,  and  from  the 
following  sole 

Prikciple.  The  reaistcmce  to  dupUtceTneni  hy  sliding  along  a 
given  plane  in  a  looee  granular  mass,  is  equal  to  6ye  normal  pressure 
exerted  between  the  parts  of  the  mass  on  either  side  of  that  planst 
m/uUiplied  by  specific  constant. 

The  specific  constant  is  the  co-efficient  of  friction  of  the  mass,  and 
is  the  tangent  of  the  angle  of  repose,  I^t  p^  denote  the  normal 
pressure  per  unit  of  area  of  the  plane  in  question;  q  the  resistance 
to  sliding  (per  unit  of  area  also);  ^  the  angle  of  repose;  then  the 
symbolical  expression  of  the  above  principle  is  as  follows : — 

^  =tan^ (1.) 

*  This  tad  the  ensning  Articles  of  the  present  section  are  to  a  great  extent  abridged 
from  a  paper  **  On  the  Stability  of  Loose  Earth**  In  the  PkUoiapkieal  TVymmcCmm 
for  1856-7. 


IP  EARTn.  2U 

^  eveiy  investigation  of  the  stft- 
the  present  investigation  consints 
tabilitf  from  the  above  principle 
ler  Bpecial  principla  It  will  in 
et  to  Mr.  Moaeley'B  "Principle 
mnat  be  regarded  not  as  a  special 
3  of  statics. 

whatsoever  may  be  considered  as 
that  term  has  been  employed  in 
m  the  principle  already  stated, 

the  Mlability  of  a  granvlmr  foam, 
toeen  the  portions  into  uAmA  it  u 
any  point  Ttiake  with  the  normal 
angle  ofrepote. 

■oved,  respecting  internal  stress, 
especially  in  Articles  108  to  112 
ilane  at  any  point  in  a  mass,  on 
re  is  greatest,  is  perpendicular  to 
%  of  gi'eatest  and  least  pressnre, 
ly  being  parallel  to  that  plane  of 

isities  of  die  pressures  in  a  solid 
le,  as  represented  by  the  "  EUipse 
1  in  Article  112.  The  present 
n  -which  a  limit  to  the  gnateH 
hall  not  exceed  the  angle  of  re- 
hat  greatest  obliquity  and  the 
been  found  in  Article  112,  Pi^o- 


Pi  +  Pi 

latest,  and  pt  the  least  pressure, 
essure.     By  Theorem  I.  we  have 

'*; 

Ito;"  that  is,  "not  ffreater  than"). 
on;— 

',^8111  C; (3.) 

.  a  tnau  of  tarth,  the  ratio  t^tke 
resfUTM  to  ikaxmm  amnot  taxeed 
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Another  symbolical  expTeasaon.  of  this  Theorem  is  as  follows: 

Pi        1  +  ain  # 


Pf  —  1  —  ain  ^' 


(8A.) 


When  Hie  ctirectiaDa  of  any  pair  of  oonjngate  pressoieB  in  the 
plane  of  greatest  and  least  pressure  in  a  mass  of  earth  are  given, 
the  limits  of  the  ratio  which  the  intensities  of  those  pressares  bear 
to  each  other  are  given  by  the  solnitbn  of  Problem  Y.  of  Article  1 12, 

equation  27.  In  that  equation,  make  nr  =  9,  the  common  obliquity 
of  the  pair  of  conjugate  pressures,  and  let  ^i  represent  the  greatest 
adual  obliquity  of  pressure  in  the  mass,  which  must  not  exceed  ^ ; 
then  p,  as  before,  being  the  greater  conjugate  pressore,  and  p'  iho 
less,  we  obtain  the  following  proposition : — 

Theobem  IIL  The  /oUotoing  is  ths  es^fresdan  of  the  eondMon  of 
the  stabiliiy  of  a  mass  of  earth,  in  terms  o/the  ratio  of  a  pair  ofeoik^ 
jugate  preamiurea  in  the  piane  c/greateat  and  least  preeaures: — 

p         cos  ^+^  (cos' ^ COS'^l)  ^^COS  #+ ^(008*^ — cos*^f)      .    . 

^'"COS  ^  —  ^  (cos*  0 COs'^i)  COS^  -V  (C0S*# 008*^)'"^  '' 


195.  ObM  mi  Kavtk  with  Piase  SuAice. — ^Although  the  preceding 
prindples  can  be  applied  to  a  mass  of  earth  with  a  sur&ce  of  any 
figure,  their  most  useful  application  is  to  a  mass  bounded  above  by 
a  plane  suifiice,  either  horizontal  or  sloping.  For  such  a  mass,  the 
three  Theorems  of  Article  125  are  true,  and  may  be  summed  up  as 
follows : — the  pressure  on  a  plane  parallel  to  the  upper  plane  sur- 
face (which  may  be  called  a  conjugaite  plane)  is  vertical,  and  pro- 
portional to  the  depth : — ^the  pressure  on  a  vertical  plane  is  parallel 
to  the  upper  plane  surface,  and  conjugate  to  the  vertical  pressure : — 
the  state  of  stress  at  a  given  depth  is  uniform. 

Let  to  be  the  weight  of  an  unit  of  volume  of  the  earth;  x  the 
depth  of  a  given  conjugate  plane  below  the  surfiace;  i  the  inclination 
of  that  conjugate  plane;  then  the  intensi^  of  the  vertical  preaBoie 
on  that  conjugate  plane  is 

p,^fOX'<X»^ (1.) 

The  limita  of  the  intensity  jp,  of  the  conjugate  pressure,  parallel  to 
the  direction  of  steepest  dediviiy  (when  the  surface  slopes)  on  a 
vertical  plane,  at  the  same  depth  x  below  the  surfEice,  are  deduced 
from  the  equation  3  of  Article  194,  by  considering,  that  this  con- 
jugate pressure  may  be  either  the  greater  or  the  lees  of  the  pair 
of  pressures  the  limits  of  whoso  ratio  ate  given  by  that  equataoii^ 
so  that  if  we  use  the  symbol 


1 

I 
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Id ngnify,  **aia  net  greater  than  b  +  e,  and  not  leas  than  b  —  e,* 
iv«  obtain  ike  foUowing  resnh: — 


A  _.  «?«  •  cos  ^  • ^1  ) Ti 3-^ (2.) 

When  the  plane  soi&ce  is  horizonta],  so  that  oos  #  =  1,  e^oaAions  1 
and  2  become 

^^  1  =±zsm^  ^. 


as  might  have  been  inferred  from  Theorem  II.  of  Article  194. 

When  #  =  f,  or  when  the  slope  is  the  angle  ofreposey  the  limits  d 
tiie  intensLiy  of  the  conjugate  pressure  coincide,  and  it  has  but  one 
valne,  viz. : — 

p^wx'QOB  q>  =p. (4.) 

For  all  valnes  of  /  greater  than  ^,  equation  2  becomes  impossible; 
which  shows  what  is  otherwise  evident,  that  the  angle  of  repose  is 
the  steepest  possible  slope. 

There  is  a  third  pressure  which  may  be  denoted  hyp,,  in  a  direction 
popendicular  to  the  first  two,  p,  and  p^;  that  is,  horizontal,  and 
perpendicular  to  the  Tertical  plane  in  which  the  declivity  is  steepest; 
but  the  intensity  of  that  third  pressure  will  be  considered  in  a 
subsequent  Articla  It  is  of  secondary  importance  in  practice, 
seeiii^  that  walls  for  the  support  of  sloping  banks  of  earth  are  gene- 
rally placed  so  as  to  resist  the  pressure  of  the  earth  in  the  direction 
of  steepest  declivity. 

Witii  the  exception  of  equation  4,  the  equations  of  the  present 
Article  give  only  the  limite  of  the  intensity  of  the  conjugate  pressure 
parallel  to  the  steepest  declivity.  To  find  the  exact  intensity  of 
that  pressure,  it  is  neoessaiy  to  have  recourse  to  a  statical  principle, 
first  ^fisooveared  by  Mr.  Moseley,  which  is  stated  in  the  following 
Artide. 

196.  gfcimiplu  mt  liwmm  BtmaufBu. — ^Theobek.  If  the  foroes 
tofticA  bctkmce  each  ether  in  or  upon  a  given  body  or  stmet^ure  be 
didinguiehed  into  two  sy  stems j  called  respectively  active  and  passive, 
whiUh  stand  to  each  other  in  the  reUUion  o/ca/use  and  effect,  then  will 
^passhe/oroes  be  the  least  which  are  capable  o/balancing  the  active 
fifieSy  consistently  wiih  the  physical  condition  of  the  body  or  structure^ 

For  the  passive  forces  being  caused  by  the  application  of  the 
active  forces  to  the  body  or  structure,  wUl  not  increase  after  the 
actire  forces  have  been  balanced  by  them;  and  will  therefore  not 
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increase  beyond  the  least  amount  capable  of  balancing  the  actiire 
forces.— Q.  K  D. 

197.  Baiiii  i«MUiod  with  Its  •ww  irdghi. — ^In  a  mass  of  eaxih 
loaded  with  its  own  weight  only,  the  gravitation  of  the  earth  causes 
the  vertical  pressure,  the  vertical  pressure  causes  a  tendency  to 
spread  laterally,  and  the  tendency  to  spread  causes  the  conjugate 
pressure;  therefore  the  vertical  and  conjugate  pressures  stand  to 
each  other  in  the  relation  of  cause  and  effect,  or  active  and  passive 
respectiyely;  therefore  the  intensity  of  the  conjugate  pressure  is 
the  least  which  is  consistent  with  the  conditions  of  stability  given 
in  Articles  194  and  195. 

Applying  this  principle  to  the  equations  of  Article  195,  relative 
to  a  bank  with  a  plane  upper  surface,  they  become  the  following :— > 

Verticdl  pressttre  {sLS  before),  |j,  =  loajcos^ (1.) 

CovijugiXbe  pressure  parallel  to  steepest  declivity : — 
General  case, 

.    cos  ^  —  J  (cos*  i  —  cos*  p)         ,^ . 
»-  =  to  aj  •  cos  ^ . 3 ^Vt — i-3 i-^r (2.) 

'^^  C08^  +  J  (cos*  0 COS*  P)'^         ^    ' 

Horizontal  sur&ce,  ^  =  0,  cos^=:l;p«  =  to«; 

1  —  sin  f  „ . 

p  =zWX'  z :—^; (3.) 

^'  1  +  sm^  ^  ' 

*'  Natural  slope,"  ^  =  f , 

p^  =p«  ^w  X  '  cos  f  •• (4.) 

The  third  pressure  f>«  is  found  in  the  following  manner.  Being 
perpendicular  to  the  plane  of  p,  and  p^  it  must  be  a  prindpeil  pres- 
sfwre  (Arts.  107, 109).  Being  a  passive  force,  it  must  have  the  least 
intensity  consistent  with  stability,  and  must  therefore  be  equal  to 
the  least  pressure  in  the  plane  of  p,  and  p^ 

The  greatest  and  least  stresses,  or  principal  pressures,  in  that 
plane,  are  to  be  found  by  means  of  Problem  III.  of  Article  112,  case 
3,  from  the  pair  of  conjugate  pressures  p«,  p^  whose  obliquity  is  a 
Letpi  be  the  greatest,  and  pt  the  least  principal  pressure;  then  ii 
equations  19  and  20  of  Art  112,  for 

we  are  to  substitute  respectively, 
giving  the  following  results  : — 
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2  2  cos  tf       cos  ^  +  ^  (cos*  ^  —  cos*  f  ) 


•  ••••  \y») 


Pi—Pi_    /[(P'+PfY  )  tog-cos/'sinf 

2        ~'^(    4C0S'^     ~^'P'/  "-C08^+^(C08'#— C08«(>)'  ^^-^ 

and  consequently^ 

n««4^at  r«.««m«»  «          to  g  '  COS  ^  '  (1  +  sin  f)  ,  . 

Greatest  pressure,!,.  =  eos  ^  +  ^  (cos«  ^  -  cos'7)' ^^'^ 

T      .                                      V)  X'  coaiCl  —  sin  ^)  .^ . 

L«Bt  preamre,ft  =p.  =  ^t^j(^,_^^^ (8) 


The  axis  of  greatest  pressure  lies  in  the  acute  angle  between  the 
direction  of  greatest  declivily  and  the  vertical;  and  its  inclination 
to  the  horizon,  which  may  be  denoted  by  yf^,  is  given  by  the  follow* 
ing  formula,  deduced  from  equation  17  of  Article  112,  by  making 
the  proper  substitutions : — 

<,  ,        2;?,cos^ — Pi  —  », . 
cos  2  V'  =  -^^-= ^- — ^ ; 

Pi— Pi 
bam  which  is  easily  deduced, 

V'=^|/  +  are-sm55i| (9.) 

In  using  this  formula,  the  arc  sin  -: —  is  to  be  taken  as  greater 

^  sm^  ° 

than  a  right  angle. 

The  following  are  the  results  of  the  equations  7,  8,  9,  for  the 
extreme  cases:— 

ffafizontal  surface,  ^  =  0; 
Piz=zwx  =  p,i 
1  —  sin  ^ 
^*      ^'  1  +  sm  ^      ^'^ 

^  =:  90^,  or  the  axis  of  greatest  pressure  is  vertical.  , 

Natural  Slope,  ^  =  P; 

pi  =  iox{l  +  sinf); 

Pf  z=  p,  =  w  X  (l  —  WOL  p); 

+  =  -5.  (I  +  90*^,  or  the  axis  of  greatest  pressure  bisects 

the  angle  between  the  dlope  and  the  verticaL 


(10.) 


(11.) 
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Fig.  04. 


198.  rwmnan  •£■«>*  asalBst  a  Tcctical  Wiamm^ — ^In  fig.  94,  let 

O  X  lepiesent  a  yertical  piane  in  or  in 
contact  with  a  mass  of  earth  whose  upper 
8ur£Ebce  T  O  Y  is  either  horuBontal  or  in- 
clined at  any  angle  ^,  and  is  cut  by  the 
vertical  plane  in  a  direction  perpendicular 
to  that  of  steepest  dedivity.  It  is  required 
to  find  the  pressure  exerted  by  the  earth 
against  that  vertical  plane,  per  ftnit  of 
brecuUhy  firom  O  down  to  X,  at  a  depth 

OX  =  X  beneath  the  sur&ce,  aud  the  direction  and  position  of  the 
resultant  of  that  pressure. 

The  direction  of  that  resultant  is  already-  known  to  be  parallel  to 
the  declivity  Y  O  Y. 

Let  B  B  be  a  plane  traversing  X,  parallel  to  Y  O  Y.  In  that 
plane  take  a  point  D,  at  such  a  distance  X  D  from  X,  that  the 
weight  of  a  prism  of  earth  of  the  length  X  D  and  having  an  obUque 
base  of  the  area  imity  in  the  plane  O  X,  shall  represent  the  inten- 
sity of  the  conjugate  pressure  per  imit  of  area  of  a  vertical  plane  at 
the  depth  X  Draw  the  straight  line  O  D;  then  will  the  ordinate, 
parallel  to  O  Y^  drawn  from  O  X  to  O  D  at  any  depth,  be  the 
length  of  an  oblique  prism,  whose  weight,  per  unit  of  area  of  its 
oblique  base,  will  be  the  intensity  of  the  conjugate  pressure  at  that 
deptL  Let  O  D  X  be  a  triangular  prism  of  earth  of  the  thickness 
unity;  the  weight  of  that  prism  will  be  the  amowU  of  the  conju- 
gate pressure  sought,  and  a  line  parallel  to  OY,  traversing  its 
centre  of  gravity,  and  cutting  O  X  in  the  centre  ofpreeeiare  C,  will 

be  the  position  of  the  resultant  of  that  pressure.  The  depth  O  C 
of  that  centre  of  pressure  beneath  the  surfetce  is  evidently  two- 
thirds  of  the  total  depth  OX. 

To  express  this  symbolically,  make 


XD  = 


p,  p^  cos  ^ >/(C0S*  i COS*  ^)  ^ 

WCOS$  "        p,~        COS  ^  +  J{oos^  /  —  oos*  f) 

(by  equation  2  of  Article  197); 


j...(i). 


then  the  amount  of  the  conjugate  pressure,  or  weight  of  the  piism 
OXD,ia 


wx 


2  p. 


waf 


,    cos^ — JCoobFS — 001^  fl      «,v 

^      -cos/'  r-^ 7^r-(*) 

2  00S#+^(C08»4  — O0iPf>'     ^    ' 
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and  the  centre  of  pressore  is  given  by  the  equation. 

—       2x 

0  0  =-3- (3.) 

In  the  extreme  cases,  equation  3  takes  the  following  fbrmv : — 
For  ahoxiasonialsiii&ce;        ^  ~  0; 

p  _wjf    1— sin^ 
'""2    -l+sin^' ^'^   ' 

For  a  Biirfi9M»  sloping  at  the  angle  of  repose ;       ^  =  9; 

P,  =  -2"  •  008^ (o.) 

The  prancipies  of  this  Article  serve  to  determine  the  pressuie  of 
earth  against  retaining  -walls,  as  wiQ  afterwards  be  shown. 

199.  WiiMiiMig  »»wv  •€  KaMi^  VMmdMtonfc — The  two  preced- 
ing Artides  refer  to  the  ease  in  which  the  conjugate  pressmn  at  a 
given  depth  ia  caused  solely  by  the  vertical  pressure  due  to  the 
weigihi  of  earth  above  that  point,  and  is  therefore,  in  virtue  of  the 
<<  principle  of  least  resistance,**  tibe  least  conjugate  pressure  consis- 
tent 'with  the  weight  of  the  vertical  column  of  earth  in  question. 

But  the  cmtjugate  pressure  may  be  increased  beyond  that  least 
amount)  by  the  application  of  the  pressure  of  an  external  body;  for 
example,  the  weight  of  a  building  founded  on  the  earth.  In  this 
ease,  the  conjugate  pressure  will  be  the  least  which  is  consistent 
with  the  vertical  pressure  due  to  the  weight  of  the  biuldmg;  and 
if  that  oonjugate  pressure  does  not  exceed  the  greatest  conjugate 
preasure  conastent  (according  to  equation  2,  3,  or  4  of  Article 
195)  with  the  weight  of  the  ecMrtk  above  the  same  stratumi  on  which 
the  building  rests,  the  mass  of  earth  will  be  stable. 

The  most  important  case  in  practice  is  that  in  which  the  surface 
of  the  ground  is  horizontal;  so  that  the  intensity  of  the  vertical 
preasure  due  to  the  weight  of  the  earth  ia  ivx;  x  being  the  depth 
of  the  base  of  the  foundation  of  the  building  below  the  surface  of 
the  eartL 

In  this  case,  the  greatest  horizontal  pressure,  at  the  depth  x,  con- 
Bstent  with  stability,  as  given  by  equation  3  of  Article  195,  is  as 
fbllowa: — 

1  +sin^  ^  . 

p,  =  wx  •  -z : —  ; (1.) 

The  greatest  intensity  of  vertical  presme  cotudstent  with  thia 
pit' ill  ire  ia 
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,  1  +  sin  ^  /I  +  sin  ^\2  ,^^ 

^        '^'    1 — sm^  \1  —  emfj  '  ^   ' 

and  this  is  the  greatest  mtensUy  of  pressure,  consistent  unth  stdbiU^j  of  a 
building  founded  on  a  horizontal  stratum  of  earth  at  the  depth  z,  the 
angle  of  repose  being  ^. 

If  A  be  the  area  of  the  foundation  of  the  building,  wxA.  vill 
be  the  weight  of  earth  displaced  by  it ;  and  if  the  pressure  of 
the  building  on  its  base  be  unifonuly  distributed,  jp'  A  will  be 
the  weight  of  the  building;  so  that 


w 


L^fl+^l)' ,3x 

X        \l — sinf/  ^  '' 


is  the  Hmit  of  the  ratio  in  which  the  vsdght  of  a  buUding  exceeds  Ute 
weight  of  earth  displaced  by  itf  when  the  pressure  is  unifonnlj  dis- 
tributed over  the  base. 

If  the  pressure  of  the  building  be  not  uniformly  distributed 
over  the  base,  its  greatest  intensity  must  not  exceed  that  given 
by  equation  2,  and  its  least  intensity  must  not  £gJI  short  of  wx. 
This  condition  determines  the  greatest  inequality  of  distriilmtion 
of  the  pressure  of  a  building  which  is  consistent  with  the  stability 
of  a  given  kind  of  earth.  The  most  useful  and  frequent  example 
of  this  case  is  that  in  which  the  base  is  rectangular,  and  ihe 
intensity  of  the  pressure  increases  ht  an  uniform  rate  from  one 
edge  to  the  opposite  edge  of  the  rectangle,  being  an  umfffmdff 
va/ryirvg  stress  (Articles  91,  92,  94).  In  this  case,  let  p^  denote 
the  mean  intensity  of  the  pressure  of  the  building,  b  the  breadth 
of  its  base  in  the  direction  along  which  the  pressure  varies,  and 
cb  the  utmost  deviation  of  the  centre  of  pressure  of  the  base  frwn  its 
centre  of  figure^  consistent  with  the  stability  of  the  earth  which 
supports  it;  then 


p*  -\-wx  1  +  sin*  e 


,3'* 


C  = 


p — wx 


sm  p 


Q{p'+wx)       3(l+sin»fy 


(4) 
(5.) 


200.  AbBtting  Power  of  Earth.— ^If  a  vertical  plane  sui^use  of 
some  body  which  is  pressed  horizontally,  such  as  a  buttress,  or 
a  retaining  wall,  abuts  or  presses  horizontally  against  a  horizontal 
layer  of  earth,  of  the  depth  a,  the  Hmit  of  the  resistance  which 
that  layer  is  capable  of  opposing  to  the  horizontal  thrust  of  the 
vertical  plane  is  determined  by  the  greatest  horizontal  pressure 
consistent  with  the  stability  of  the  earth.     Hence  the  amount  of 
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that  hoiizontal  resistance^  per  unit  of  horizontal  breadth  of  the 
vertical  abutting  plane^  is  given  hj  the  equation 

p  iffo^    1  +  sin  ^ 

^'^'2''  1— sinf* 

m,  '2aj 

The  centre  qfresUkmee  is  at  -^  below  the  surface  of  the  earth. 

o 

201.  Takie  me  BnuMpiM  of  the  results  of  the  formule  in  Articles 
197, 198, 199,  and  200. 


^ 


90—^ 


o^         15" 


30^ 


4S"         37'*  30" 


45' 


22^1 


60* 


16' 


/=tan^ 


o        0-268        0-577         I'ooo        1732 


-^=cotan^ 

sin  ^ 

I  —  sin  ^ 
I  +  8in^ 

I  +sin^ 
1  —  sin  0 

008  0 


oos"^ 

/i— sin^y 
\i  +  sin  ^/ 

/i  +  sin  ^y 
\i  —  sin  ^/ 

i  +  sin*^ 
(i  —  sin  ^f 

3(i+8in»f) 


00        3732        1 732        I -000        0*577 


0-259        0-500        0707        0-866 


0-588        o'333        o'i72        0-072 


1*700        3-000        5*826      13*924 
0-966        0*866        0-707        0*500 


o*933        0*750        0*500        0*250 


0-346        0*111        0*0295      0*0052 


2*890        9*000      33*94      i93'8 


1*945        5000      1747        97*4 


0*081        0*133        0*157        0*165 


"RwifAPi^    Xhe  column  headed  o^  is  applicable  to  Ugiude. 
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The  overlapping  or  breaking  of  the  joints,  oommonlj  called  <^e 
bond,  in  masonry  and  brickwork,  has  three  objects — ^first,  to  dis- 
tribute the  vertical  load  which  rests  on  each  stone  or  brick  over 
two  or  three  of  the  stones  or  bricks  of  the  course  next  below,  and 
80  to  produce  a  more  nearly  uniform  distribution  of  the  load  than 
would  otherwise  take  place;  secondly,  to  enable  the  stroctore  to 
resist  forces  tending  to  break  it  by  shearing,  or  sliding  of  one  part 
on  another,  in  a  vertical  plane;  and  thirdly,  to  enable  it  to  resist 
forces  tending  to  tear  it  asunder  horizontally. 

For  masonry  and  brickwork  laid  either  dry,  or  in  connnon  mor- 
tar which  has  not  had  time  to  acquire  practically  appreciable 
tenacity,  the  resistance  to  horizontal  tension  mentioned  above  as 
the  thud  object  of  the  bond,  is  due  to  the  mutual  Motion  of  the 
overlapping  portions  of  the  beds  or  horizontal  &ces  of  the  stones  or 
bricks,  and  may  be  called  "Jrictional  tenacity.**  The  amount  of  the 
frictional  tenacity  at  any  horizontal  joint  is  the  product  of  the  ver- 
tical load  upon  the  portion  of  that  joint  where  two  blocks  of  stone 
or  brick  overlap  each  other,  into  the  co-efficient  of  fidction,  which, 
as  stated  in  the  table  of  Article  192,  is  about  0-74. 

Let  fig.  94  A  represent  a  portion  of  a  wall  with  a  horizontal  top 
^  A  j  and  let  it  be  required  to  determine 

I       [       I  _    ,  >        the  frictional  tenacity  at  a  horizontal 


h 


□ 


h 


^ 


v^ 


I  II  1:1 1 


^^a 


'  '1'  '1'  '1 


TT 


r~  joint  B,  whose  depth  below  A  is  ;c,  the 
1—  intensity  of  that  tenacity  per  unit  of 


j-j-L-  area  of  a  vertical  plane  at  B,  and  the 
H   aggregate  tenacity  of  the  wall  fiom  A 


tV*   down  to  B,  with  which  it  is  capable  of 
j.|    g^  j^  resisting  a  force  tending  to  tear  it  into 

two  parts  by  separation  at  the  serrated 
dark  line  which  extends  from  A  to  B  in  the  figure. 

Let  w  be  the  weight  of  an  unit  of  volume  of  the  material  of  the 
wall ;  h  the  length  of  the  overlap  at  each  joint;  t  the  thickness  of 
the  walL     Then 

whtx 

is  the  vertical  pressure  on  ihe  overlapping  portions  of  the  stones  or 
bricks  at  B,  and  consequently,  if/ be  the  co-efficient  of  friction,  the 
amount  of  frictional  tenacity  for  the  joint  B  is 

fwbtx. (1.) 

The  intensity  of  that  tenacity  per  unit  of  area  of  a  vertical 
plane  is  found  by  dividing  its  amount  by  the  area  of  a  vertical 
flfection  of  one  course  of  stones  or  bricks.   *Let  h  be  the  d^yth  of  a 
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eonrae  ;  then  A^  is  the  area  of  its  vertical  seddon ;  and  the  intensity 
of  the  fictional  tenacity  of  the  joint  immediately  below  is 

^—jT (2.) 

Let  n  be  the  nttmber  of  oourses  from  A  down  to  B.     Then  the 
value  of  x  for  the  uppennost  course  is  =  A,  and  for  the  lowest 

-n  -4-  1 

course,  =rn  A ;  and  the  mean  value  of  a;  is  — jr—  •  7* ;  so  that  the 
mean  tenacity  per  course  is 

and  ilie  mean  inteDfiity, 

Hence  the  amount  of  the  aggregate  fictional  tenacity  of  the  wall, 
&om  A  down  to  B,  is 

«•— 2-  'fyyhth=' \-j^ (3.) 

Prom  the  equations  2  and  3  it  is  obvious  that  the  frictional 
tenacity  of  masoniy  and  brickwork  is  increased  by  increasing  the 

ratio  T  which  the  length  of  the  overlap  bears  to  the  depth  of  a 

course.    This  may  be  effected  either  by  increasing  the  length  of  the 

stones  or  bricks  (to  which  the  overlap  bears  a  definite  proportion, 

depending  on  the  style  of  bond  adopted),  or  by  diminishing  their 

depth ;  but  to  both  those  expedients  there  is  a  limit  fixed  by  the 

habili^  of  stones  and  bricks  to  break  across  when  the  length 

exceeds  the  depth  in  more  than  a  certain  ratio,  which  for  brick 

and  stone  of  ordinary  strength  is  about  3. 

For  English  bond  (as  in  fig.  94  A),  consisting  of  a  course  of 

tMLckem  (or  bricks  laid  lengthwise),  and  a  course  of  headers  (or 

Incks  laid  crosswise),  alternately, — ^and  also  for  FlemMth  bond,  in 

which  each  course  consists  of  alternate  headers  and  stretchers,  the 

overlap  h  is  one-fourth  of  the  length,  or  about  three-fourths  of  the 

h  ^ 

depiii,  of  a  brick.     The  value  of  -r  is  therefore  7 ;  but  to  allow  for 

inegulaiitieB  of  figure  and  of  laying  in  the  bricks,  it  is  safe  to  make  it 

2  . 

^  in  the  formulae.     Substituting  this  in  equations  2  and  3,  and 
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3 

making  /=  j,  we  find  for  the  intensity  of  the  Motional  tenad^, 

where  one-half  of  the  face  of  the  waU  consists  of  ends  ofhsaden^ 

^; (i) 

and  for  the  amount  &om  the  top  of  the  wall  down  to  the  depUi  x, 

wt  (a'  +  hx)^ ^^ 

The  tenacity  of  the  wall  in  the  direction  of  its  thickness,  which 

resists  the  separation  of  its  front  and  back  portions  by  splitiingi  is 

often  as  important  as  its  longitudinal  tenacity,  and  sometimes 

more  so.     Where  one-half  of  the  face,  as  in  fig.  94  A,  consists  of 

ends  of  headers,  the  overlap  of  each  course  in  the  direction  of  the 

thickness  is  generally  one-half  of  the  length  of  a  brick  instead  of 

h  4 

one  quarter ;  so  that  ?•  is  to  be  made  =  ~  instead  of  two-thirds. 

Hence  in  this  case,  the  transfcerse  frictioruU  tenacity  (as  it  may  be 
called)  is  dovhle  of  the  longitudinal  frictional  tenacity,  its  inteositj 
at  the  depth  x  being 

ti?«, (6.)         i 

and  its  amount  from  the  top  of  the  wall  down  to  the  depth  «,  for 
a  length  of  wall  denoted  by  l^ 

wl{oi?  +  hx)  . 

In  a  brick  wall  consisting  eniirdy  of  siretchersy  as  in  ^g.  94  B> 


I         I     — I 1 1 the  longitudinal  teTiacity  is  double  of 

I         I        I         I         [     that  of  the  wall  in  fig.  94  A,  where 


II  -  -     - —     -^o       —  J      — 

II"   one-half  of  the  face  consists  of  ends  of 


I     '    I    '    I    *    I — L   headers.     But  that  increased  longitu- 


rr,„  QA  n  dinal  tenacity  is  attained  by  a  total 

^*  ^*  ^-  sacrifice  of  tknavei^  tenacity,  when 

the  wall  is  more  than  half  a  brick  thick.  In  brickwork,  therefore^ 
in  which  the  longitudinal  is  of  more  importance  than  the  transverse 
tenacity  (as  is  the  case  in  furnace  chimneys),  a  sufficient  amount  of 
transverse  tenacity  is  to  be  preserved  by  having  courses  of  headers 
at  intervals.  The  efiects  of  this  arrangement  are  computed  as 
follows : — 

Let  8  be  the  number  of  courses  of  stretchers  for  each  couiae  of 
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headers  :  so  that  — r-r  of  the  face  of  the  wall  consists  of  ends  of 

s+  1 

headers,  and  — r-?  of  sides  of  stretchers. 
*+  1 

Let  L  denote  the  intensity  of  the  longitudinal  frictional  tenacity, 
and  T  that  of  the  transverse  frictionid  tenacity,  at  the  depth  «. 
The  following  table  represents  the  yalues  of  those  intensities  in  the 
extreme  cases: — 

8+1  S+l 

-  1  1  W  X 

00  0  1  to  X  0 

Now,  in  intermediate  cases,  the  longitudinal  tenacity  will  vary 
nearly  as  the  proportion  of  sides  of  stretchers  in  the  face  of  the  wall 

-  .  . ,  and  the  transverse  tenacity  as  the  proportion  of  ends  of 

headers;  whence  we  have  the  following  formulse  for  the  intensi- 
ties >— 

^  =  ^-^i  •  «^«; (8.) 

T  =  -^  wx (9.) 

8+1  ^    ' 

Consequently,  for  the  aggregate  tenacities  down  to  a  given  depth  x, 
when  the  length  of  the  wall  is  I,  and  its  thickness  f ,  we  have 

LinigUudirud'  >  'wt{a^  +  hx); (10.) 

1 
Transverse,  ^  .     ,   ...  •ivl  (oi?  +  hx) (11.) 

To  make  the  longitudinal  and  transverse  fictional  tenacities  of 
equal  intensity,  we  should  have  8  =  2,ot  two  courses  of  stretchers 
for  one  course  of  headers.     This  makes 

L  =  T  =  ^^ (12.) 

In  round  fiictoiy  chimneys,  it  is  usual  to  make  «  =  4 ;  and  then 

we  have 

4                      2 
L=  g*«^»;  T  =  -«waj (13.) 
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The  preceding  formulee  are  applicable  not  only  to  brickwork,  bnt 
to  ashler  masonry  in  which  the  proportions  of  the  dimensions  of  the 
stones  are  on  an  average  nearly  the  same  with  those  of  bricks. 

The  formulsd  9  and  11  may  also  be  used  to  find  the  trcmscent 

temacUy  of  a  ruXMe  toaU,  if  ,  ,  be  taken  to  represent  the  propor- 
tion of  the  face  of  the  toaU  which  oonnsts  of  the  ends  of  equaled 
headers  or  bond  stones,  connecting  the  /ront  and  ha/ck  of  the  toaU 
together. 

The  principles  of  the  present  Article  may  be  relied  on  as  a  means 
of  comparing  one  piece  of  masoniy  or  brickwork  with  another,  so 
far  as  their  security  depends  on  the  horizontal  tenaxdty  produced 
by  the  friction  of  the  courses.  But  inasmuch  as  the  absohUe 
ntimerical  resvUs  have  been  arrived  at  by  an  indirect  process,  from 
the  tangent  of  the  angle  of  repose  of  masonry  and  brickwork  laid 
with  damp  mortar,  these  results  are  to  be  considered  as  uncertain, 
and  as  requiring  direct  experiments  for  their  verification  or  correc- 
tion.    No  such  experiments  have  yet  been  made. 

203.  Frlcti^M    ii   Screws*  Kefs*    mmA    Wedges. — The    pieces    of 

structures  in  timber  and  metal  are  often  attached  together  by  the 
aid  of  keys  or  wedges,  or  of  screws.  The  stability  of  those  £susten- 
ings  arises  from  friction,  and  requires  for  its  maintenance  that  the 
obliqtdty  of  the  pressure  between  the  wedge  or  key  and  its  seat,  or 
between  the  thread  of  the  screw  and  that  of  its  nut,  shall  not 
exceed  the  smallest  value  of  the  angle  of  repose  of  the  materials. 

204.  Frietlon  of  Best  aMd  Friction  of  IHotioii. — For  SOme  sub- 
stances, especially  those  whose  sur&ces  are  sensibly  indented  by  a 
moderate  pressure,  such  as  timber,  the  friction  between  a  pair  of 
surfaces  which  have  remained  for  some  time  at  rest,  relatively  to 
each  other,  is  somewhat  greater  than  that  between  the  same  pair  of 
surfaces  when  sliding  on  each  other.     This  excess,  however,  of  the 

friction  of  rest  over  fiie  friction  of  motion^  is  instantly  destroyed  by 
a  slight  vibration ;  so  that  the  friction  of  motion  is  alone  to  be 
relied  on  as  giving  stability  to  a  structure.  In  Article  192, 
accordingly,  the  co-efficients  of  friction  and  angles  of  repose  in  the 
table  relate  to  the  friction  of  motion,  where  &ere  is  any  sensible 
difference  between  it  and  ^q  friction  of  rest. 

Section  4. — On  the  Stability  of  Abutments  and  Vatdts. 

205.  Stabiutf  at  a  Plane  JToint. — ^The  present  section  relates  to 
the  stability  of  structures  composed  of  blocks,  such  as  stones  or 
bricks,  touching  each  other  at  joints,  which  are  plane  aurfikoesy 
capable  of  exerting  pressure  and  friction,  but  not  tension. 

The  conclusions  of  the  present  section  are  applicable  to  stnicturc?s 
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of  mftBomy  or  brickwork,  micemented,  or  laid  in  ordiziaiy  mortar ; 
for  althofogh  ordinary  mortar  sometimes  attains  in  the  course  of  jears 
a  tenacity  eqnal  to  tibat  of  limestone,  yet,  when  fresh,  its  tenacity  is 
too  small  to  be  relied  on  in  practice  as  a  means  of  resisting  tension  at 
the  joints  of  the  stnictnre;  so  that  a  structure  of  masonry  or  brick- 
work, requiring,  as  it  does,  to  possess  stability  while  the  mortar  is 
freeh,  ought  to  be  designed  on  the  supposition,  that  the  joints  have  no 
appreciable  tenacity.  The  mortar  adds  somewhat  to  the  /rictionaZ 
liability y  as  has  already  been  stated  in  the  table  of  Article  192,  and 
thus  contributes  indirectly  to  the  JricU&nal  tenacUtf  described  in 
Article  202. 

There  are  kinds  of  cement  whose  tenacity  becomes  at  once  equal 
to  that  of  brick,  or  even  to  that  of  stone.  So  &r  as  the  joints  are 
cemented  with  such  kinds  of  cement,  a  structure  is  to  be  considereci 
as  one  piece,  and  its  safety  is  a  question  of  strengtL 

A  j^ne  joint  which  has  no  tenacity  is  incapable  of  resisting  any 
force,  except  a  pressure,  whose  centre  qfetreea  falls  within  the  joint, 
and  whose  obliquity  does  not  exceed  the  angle  of  repose. 

If  the  resistance  of  the  material  of  the  blocks  which  meet  at  the 
joint  to  a  crushing  force  were  infinitely  great,  it  would  be  suffi- 
cient for  stability  that  the  centre  of  pressure  should  fEdl  anywhere 
within  the  joint,  how  dose  soever  to  the  edge ;  but  for  the  actual 
materials  of  construction,  it  is  necessaiy  that  the  centre  of  pressure 
flbould  not  be  so  near  the  nearest  edge  of  the  joint  as  to  produce  a 
pressure  at  that  edge  sufficiently  intense  to  injure  the  material 
Hence  it  appears  that  the  exact  determination  of  the  limiting  posi- 
tion of  the  centre  of  pressure  at  a  plane  joint  is,  strictly  speaking, 
a  question  relating  to  the  strength  of  materials.  Nevertheless,  an 
approximation  to  that  position  can  be  deduced  from  an  examina- 
tion of  the  examples  which  occur  in  practice,  without  having 
recourse  to  an  investigation  founded  on  the  theory  of  the  strength 
of  materials.  Some  of  the  most  useful  results  of  such  an  examina- 
tion are  expressed  as  follows : — 

Let  q  denote  the  ratio  which  the  distance  of  the  centre  of  pressure 
of  a  given  plane  joint  from  its  centre  offigfwre  bears  to  the  diameter 
or  breadth  of  the  same  joint,  measured  along  the  straight  line 
-which  traverses  its  centre  of  pressure  and  centre  of  figure  ;  so  that 
if  /  be  that  diameter,  q  t  shall  be  the  distance  of  the  centre  of  pres* 
sore  from  the  centre  of  figure.  Then  the  ratio  q  is  found  in  prao» 
tice  to  have  the  following  values : — 

3 
In  retadmng  waUe  designed  by  British  engineers,...^,  or  0-375. 

3 
In  retaining  waUs  designed  by  French  engineers,. . .^yr,  or  0*3. 
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In  the  ahtUments  of  arises,  in  piers  and  detached  buUreMeSy  and  in 
towers  and  chimneys  exposed  to  the  pressure  of  the  wind,  it  has 
been  found  by  experience  to  be  advisable  so  to  limit  the  deviation 
of  the  centre  of  pressure  from  the  centre  of  figure,  that  the  maxi- 
mum intensity  of  the  pressure,  supposing  it  to  be  an  wrdfomdy 
varying  pressure  (see  Article  94),  shall  not  exceed  the  douUe  of  the 
mean  intensity.     As  in  Article  94,  let  P  be  the  total  pressure ;  S 

.  .  P 

the  area  of  the  joint ;  let  ^  =  i?^  be  the  mean  intensiiy  of  the  pres- 
sure, which  is  also  the  intensity  at  the  centre  of  figure  of  t^e  joint, 
and  at  each  point  in  a  neutral  axis  traversing  that  centre  of  figure; 
let  X  be  the  perpendicular  distance  of  any  point  from  that  axis,  and 
let  the  pressure  at  that  point  he  p  =p^  +  ax,  bo  that  if  rBi  be  the 
greatest  positiye  distance  of  a  point  at  the  edge  of  the  joint  from 
the  neutral  axis,  the  maximum  pressure  will  be 

Kow,  by  the  condition  stated  above,  pi  =  2  j^^,  and,  consequently, 

»  =  ^"'=f  =  ^s- (!•) 

iCi  Xi        Xia  ^    ' 

If  the  diameter  of  the  joint  is  bisected  by  the  centre  of  figure, 
and  if  a;^  (as  in  Article  94)  be  the  distance  of  the  centre  of  pressuro 
from  the  neutral  axis,  we  shall  have 

and  by  inserting  in  this  equation  the  value  of  x^  as  given  by  equa- 
tion 4  of  Article  94,  and  having  regard  to  the  value  of  a,  as  givea 
by  equation  1  of  this  Article,  we  find 

a  I  I 

^""2P^i  =  2S^^ ^  '^ 

an  expression  whose  value  depends  wholly  on  the  figure  of  the 
joint — ^that  is,  of  the  transverse  section  of  the  abutment^  pier, 
buttress,  tower,  or  chimney. 

Eefening  to  the  table  at  the  end  of  Article  95  for  the  values  of 
the  moment  of  inertia  I,  the  following  results  are  obtained  for 
joints  of  different  figures.  In  each  case  in  which  there  is  any 
difference  in  the  values  of  q  for  different  directions,  the  deviation 
of  the  eentre  of  pressure  is  supposed  to  take  place  in  that  direction 
in  which  the  greasiest  deviation  is  admissible — that  is  to  say,  at 
right  angles  to  the  neutral  axis  for  which  I  is  a  maximum ;  so  that 

if  ^  be  the  diameter  in  that  direction,  Xi  =  -^, 
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FiouBE  OF  Base. 
I.  E6ctaiigl&-* 

Lengthi h 

Breadth, b 


U.  Square — 
Side, 

UL  Ellipee- 


^ 


Longer  axis, A 

Shorter  axis, 6 

IV.  Circle— 

Diameter, h 


} 


V.  Hollow  rectangli 

Outside  dimenaiona,...A,  &> 
loride  dimeiisioiia,...A',  Vf 

VI.  Hollow  square- 
Outside  dimensions, h\ 

Inside  dimensions^ h') 


VIL  Circular  ring — 


Diameter,  Outside, h\ 

Do.      Inside, h') 


(^'-A'^ 


1 
6 

j. 

6 

« 

1 

8 

2 

8 

lh\hh-Kh) 
V  +  A" 

A*  +  A" 
8A- 


When  the  solid  parts  of  the  hollow  square  and  of  the  circular 
ring  are  veiy  thin,  the  expressions  for  q  in  Examples  VI.  and  VIL 
become  approximately  equal  to  the  following : — 

VUL  Hollow  square, .' q  =-o> 

^--^ A: 

which  Talues  are  sufficiently  accurate  for  practical  purposes  when 
applied  to  square  and  round  factory  chimneys. 

The  conditions  of  stability  of  a  block  supported  upon  another 
block  at  a  plane  joint  may  be  thus  summed  up : — 

Beferring  to  fig.  93,  Article  191,  let  A  A  represent  the  upper 
block,  B  B  part  of  the  lower  block,  e  E  the  joints  C  its  centre  of 

pressure,  P  C  the  resultant  of  the  whole  pressure  distributed  over 
the  joint,  whether  arising  from  the  weight  of  the  upper  block,  or 
from  forces  applied  to  it  from  without.  Then  the  conditions  of  sta- 
bility are  the  following  : — 

L  Hie  MiqwUy  of  die  pressure  must  not  exceed  the  cmgle  ofrepose^ 
that  is  to  say. 
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ZPCN^^. 


(3.) 


11.  The  ratu>  which  the  deviation  ofilie  centre  ofpressv/re/rom  the 
centre  of  figure  of  the  joint  beovrs  to  the  leTUfth  oftha  diam^er  of  the 
joint  traversing  those  two  centres,  m/ust  not  exceed  a  certain  frcuAwn^ 
whose  value  varies,  according  to  drowmeta/noes,  from  one-eiglUh  to 
three-eighths,  that  is  to  say. 


2  eE  — CE 


eE 


(^) 


Fig.  95. 


The  first  of  these  conditions  is  called  that  of  stability  offricUon, 
the  second,  that  of  stability  of  position, 

206.   8tal»iUt7  m€  a  Series  of  Bleclu}  litee  of  BeiOetUieef  I.lae  eT 

Preaeniva.-— In  a  structure  composed  of  a  series  of  blocks,  or  of  a 

series  of  courses  so  bonded  that  each  maj 
be  considered  as  one  block,  which  blocks 
or  courses  press  against  each  other  at 
plane  joints,  the  two  conditions  of  sta- 
bility must  be  fulfilled  at  each  joint 

Let  fig.  95  liepresent  part  of  such  a 
structure,  1,  1,  2,  2,  3,  3, 4,  4,  being  some 
of  its  plane  joints. 

Suppose  the  centre  of  pressure  C|  of  the 
joint  1, 1,  to  be  known,  and  also  the  amount 
and  direction  of  the  pressure,  as  indicated  by  the  arrow  traversing 
C,.  With  that  pressure  combine  the  weight  of  the  block  1,  2,  2,  1, 
together  with  any  other  external  force  which  may  act  on  that  block; 
the  resultant  will  be  the  total  pressure  to  be  resisted  at  the  joint 
2,  2,  will  be  given  in  magnitude,  dii'ection,  and  position,  and 
wiU  intersect  that  joint  in  the  centre  of  pressure  Cj.  By  continu- 
ing this  process  there  are  found  the  centres  of  pressure  Cj,  C4,  &c, 
of  any  number  of  successive  joints,  and  the  directions  and  magni- 
tudes of  the  resultant  pressures  acting  at  those  joints. 

The  magnitude  and  position  of  the  resultant  pressure  at  any  joint 
whatsoever,  and  consequently  the  centre  of  pressure  at  that  joint, 
may  also  be  found  simply  by  taking  the  resultant  of  all  the  forces 
which  act  on  one  of  the  parts  into  which  that  joint  divides  the 
structure,  precisely  as  in  the  "method  of  sections"  already  desmbed 
in  its  application  to  firamework,  Article  161. 

The  centres  of  pressure  at  the  joints  are  sometimes  called  centres 
of  resistance,  A  line  traversing  all  those  centres  of  resistance,  such 
as  the  dotted  line  B,  K,  in  fig.  95,  has  received  from  Mr.  Moeeley 
the  name  of  the  "  line  of  resistance;"  and  that  author  has  also  shown 
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faoir  in  many  cases  the  equation  which  expresses  the  fonn  of  that 
line  may  be  determined^  and  applied  to  the  solution  of  useful 
problemsL 

The  stiai^t  lines  representing  the  resultant  pressures  may  be  all 
parallel,  or  may  all  lie  in  the  same  straight  line,  or  may  all  intersect 
in  one  points  The  more  common  case,  however,  is  that  in  which 
ihose  straight  lines  intersect  each  other  in  a  series  of  points,  so  as 
to  form  a  polygon.  A  curve,  such  as  P,  P,  in  fig.  95,  touching  all 
the  sides  of  that  polygon,  is  called  by  Mr.  Moseley  the  ^  line  of 


The  properties  which  the  line  of  resistance  and  line  of  pressures 
must  have,  in  order  that  the  conditions  of  stability  may  be  fiilfilled, 
are  the  following : — 

To  insure  stability  of  position,  the  line  of  resistance  must  not 
deoiaUfrom  the  cerUre  offigwre  of  any  joint  by  more  Hum  a  certain 
fraction  {^  of  the  diameter  of  the  joints  measured  in  the  direction  of 
deviation. 

To  insure  stability  of  Motion,  the  normal  to,  each  joint  rmist  not 
make  an  angle  greater  than  the  angle  of  repose  itnth  a  tangent  to  the 
line  €f  pressures  drawn  through  the  centre  of  resistance  of  that  joint, 

207.  Auiflcr  •r  Btockw«rii  wmA  Fnuaework. — ^The  point  of  in- 
tersection of  the  straight  lines  representing  the  resultant  pressures 
at  any  two  joints  of  a  structure,  whether  composed  of  blocks  or  of 
bars,  must  be  situated  in  the  line  of  action  of  the  resultant  of  the 
entire  load  of  the  part  of  the  structure  which  lies  between  the  two 
joints;  and  those  three  resultants  must  be  proportional  to  the  three 
aides  of  a  triangle  parallel  to  their  directions. 

Henoe  l^e  polygon  formed  by  the  intersections  of  the  lines  repre- 
senting the  pressures  at  the  successive  joints  in  fig.  95,  is  analogous 
to  a  polygonal  frame ;  for  the  sides  of  that  polygon  represent  the 
directicms  of  resistances,  which  sustain  loads  acting  through  i\& 
angles,  as  in  the  instances  of  framework  described  in  Articles  150, 
151, 153,  and  154,  and  represented  in  fig.  75.  A  structure  of  blocks 
is  especially  analogous  to  an  open  polygonal  fr^ame,  like  those  in 
Articles  151  and  154,  represented  by  fig.  75,  with  the  piece  E 
omitted  because  of  the  absence  of  ties. 

The  question  of  the  stability  of  a  structure  composed  of  blocks  with 
plane  joints  may  therefore  be  solved  in  the  following  manner : — 

(1.)  Determine  and  lay  down  on  a  drawing  of  the  structure  the 
line  of  action  and  the  magnitude  of  the  resultant  of  the  external 
forces  applied  to  each  block,  including  its  own  weight.  Either  one 
or  two  of  those  resultants,  as  the  case  may  be,  will  be  the  support- 
ing force  or  forces. . 

(2.)  Draw  a  polygon  of  external  forces,  like  that  in  ^,  75*  or  75**. 
Two  contiguous  sides  of  that  polygon  will  represent  the  external  forces 
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acting  on  the  two  extreme  blocks  of  the  seriefi,  of  which  one  may 
be  a  supporting  pressure  and  the  other  a  load,  or  both  may  be 
supportmg  pressures.  In  either  case  their  intersection  gives  the 
point  O,  £rom  which  radiating  lines  are  to  be  drawn  to  the  angles 
of  the  polygon  of  external  forces,  to  represent  the  directions  and 
magnitudes  of  the  resistances  of  the  several  joints. 

(3.)  Draw  a  polygon  having  its  angles  on  the  lines  of  action  of 
the  external  forces,  as  laid  down  in  step  (1.)  of  the  process,  and  its 
sides  parallel  to  the  radiating  lines  of  step  (2).  This  polygon  will 
represent  the  eqaivoXeml  polygonal  frame  of  the  given  structure, 
and  will  have  a  side  corresponding  to  each  joint;  and  each  side  of 
the  polygon  (produced  if  necessary)  will  cut  the  corresponding  plane 
joint  in  its  centre  of  pressure,  and  will  show  the  direction  of  the 
resultant  pressure  at  tiie  joint. 

Then  if  each  centre  of  pressure  fidls  within  the  proper  limits  of 
position,  and  the  direction  of  each  resultant  pressure  within  the 
proper  limits  of  obliquity,  as  prescribed  in  Article  205,  the  structure 
will  be  balanced ;  and  the  conditions  of  stability  will  be  fulfilled 
under  variations  of  the  distribution  of  the  load,  which  will  be  the 
greater,  the  greater  is  the  diameter  of  each  joint;  for  every  increase 
in  the  diameters  of  the  joints  increases  the  limits  within  which  the 
figure  of  the  equivalent  polygonal  frame  may  vaiy,  and  every 
variation  of  that  figure  corresponds  to  a  variation  in  the  distribu- 
tion of  the  load. 

208.   TnmsforauitloB    of  BI«ckw«riK    Mractncs. — ThEOBEK.      If 

a  Structure  composed  of  Hocks  have  stability  of  position  v^ien  acted  on 
by  forces  represented  by  a  given  system  oflines,  then  wiU  a  strtuiure 
whose  figure  is  a  parallel  projection  of  the  original  structure  have 
stability  of  position  when  acted  on  by  farces  represented  by  the  corre- 
sponding parallel  projection  of  the  original  system  of  Unes;  also^  the 
centres  of  pressure  and  the  lines  representing  Oie  resultant  pressures  at 
the  joints  of  the  new  structure  wHl  be  the  corresponding  projections  of  the 
centres  of  pressure  and  the  lines  representing  the  resiuUant  pressures  at 
the  joints  of  the  original  structure. 

For  the  relative  volumes,  and  consequently  the  relative  weights, 
of  the  several  blocks  of  which  the  structuro  is  composed,  are  not 
altered  by  the  transformation;  and  if  those  weights  in  the  new 
structure  be  represented  by  lines,  parallel  projections  of  the  lines 
representing  the  original  lines,  and  if  the  other  forces  applied 
externally  to  the  pieces  of  the  new  structure  be  represented  by  the 
corresponding  parallel  projections  of  the  lines  representing  the 
corresponding  forces  applied  to  the  pieces  of  the  original  structure^ 
then  will  each  external  force  acting  on  the  new  structure  be  the 
pai-allel  projection  of  a  force  acting  on  the  corresponding  point  of 
the  original  structure;  therefore  the  resultant  pressures  at  the 
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joints  of  the  new  structure,  -which  balance  the  external  forces,  vill 
be  represented  hj  the  parallel  projections  of  the  lines  representing 
the  resultant  pressures  at  the  corresponding  joints  in  the  original 
structure ;  therefore  (Article  62,  l4oposition  I.),  the  centres  of 
pressure,  where  those  resultants  cut  the  joints,  will  divide  the 
diameters  of  the  joints  in  the  same  ratios  in  the  new  and  in  the 
original  structures  j  therefore  if  the  original  structure  haye  stability 
of  position,  the  new  structure  will  also  have  stability  of  position. 

This  is  the  extension,  to  a  structure  composed  of  blocks,  of  the 
principle  of  the  trana/ornKUion  of  structureSy  already  proved  for  frames 
in  Article  166,  and  for  cords  and  linear  arches  in  Article  177. 

209.  FHctlomil  SlabUItT  of  a  Tmaaferaicd  Siractare. — The  ques- 
tion, whether  the  new  structure  obtained  by  transformation  will 
possess  stability  of  fridion,  is  an  independent  problem,  to  be  solved 
by  determining  the  obliquity  of  each  of  the  transformed  pressures 
relatively  to  the  joint  at  which  it  acts. 

Should  the  pressure  at  any  joint  in  the  transformed  structure 
prove  to  be  too  oblique,  frictional  stability  can  in  most  cases  be 
secured,  without  appreciably  affecting  the  stability  of  position,  by 
altering  the  angular  position  of  the  joint,  without  shifting  its  centre 
of  figure,  until  its  plane  lies  sufficiently  near  to  a  normal  to  the 
pressure  as  originaUy  determined 

210.  smictare  not  ijaieraiir  Preiaed* — If  fig.  96  represents  a 
structure  consisting  of  a  single  series  of  blocks,  or 
courses,  separated  by  plane  joints,  and  has  no  lateral 
pressure  applied  to  it  from  without,  then  the  centre  of 
resistance  at  any  one  of  those  joints,  such  as  D  E,  is 
simply  the  point  C  where  that  joint  is  intersected  by 
a  vertical  let  fall  from  the  centre  of  gravity  G  of  the 
part  of  the  structure  ABED  which  lies  above  that  d 
joint;  and  the  conditions  of  stability  are, — ^that  no  joint 
shall  be  inclined  to  the  horizon  at  an  angle  steeper  than 
the  angle  of  repose, — ^and  that  the  point  C  shaJl  not  at       ^''S*  ^^' 
any  joint  approach  the  edge  of  the  joint  within  a  distance  bearing 
a  certain  proportion  to  the  diameter  of  the  joint. 

211.  The  nomcat  of  Stability  of  a  body  or  structure  supported 
at  a  given  plane  joint  is  the  moment  of  the  couple  of  forces  which 
must  be  applied  in  a  given  vertical  plane  to  that  body  or  structure 
in  addition  to  its  own  weight,  in  order  to  transfer  the  centre  of 
resistance  of  the  joint  to  the  limiting  position  consistent  with 
stability.  The  applied  couple  usually  consists  of  the  thrust  of  a 
frame,  or  an  arch,  or  the  pressure  of  a  fluid,  or  of  a  mass  of  earth, 
igainst  the  structure,  togetiier  with  the  equal,  opposite,  and  parallel, 
but  not  directly  opposed,  resistance  of  the  joint  to  that  lateral 
force. 
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The  moment  of  stability  may  be  different  according  to  the  posilion 
of  the  axis  of  the  applied  coupla 

The  moment  of  that  couple  is  determined  in  the  following 
manner : — 

Oonoeiye  a  line  to  pass  through  all  the  limiting  positions  of  the 
centre  of  resistance  of  the  joint,  so  as  to  enclose  a  space  bqrond 
which  that  centre  must  not  be  found. 

The  product  of  the  weight  of  the  structure  into  the  horiaxnUal  dis- 
tcmce  of  a  point  in  this  line  from  a  vertical  line  trawrsing  the  centre 
ofgramty  of^  sbrudv/re  is  the  moment  of  STABiLrrr  of  the  struc- 
ture, uhcn  the  applied  thrust  acts  in  a  vertical  plane  pardlld  to  that 
horizontal  distance,  and  tends  to  overtfwm  the  structure  in  the  direc- 
tion of  the  given  point  in  the  line  limiting  the  position  of  the  centre  of 
resistance;  for  that,  according  to  Article  41,  is  the  moment  of  the 
couple,  which,  being  combined  with  a  single  force  equal  to  the 
weight  of  the  structure,  transfers  the  line  of  action  of  that  force 
parallel  to  itself  through  a  distance  equal  to  the  given  horizontal 
distance  of  the  centre  of  resistance  fix>m  the  centre  of  gravity  of 
the  structure. 

To  express  this  symbolically,  let  t  be  the  length  of  the  diameter 
of  the  joint  where  it  is  cut  by  the  vertical  plane  traversing  the 
centre  of  gravity  of  the  structure  and  parallel  to  the  applied  thrust; 
let  j  be  the  inclination  of  that  diameter  to  the  horizon;  let  g <  be 
the  distance  of  the  given  limiting  centre  of  resistance  from  the 
middle  point  of  that  diameter,  and  ^  t  the  distance  from  the  same 
middle  point  to  the  point  where  the  diameter  is  cut  by  the  vertical 
line  through  the  centre  of  gravity  of  the  structure,  and  let  W  be 
the  weight  of  the  structure.     Then  the  moment  of  stability  is 


W{qz±zgf)t  OOBJ; (1.) 

the  sign '{  __  >  being  used  according  as  the  centre  of  resistance, 
and  the  vertical  line  through  the  centre  of  gravity,  lie  towards 

{ thr^e^rid^  }  ^^  ^^  °^^^^  ^^  ^"^  diameter. 

Let  h  denote  the  height  of  the  structure  above  the  middle  of  the 
plane  joint  which  is  its  base,  5  the  breadth  of  that  joint  in  a  direc- 
tion perpendicular  or  coi^ugate  to  the  diameter  t,  and  to  the  weight 
of  an  unit  of  volume  of  the  material     Then  we  shall  have 

W  =in'whbt, (2.) 

where  n  is  'a  wumerical  factor  depending  on  the  figure  of  the 
structure,  and  on  the  angles  which  the  dimensions,  h,  6, 1,  make 
with  each  other;  that  is,  the  angles  of  obliquity  of  the  co-ordinates 
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to  which  the  figure  of  the  stnictare  is  referred  Introdudiig  this 
value  of  the  weight  of  the  structure  in^  the  formula  1^  we  find  the 
following  Talue  for  the  moment  of  stability  : — 

»(g=±z5^  coRJ'whbt' (3.) 

This  quantitj  is  divided  by  points  into  three  hctors,  -viz, : — 

(1.)  n  (q  =±=  30  cos  J,  a  Tvwmerical /actor,  depending  on  ihejiffure 
of  the  structure,  the  obliquities  of  its  co-ordinates,  and  the  direcHon 
in  which  the  applied  force  tends  to  overturn  it. 

(2.)  w,  the  specific  gravily  of  the  material 

(3.)  hbf,  9k  geometrical  fetctor,  depending  on  the  dimensions  of 
the  stmctore; 

Now  the  first  &ctor  is  the  same  in  all  structures  having  fig^ures 
of  the  same  class,  with  co-ordinates  of  equal  obliquity,  and  e3q)06ed 
to  similarly  applied  external  forces;  that  is  say,  to  all  structures 
-whose  figures,  together  with  the  lines  of  action  of  the  applied  forces, 
are  fwraUd  projections  of  each  other,  with  co-ordinates  of  equal  Mir 
quity;  hence  for  any  set  of  structures  which  fulfil  that  condition, 
the  moments  of  stability  are  proportional  to 
L  The  specific  gravity  of  the  material ; 
XL  The  height; 

nL  The  breadth; 

IV.  The  squanre  of  the  thickness ;  that  is,  of  the  dimension  of 
the  base  which  is  parallel  to  the  vertical  plane  of  the  applied  force. 

212.  AbMrneats  cisMed. — ^In  the  title  of  the  present  section,  the 
-word  "abutment"  is  used  in  an  extended  sense,  to  denote  every 
Btmcture,  which  by  its  stability  of  position  and  of  Miction,  sustains 
some  pressure  which  abuts  or  acts  laterally  against  it.  The  structures 
comprehended  under  this  definition  may  be  classed  as  follows  : — 

L  Buttresses,  which  sustain  the  thrust  of  a  frame  or  a  rib,  at  one 
or  more  definite  points. 

IL  Towers  and  chimneys,  which  sustain  the  lateral  pressure  of 
the  wind,  uniformly  or  almost  uniformly  distributed,  and  liable  to 
act  in  every  horizontal  direction. 

lUL  Dams  for  sustaiDing  the  lateral  pressure  of  water,  and 
rdtaining  walls  for  sustaining  that  of  earth — ^the  intensity  of  the 
pressure  being  proportional  to  the  depth  beneath  the  surface. 

rV.  Arch  abutments,  which  resemble  both  buttresses  and  retain- 
ing walla,  and  whose  properties  will  be  treated  of  after  those  of 
sUme  and  brick  arches  shall  have  first  been  considered  with  refer- 
ence to  the  stability  at  their  joints. 

213.  BactKMM  la  OcBcnJ. — Let  fig.  97  represent  a  vertical  sec- 
tion of  a  buttress,  against  which  a  strut,  rib,  or  piece  of  frame- 
work  abuts  at  C,  exerting  a  given  force  P  in  a  given  direction 
CA.     In  order  that  the  buttress  may  be  stable,  it  must  fulfil 
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the  conditions  of  stability  at  each  of  its  bed-joints.     Let  D  E  he 

one  of  those  joints. 

Should  several  pressures  abut  against  the  buttress, 
the  force  P  acting  in  the  line  CA  may  be  held  to 
represent  the  resultant  of  all  the  forces  which  arc 
applied  above  the  particular  joint  DE  under  con- 
sideration. 

Let  G  be  the  centre  of  gravity  of  that  part  of  the 
buttress  which  is  above  the  joint  D  'E,  and  let  W 
denote  the  weight  of  the  same  part  Through  G 
draw  the  verti^  line  A  G  B,  cutting  the  direction 
of  the  lateral  thrust  in  A,  and  the  joint  D  E  in  B ; 


Rg.  97. 


make  A  W  =  W,  A  P  =  P ;  complete  the  parallelo- 
gram A  P  R  "W  ;  then  A  R  will  represent  the  result- 
ant of  all  the  forces  which  act  on  the  part  of  the  buttress  above 
the  joint  D  E^  and  to  which  the  resultant  of  the  resistance  at  that 
joint  must  be  equal  and  directly  opposed.  A  R  being  produced, 
cuts  D  E  in  F^  the  centre  of  resistance  of  that  joint,  which  must  not 
fall  beyond  a  certain  prescribed  limit,  that  the  condition  of  stability 
of  position  may  be  fidfilled.  In  order  that  the  condition  of  stabi- 
lity of  friction  may  be  fulfilled,  the  angle  A  F  B  must  not  be  less 
than  the  complement  of  the  angle  of  repose. 

The  most  convenient  mode  of  expressing  this  problem  algebrai- 
cally depends  on  the  circumstances  of  the  particular  case.  The 
following  example  is  that  which  is  most  frequent  and  useful  in 
pi-actice ;  viz.,  when  the  inner  face  C  D  of  the  buttress  is  vertical, 
and  the  joint  D  E  horizontal 

In  this  case,  let  the  point  of  application  of  the  lateral  force,  C, 
be  taken  for  the  origin  of  co-ordinatea     Let 

i  denote  the  angle  of  inclination  of  the  applied  lateral  pressure 
to  the  horizon ; — 

X  =  CD,  the  depth  of  the  joint  in  question  below  C ; — 

y^  =  B  D,  the  horizontal  distance  of  the  centre  of  gravity  of  the 
part  of  the  buttress  above  that  joint  from  the  inner  &ce ; — 

2/  =  D  F,  the  horizontal  distance  of  the  centre  of  resistance  of 
the  joint  from  its  inner  edga 

The  resultant  resistance,  which  acts  through  F  in  the  direction 
F  A,  may  be  resolved  into  two  components,  respectively  parallel, 
equal,  and  opposite  to  the  weight  W  and  applied  force  P.     The 

couple  of  forces  W  is  right-handed,  and  has  the  arm  F  B  =  y — y^ 
The  couple  of  forces  P  is  left-handed,  and  has  for  its  arm  the  per- 
pendicular  distance  of  F  from  the  line  of  action  C  A  of  the  applied 
force,  viz. : — 

X  cos  i  —  y  sin  % 
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The  former  of  those  couples  tends  to  nrm.infai.iTi  the  stability  of  the 
buttress  :  the  latter  tends  to  overturn  it  Equating  their  magni- 
tudes, we  obtain  for  the  expression  of  the  condition  of  stability  of 
position  the  following : — 

^(y-yfl)  =  P(«cost-y  sint) (1.) 

From  this  fundamental  equation  the  solutions  of  various  pro- 
blems  may  be  deduced,  of  which  the  following  are  examples  : — 

L  The  buttress  and  the  lateral  force  being  given,  to  find  the 
centre  of  resistance  at  a  given  joint 


y  = 


W  y^  +  P  05  cos  i 


W  +  Psint 


(2.) 


This  is  the  equation  of  the  *'  line  of  resistanca" 

The  condition  of  stability  is  expressed  in  terms  of  y  thus — 


'-('+1) 


.(3.) 


IL  The  relation  between  the  weight  and  the  dimensions  of  tlio 
part  of  the  buttress  under  consideration  being  given  as  in  equations 
2  and  3  of  .^jticle  211,  it  is  required  to  find  ihe  least  thickness  at 
the  joint  D  E  consistent  with  stability. 

For  this  purpose  we  must  substitute  for  "W  (y  -  y^  in  equation  1 
of  this  Article  its  limit ;  that  is  to  say,  the  moment  of  stability,  as 
expressed  in  equation  3  of  Article  211 ;  and  for  y  we  must  substi- 
tute its  limiting  value  in  terms  of  the  thickness,  as  given  by  equa- 
tion 3  of  this  Article.     Thus  we  obtain  the  following  equation : — 


n {q  +  ^  to hh ^  =  "P {x  COS  i—  (q  +  -^j  t  sin  t) 
To  simplify  the  form  of  this  quadratic  equation,  make 

(^  +  2)  ^^* 


(4.) 


Piccosi 
n{q'{-^tohb 

then  equation  4  becomes 


=  A, 


2n{q  +  ^)whb 


=  B; 


^  =  A  — 2B<, 


the  solution  of  which  is 


t  =  VA  +  B=  — B. 


,{5.) 


In  detached  buttresses,  it  is  in  general  desirable  to  give  q  the 
*valuc  assigned  by  equation  2  of  Article  205,  for  the  reason  there 
stated. 


J 
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III.  To  find  the  obliquitj  of  the  preasure  at  the  joint  D  £,  we 
have  the  equation 

tan  ^  F  A B  =  ^V^\ (6.) 

W  +  P  Sin  t 

As  the  resultant  of  the  resistance  at  each  joint  must  act  in  a  line 
traversing  the  point  A,  the  locus  of  that  point  is  the  "  line  ofpres- 
sures,**  defined  in  Article  206. 

The  greatest  obliquity  of  pressure  occurs  at  that  joint  whidi  is 
immediately  below  the  point  of  abutment  0.  Let  W^  therefore, 
denote  the  weight  of  material  above  that  joint,  and  the  conditioc 
of  stability  of  friction  will  be  given  by  the  equation 

P  cos  ^  ^  ,_ . 

■rxT    I   T»   ■ — '  -^  tan  ^. (7.) 

W^  4-  P  sm  »  —  ^  ' 

214.  Beef  wgwiT  BattNMk  —  In  a  rectangular  buttress,  the 
breadth  B'  and  thickness  t  are  constant ;  and  if  ^^  be  taken  to  denote 
the  height  of  the  top  of  the  buttress  above  the  point  0, 

will  be  its  height  above  a  given  joint.     Also,  because  the  centre  of 
gravity  of  the  portion  above  any  bed-joint  is  vertically  above  the 

centre  of  the  joint,  ^  =  0,  and  y.  =  -  < ;  and  because 

n=l. 

These  values  being  substituted  in  equations  2,  4,  5,  and  7  of 
Article  213,  give  the  following  results : — 

Equation  of  the  line  of  resistance — 

^w{hf^  +  x)b^  +  'Pxco&i 
^"^     w(h^  +  x)bt  +  Tsmi    ^^'^ 

The  least  thickness  compatible  with  stability  (a^  being  the  depth  of 
the  base  of  the  wall  below  C)  is  found  by  making 


A=      ^!^T\.l    B  = 


\^+y^^* 


whence  follows 


» 


BECTANOCIiAS  BCTTRESS — riSSACLE.  239 


t  =  jAT&-B=.y^  \ 


F  Xi  cos  t 


The  least  Tolmne  of  mateml  above  the  level  of  the  point  0 
which  is  compatible  with  stability  of  friction,  is  given  by  making 

P  cos  i  .       ^ 

—    ,  ,   ,  -P   . — ;  =  tan  ^, 

that  is  to  say, 

h^bt=:-  I- — -  — smtV  =— • .    ^    \ (3.) 

^  w  \tan  ^  /       1^         sm  (P 

The  equation  1  of  the  line  of  resistance  is  that  of  a  rectangular 
hyperbola  traversiQg  the  point  A  (which  is  in  this  case  invariable), 
and  having  a  vertical  asymptote,  whose  distance  from  the  inner 
face  of  the  buttress  is 

1  +  ^. (4) 

2  wot  ^   ' 

being  the  limit  which  y  continually  approaches,  but  never  attains, 
as  the  depth  x  increases  without  liinit. 

Ab  the  depth  x  increases  without  limit,  the  thickness  required 
for  the  wall  approaches  the  following  limit : — 


//Pcos»\ 


qwh 

which  depends  on  the  horizontal  component  of  the  lateral  force 
akma 

Snppomng  this  value  to  be  adopted  for  the  thickness  of  the  but- 
trees,  in  order  that  it  may  be  stable,  how  deep  soever  the  base  may 
be  below  the  point  C, — ^then  to  insure  stability  of  friction,  the 
hei^t  of  the  top  above  C  must  have  the  following  value : — 

-  cos  (^  + 1)  ,  - . 

Ao=:  gf  *  -. — \ 4. (6.) 

^       ^      sm  ^  cos  %  ^   ' 

Instead  of  the  rectangular  mass  \  h  t,  there  may  be  substituted 
a  pinnacle  of  the  same  volume,  and  of  any  figure. 
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215,  T^wen  aad  Chinacrs  are  exposed  to  the  lateral  pressnre 
of  the  wind,  which,  without  seDsdble  error  in  practice,  may  be 
assumed  to  be  horizontal,  and  of  uniform  intenaily  at  aJl  heights 
above  the  ground. 

The  surface  exposed  to  the  pressure  of  the  wind  hy  such  stnic- 
tures  is  usually  either  flat,  or  cylindrical,  or  conical,  and  differing 
very  little  from  the  cylindrical  form.  Octagonal  chimneys,  which 
are  occasionally  erected,  may  be  treated  as  sensibly  circular  in  plan. 
The  inclination  of  the  surface  of  a  tower  or  chimney  to  the  verdcal 
is  seldom  sufficient  to  be  worth  taking  into  account  in  determining 
the  pressure  of  the  wind  against  it 

The  greatest  intensity  of  the  pressure  of  the  wind  against  a  flat 
surface  directly  opposed  to  it  hitherto  observed  in  Britain,  has  beeii 
55  lbs.  per  square  foot ;  and  this  residt,  obtained  by  observations 
with  anemometers,  has  been  veiified  by  the  effects  of  certain  vio- 
lent storms  in  destroying  factory  chimneys  and  other  structura. 

In  any  other  climate,  before  designing  a  structure  intended  to 
resist  the  lateral  pressure  of  wind,  the  greatest  intensity  of  that 
pressure  should  be  ascertained,  either  by  direct  experiment,  or  by 
observation  of  the  effects  of  the  wind  on  previous  structures. 

The  total  pressure  of  the  wind  against  the  side  of  a  cylinder  is 
about  one-half  of  the  total  pressure  against  a  diametral  plane  of 
that  cylinder. 

Let  flg.  98  represent  a  chinmey,  square  or  circular,  and  let  it  be 

required  to  determine  the  conditions  of  stability 
of  a  given  bed-joint  D  E. 

Let  S  denote  the  area  of  a  diametral  vertical 
section  of  the  part  of  the  chimney  above  the 
given  joint,  and  p  the  greatest  intensity  of  pres- 
sure of  the  wind  against  a  flat  surface.  Then 
the  total  pressure  of  the  wind  against  the  chim- 
ney will  be  sensibly 


>p 


P  =  ;?  S  for  a  square  chimney ;  ] 

P  =  p  ^  for  a  round  chimney;   j  *"^  '^ 


Fiff  9&  ^^^  ^^  residtant  may,  without  appreciable  error, 

^'  be  assumed  to  act  in  a  horizontal  line  through 

the  centre  of  qra/miy  of  the  vertical  diametral  section^  O.     Let  H 

denote  the  height  of  that  centre  above  the  joint  D  E ;  then  the 

moment  of  the  pressure  is 

H  P  =  H|?  S  for  a  square  chimney ; 

H/>S,^ ,_,__. \ (2.) 


HP=- 


:i 


for  a  round  chimney 


• 


OHDfNET&  2*41 

and  to  this  the  lecut  moment  of  stability  of  the  portion  of  the  chim- 
ney above  the  joint  D  E,  as  determined  by  the  methods  of  Article 
211,  should  he  equal 

For  a  chimney  whose  axis  is  yertical,  the  moment  of  stabilily  is 
the  same  in  all  directions.  But  few  chimneys  have  their  axes 
exactly  vertical  j  and  the  least  moment  of  stability  is  obviously 
that  vhich  opposes  a  lateral  pressure  acting  in  that  direction  t<>- 
'vard  which  tiie  chimney  leans. 

Let  G  be  the  centre  qfgravitf/  of  the  part  o/^  ckinmey  which  is 
above  the  joint  D  E,  and  B  a  point  in  the  joint  D  E  vertically 

below  it ;  and  let  the  line  D  E  =  ^  represent  the  diameter  of  that 
joint  which  traverses  the  point  B.  Let  ^,  as  in  former  examples^ 
represent  the  ratio  which  the  deviation  of  B  from  the  middle  of  the 
diameter  D  E  bears  to  the  length  t  of  that  diameter. 
^  Let  F  be  the  limiting  position  of  the  centre  of  resistance  of  the 
joint  DE)  nearest  the  edge  of  that  joint  towards  which  the  axis  of 
the  chimney  leans,  and  let  g,  as  before,  denote  the  ratio  which  the 
deviation  of  that  centre  from  the  middle  of  the  diameter  D  E  bears 
to  the  length  t  of  that  diameter. 

Then,  as  in  equation  3  of  Article  21 1,  the  least  moment  of  stability 
is  denoted  by 

W  •  BE  =  (y  —  3^  W« (3.) 

The  value  of  the  co-efficient  q  is  determined  by  considering  the 
numner  in  whicb  chimneys  are  observed  to  give  way  to  the  pressure 
of  the  wind.  This  is  generally  observed  to  commence  by  the  opening 
of  one  of  the  bed-joints,  such  as  D  E,  at  the  windward  side  of  the 
chimney.  A  crack  thus  b^pns,  which  extends  itself  in  a  zig-zag  form 
diagOD^y  downwards  alopg  both  sides  of  the  chinmey,  tending  to 
separate  it  into  two  parts,  an  upper  leeward  part,  and  a  lower  wind- 
^vard  part,  divided  from  each  other  by  a  fissure  extending  obliquely 
downwards  from  windward  to  leeward.  The  final  destruction  of  the 
chimney  takes  place,  either  by  the  horizontal  shifting  of  the  upper 
division  until  it  loses  its  support  from  below,  or  by  the  crushing  of 
a  portion  of  the  brickwork  at  the  leeward  side,  from  the  too  great 
concentration  of  pressure  on  it,  or  by  both  those  causes  combined  ; 
and  in  either  case  the  upper  portion  of  the  structure  &Ils  in  a 
shower  of  fragments,  partly  into  the  interior  of  the  portion  left 
standing,  and  partly  on  the  ground  beside  its  base. 

It  is  obvious  that  in  order  that  the  stability  of  a  chimney  may  be 
flecore,  no  bed-joint  ought  to  tend  to  open  at  its  windward  edge ; 
that  is  to  say,  there  ought  to  be  some  pressure  at  every  point  of 
cadi  bed-joini^  except  the  extreme  windward  edge,  where  the  in- 
tensity may  diminish  to  nothing;  and  this  condition  is  fulfilled 


(*•) 
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with  suffioient  aocomcy  for  practical  purposeSy  by  aasnmiiig  the 
prefiBure  to  be  an  imiformly  Yaiying  pleasure^  and  so  liiwitang  the 
position  of  the  centre  of  pressure  F,  that  the  intenaily  at  the  lee- 
ward edge  E  shall  be  doable  of  the  meaa  iatensi^. 

It  has  already  been  shown,  in  Article  205,  what  Talnes  this  con- 
dition  assigns  to  the  oo-effident  q  for  different  fbrms  of  the  bed-jointsL 
Ghimneys  in  general  oonsist  of  a  hollow  shell  of  brickwork,  whose 
thifikneHH  is  small  as  compared  with  its  diameter ;  and  in  that  case 
it  is  sufficiently  acooiate  for  practicfd  pniposes  to  give  to  q  the  fol- 
lowing Yftlues  :-^ 

1 
For  square  chimn^Sy  q  =-^', 

For  round  chimneys,  ?  =  -7* 

The  following  general  equation,  between  the  moment  of  stalnlitf 
and  the  moment  of  the  external  pressure,  expresses  the  condition  of 
stability  of  a  chinmey : — 

HP  =  te  — g')W< (5.) 

This  becomes,  when  applied  to  square  chimneys, 

and  when  applied  to  round  chimneys,  [ (6.) 

The  following  approximate  formulae,  deduced  from  these  equation^ 
are  useful  in  practice : — 

Let  B  be  the  mean  thickness  of  brickwork  above  the  joint  D  E 
under  consideration,  and  b  the  thickness  to  which  that  brickwork 
would  be  reduced,  if  it  were  spread  out  flat  upon  an  area  equal  to 
the  external  area  of  the  chimney.  That  reduced  thickness  is  given 
with  sufficient  accuracy  by  the  formula 


*  =  b(i-?) ....(7.) 


but  in  most  cases  the  difference  between  h  and  B  may  be  n^lected. 

Let  w  be  the  weight  of  an  unit  of  volume  of  brickwork;  being, 

on  an  average,  about  112  lbs.  per  cubic  foot^  or,  if  the  bricks  are 
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doun^  and  kid  yery  dosely^  -with  thin  layers  of  mortar  in  the  jointg, 
torn  115  to  120  lb&  per  cubic  foot    Then  we  have^  yezy  nearly, 


for 
for 


sqtiarechimnejB,  Wsr^f^^S;       )  /g\ 

roond  chimneys,  W  =  3*14ti76S;/ ^  *' 


vhidi  TahieB  being  sabetitntedin  the  equation  6,  give  the  following 
fararale: — 


For  square  chimneys,  "Kp  =  ( —  —  45'j  'wht-, 

Por roond chimneyB, Hjp  =  (1-57  -  Q*2^^jwht', 


(9.; 


These  formnlffi  serve  two  porposes ;  first,  when  the  greatest  in- 
tenaify  of  the  pressure  of  the  wind,  j?,  and  the  external  form  and 
dimenmons  of  a  proposed  chimney  are  given,  to  find  the  mean  re- 
duced thiftlmpafl  of  biickwork,  6,  required  above  each  bed-joint,  in 
order  to  insure  stability ;  and  secondly,  when  the  dimensions  and  form 
and  the  thickness  of  the  bricdcwork  of  a  chimney  are  given,  to  find 
the  greatest  intensify  of  pressure  of  wind  which  it  will  sustain  with 
ea&ty. 

The  efaeU  of  a  chimney  consists  of  a  series  of  divisions,  one  above 
another,  the  thickness  being  uniform  in  each  division,  but  diminiahi- 
ing  upwards  finom  division  to  division.  The  bed-joints  between  the 
divisions,  where  the  thickness  of  brickwork  changes  (including  the 
bed-j(nnt  at  the  base  of  the  chimney),  have  obviously  less  stabiHIy 
tlum  the  intermediate  bed-joints;  hence  it  is  only  to  the  former  set 
of  joints  that  it  is  necessary  to  apply  the  formuLe.  To  iQustrate 
the  (plication  of  the  formuLe,  a  table  is  given  in  the  Appendix, 
showing  the  dimensions  and  figure,  and  the  stability  agunst  the 
wind,  of  tbe  great  chimney  of  the  works  of  Messr&  Tennant  and 
Company,  at  St.  BoUox,  near  Glasgow,  which  was  erected  from  the 
desi^  of  Messrs.  Gordon  and  Hill,  and  is,  with  the  exception  of 
the  spire  of  Strasburg,  the  Great  Pyramid,  and  the  spire  of  St. 
Stephen's  at  Vienna,  the  most  lofty  building  in  the  world 

216.  inhm  MP  «— i»r»ir*w«lii  of  masonry  are  intended  to  resist 
the  direct  pressure  of  water.  A  dam,  when  a  current  of  water 
&Us  over  its  upper  edge,  becomes  a  ijoe^r^  and  requires  protection 
for  its  base  against  the  imderminiog  action  of  the  falling  stream* 
Soch  structures  are  not  considered  in  the  present  Article,  which  is 
confined  to  walls  for  resisting  the  pressure  of  water  only. 

In  %.  99,  let  E  D  represent  a  horizontal  bed-joint  of  a  reservoir- 
'wall,  which  wall  has  a  plane  sur&ce  O  D  exposed  to  the  pressure 
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of  the  contained  "water,  whose  upper  surfece  is  the  horizontal  plane 
O  Y.     Consider  a  yertical  layer  of  the  -wall  of  the  length  unity, 

sustaining  the  pressure  of  a  ver- 
tical layer  of  water  of  the  length 
unity  also.  Then  from  Artides 
89  and  124  it  appears,  th&t  the 
total  pressure  exerted  against 
that  layer  of  the  wall  is  equal 
to  the  weight  of  the  triangular 
prism  of  water  O  D  K,  right 
angled  at  D,  whose  thickness 
is  unity,  and  whose  side  D  K  is 
equal  to  the  depth  of  the  joint 


Hg.  99. 


DE  beneath  the  sur&ce  OY;  and  it  also  appears,  that  the  resultant 
of  that  pressure  acts  in  the  line  H  C,  bemg  a  perpendicular  upon 
O  D  from  the  centre  of  gravity  H  of  the  prism  of  water;  so  that 

CD  =  -5-.    Let  G  be  the  centre  of  gravity  of  the  vertical  layer 
3 

of  masonry  above  D  E,  and  G  B  W  a  vertical  line  drawn  through 
it ;  produce  H  C,  cutting  that  vertical  line  in  A ;  take  AW  to 

represent  the  weight  of  the  layer  of  masoniy,  and  AP  to  represent 
the  pressure  of  the  layer  of  water;  complete  the  parallelogiam 

A  P  R  "W ;  A  R  will  represent  the  total  pressure  on  the  joint  D  E 
for  each  unit  of  length  of  the  wall,  and  P,  where  that  line  cuts 
D  E,  will  be  the  centre  of  resistance  of  that  joint,  which  must  &11 
within  the  limits  consistent  with  stability  of  position,  while  at  the 
same  time  the  angle  A  F  D  must  not  be  less  than  the  complement 
of  the  angle  of  repose. 

To  treat  this  case  algebraically,  let  x  denote  the  depth  of  D 
beneath  the  surface  of  the  water,  v/  the  weight  of  an  unit  of 
volume  of  water,  and  j  the  inclination  of  O  D  to  the  vertical 
Then  the  pressure  of  the  vertical  layer  of  water  is 


P=-2-  -sec^. 


.(1.) 


its  centre  C  being  at  the  depth  ^  x. 

This  force,  together  with  the  equal  and  opposite  oblique  com- 
ponent of  the  resistance  of  the  joint  D  E  at  F,  constitute  a  couple 
tending  to  overturn  the  wall,  whose  arm  is  the  perpendicular  £a- 
tance  of  F  from  C  P ;  that  is  to  say, 


^ 


CD-FD  -smi, 
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Now  CD  =  — «— ^,  and  if,  as  before,  we  make  ED  =  ^,  FD  sa 

( g  4-  o)  ^  i  oonseqaently  we  have  for  the  arm  of  the  couple  in 

qnestioii, 

X  •  sec  J       /     1  1\  .     .     . 

which  being  multiplied  by  the  pressure,  gives  the  moment  of  Uie 
overturning  oonple;  and  this  being  made  equal  to  moment  of 
stability  of  the  wall,  we  obtain  the  following  equation : — 

W-FB=W(g'±50«=^-BecPi--foV^(|+i)tan/...(2.) 

When  the  inner  &ce  of  the  wall  is  yertical,  seoj  a  1^  and  tan  j  =  0; 
and  the  above  equation  becomes 

W(y±«0«  =  ^. (2  a.) 

To  obtain  a  convenient  general  formula  for  comparing  walls  o£ 
similar  figures  but  different  dimensions,  let  n^  as  in  Article  211, 
denote  the  ratio  of  the  area  of  the  vertical  section  of  the  wall  to 
that  of  the  drcnmscribed  rectangle,  so  that  if  ti;  be  the  weight  of 
an  unit  of  volume  of  masonry,  &e  weight  of  the  vertical  layer  of 
masonry  under  consideration  is 

"W  =  ntoht^ 

where  h  is  the  depth  of  the  joint  D  E  below  the  top  of  the  walL 
Then  equations  2  and  2  A  tsdce  the  following  forms : — 

»(^+^t(?A^=-^  secV'-t</a"<r|+7ytany> (3.) 

n{q±q^whf^'^', (3  A.) 

— equations  analogous  to  equation  4  of  Article  213.  To  obtain  a 
fiarmula  suitable  for  computing  the  requisite  thickness  of  wall  tj  let 

iif  a?  •  sec*y 


Qn{q+^q)ioh 


=  A; 


Bj 
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then 

which  quadratic  equatiozi  being  solved,  gives 

t  =  ^/X+^-B; (4.) 

I 

or  for  a  wall  with  a  vertical  inner  ftoe,  for  which  B  =  0, 

t  =  JA'^ (4  A.) 

In  most  cases  which  occur  in  practice,  the  sui&ce  of  the  watet 
0  T  either  is,  or  may  occasionally  be,  at  or  near  the  level  of  the 
top  of  the  wall,  so  that  h  may  be  made  ==  x.    In  such  cases,  let 

A  u/  seoV 


X        2n(g'+ 5^)^ 


=  », 


and  we  have 


5— "J 


whidi  bemg  aolTed,  gives 


X 


(5.) 


and  for  a  wall  with  a  vertical  inner  face, 

X  =  ^"V  (dn(y+^fo) (^  ^) 

The  vertical  and  horizontal  components  of  the  pressure  of  the 
water  are  respectively 

Vertical,  P  ain  j  =  -«—  tan^i 

Horizontal,  P  co&j  =  -g—  i 

Consequently  the  condition  of  lability  of  friction  at  the  joint  D  E 
is  given  by  the  equation 

^  cosj «^V  ^  +      ^  ia\ 

W  +  Psinj-  2W  +  t(/ic»tanit^^^*^- ^^'> 
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If  tlie  ratio  -  lias  been  determined  by  means  of  equation  5,  then 
veliave 

W  =  nwxt  =  »«?«■•-; (7.) 

80  that  by  cancelling  the  common  factor  a^,  equation  6  is  brought 
to  the  following  form : — 

J ^tan^ (a) 


2n«o- 

w 

BsBomph'L  Beckmffular  WaU, — ^In  this  case n=l;  g'=0jj=0; 
CQDsequentljy 

a  =  -x ;  0  =  0; 

equation  5  A  becomes 

l=^/^=V^' w 

and  equation  8, 


vf 


'Iw^J 


Vii^'^tan(p; (10.) 
2w   — 


6gto 


bat  it  is  imnecessaiy  to  attend  in  practice  to  this  last  equation, 
wiiich  is  fnlBlled  for  the  greatest  values  of  q  that  ever  oocnr. 
Example  TL  Tri(mg%dar  WaU,  with  the  apex  at  O. 

In  this  case  —  is  the  same  for  every  horizontal  joint;  so  that  if 

the  thickness  be  just  sufficient  for  stability  at  any  joint,  it  will  be 
just  sufficient  for  stability  at  every  other  joint.  A  reservoiivwall 
whose  vertical  section  is  triangular,  may  tiierefore  be  said  to  be  q^ 
uniform  atabUUy. 

The  value  of  n  for  a  triangle  is  -.    With  respect  to  the  value  of 

^y  that  case  will  be  considered  in  wliich  the  inner  &oe  of  the  wall 

is  vertical,  so  that  rf  '='  -^t  j  =  0, 

Tbea  by  equation  5  a, 
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and  by  equation  8 

4=V(K^n)s)^*-* w 

X 

This  last  equation  fixes  a  limit  to  the  value  ciq,  independenilj 
of  the  distribution  of  the  pressure  on  each  bed-joint^  viz. : — 

9i^^'-^'9-l m 

The  insertion  of  this  value  of  g  in  equation  11  gives 

i  =  -^ (14.) 

«      w  *tan^  ^     ' 

The  value  of  tan  0  for  masonry  being  about  0*74^  w  being  on  an 
average  114  lbs.  and  v/  62-4  Iba  per  cubic  foot,  the  limit  of  ^  is 
found  to  be 

0-421  -0-167  =  0-254,  or  ^,  nearly, 

and  that  of  --^  by  equation  14,  is 

0-585. 

For  hrickuoort,  tan  0  is  about  the  same  as  for  masonry,  and  to  is 
112  lb&  per  foot,  nearly;  hence  the  limit  of  ^  is 

0-327-0-167  =  0-16,  or  g,  nearly, 

t 
while  that  of  -  is  0*75. 

X 

Example  III.  Tricmgular  WaU  trith  Vertical  Axis. — ^When  die 
-wall  stands  on  a  soft  foundation,  it  may  be  desirable  in  some  cases 
80  to  form  it,  that  the  centre  of  resistance  E  shall  be  at  the  middle 
of  each  joint,  and  shall  also  be  vertically  beneath  the  centre  of 
gravity  of  the  part  of  the  -wall  above  the  joint.  In  this  case,  the 
point  of  intersection  A  of  the  lines  of  action  of  the  pressure  and 
weight  must  also  &11  in  the  middle  of  each  joint.  To  fulfil  these 
conditions,  the  vertical  section  of  the  wall  should  be  an  isoeoelea 
triangle,  the  outer  and  inner  faces  forming  equal  angles  j  on 
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opposite  sides  of  the  vertical  axis  of  the  wall,  and  the  angle  j  should 
be  sach  that  a  straight  line  perpendicular  to  0  D  at  0  shall  bisect 
the  base  j  thatistosaj, 

tsiaj  __  xseoj 

■"2         "F"' 


but 


whence  we  have 


and 


J=35»;i; 


(18.) 


J 


80  that  the  base  of  the  wall  is  to  its  height  as  the  diagonal  to  the 
aide  of  a  square. 

Equation  8  in  this  case  becomes 

"^  '"    ^        tan^ (16.) 


_^    «^s/2 


This  condition  is  always  fulfilled  so  far  as  the  fidctional  stability 
of  one  course  of  masonry  on  another  is  concerned.  As  the  object, 
bowerer,  of  giving  the  wall  the  figure  now  in  question,  is  to  dis- 
tribute the  pressure  uniformly  over  a  soft  foundation,  let  it  be 

supposed  that  its  base  rests  on  a  material  for  which  tan  ^  =  -r* 

Then  we  must  have 


vf  J2   ^  1. 
2  to  •{'to'  — I* 


and  consequently 

.-^     1 


to 


2( ^2  -  j)  «/  =  2-33 «/  =  145  lbs.  per  cubic  foot; 


and  unless  the  masonry  be  of  this  weight  per  cubic  foot,  its  finction 

on  a  horizontal  base,  of  a  material  for  which  tan  P=:-t,  will  not  be 

4 

of  itself  sufficient  to  resist  the  thrust  of  the  water. 

217.   Bdainias  Walla. — Figs.  100  and  101  represent  vertical 

sections  of  retaining  walls  agamst  which  banks  of  earth  abut.    In 
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each  figure  a  yertical  layer  of  the  masoniy  and  of  the  earth  is 
supposed  to  be  oonsidered^  whose  length  is  unity.    D  £  is  the  base 


Fig.  100. 


Fig.  101. 


of  the  layer  of  masonry,  F  the  centre  of  resistance  of  that  base,  B 
a  point  vertically  below  G,  the  centre  of  gravity  of  the  weight 

which  rests  on  that  base,  AW  a  line  representing  that  weighty  AP 

a  line  representing  the  thrust  of  the  earth ;  AB^  the  diagonal  of  the 
parallelogram  APBW,  is  a  line  representing  the  resultant  preBsurD 
at  the  base  D  E,  and  cutting  that  base  in  the  centre  of  resistance  F. 
In  each  figure,  D  O  is  a  vertical  plane  traversing  the  inner  edge 
D  of  the  ba£^  of  the  wall,  and  cutting  the  plane  of  the  surfibce  of 
the  bank  in  O.     In  fig.  100,  the  whole  of  the  wall  lies  in  front  of 

thut  vertical  plane ;  so  that  the  weight,  represented  by  AW  (or  by 
W  simply),  which  rests  on  the  base  D  £,  consists  of  the  weight  of 
the  masonry  together  toUh  the  weight  of  the  man  of  earth,  ifofny 
(represented  by  O  L  M),  vMch  w  vertioaUy  above  tkfU  ham;  and  G  is 
the  common  centre  of  gravity  of  the  compound  mass  of  masoniy 
and  earth,  which  is  situated  in  front  of  the  plane  O  D. 

In  fig.  101,  on  the  other  hand,  a  part  of  the  masonry,  represented 
by  DLO,  lies  behmd  the  plane  O  D.  If  the  prism  D  L  0  consisted 
of  earth,  its  weight  would  be  supported  by  the  earth  beneath  it ; 
therefore  the  earth  beneath  that  prism  exerts  a  pressure  vertically 
upwards  sufficient  to  sustain  the  weight  of  a  prism  of  earth  of  a 
volume  equal  to  that  of  the  prism  of  masoniy;  therefore  the  weight 
represented  by  AW  (or  by  W  simply)  which  rests  on  the  base  DE, 
consists  of  the  weight  of  the  masoniy  in  the  vertical  layer  of  the 
wall,  less  the  weight  of  earth  which  would  fill  D  L  O ;  and  G  is  the 
common  centre  of  gravity  of  the  masoniy  EDO  which  lies  before 
the  plane  O D,  and  of  the  prism  DLO,  considered  as  having  a 
specific  gravity  equal  to  the  exoeae  of  the  spec^  gravity  rfmasofmy 
cAove  that  o/earth. 
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It  lias  already  been  shown  in  Article  198,  that  the  pressnre  ot 
the  earth  against  the  vertical  plane  O  D  (which  pressure  is  parallel 
to  the  surfia>ce  of  the  bank,  and  represented  by  A  P,  or  by  F  simply), 
is  equal  to  the  weight  of  the  pnsm  of  earth  O  D  K,  in  which  D  K, 
parallel  to  the  sui&ce  of  the  bank,  is  equal  to  the  vertical  depth 
O  D  multiplied  by  the  ratio  of  the  conjugate  pressures  at  a  pointy 

^,  ""  cos  ^  +  ^  (cos^  ^  —  cos*  (P)  * 

which  ratio  depends  on  the  slope  ^  of  the  bank,  and  angle  of 
repose  f,  and  that  the  resultant  of  that  pressure  traverses  C,  at  the 
height 


0D=3 

above  D.  For  the  sake  of  brevity  («/  being  the  weight  of  unity  of 
volume  of  the  earth),  let 

P' 
tlien  equation  2  of  Article  198  becomes 

p=-k- a.) 

This  force  has  to  be  multiplied,  as  in  previous  Articles,  by  the  per- 
pendicular distanoe  of  F  from  C  P,  to  give  the  moment  of  the 
couple  which  tends  to  overturn  the  walL    Let  t  be  the  thickness 

DEy  and  i  the  angle  of  inclination  of  D  E  to  the  horizon;  then  the 
arm  of  tbe  couple  in  question  is 

(  2  —  ( y  +  2" )  ^  sin  t )  cos  ^  —  ( g  +  ^  J  <  •  cos  1  •  sin  # 


X  cos 


--  (g+  2)*'^ ('  +  *)> 


which  beiog  multiplied  by  the  force  P,  and  equated  to  the  moment 
of  fffcabOily  of  the  weight  which  rests  on  the  base  DE,  gives  the 
following  condition  of  stabiliiy  of  position : — 

Wfe=i=<rt<-oo8i  =  *?^^-'5L^(j  +  i)Bin(.  +  t>..(2.) 

Now  suppose  (as  in  Article  211  and  elsewhere)  that  W  bears  a 
definite  ratio  n  to  the  weight  u^  a;  ^  *  cos  t  of  a  rectangle  of  masonry 

whose  height  is  O  D  =  a?,  and  its  breadth  the  horizontal  distance 
of  E  from  O  D,  <  cos  t ;  then  the  first  side  of  equation  2,  being  tlie 
moment  of  stability^  becomes  as  follows  : — 


352  THBOBY  OF  STRUCTUBE8. 

Divide  both  sides  of  the  equation  hy 

n{q  i±zq')u>afcofif 

and  for  brevity's  sake,  let 

19.  *  cos  / 

T:.  =  a; 


6n(q:±i^)w  cos' t 


then 


and  consequently 


in{qz±zg')  w  oosP  i 
f  .-  t 


=  6; 


;3=a-26-i (3.) 

L=:j7rn?—b , (4.) 


The  inclination  of  the  resultant  A  B  to  the  vertical  is  given  by 
the  equation 

*— ^^^»  =  WTlt. ^'-^ 

When  the  ba^e  DE  is  horizontal,  this  should  not  exceed  the  tangent 
of  the  angle  of  repose.  When  that  base  is  inclined  at  the  angle  i, 
the  condition  of  frictional  stability  is  thus  expressed : — 

^  WA  R  —  i^  ^j (6.) 

^  beiQg  the  angle  of  repose  of  the  foundation  of  the  walL 

The  object  of  giving  the  base  of  the  wall  an  inclined  position  is 
to  diminish  the  obliquity  of  the  pressure  on  it^  and  so  to  enable  the 
condition  of  Motional  stability  to  be  fulfilled. 

The  values  adopted  for  q  in  practice  vary  from  tt:  ^  »• 

218.  Bectai^iiiiar  Bettdning  Waiifl. — ^In  a  vertical  rectanguLir 
wall,  n  =  1.  g'  =  0.  t  =  0;  so  that,  in  equations  3  and  4  of  Article 
217, 


M?i  COS^ 

a  =  -^ ; 

o  qw 

t«?i  (^g  +  2)  sin  # 

4=r 

^  qto 


(1.) 


I 
I 
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Example  L  When  the  sniface  of  the  bank  is  horizontal,  so  that 
^  =  0,  then 


aQd 


Also 


,1  -  sin^  -      ^ 
*  1  +  sin  ^  ' 


*-=j-a=.w  {/<;r-f/\i (2.) 


80  that  equation  5  of  Article  217  becomes 


tan.^WAR  =  =r  = 


ti^i  a^ 


ti^^o; 


^      2u,a?-^      2«< 


a; 


=  A  /  /3gw(l-sin^)) 
V     I   2t(?(l  +  8inrt  / 
^tf^tan^' , 


,(3.) 


If  the  material  on  which  the  wall  rests  is  the  same  with  that  of 
the  bank,  we  may  assume  ^  =  ^j  in  which  case,  by  squaring 
equation  3,  and  attending  to  the  fact  that 

.     ,  ^         sin* p         /   mnp    \*1—  sin« 
1  —  sm*  f      \1  —  sm  ^/     1  +  sm  ^ ' 

we  obtain  the  equation. 

3qv/ 


2w 


(sin^    y 
1  -  sin  ^/  " 


(4.) 


AwmnniTig  that  the  specific  gravity  of  the  earth  is  four-fifths  of 

thai  of  the  masonry,  or  --^  =  -j '  "^^  ^^  ^^^  ^^  equation  is  fal- 

3 
filled  for  the  ordinaiy  value  of  g,  -^  ,  so  long  as  ^  exceeds  27°. 

Excunple  IL  When  the  surface  of  the  bank  slopes  at  the  angle 
of  repose  f,  then  Wi  =  t(/  cos  ^,  and 

tt/oos"^ 
a  = 


(  = 


6qw    ' 
(q  +  'sj  v^ COS  fsmp 


^qw 


00  that  equation  4  of  Article  217  becomes 
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-  83  COS^ 
X 


6qw 


16^to»       /  4.qfO         i      ^^ 

219.  TrapcBoidai  Waii^ — In  fig.  102,  let  E  Q  represent  the 
vertical  Hauce  of  a  rectangular  wall,  suited  to  sostain 
the  thrust  of  a  given  buik,  and  let  F  be  the  centre 

of  resistance  of  the  base.  Make  QN  =  3  EE  =  3 
I—  ^q^  t*  then  the  centre  of  gravity  g  of  the 

triangular  prisin  of  masonry  E  Q  N  will  be  vertically 
above  the  centre  of  resistance  E;  therefore  if  that 
prism  be  removed,  so  as  to  reduce  the  cross  section 
of  the  wall  to  a  trapezoid  with  a  sloping  &ce  E  N, 
the  position  of  the  centre  of  resistance  E  will  not  be 
altered,  and  the  wall  will  still  fulfil  the  condition  of 
stability  of  position,  the  thickness  t  being  determined 

3 

as  for  a  rectangular  walL     If  ^  =  — ,  the  thickness  of  the  wall  at  the 

o 

summit  will  be  -^  of  the  thickness  at  the  basa    The  fiaoe  of  the  wall 

is  said  to  hatter;  the  rate  of  the  batter  being  the  ratio  -^= —  == 

EQ 

As  the  vertical  component  of  the  pressure  on  the  baae  of  the 
wall  is  diminished  by  this  change,  the  obliquity  of  that  pressure 
will  be  increased;  and  it  may  in  some  cases  be  necessary  to  make 
the  base  slope  backwards,  as  in  ^.  101. 

220.  Batteiiiig  WaUs  of  UBifiurm  Thlckiicw. — ^When  a  wall  for 

supporting  a  horiaofUal-topped 
bank  is  of  uniform  thidmess, 
and  has  a  sloping  or  curved  face, 
as  in  figs.  103  and  104,  its  mo- 
ment of  stability  may  be  deter- 
mined with  a  degree  of  aocmacy 
sufficient  for  practical  purposes, 
in  the  following  manner  : — 

Let  E  Q  in  each  figure  repre- 
sent the  vertical  face  of  a  rec- 
tangular wall  of  the  same  height 
X  and  thickness  t  with  the  pro- 
Fig.  104.  p^yg^  ^gj2,  and  let  ^  be  the 

centre  of  gravity  of  that  rectangular  wall     Then 


GOUNTEBFOBT& 
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W  'qt  =  qwxf 

wffl  be  its  moment  of  Btabilit  j  per  unit  of  lengtL 

Divide  the  area  E  Q  N  included  between  the  vertical  fieM^e  E  Q 
and  the  &ce  of  the  proposed  wall^  E  N,  by  the  height  ac     Then 

v.-»^-5M (,) 

will  be  the  distance  of  the  centre  of  gravity  G  of  the  sloping  or 
curved  wall  from  that  of  the  rectangular  wall;  and  the  change  of 
figure  will  increase  the  stability  in  the  ratio  q  +  q"  i  q;  that  is  to 
say,  the  moment  of  stability  will  now  be 


If  EN  is  a  straight  line  (fig.  103), 


(2.) 


(/«  = 


QN 


If  E  N  is  a  parabolic  arc, 


8'*  = 


2   ' 
2QN 


(3.) 


(4.) 


a  fonnula  which  is  also  sensibly  correct  when  E  N  is  an  arc  of  a 
cirde. 

•Walls  with  a  "curved  batter"  are  usually 
built  as  shown  in  ^g.  105,  with  the  bed-joint& 
perpendicular  to  the  face  of  the  wall  This 
diminishes  the  obliquity  of  the  pressure  on 
ibe  base. 

221.  F«mdatioM  CmonMS  mf  Bf>f  JBlag  Walb 

Lave  their  width  increased  beyond  the  thick- 
ness of  the  wall  by  a  series  of  steps  in  front, 
as  shown  in  figs.  102  and  105.  The  objects  of 
this  are,  at  once  to  distribute  the  pressure 
over  a  greater  area  than  that  of  any  bed-joint 
in  the  body  of  the  wall,  and  to  diffuse  that 
pressure  more  equally,  by  bringing  the  centre 
of  refflstance  nearer  to  the  middle  of  the  base  ^6*  ^^^ 

than  it  is  in  the  body  of  the  walL     The  power  of  earth  to  support 
fiDundations  has  already  been  considered  in  Article  199. 

222,  €>■■■■■  #ti«  are  projections  from  the  inner  &ce  of  a  retain- 
ing walL  A  wall  and  its  counterforts,  if  the  bond  of  the  masoniy 
is  well  preserved,  constitute  a  wall  having  successive  divisions 
of  its  length  alternately  of  greater  and  of  less  thicknesa  The 
momeni  of  stabilily  of  a  wall  with  counterforts,  per  unit  of  length, 
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"wlieiL  the  "wall  is  well  bonded,  may  be  found,  with  Boffici^it 
accuracy  for  practical  purposes,  hj  adding  together  the  moments 
of  stability  of  one  of  the  parts  between  two  counterforts,  and  of 
one  of  the  parts  whose  thickness  is  augmented  by  the  addition  of 
a  counterfort,  and  dividing  the  sum  by  the  joint  length  of  those 
two  parts. 

For  example,  let  fig.  106  represent  a  portion  of  the  plany  or  hori- 
zontal section,  of  a  vertical  rectangular  retaining 


. L 


1> 


Fig.  106. 


n  wall  whose  height  is  h,  wiih.  a  row  of  rectangular 
counterforts  of  the  same  height  with  the  walL 

c  Let  t  =  FE  be  the  thickness  of  a  part  of  ihe 

wall  between  two  counterforts,  and  6  =  ED  its 

length ;  let  T  =  AB  be  the  thickness  of  a  ooun- 
terforted  part  of  the  wall,  including  the  counter- 
fort, and  c  =  B  C  its  lengtL 

The  moment  of  stability  of  the  first  part  is 

qwhht* ; 
and  that  of  the  second  part, 

qtffhcT. 


Adding  together  those  moments,  and  dividing  their  sum  by  the 

total  length  b-\-e  =  AF,  the  mean  moment  of  stability  per  unit  of 
length  is  found  to  be 

^    bf  +  cT" 

^t^^'-TT^ 


.(1.) 


This  is  the  same  with  the  moment  of  stability  per  unit  of  length 
of  a  wall  of  the  imiform  thickness, 


=V{ 


ht'  +  cl? 
b  +  c 


}•• 


(2.) 


which  may  be  called  the  equiwderU  imi/orm  toaU, 

The  quantity  of  masonry  in  the  counterforted  wall  is  to  the 
quantity  in  the  equivalent  uniform  wall  in  the  ratio 

bt  +  cT  :  (6  +  c)t 

which  is  always  less  than  imity;  so  that  there  is  a  saving  of 
masonry  (though  in  general  but  a  small  one)  by  the  use  of  counter- 
forts. 

223.  JLrchM  •€  Mmfnrf. — ^An  arch  of  masonry  consists  of  a  ring 
of  wedge-formed  stones,  called  arch-stonea  or  voueaoirs,  pressing 
against  each  other  at  surfaces  called  bed-jointa^  which  are,  or  ought 
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licular  to  the  iqfit,  or  intemal 
iter  or  convex  suriace  of  tie 
iier  &  curved  aur&ce  parallel 
series  of  steps,  sustains  the 
I  load  'which  arises  from  the 
arch-stonee  themselves ;  and 
cases  a  horizontal  or  inclined 
imenlg.  The  abutments  ens- 
ssoirs,  vertical  or  inclined,  as 
ik  springs  at  once  &om  the 
bundations. 

be  plane  of  the  arch-ring,  ia 
a  bridge  requires  a  pair  of 
face  of  the  arch ;  the  space 
level  with  solid  masonry,  and 
d  with  earth  or  rubbish,  and 
^uU  tpandril  vxtllt  parallel  to 
ring  vacant  spaces  between 
able  both  to  stability  and  to 
auouB  platform  for  the  road- 
spandril  walls  are  sometimes 
le  (such  as  slate),  and  some- 
verse  arches.  Tba  external 
spandril  waUs  are  the  abntments  of  those  arches,  and  must  have 

-i^l:i:i «_; — *  ^  sustain  their  thrust :  when  the  epondrils  are 

-  rubbish,  the  external  spandril  walls  must  have 
to  withstand  the  pressure  of  the  filling  materioL 
the  conditions  of  stability  of  an  arch,  it  is  oon* 
*  only  a  rib,  or  vertical  layer,  of  arch,  abutment, 
le  thicfcnesa  unity  (a  g.,  one  foot).  When  there 
with  vacant  spaces  between,  an  ideal  specific 
opted  for  the  material  of  the  spandrils,  found  by 
ght  of  the  material  of  the  spandril  walls  to  t>e 
ted,  so  as  to  fill  the  vacuities ;  that  is  to  say,  let 
'  an  unit  of  volume  of  the  material  of  the  walls, 
le  thicknesses  of  all  the  walls,  and  7,  •  B  the  sum 
ihe  spaces  between  them ;  then  in  computations 
ilify  of  the  arch,  the  spandrils  may  be  supposed 
illed  -with  a  material  whose  we^t  per  unit  of 

«'  =  "''¥Tim-^- ('■) 


am    Arcki    CsBdItliiB    af  Stnbllllr. — 

irinciplea  explained  in  Articles  306  and  207,  if  a 
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sizaiglit  line  be  drawn  throngli  eadh  bed-joint  of  the  arch-iing 
representing  the  position  and  direction  of  the  resultant  of  the  pres- 
sure at  that  joints  the  straight  lines  so  drawn  form  a  polygon,  and 
each  of  the  angles  of  that  polygon  is  situated  in  the  Ime  of  action 
of  the  resultant  external  force  acting  on  the  arch-stone,  which 
lies  between  the  pair  of  joints  to  which  the  contiguous  sides  of  the 
polygon  correspond;  so  that  the  polygon  is  similar  to  a  poly- 
gonal frame,  loaded  at  its  angles  with  the  forces  which  act  on  the 
arch-stones  (their  own  weight  included).  A  curve  inscribed  in  that 
polygon,  so  as  to  touch  all  its  sides,  is  the  line  of  presatura  of  the 
arch.  The  smaller  and  the  more  numerous  the  arch-stones  into 
which  the  arch-ring  is  subdivided,  the  more  nearly  doee  the  poly- 
gon coincide  with  the  curve ;  and  the  curve  or  line  of  pressureB 
represents  an  ideal  linea/r  curch,  which  would  be  balanced  under  the 
continuously-distributed  forces  which  act  on  the  real  arch  under 
consideration  From  the  near  approach  of  this  linear  arch  to  the 
polygon  whose  sides  traverse  the  centres  of  resistance  of  the  bed- 
joints,  the  points  where  the  linear  arch  cuts  those  joints  may  be 
taken  without  sensible  error  for  the  centres  of  resistanoeL 

Now  in  order  that  the  stability  of  the  arch  may  be  secure,  it  is 
necessaiy  that  no  joint  should  tend  to  open  either  at  its  outer  or 
at  its  inner  edge ;  and  in  order  that  this  may  be  the  case,  the 
centre  of  resistance  of  each  joint  should  not  deviate  from  the  centre 
of  the  joint  by  more  than  one-sizth  of  the  depth  of  the  joint ;  that 
is  to  say,  the  centre  of  resistance  should  lie  within  the  nUddU  third 
of  the  depth  of  the  joint ;  whence  follows  this 

Theorem.  Ths  stability  of  an  a/rck  is  secwrey  if  a  linear  orc^ 
balanced  vnder  the  forces  which  act  on  the  real  circh,  can  he  d/roxon 
wMm  the  middle  third  of  the  depth  of  the  a/rch-ring. 

It  has  already  been  stated  that  the  tenacity  of  fbeah  mortar  is  not 
sufficiently  great  to  be  taken  into  account  in  detemumng  the  stabi- 
lity of  masoniy  ;  'and  hence,  where  cement  is  not  used,  all  horizon- 
tal or  oblique  conjugate  forces  which  Tnw.iTifAiTT  the  equilibrium  of 
the  arch-ring  must  be  pressings,  acting  on  the  arch  from  without 
inwards.  The  linear  arch,  therefore,  is  limited  in  such  cases  to 
those  forms  which  are  balanced  under  pressures  from  unthout  alone; 
that  is  to  say,  that  the  intensity  of  the  horizontal  or  conjugate 
pressure,  denoted  by  ^,  in  Article  185,  equation  4,  must  not  at  any 
point  be  negative. 

It  is  true  that  arches  have  stood,  and  stiU  stand,  in  which  the 
centres  of  resistance  of  joints  fall  beyond  the  middle  third  of  the 
depth  of  the  arch-ring  ;  but  the  stability  of  such  arches  ia  either 
now  precarious,  or  must  have  been  precarious  while  the  mortar  was 
freah. 

When  tenacity  to  resist  horizontal  or  oblique  tension  is  given  to 
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the  spandiils  of  an  arch,  and  to  the  joints  between  them  and  the 
arch-stonea,  hj  means  of  cement,  hoop-iron  bond,  iron  cramps,  or 
otherwise,  the  conjugate  tension  denoted  by  — p,  must  not  at  any 
point  exceed  a  safe  proportion  of  that  tenacity;  that  is  to  say, 
about  one-eighth.  By  this  means  stability  may  be  given  to  arches 
of  seemingly  anomalons  figures  j  but  sach  structures  are  safe  on  a 
small  scale  only. 

225.  AHgle»  J^staf,  Mid  P«lBt  •r  llapfOTe. — The  first  step  towards 
determining  whether  a  proposed  arch  will  be  stable,  is  to  cuswne  a 
linear  arch  parallel  to  the  intrados  or  soffit  of  the  proposed  arch, 
and  loaded  vertically  with  the  same  weight,  distributed  in  the 
same  numner.  The  aize  of  this  assumed  Hnear  arch  is  a  matter  of 
indifference,  provided  each  point  in  it  is  considered  as  subjected  to 
the  same  forces  which  act  at  the  corresponding  joint  in  the  real 
arch;  that  is,  the  joiaU  at  which  the  vnMncUion  of  the  real  a/rch  to 
tha  horizon  is  the  aame  vnJth  that  cf  the  aeevmed  a^ch  at  the  given 
point. 

The  assomed  arch  is  next  to  be  treated  as  a  stereostatic  arch, 
according  to  the  method  of  Article  185;  and  by  equation  4  of  that 
Article  is  to  be  determined,  either  a  general  expression  or  a  series 
of  values  of  the  intensity  p,  of  the  conjugate  pressure,  horizontal  or 
oblique,  as  the  case  may  be,  required  to  keep  the  arch  in  equilibrio 
under  ^e  given  vertical  load.  If  that  pressure  is  nowhere  negative, 
a  curve  similar  to  the  assumed  arch,  drawn  through  the  middle  of 
tJba  arch-ring,  wiU  be  either  exactly  or  very  nearly  the  line  of  pres- 
aiires  of  the  proposed  aich;  p^  will  represent,  either  exactly  or  very 
nearly,  the  intensity  of  the  lateral  pressure  which  the  i^  arch, 
tending  to  spread  outwards  under  its  load,  will  exert  at  each  point 
against  its  spandril  and  abutments ;  and  the  thrust  along  the  linear 
arch  at  each  point  will  be  the  thrust  of  the  real  arch  at  the  corre- 
Sjponding  joint 

On  the  other  hand,  ifp^  has  some  n^ative  values  for  the  assumed 
linear  arch,  there  must  be  a  pair  of  points  in  that  arch  where  that 
quantity  changes  horn  positive  to  negative,  and  is  equal  to  nothing. 
The  angle  of  inclination  t^  at  that  point,  caQed  the  amgle  ofrwg^mre, 
is  to  be  determined  by  solving  equation  1  of  Article  187.  The 
corresponding  joints  in  the  real  arch  are  called  the  ymde  ofruptfwre; 
and  it  is  below  those  joints  only  that  conjugate  pressure  from  with- 
out is  required  to  sustain  the  arch. 

In  fig.  107,  let  B  C  A  represent  one-half  of  a  symmetrical  arch, 
O  Y  a  horizontal  axis  of  co-ordinates  in  or  above  the  spandril, 
X  L  D  £  an  abutment,  and  C  the  joint  of  rupture,  found  by 
the  method  already  described.  The  pcird  of  rupture,  which  is  the 
eentre  of  resistance  of  the  joint  of  rupture,  is  somewhere  within 
the  middle  third  of  the  depth  of  that  joint;  and  j&om  that  point 
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down  to  the  springing  joint  B,  the  line  of  pressures  is  a  curve 
similar  to  the  assumed  linear  arch^  and  parallel  to  the  intrados, 

^    being  kept  in  equilibrio  by  the  lateral  pree- 
"^    sure  between  the  arch  and  its  spandril  and 
abutment 

From  the  joint  of  rupture  C  to  the  crown 

A,  the  fiekct  theit  the  assumed  linear  arch  would 

require  lateral  tension  to  keep  it  in  equilibrio, 

shows  that  the  true  line  of  pressures  must  be 

a  flatter  curve  than  the  assumed  linear  arch; 

the  figure  of  the  true  line  of  pressures  being 

determined  by  the  condition,  that  it  shall  be 

a  linear  arch  balanced  under  vertical  forces 

only;  that  is  to  say,  that  the  horizontal  com- 

^'       *  ponent  of  the  thrust  along  it  at  each  point  y& 

a  constant  quantity,  and  equal  to  the  horizontal  component  of 

the  thrust  along  the  arch  at  the  joint  of  rupture. 

That  horizontal  thrust,  denoted  by  Ho,  is  found  by  means  of  equa- 
tion 2  of  Article  187,  and  is  the  horizontal  thrust  of  the  entire  arch. 
[If  the  arch  is  distorted,  conjugate  tfiruBt  is  to  be  read  instead  of 
"Jiorizantal  tknut"  wherever  diat  phrase  occurs.] 

The  only  point  in  the  line  of  pressures  above  the  joints  of  rup- 
ture which  it  is  important  to  determine,  is  that  which  is  at  the 
crown  of  the  arch.  A;  and  it  is  found  in  the  following  manner : — 
Find  the  centre  of  gravity  of  the  load  between  the  joint  of  rap- 
ture 0  and  the  crown  A  ;  and  draw  through  that  centre  of  gravity 
a  vertical  line. 

Then  if  it  be  possible,  from  one  point  in  that  vertical  line,  to 
draw  a  pair  of  lines,  one  parallel  to  a  tangent  to  the  soffit  at  the  joint 
of  rupture,  and  the  other  parallel  to  a  tangent  to  the  soffit  at  the 
crown,  so  that  the  former  of  those  lines  shall  cut  the  joint  of  rup- 
ture, and  the  latter  the  keystone,  in  a  pair  of  points  which  are  both 
within  the  middle  third  of  the  depth  of  the  arch-ring,  the  stability 
of  the  arch  will  be  secure ;  and  if  the  first  point  be  the  point  of 
rupture,  the  second  will  be  the  centre  of  resistance  at  the  crown  of 
the  arch,  and  the  crown  of  the  true  line  of  pressures. 

When  the  pair  of  points  related  as  above  do  not  fall  at  opposite 
limits  of  the  middle  third  of  the  arch-ring,  their  exact  positions  are 
to  a  small  extent  uncertain ;  but  that  uncertainty  is  of  no  conse- 
quence in  practice.  Their  most  probable  positions  are  equi-distant 
from  the  middle  line  of  the  arch-ring. 

Should  the  pair  of  points  fall  beyond  the  middle  third  of  the 
aich-ring,  the  depth  of  the  arch-stones  must  be  increased. 

226.  Tkrnst  of  an  Arch  of  moaonrT. — ^The  line  of  pressures,  or 
equivalent  linear  arch,  of  an  arch  of  masonry,  with  its  point  of  rup- 
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tore  and  total  thrast^  having  been  determined  by  the  methods 
^described  in  the  two  preceding  Articles,  the  distribution  of  that 
thrust,  and  the  line  of  action  o£  its  resultant,  are  to  be  found  hy 
the  methods  of  Article  187. 

227.  AbattMBto  •f  Avchca. — ^The  abutment  of  an  arch,  when  it 
is  not  simply  a  foundation,  is  a  buttress,  or  a  wall  with  or  without 
QDunterforts,  which  is  bounded,  or  may  be  considered  as  bounded 
by  a  vertical  &ce  L  D  (fig.  107)  towards  the  arcL 

Two  external  forces  are  applied  to  the  abutment  of  an  arch 
besides  its  own  weight,  viz.,  ike  vertical  load  of  the  half-arch,  P, 
whose  resultant  acts  through  B,  the  centre  of  resistance  of  the 
springing  joint,  and  the  thrust  H,  found  in  amount  and  position  by 
methods  already  referred  to,  which  acts  through  B  also  iE  the  angle 
of  rupture  is  equal  to  or  greater  than  the  inclination  of  the  arch  at 
B;  and  which,  if  there  is  either  no  joint  of  rupture,  or  a  joint  of 
rupture  above  B,  is  distributed  between  B  and  A,  or  B  and  C,  as 
the  case  may  be.  The  resultant  of  the  vertical  load  and  conjugate 
thrust  being  taken  as  the  entire  pressure  applied  to  the  abutment, 
its  conditions  of  stability  and  requisite  dimensions  are  to  be  found 
by  the  methods  described  in  Articles  213,  214,  and  222. 

For  the  abutment  of  an  arch,  as  for  the  arch-ring,  the  centre  of 
resistance  should  &11  within  the  middle  third  of  the  base,  so  that 
the  proper  value  of  g  is  one-sixth. 

If  the  figure  of  an  arch  be  transformed  by  parallel  projection,  the 
proper  figures  for  the  abutments  of  the  new  arch  are  the  corre- 
sponding parallel  projections  of  the  original  abutments. 

228.  Skew  Arckcs  are  of  figures  derived  from  those  of  symmetri- 
cal arches  1^  distortion  in  a 


horizontal  plana  The  eleva- 
tion of  the  &ce  of  a  skew  arch, 
and  every  vertical  section  par- 
allel to  its  &ce,  being  sumlar 
to  the  corresponding  elevation 
and  vertical  section  of  a  sym- 
metrical arch,  the  forces  which 
act  in  a  vertical  layer  or  rib 
of  a  skew  arch  with  its  abut- 
ments, are  the  same  with  those 
which  act  in  an  equally  thick 
vertical  layer  of  a  symmetrical 
arch  with  its  abutments,  of  the 
same  dimensionsandfigure,  and 
similarly  and  equally  loaded. 
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Fig.  108. 
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Fig.  108  represents  a  plan  of  a  skew  arch,  with  counterforted 
abutments.    The  angle  o/skew,  or  obliquity ,  is  the  angle  which  the 
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axis  of  the  archway,  A  A,  nukkes  with  a  perpendicolar  to  the  &oe 
of  the  arch,  3BC  AB.  The  span  of  the  archway,  " on  the  square,"* 
as  it  iB  callcHi  (that  is,  the  perpendicular  distance  between  the  abnt-' 
ments),  is  less  than  the  span  on  the  skew,  or  parallel  to  the  &ce  of 
the  arch,  in  the  ratio  of  the  cosine  of  the  obliqnity  to  nnity.  It 
is  the  span  on  the  skew  which  is  equal  to  that  of  the  corresponding 
symmetrical  arch. 

The  best  position  for  the  bed-joints  of  the  arch-stones  is  perpen- 
dicular to  the  thrust  along  the  arch.     If,  therefore,  there  be  drawn 
on  the  soffit  of  a  skew  arch,  a  series  of  parallel  curves,  made  by  the 
intersections  of  the  soffit  with  vertical  planes  parallel  to  the  face 
of  the  arch,  the  best  forms  for  the  bed-joints  will  be  a  series  of 
curves  drawn  on  ^e  soffit  of  the  arch  so  as  to  cut  the  whole  of  the 
former  series  of  curves  at  right  angles,  such  as  C  C  in  figs.  108  and 
109.    Joints  of  the  best  form  being  difficult  to  execute,  spiral 
joints  are  used  in  practice  as  an  approximation. 

229.    €(E«taicd  TaaUa. — A  groined  vault,  represented  in  plan, 
looking  upwards,  by  fig.  110,  is  formed  by  the  intersection  of  two 

archways.  The  ribs  at  the  edges  where 
the  soffits  of  the  archways  intersect  and 
interrupt  each  other,  are  called  tiie 
groins.  The  portions  of  the  arches 
which  form  the  groined  vault,  properly 
speaking,  abut  against  the  groins;  ihe 
groins  themselves,  and  the  four  inde- 
pendent portions  of  the  archways,  abut 
against  four  buttresses  at  the  comers 
of  the  vault.  The  croum  of  the  vault  is 
the  point  where  the  groins  meet. 

The  line  marked  B'  is  the  length  firom 
the  crown  to  the  face  of  one  of  the  arch- 
ways; and  B  is  the  breadth  of  the  por> 
tion  of  one  of  the  buttresses  against  which  that  archway  abuts^ 
whether  directly  or  through  the  groin.  The  thrust  due  to  the 
length  of  archway  B'  is  concentrated  upon  the  breadth  of  abat- 

B' 

ment  B ;  its  iutensity  is  therefore  increased  in  the  ratio  ^  ;  and 

JD 

if  ^  be  the  thickness  which  an  abutment  requires  to  withstand  the 
thrust  of  the  plain  archway,  the  thickness  D  i-equired  for  the  but- 
tress, in  a  direction  perpendicular  to  B,  will  be 

»=*vi <^> 

At  the  left-hand  side  of  the  figure,  the  buttresses  are  compound 
and  rectangular : — at  the  right-hand  side,  a  single  diagonal  buttrea 


Fig.  110. 
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is  imposed  to  the  tkrast  of  eacH  groin,  and  to  the  oombined  thmsts 
of  ^  two  azchways  wliich  abut  against  itb  The  breadth  of  the  dia- 
gonal buttress  bemg  the  reMtUcvrU  of  the  breadths  of  the  oompound 
bnttresBes,  its  thickness  is  simply  equal  to  theirsL 

230.  ci«mni  Avehcs  are  aicheid  ribs,  of  which 
several  8|Hing  from  one  buttress,  as  is  shown  in  plan 
in  %.  IIL  The  thrust  against  the  buttress  is  the 
nsultaat  of  the  thmsts  of  the  ribs;  the  -vertical 
presBure  is  the  sum  of  their  loads. 

231.  Flo*  cT  AvchM. — ^A  pier  is  a  pillar  against 
vidch  two  or  more  arches  abut,  in  such  a  manner  ^*  ^^^ 
that  their  horizontal  thrusts  balance  each  other,  so  that  the  pier 
has  only  to  sustain  the  vertical  pressure  of  the  half-arches  which 
rest  on  it  The  piers  of  a  bridge  or  viaduct  are  usually  oblong 
walls,  of  a  length  equal  to  that  of  the  soffits  of  the  arches,  two  of 
wliich  spring  £rom  the  opposite  sides  of  each  pier.  It  is  customary 
to  make  the  tiiickness  of  a  pier,  at  the  springing  of  the  arches,  from 
one-sixth  to  one-ninth  of  the  span  of  the  arches  which  it  sustains. 
Mr.  Hosking,  in  his  Treatise  on  Bridges,  has  pointed  out,  that  this 
thickness  is  usually  greater  than  is  necessary ;  and  that  there  is  in 
general  no  reason  that  the  thickness  of  the  pier  should  be  more  than 
is  just  sufficient  to  support  the  rings  of  arch-stones  that  spring  from  it. 

If  one  of  two  arches  which  abut  against  the  same  pier  falls,  the 
other  arch,  having  its  thrust  unbalanced,  usually  overthrows  the 
pier,  and  consequently  falls  also ;  so  that  if  a  viaduct  consists  of  a 
series  of  arches  with  piers  between,  the  fall  of  a  single  arch  causes 
the  destruction  of  the  whole  viaduct  To  lessen  the  damage  caused 
hy  aoddents  of  this  kind,  it  is  customary  in  long  viaducts,  to 
introduce  at  intervals  what  are  called  abtUmerU  piers,  which  have 
atalality  sufficient  to  resist  the  thrust  of  a  single  arch;  so  that 
when  an  arch  falls,  the  destruction  is  limited  to  Qie  division  of  the 
Tiadnct  between  the  two  nearest  abutment  piers. 

In  some  important  bridges  over  large  riv»:s,  where  it  has  been 
eoBsideted  advisable  to  spare  no  expense  in  order  to  render  the 
structure  durable,  each  pier  is  an  abutment  pier. 

232.  op«a  Mid  HviUw  pton  «■«  AfcrtMiwtt. — ^In  some  cases  the 
pufB  and  abutments  of  bridges,  in  order  to  save  materials,  and  to 
dJminiah  the  pressure  on  the  foundations,  are  made  with  arched 
openings  through  them,  or  with  rectangular  hollows  in  their  in- 
toior.  The  bottoms  of  such  openings  or  hollows  should  be  closed, 
when  they  are  small  by  courses  of  large  stones,  and  when  they  are 
large  by  inverted  arches,  in  order  that  the  area  of  the  foundation, 
over  which  the  pressure  is  distributed,  may  be  as  large  as  if  the 
lioilding  were  soHd. 

The  moment  of  stability  of  an  abutment,  with  arched  openings 
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through  it^  or  hollows  in  its  interior,  is  less  than  that  of  a  solid 
abutment  of  the  same  external  dimensions,  veiy  nearly  in  the  same 
ratio  in  which  the  irwinefnl  of  inertia  of  the  horizorUal  section  of  the 
abutment  is  diminished  hj  means  of  the  vacuitiea  (See  Article  95.) 
233.  TsiiBcii. — ^If  the  depth  of  a  tunnel  beneath  the  surface  of 
the  ground  is  great  compared  with  the  height  of  its  archwa j,  the 
proper  form  for  the  line  of  pressures,  whidi  must  lie  within  the 
middle  third  of  the  thickness  of  its  arch,  is  the  elliptic  linear  arch 
of  Article  180,  in  which  the  ratio  of  the  horizonted  to  the  vertical 
semi-axis  is  the  square  root  of  the  ratio  of  the  horizontal  to  the 
vertical  pressure  of  the  earth,  as  already  shown  in  Article  180, 
equation  5,  and  Article  197,  equation  3;  that  is  to  say, 

horizontal  semi-axis  _    _       /p,  _^       //I  —  mn  f\  ^     ,- 
vertical  semi-axis    ""  \/  jp,  "~    \f    \1  +  sin  ^/  '"'^  '^ 

p  being  the  angle  of  reposa 

If  the  earth  is  firm,  and  little  liable  to  be  disturbed,  the  propor- 
tion of  the  half-span,  or  horizontal  semi-axis,  to  the  rise  or  vertical 
semi-axis,  may  be  made  grecUer  than  is  given  by  the  preceding 
equation,  and  the  earth  will  still  resist  the  additional  horizontal 
thrust;  but  that  proportion  should  never  be  made  less  than  the 
value  given  by  the  equation,  or  the  sides  of  the  timnel  will  be  in 
danger  of  being  forced  inwards. 

In  a  drainage  tunnel,  the  entire  ellipse  may  be  used  as  the  figure 
of  the  arch ;  but  in  a  railway  tunnel,  where  it  is  necessaiy  to  have  a 
flat  floor,  the  sides  and  roof  of  the  tunnel  comprise  in  height  the 
upper  two-thirds,  or  three-fourths,  of  the  ellipse,  which  is  closed 
below  by  a  circular  segmental  inverted  arch  of  a  slight  curvature, 
its  depression  being  one-eighth  of  its  span,  or  thereabouta.  By  this 
mode  of  construction,  the  vertical  pressture  of  the  sides  of  the 
tunnel  is  concentrated  upon  foimdation  courses  directly  below 
them,  from  which  they  spring.  The  ratio  which  the  entire  width 
of  the  tunnel,  measured  outside  the  masonry  or  brickwork,  bears  to 
the  joint  width  of  that  pair  of  foundations,  must  not  exceed  the 
limit  of  the  ratio  of  the  weight  of  a  building  to  the  weight  of  earth 
displaced  by  it,  as  given  by  Article  199,  equation  3.  ^e  inverted 
arch  serves  to  prevent  the  foundations  of  the  sides  of  the  tunnel 
from  being  forced  inwards  by  the  horizontal  pressure  of  the  earth. 

The  exact  form  for  the  line  of  pressures  in  the  sides  and  roof 
of  a  tunnel  is  the  geostaiic  arch  of  Article  184.  This  principle 
requires  attention  when  the  roof  of  the  tunnel  is  near  the  sur&ce. 
Let  Xq  be  the  depth  of  the  crown  of  the  tunnel,  and  Xi  that  of  its 
greatest  horizontal  diameter,  beneath  the  surface.  From  those 
ordinates  as  data,  design  a  hydrostatic  arch,  either  by  the  exact 
method  of  Article  183,  or  by  the  approximate  method  of  Article 
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188 ;  contract  the  horizontal  co-ordinates  of  that  arch  in  the  ratio 
c=  \/  ^ ,  and  the  result  will  be  the  geostatic  arch  required. 

234.  B«mca. — ^A  true  dome  is  a  shell  of  masoniy  or  brickwork, 
of  the  figure  of  a  solid  of  revolution  with  a  verticsJ  axis ;  that  is, 
it  is  spherical,  spheroidal,  conoidal,  or  conical,  and  is  circular  in 
plan*  Its  tendency  to  spread  at  its  base  is  resisted  by  the  stability 
of  a  cylindrical  wall,  or  of  a  series  of  buttresses  surrounding  the 
l)ase  of  the  dome,  or  by  the  tenacity  of  a  metal  hoop  encircling  the 
base  of  the  dome. 

The  conditions  of  stability  of  a 
dome  are  ascertained  in  the  fol- 
lowing manner: — Let  fig.  112 
represent  a  vertical  section  of  a 
dome,  springing  from  a  cylindrical 
wall  B  B.  The  shell  o^  the  dome 
is  supposed  to  be  thin  as  compared 
with  its  external  and  internal  di- 
mensions. Lict  the  centre  of  the 
crown  of  the  dome,  0,  be  taken  as 
origin  of  co-ordinates ;  let  a;  be  the  depth  of  any  circular  joint 
in  the  shell,  such  as  C  C,  below  O,  and  y  the  radius  of  that  joint. 
Let  i  be  the  angle  of  inclination  of  the  shell  at  0  to  the  horizon, 
and  ds  the  length  of  an  elementary  arc  of  the  vertical  section  of 
the  dome,  such  as  0  D,  whose  vertical  height  ia  dx,  and  the  differ- 
ence of  its  lower  and  upper  radii  dy  :  ao  that 

dy         .      .    da 

--^  =  cotant;  -;-~  =  cosect. 

ax  dx 

Let  P,  be  the  weight  of  the  part  of  the  dome  above  the  circular  joint 
C  C.  Then  the  total  thrust,  in  the  direction  of  a  set  of  tangents  to 
the  dome,  radiating  obliquely  downwards  all  round  the  joint  C  C,  is 

P,  •  -T—  =  P,  •  cosec  i; 

dx  ' 

and  the  total  horizontal  component  of  that  radiating  thrust  is 


Fig.  112. 


P, 


dj^ 


dx 


P« '  cotani 


Let  j7,  denote  the  intensity  of  that  horizontal  radiating  thrustj  per 
imit  of  periphery  of  the  joint  C  C ;  then  because  the  periphery  of 
that  joint  is  2  v  y  (  s  6*2832  y),  we  have 

P.  cotani  „  . 

^'=-27ir ^-^ 
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It  has  been  shown  in  Article  179,  that  if  there  be  an  inward 
radiating  pressure  upon  a  ring,  of  a  given  intensity  per  unit  of  arc^ 
there  is  a  throst  exerted  all  round  that  ring,  whose  amount  is  the 
product  of  that  intensity  into  the  radius  of  the  ring.  The  same 
proposition  is  true,  substituting  an  outward  for  an  inwazd  radiating 
pressure,  and  a  tension  all  round  the  ring  for  a  thrust  If,  there- 
fore, the  horizontal  radiating  pressure  (^  the  dome  at  the  joint 
C  0  be  resisted  by  the  tenacity  of  a  hoop,  the  tension  at  each  point 
of  that  hoop,  being  denoted  by  P^  is  given  by  the  equation 

P.cotani  ^^. 

Now  conceive  the  hoop  to  be  removed  to  the  circular  joint  D  D, 
distant  by  the  arc  ^  «  &om  C  C,  and  let  its  tension  in  this  new 
position  be 

The  difference,  d  P„  when  the  tension  of  the  hoop  at  C  C  is  the 
greater,  represents  a  tknist  which  must  be  exerted  all  round  the 
ring  of  brickwork  C  0  D  D,  and  whose  iniensUyper  unU  of  im^ 
of  the  care  QD  is 

^•= ^  =  1^-  ^(P- <»*-»■) (»•) 

Every  riTig  of  brickwork  for  whdch  p,  is  eiffisr  noihmg,  orpoaiiwe, 
is  stable,  independently  of  the  tenacity  of  cement ;  for  in  eadi  sadi 
ling  there  is  no  tension  in  any  direction* 

When  pg  becomes  negative,  that  is,  when  P,  has  passed  its  maxi- 
mum, and  begins  to  diminish,  there  is  tension  horizontally  round 
each  ring  of  brickwork,  which^  in  order  to  secure  the  stability  of 
the  dome,  must  be  resisted  by  the  tenacity  of  cement,  or  of  external 
hoops,  or  by  the  resistance  of  abutments. 

"  Such  is  the  condition  of  stability  of  a  dome.  The  inclination  to 
the  horizon  of  the  sur&ce  of  the  dome  at  the  joint  where  p,  =  0, 
and  below  which  that  quantity  becomes  negative,  is  the  angle  of 
rwpPwFe  of  the  dome ;  and  the  horizontal  component  of  its  thrust 
at  that  joint,  is  its  total  horizontal  thrust  against  the  abutment^ 
hoop,  or  hoops,  by  which  it  is  prevented  from  spreading. 

A  dome  may  have  a  circular  opening  in  its  crown.  Oval  arched 
openings  may  also  be  made  at  lower  points,  provided  at  such  points 
there  is  no  tension ;  and  the  ratio  of  the  horizontal  to  the  inclined 
axis  of  any  such  opening  should  be  fixed  by  the  equation 


horiz.  axis 


inclined  axis 


L  =  c^a/_£!_. (4.)  I 

IS  Vi^ySect  ^'  I 


r 
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Example  L  Spherical  Dome, — Uniform  thickness,  t  j  weight  of 
material  per  unit  of  yoliune,  to  j  radius,  r. 

a5  =  r(l  -cosi);  y=:raint;  dsssrdi. 

P.  =  2xw<r'(l-co8t); 


tff^rcosi     _.       lo^r'oostsint 


1  +COS  t 


1  +  COB  » 


.(«•) 


€?  P-  ^      cos"  i  4-  COS  t  -  1 

^       rat  1  +  COS  t 

^le  angle  of  niptnre,  for  yriaatip,  =  0,  is 

S  =  «c  •  COB  a^zi  =  51"  49'  ;...•. (6.) 

and  from  this  angle  we  obtain,  for  the  horizontal  thrust  of  the 
dome,  per  unit  of  peripheiy  at  the  joint  of  rupture, 


(7.) 


jp,  =  0-382  w  t  r ; 
and  for  the  tension  on  a  hoop  to  resist  that  thrust, 

P,  =  0-3«7«r". 

Example  H.  Truncated  Conical  Dome  (fig.  113). — Apex,  O. 
Dep^L  of  top  of  dome  below  apex,  x^ ;  of  base  of  dome,  x^;  i,  uni- 
form inclination ;  t,  uniform  iJdckness  ;  y  =  «  ootan  i^ 

Then  at  the  base  of  the  dome. 


-.  ^    cos »  .  ,      ^ 

wCcoQi  /       xl\ 

^  Wt  COS*  t  ,    ,         -. 

Pgz=zwt7\'  cotan'  i 


...(a) 


Fig.  118. 


p^  being  everywhere  positive,  there  is  in  this  dome  no  joint  of 
rapture. 

Example  TIL   Truncated  Conical  Botm^  supporting  on  Ua  mimnUt 
a  turret  or  *'  lantern,*'  qftlte  weight  L. 
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cost 


am*  t  ^ 
_  tt?  ^  COB  t  /       ao\    I      L 


.(9.) 


2  Bin' t    ^  2  y 

l>,  =  to  <  a?|  •  cotan'  t* 

235.  Strencth  of  Abntmento  and  Tanlta. — ^The  dimenflioiis  required 
in  an  abutment^  archy  or  dome,  to  insure  stability,  are  in  most 
cases  sufficient  to  insure  strength  also ;  but  instances  occur,  in 
which  the  condition  of  sufficient  strength  requires  to  be  indep^i- 
dently  considered,  and  it  may  be  convenient  here  so  &r  to  antici- 
pate the  subject  of  strength  as  to  state  that  condition,  viz.,  that  the 
intensity  of  the  thrust  in  the  materials  shall  at  no  point  exceed  a 
certain  limit,  found  by  dividing  the  resistance  of  ike  matenal  to 
crushing  by  a  number  called  ^e  /actor  of  safety.  The  &ctor  of 
safety  in  existing  bridges  ranges  from  3  or  4  to  50  and  upwBxda. 
In  tunnels  it  is  about  4.  Ti'edgold  considers,  that  in  bridges  tiie 
best  value  for  the  Victor  of  safety  is  about  8  {Treatise  on  Masonry). 
The  resistance  of  some  of  the  most  important  materials  of  masonry 
to  crushing  is  stated  in  a  table  at  the  end  of  this  volume ;  but  a 
prudent  engineer,  who  contemplates  a  great  work  in  masonry,  will 
not  trust  to  tables  alone,  but  will  ascertain  the  strength  <£  the 
materials  at  his  command  by  direct  experiment. 

235  A.    TraMsformatioB  of  StmctarM  In  Braaony. — The  piinciple 

already  stated  in  Article  126,  that  to  determine  the  intensity  of  a 
force  in  a  transformed  structure,  the  projected  Une  representing  the 
amouTit  of  the  force  must  be  divided  by  the  projected  a/rea  over 
which  it  is  distributed,  reqidres  special  attention  in  considering  the 
strength  of  transformed  structures  of  masoniy. 

To  exemplify  the  application  of  that  principle,  conceive  a  rec- 
tangular prism  whose  (iimensions  are  a;,  y,  z^  x  being  vertical :  its 
volume  is  V  =  a:  y  «.  Let  w  be  the  weight  of  unity  of  volume  of 
the  material  of  which  it  is  composed  ;  and  let  the  weight  of  the 
prism  be  represented  by  a  line  parallel  to  a?,  of  the  length  W;  then 

W  =  wxyz, (1.) 

The  amount  of  an  upward  vertical  pressure  on  the  base  of  this 
prism,  which  balances  W,  will  be  represented  by  a  line  equal  and 
opposite  to  W  :  that  is 

P  =  -  W; (2.) 


r 
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and  the  {nlensiti/  of  tliat  pressure  will  be 

p  =  —  =  —  ivx (3.) 

Now  let  there  be  a  parallel  projection  of  this  prism,  whose  dimen- 
siona,  of  =  aXy  y'  =z  by,  z  =  cz,  are  oblique  to  each  other.  The 
weight  of  the  new  prism  will  be  represented  by  a  line  parallel  to  af, 
of  iJ^e  length 

W'  =  aW (4.) 

Let 

C  =  1  —  copy's!  —  cos*a^a/  —  cos^o/y 

+  2  co3i/z' '  C03  z'  of  •'  cos  af  y (5.) 

Then  the  Toltime  of  the  new  prism  is 

T  ^dxf^  V"C"=  N^ahc  J'C; (6.) 

ooQseqxientlj  the  intensity  of  its  weigM  is 


t(/  =  ]^'=  aW  w 


(7.) 


"V^'      ah  c  J  O'Y      be  JC  

The  area  of  the  lower  surface  of  the  new  prism  is 

y'  s!  'smy"  af  =  y  z'b  cmiy  sf ; (8.) 

The  amount  of  the  stress  on  that  area  is 

-W  =  P'  =  aP  =  apy  % (9.) 

heing  represented  by  a  line  F^  which  is  the  projection  of  P^  and 
parallel  to  a/. 
The  int^ntftfy  of  this  new  stress  is 

^ ^V  /in\ 

1>  = TT  = TT (1^-) 

i/ sf  •  miy  si      bc'siny'si 

and  if  we  consider  the  relation  between  stress  and  weight, 

F=-.W', 

that  is, 

pyz'9m^z'=z~v/xt/sf  JC. (11.) 

WQ  find 

sin  y  z 
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CHAPTER  IIL 


STBENOTH  AlVD  STIFFNBSBb 


SEcnoir  1. — Sv/mma/ry  of  the  Theory  ofElasticiiy  as  applMd  to 

Strength  and  StiffiiMs, 

236.  The  Themr  •f  BiaMiciiy  relates  to  the  laws  which  connect 

the  stresses,  or  pressures  and  tensions,  which  act  at  the  soi&oe  and 
in  the  interior  of  a  body,  with  the  alterations  of  dimensions  and 
figure  which  the  bodj  and  its  parts  sunnltaneonsly  nnderga  That 
theoiy,  therefore,  is  the  foundation  of  the  principles  of  the  strength 
and  stiffiiess  of  materials  of  construction.  The  theory  of  elasticily 
has  many  other  applications, — ^to  crystallography,  to  light,  to  soond, 
to  heat,  and  to  other  branches  of  physics^  Its  full  discussion  would 
of  itself  require  a  voluminous  work;  in  the  present  section,  its 
principles  are  to  be  briefly  summed  in  so  far  as  they  are  appli- 
cable to  the  strength  and  stiJBBiess  of  stnicture& 

237.  BiMddtr  is  the  property  which  bodies  possess  of  occupying, 
and  tending  to  occupy,  portions  of  space  of  determinate  volume  and 
figure,  at  given  pressures  and  temperatures,  and  which,  in  a  homo- 
geneous body,  manifests  itself  equally  in  every  part  of  appreciable 
magnitude. 

238.  An  Biiutifl  FMce  is  a  force  exerted  between  two  bodieB  at 
their  surface  of  contact,  or  between  two  parts  into  which  a  body 
either  is  divided  or  is  capable  of  being  cUvided  at  the  sor&oe  of 
actual  or  ideal  separation  between  those  parta  The  intensity  of  an 
elastic  force  is  stated  in  imtfo  of  mmght  per  wnii  qf  ama  of  the 
surface  at  which  it  act&  That  kind  of  foroe  is  in  fietct  identical 
with  «^«89,  the  statical  laws  of  which  have  already  been  explained 
in  Part  I.,  Chapter  Y.,  Sections  2,  3,  and  4,  Articles  86  to  126. 

239.  Fiirid  EbwticitT. — ^The  elasticity  of  a  pafed  flmd  is  such 
that  its  parts  resist  change  of  volume  only,  and  not  change  of 
figure ;  whence  it  follows,  that  the  pressure  exerted  by  a  perfectly 
fluid  mass  is  wholly  perpendicular  to  its  surface  at  every  point : 
principles  which  form  the  basis  of  hydrostatics  and  hydrodynamics. 
Muids  are  either  gaseous  or  liquid.  A  gaseous  f/wd  \s  one  whose 
parts  (so  fiir  as  is  known  by  experiment)  exert  a  pressoie  againsi» 
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each  other  and  agamst  the  vessel  oontaming  them,  bow  great  soever 
the  Toliime  to  which  thev  are  expanded.     See  Arts.  110,  and  117 

torn. 

240.  iifttaM  Blutieitr. — ^The  elasticity  of  a  perfect  Uqmd  resists 
change  of  volume  only,  and  differs  from  that  of  a  gaseous  fluid 
chiefly  in  this :  that  the  greatest  variations  of  the  pressure  which 
it  18  possible  to  apply  to  a  Hqnid  mass  produce  very  small  variations 
of  its  volumeL 

The  wmpreation  undergone  by  a  liquid  mass  in  consequence  of 
the  application  of  a  given  pressure  over  its  sur&ce,  is  measured  by 
the  ia&>  of  the  diminution  of  volume  produced  by  the  given  pres- 
mre  to  the  entire  volume  of  the  maas  :  a  ratio  which  is  always  a 
7eiy  small  fraction.  The  oompresaibil'Uy  of  a  given  liquid  is  the 
compreasion  produced  by  a  unit  of  elastic  pressure ;  in  other  words, 
the  ratio  of  a  compression  to  the  pressure  producing  it.  The 
wMus  or  eth^fidenl  ofdouiicily  of  a  liquid  is  i^e  ratio  of  a  pressure 
^)p2ied  to  and  exerted  by  the  liquid,  to  the  accompanying  comprea- 
aon,  and  is  therefore  the  reciprocal  of  the  compressibUity.  The 
Mowing  empirical  formula  for  the  compressibility  of  pure  water 
at  any  temperature  between  32°  and  128°  Fahrenheit  has  been 
deduced  from  the  experiments  of  M.  Grassi  (fjomptea  Reridua,  X/X  / 
PhUoL  Mag.,  June,  1851). — Compreasibility  per  Atmosphere, 


40  (t  +  46r)  •  D 

T,  temperature  in  degrees  of  Fahrenheit.  B,  densiiy  of  water  at 
that  temperature  under  one  atmosphere,  the  maximum  densiiy  of 
water  under  the  pressure  of  one  atmosphere  being  taken  as  xmity. 
See  Art  123,  equation  5.  At  the  temperature  of  maximum  density, 
39*1  FaL,  the  compressibility  of  water  per  atmosphere  is  0*00005, 
and  its  modulus  of  elasticity,  20,000  atmospheres,  or  294,000  lb& 
per  square  inch. 

CimipreadbUities  qfeorne  Liquids,  per  Atmoephereyfrom 

M.  Graaa^a  experiment. 

Saturated  aqueous  solution  of  nitrate  of  potaah, 0*0000306565 

Saturated  aqueous  solution  of  carbonate  of  potash,.... 0*0000303 2 94 

Artificial  sea  water, 0*0000445029 

Saturated  aqueous  solution  of  chloride  of  calcium,... .0*0000209830 

.Either, •• 0*00011137  to  0-00013073 

Alcohol, 0*00008245  *o  0*00008587 

The  cranpreonbility  of  aether  and  alcohol  increases  with  the  pressure. 


241.  Bifidicr  or  stMteeM. — A  aolid  body,  besides  resisting  change 
of  volume  like  a  liquid,  possesses  also  rigidity ,  or  the  property  of 
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resisting  change  of  figure.  As  in  the  case  of  liquids,  the  ntmost 
alteration  of  volume  of  which  a  solid  body  is  capable  by  any  pressure 
which  can  be  applied  to  it,  is  always  a  very  small  fraction  of  its 
entire  voluma  The  stresses  at  the  surface  of  a  solid  body  or  particle 
are  not  necessarily  normal,  but  may  have  any  direction^  &om  normal 
to  tangential 

242.  siraiB  and  Fimctvrc — In  popular  language  the  words  ti/nnn 
and  stress  are  applied  indifferently  to  denote  either  the  system  of 
forces  at  the  surface  of  a  solid  body  whereby  its  volume  and  figure 
are  altered,  or  the  alteration  of  volimie  and  figure  of  the  body  and 
its  parts  thereby  produced.  For  the  sake  of  clearness  in  sdentific 
language,  certain  authors  have  recently  endeavoured  to  appropriate 
the  word  sin'ain  to  the  alterations,  of  what  nature  soever,  in  the 
volume  and  figure  of  a  solid  body  and  of  its  parts,  produced  by 
forces  applied  to  it,  and  the  word  stress  as  formerly  d^ned  This 
nomenclature  will  be  used  in  the  present  treatise.  Fradure  of  a 
solid  occurs  when  a  strain  is  carried  so  fiir  as  to  cause  actual  division 
of  the  solid  into  parts.  The  strains  and  fractures  to  which  a  solid, 
considered  as  a  whole,  is  subject,  may  be  classified  according  to  the 
following  table.  To  each  kind  of  strain  there  corresponds  a  kind 
of  stress ;  being  the  external  force  which  produces  that  strain,  and 
the  equal  and  opposite  force  wherewith  the  solid  resists  that  strain : — 

Strain.  fVactare. 

T       *fi  rl*    1         (Extension     Tearing. 

^^  \  Compression Crushing  and  Cleaving. 

I  Distortion    Shearing. 

Transverse. I  Torsion         Wrenching. 

(Bending        Breaking  acro8& 

243.  Perfect  a«d  Imperfect  Klaaticltr.    Plaitlclty. — ^A  body  is  Said 

to  be  perfectly  dasticy  which,. if  strained  at  a  constant  temperature 
by  the  application  of  a  stress,  recovers  its  original  volume,  or  volume 
and  figure,  when  such  stress  is  withdrawn.  Deviations  from  this 
property  constitute  XTn/perfect  dasticUy.  Gases,  and  liquids  perfectly 
free  from  viscosity,  are  perfectly  elastia 

The  elasticity  of  every  solid  is  sensibly  perfect  when  the  strain 
does  not  exceed  a  certain  limit  This  has  been  proved  to  be  the 
case  even  for  solids  so  plastic  as  moistened  clay.  For  every  solid 
there  are  limits,  which  if  a  strain  exceed,  sety  or  permanent  altera* 
tion  of  volume  or  figure,  is  produced ,  and  such  limits  of  elasticity 
are  less,  and  often  considerably  less,  than  the  strains  required  to 
produce  fracture.  It  has  been  proved  by  Mr.  Hodgkinson  that 
these  limits  depend  on  the  duration  of  the  strain,  being  less  for  a 
long-continued  strain  than  for  a  brief  strain.    The  dasticity  of  volume 
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in  solids  is  in  general  much  more  nearly  perfect  than  the  eUuHcUj/ 
of  figure.  It  is  true  that  the  density  of  many  metals  is  perma- 
nently increaBed  by  hammering,  rolling,  and  wiredrawing,  and  that 
of  some  other  materials  by  intense  pressure  (Fairbaim ;  Beport  of 
the  BrUM  Association,  1854);  but  the  stresses  which  operate 
during  these  processes  are  very  great  A  body  which  is  capable  of 
undeigoing  great  alterations  of  figure,  and  whose  elasticity  of  figure 
is  very  imperfect,  is  a  plastic  solid.  The  gp^adations  are  insensible 
between  plastic  solids  and  viscous  liquids,  in  which  there  is  a  resist- 
ance to  change  of  figure,  but  no  tendency  to  recover  any  particulai 
figure. 

JRise  of  temperaiure,  so  far  as  we  yet  know,  increases  elasticity  of 
volume  in  all  substances,  and  at  the  same  time  diminishes  the 
amount  and  the  perfection  of  elasticity  of  figure,  so  as  to  make 
soiids  more  plastic  and  liquids  less  viscous. 

2ii.  The  dfiiBate  Strengtii  of  a  solid  is  the  stress  required  to 
produce  firacture  in  some  specified  way.  The  Pi««f  scMBgth  is  the 
stress  required  to  produce  the  greatest  strain  of  a  specific  kind 
consistent  with  safety ;  that  is,  with  the  retention  of  the  strength 
of  the  material  unimpaired.  A  stress  exceeding  the  proof  strength 
of  the  material,  although  it  may  not  produce  instant  fracture,  pro- 
duces fiucture  eventually  by  long-continued  application  and  fre- 
quent repetition.  Strength,  whether  ultimate  or  proof,  is  the 
product*  of  two  quantities,  which  may  be  called  T«Bi;iiiieM  and 
mAmm.  Toughness,  ultimate  or  proof,  is  here  used  to  denote  the 
greatest  strain  which  the  body  will  bear  without  fracture  or  with- 
out injury,  as  the  case  may  be  :  stiffness,  which  might  also  be  called 
hardness,  is  used  to  denote  the  ratio  borne  to  that  strain  by  the 
stress  required  to  produce  it, — being,  in  fact,  a  modiUus  of  elasticity 
of  some  specified  kind.  MaUeable  and  dv/ctUe  solids  have  ultimate 
toughness  greatly  exceeding  their  proof  toughness.  Brittle  solids 
have  their  ultimate  and  proof  toughness  equal  or  nearly  equal. 

B«riUence  OF  Bpiiag  is  the  quantity  of  mechanical  toork  required 
to  produce  the  proof  strain,  and  is  equal  to  the  product  of  that 
strain,  by  the  mean  stress  in  its  own  direction  which  takes  place 
during  i^e  production  of  that  strain, — such  stress  being  either 
exactly  or  nearly  equal  to  one-half  of  the  stress  corresponding  to 
the  proof  strain.  Hence  the  resilience  of  a  solid  is  exactly  or 
nearly  one-half  of  the  product  of  its  proof  toughness  by  its  proof 
strength ;  in  other  words,  one-half  of  the  product  of  the  square  of 
its  proof  toughness  by  its  stifi&iess. 

Each  solid  has  as  many  different  kinds  of  stiffness,  toughness, 
strength,  and  resilience  as  there  are  difierent  ways  of  straining  it, 
as  the  following  table  shows.  In  that  table  pliahitity  is  used  as  a 
general  term  to  denote  the  inverse  of  stiffness : — 

T 
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Oti'iwigi 

Strain. 

StiflheK 

PlIabilHy. 

Fnctaie. 

I 
StxcngtfL 

PidL 
Thrnst 

Shearing. 
Twisting. 

Bending. 

StretchiBgor 

••• 
•.• 

••• 
*.• 

Transverse 
Stiflbess. 

Hxtensibi- 
Uty. 

Compreasibi- 
Utj. 

••• 
..■ 

Flexibility. 

Tearing. 

fifMdfciiig. 

Sbearing. 
Wrendiing. 

Breaking 
Acroai. 

••• 
••• 

•"     1 

Sqneedngor 
CompraB- 
don. 

DistortioD. 

Twisting  or 
Torsion. 

Bending. 

Those  kinds  of  stiffness  and  strengtih  wMch  have  no  single  word  to 
designate  them,  are  called  resistcmce  to  the  kind  of  strain  or  hac- 
ture  to  which  ihej  are  opposed. 

245.  ]>eiienMiBa«i«B  mt  PM«f  Streagdi. — It  WBs  fonnerlj  sapposed 
that  the  proof  strength  of  any  material  was  the  utmost  stress  con- 
sistent with  perfect  dasticity ;  that  is,  the  utmost  stress  which  does 
not  produce  &  set,  as  defined  in  Axtide  243.  Mr.  Hodgkinson, 
however,  has  proved  that  a  set  is  produced  in  many  cases  by  a 
stress  perfectly  consistent  with  safety.  The  determination  of  proof 
strength  by  experiment  is  now,  therefore,  a  matter  of  some  ohscu- 
rity ;  but  it  may  be  considered  that  the  best  test  known  is,  the  noi 
prodtidng  cm  iNCREAsnira  set  by  repeoUed  applicaU/on, 

246.  The  WmifciBg  smas  on  the  material  of  a  structure  is  made 
less  than  the  proof  strength  in  a  certain  ratio  determined  1^  prao- 
tical  experience,  in  order  to  provide  for  unforeseen  oontingenciea. 

247.  Vactmrs  mt  flaAtr  are  of  three  kinds,  vi2. : — the  ratio  in 
which  the  uUimctte  stren^  exceeds  the  proof  sirenQihy  the  ratio  in 
'which  the  uUmuUe  strength  exceeds  the  working  stress,  and  the 
ratio  in  which  the  proof  strength  exceeds  the  working  stress,  Tb» 
following  table  gives  examples  of  the  values  of  those  factors  wiuch 
ocour.in  practice :— - 

Ult.  strength.      Ult.  StroBgtti.     Pkoof  Stran^gttL 


Strongest  steel, , 

Ordinary  steel  and  wr.  iron,  steady  load, 
**  "  moving  load, 

Wrought  iron  boilers, 

Cast  iron,  steady  load,. 

"        moving  load, 

Umber;  average, 

Stone  and  brick, 


roofStnmgtb. 

Working  StrsML 

WoilcingSava 

2 

... 

... 
8 

4  toe 

2to3 

2 

8 

4 

2to8 

•  8to4 

abontl^ 

•  •• 

6to8 

3  to  3 

3 
about  2 

10 
4tolO,aT.«bL8 

H 
av.  about  4 
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348.    l»fHalMui  cT  Um  BTalhcnatical  Theay  wT  BlMtlcltT. — ^The 

theory  of  the  elasticity  of  solids  has  been  reduced  to  a  body  of 
maihemaiioal  principles  applicable  to  those  cases  in  which  the 
strains  of  the  particles  of  the  body  are  so  small,  that  quantities 
in  the  stresses  depending  on  the  squares,  products,  and  hi^er 
powers  of  the  strains  may  be  neglected  without  appreciable  error, 
and  that,  consequently,  Hookers  Law — "ut  tensio  dc  w" — ^is  sen- 
sibly true  for  all  relations  between  strains  and  stresses.  This  con- 
dition is  fulfilled  in  nearly  all  cases  in  whicli  the  stresses  are 
within  the  limits  of  proof  strength — the  exceptions  being  ^a  few 
substances,  very  pliable,  and  at  the  same  time  very  tough,  stlch  as 
caoutchouc  The  mathematical  theory,  as  thus  limited,  consists  of 
three  parts,  viz.,  the  resolution  and  composition  of  stresses,  the 
resolution  and  composition  of  strains,  and  the  relations  between 
strains  and  stresses.  The  resolution  and  composition  of  stresses 
has  already  been  fully  discussed  in  Part  L,  Chapter  Y.,  Section  3. 

figure  be  conceived  to  be  ideally  divided  into  a  ntunber  of  inde- 
finitely smaJl  cubes  by  three  series  of  planes  parallel  respectively 
to  three  co-ordinate  planes.  Each  such  elementary  cube  is  difr- 
tinguished  by  means  of  the  distances,  x,  y,  z,  of  its  centre  firom  the 
three  oo-ordmate  planes.  If  the  solid  be  strained  in  any  manner, 
each  of  the  elementary  cubical  particles  will  have  its  dimensions 
and  figure  changed,  and  will  become  a  parallelepiped,  which  may 
be  right  or  oblique— its  size  being  conceived  to  be  so  small,  that 
the  curvature  of  its  faces  is  inappreciable.  The  simple  or  demervtcery 
sshwns  of  which  a  particle,  cubical  in  its  free  state,  is  susceptible, 
are  six  in  number,  viz. : — ^three  longitudinal  or  direct  strains,  being 
the  three  proportional  variations  of  its  linear  dimensions,  which  are 
elongations  when  positive,  and  compressions  when  negative ;  and 
three  transverse  strains,  being  the  three  distortums,  or  variations  of 
the  angles  between  its  faces  from  right  angles,  which  are  considered 
as  positive  or  negative  according  to  some  arbitraiy  but  fixed  rule, 
and  are  expressed  by  the  proportions  of  the  arcs  subtending  them 
to  radiu&  When  the  values  of  those  six  strains  for  every  particle 
are  expressed  by  functions  of  the  co-ordinates,  x,  y,  z,  the  btate  of 
strain  of  the  solid  is  completely  expressed  mathematically.  The 
sojL  elementary  strains,  in  the  cases  to  which  the  theory  is  limited, 
are  very  small  fractions. 

The  method  of  reducing  the  state  of  strain  of  the  solid  at  a  given 
point,  as  expressed  by  a  system  of  six  elementary  strains  relatively 
to  one  system  of  rectangolar  axes,  to  an  equivalent  system  of  six 
dementary  strains  relatively  to  a  new  system  of  rectangular  axes, 
is  founded  on  the  following  theorem.  Let  «,  /9,  y,  be  the  longitu- 
dinal strains  of  the  dimensions  of  a  given  particle  along  x,  y,  z^ 
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X,  /«>  »» the  distortions  of  its  angles  in  the  planes  y  z,  zx,xy.  Con- 
ceive the  sur&u^  of  the  second  order  whose  equation  is 

««*  +  /3^  +  ya^H-  ^yz  +  f^zx  +  9xy  =  l, 

Transform  this  equation  so  as  to  refer  the  same  surface  to  the  new 
axes  of  co-ordinates ;  the  six  co-efficients  of  the  transformed  equa- 
tion will  be  the  elementary  strains  referred  to  the  new  axes. 
Other  ways  of  resolving  strains  have  been  pointed  out  by  Professor 
W.  Thomson,  Cambridge  arid  Dvhlin  AicUfiemcUical  Journal,  May, 
1855. 

The  sum  of  the  direct  strains  •  +  /8  +  y  represents  the  cubic  dila- 
tation of  a  particle  when  positive,  and  the  cubic  compression  when 
negative.  The  state  of  strain  of  a  transparent  body  may  be  ascer- 
tained experimentally  by  its  action  on  polarized  light.  On  this 
subject  experiments  have  been  made  by  Fresnel,  Sir  D.  Brewster, 
M.  Wertheim,  and  Mr.  Clerk  Maxwell 

250.  iMspiaceBtcatt. — ^Let  i,  «,  ^,  be  the  projections,  parallel  to 
X,  y,  Zy  respectively,  of  the  duplacemmt  of  a  particle  in  a  strained 
solid  from  its  position  when  the  solid  is  free,  expressed  as  functiona 
of  X,  y,  z.    Then 


«  := 


di 

dx' 


/3  = 


dvi 


y  = 


dz' 


di      dn 
dy      dz 


^di  ^  rf|. 
dz      dx 


dm       di 
dx       dy 

251.  AnaiogT  of  fltreMcs  aod  sivmiBa. — It  has  been  shown  in 
Article  104,  that  the  elastic  forces  exerted  on  and  by  an  originally 
cubical  particle,  which  constitute  the  state  of  stress  of  the  solid  at 
the  point  where  that  particle  is  situated,  may  be  resolved  into  six 
demeinJUvry  stresses,  viz.: — three  normal  stresses,  perpendicular  re- 
spectively to  the  three  pairs  of  faces,  and  tending  directly  to  alter 
the  three  Hnear  dimensions  of  the  particle — and  three  pairs  of 
tangential  stresses  acting  along  the  double  pairs  of  faces  to  which 
they  are  applied,  and  tending  directly  to  alter  the  angles  made  by 
such  double  pairs  of  faces.  To  reduce  the  state  of  sti'ess  at  a  given 
point  expressed  by  a  system  of  six  elementary  stresses  referred  to 
one  system  of  rectangular  co-ordinates  to  an  equivalent  system  of 
elementary  stresses  referred  to  a  new  system  of  rectangular  co-ordi- 
nates, equations  have  been  given  in  Articles  105,  106,  107,  108, 
109,  and  112.  The  whole  of  those  equations  are  virtually  compre- 
hended under  the  following  theorem : — Let  p„,  p^  p„,  be  the 
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tlireo  normal  stresses,  and  p^,  p,,,  p^  the  three  tangential  stresses; 
conceiye  the  surface  whose  equation  is 

Pmm^  +  Pnt/*  +  Pm.^  +  2p^yz  +  2p„zx  +  2p^xy  =  1. 

Transform  this  equation  so  as  to  refer  the  same  surfetce  to  the  new 
set  of  axes ;  the  six  oo-efficients  of  the  transformed  equation  will 
be  the  six  elementary  stresses  referred  to  the  new  axes.  For  the 
complete  investigation  of  this  subject,  see  M.  Lam6's  Legcma  sur  la 
Theorie  mathematique  de  rEloHicUi  dea  Carps  aolides,  Paris,  1852. 
The  above  equation  is  transformed  into  the  equation  of  Article  249 
by  substituting  respectively  »,  fi,  y,  a, 7*,  jr,  for  p^  p^  p„,  2p,„ 
^Pm  2pggy  and  by  making  corresponding  substitutions  in  all  the 
equations  of  Articles  105,  106,  107,  108,  109,  and  112,  they  are 
made  applicable  to  strains  instead  of  stresses. 

252.  The  Pocentiai  EaeiigT  of  Elasiiciif  of  an  originally  cubic 
particle  in  a  given  state  of  stiuin  is  the  work  which  it  is  ca^pable  of 
performirig  in  returning  from  that  state  of  strain  to  the  free  state ; 
and  is  the  product  of  the  volume  of  the  particle  by  the  following 
function : — 

„       1, 

u  ==2^»p«  +  fip„  -»•  yjp«  +  ^p,^  +  f^PsM  +  ppj- 

This  function  was  first  employed  by  Mr.  Green,  Cambridge  Tran^* 
aeUons,  voL  viL 

253.  €■  mmeitntm  of  EUuiicity. — According  to  Hooke's  Law,  each 
of  the  six  elementary  stresses  may,  without  sensible  error,  be 
treated  as  a  linear  function  of  the  six  elementary  strains,  each 
multiplied  by  a  partictdar  co-effiderU  or  rrwdulvs  qfdasticUy.  By 
expressing  all  the  stresses  in  terms  of  the  strains,  the  potential 
energy  TJ  is  transformed  into  a  homogeneous  quadratic  function  of 
the  six  elementaiy  strains,  which  must  have  twenty-one  terms, 
and  consequently  twevUy-one  co-efficients,  multiplying  respectively 
the  six  half-squares  and  the  fifteen  binary  products  of  the  six  ele- 
mentary strains.     The  co-efficient  of  -^  «'  in  TJ  is  that  of  «  in 

p„'j  the  co-efficient  of  « /3  in  U  is  that  of  »ia  p„  and  also  that  of 
^  in  p„ ;  and  so  on. 

254.  €«-cflcicMts  of  piiabiUtT. — ^According  to  Hooke's  Law  also, 
each  of  the  six  elementary  strains  may  be  treated,  without  sensible 
error,  as  a  linear  Unction  of  the  six  elementary  stresses,  so  as  to 
transform  U  to  a  homogeneous  quadratic  function  of  the  elemen- 
tary stresses  ^„,  &c.,  having  twenty-one  terms,  and  twenty-one  co- 
efficients expressing  different  kinds  of  pliability.  The  word  ^*  plia- 
bility" is  here  used  in  an  extended  sense,  to  include  liability  to 
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alteration  of  figure  of  eveiy  kind,  whether  hy  dbngatioiiy  linear 
compi'ession^  or  distortion. 

Co-efficients,  whether  of  elasticity  or  of  pliability,  may  be  thus 
classified : — Dwed,  or  loTigittHimal,  when  they  expresa  relations 
between  longitudinal  strains,  and  normal  stresses  in  the  same 
direction;  lateral,  when  they  express  relations  between  longitu- 
dinal stiuins,  and  normal  stresses  in  directions  at  right  angles  to 
the  strains ;  transverse,  when  they  express  relations  between  dis- 
tortions, and  tangential  stresses  in  tJie  same  direction ;  Miqtts, 
when  they  express  any  other  relations  between  strains  and  staresses. 

255.  Am  Axis  •£  Kiuiicitr  is  any  direction  in  a  solid  body,  with 
respect  to  which  some  kind  of  symmetry  exists  in  the  relatioiis 
between  strains  and  stresses.  An  axis  of  direct  dastieity  is  a  direc- 
tion in  a  solid  body,  such  that  a  longitudinal  strain  in  that  diieo- 
tion  produces  a  normal  stress,  and  no  tangential  stress  on  a  {toe 
normal  to  that  direction.  Eveiy  such  axis  is  a  direction  of  maxi- 
mum or  minimuTn  direct  elastidiy  relatively  to  the  directioDfl 
adjacent. 

By  the  aid  of  the  calculus  of  forms,  and  of  an  improvement  ui 
the  geometry  of  oblique  co-ordinates,  it  has  been  shown  that  every 
homogeneous  solid  must  have  ai  least  three  axes  of  direct  elasticity, 
which  may  be  rectangular  or  oblique  with  respect  to  each  other, — 
that  the  number  of  such  axes  increases  as  the  symmetry  of  the 
action  of  elastic  forces  becomes  greater^ — and  that  their,  vaiioos 
possible  arrangements  correspond  exactly  with  those  of  the  normals 
to  the  faces  and  edges  of  tJie  various  prindtioe  crtfstaUme  fonns 
{PhU,  Trans,,  1856-7). 

256.  In  an  iMinpte  or  AamvhmM  s^iid  the  action  of  elastic 
forces  is  alike  in  all  directions.  Every  direction  is  an  axis  of  ehs- 
ticity.  The  co-efficients  of  oblique  elasticity  and  oblique  pliability 
are  all  null  The  number  of  different  oo-effidents  of  elastidty,  and 
of  'different  co-effidents  of  pliability,  is  three.  Hie  following  nota- 
tion and  equations  show  their  relations  to  each  other : — 

ElasHcities. 

"^ ^=?rSz2F; 

Lateral, B=s-= £—513; 

m_  ^         A-B 

Transverse, C=  — 5 — ; 

Elastidty  of  volume, -  = — r — . 


MODULUS   OF  ELASTICITT— C0-SFFICIE19TS.  279 

FlidbUUies. 
Direct^ a  = 


(otherwise,  the  extensibility.) 

B 


LatenJj , i  = 


A»  +  AB-2B»' 


Transverse, t  =  ^  =  2(a  +  b); 

Cubic  oompressibilitj, b  =  3a  — 6^^ 

257.  H«diaiM  mr  EhwiicitT. — The  quantity  to  which  the  term 
'*modahu  of  dcuiiciti/^  was  first  applied  hj  Dr.  Yonng,  is  .the 
reciprocal  cdT  the  extensibility,  or  longitudinal  pliability;  that  is 
to  say, 

a  A  +  B 

This  quantity  expresses  the  ratio  of  the  normal  stress  on  the  trans- 
verse section  of  a  bar  of  an  isotropic  solid  to  the  longitudinal 
Btram,  only  when  the  bar  ia  perfectly  free  to  vary  in  tie  transverse 
dimamons,  but  not  under  other  circumstances.  The  values  of 
Toong's  modulus  have  been  determined  experimentaUy  for  almost 
every  solid  substance  of  importance,  and  a  table  of  them  is  given 
at  the  end  of  the  volume. 

258.  BxiiyipUii  m€  Co— ■cicMtt. — ^The  Only  complete  sets  of  oo- 
efficients  of  elasticity  and  pliability  which  have  yet  been  computed 
are  those  for  brass  and  crystal,  deduced  from  the  experiments  of 
M.  Weriheim  (Atmales  de  Chimfie,  3d  series,  voL  xxiii),  and  are  as 
foUoira — ^the  unit  of  pressure  being  <me  paimd  on  the  square  mch  :— 

Bnfik  CiystaL 

A. 32,224,000  8,522,600. 

B ii>57o,ooo  4,204,400. 

C 5j327>ooo  2,159,100. 

jj 15,121,000 5,643,80a 

- 14,300,000  5,746,00a 

a 

a 0*0000000699  ......  o'ooooooi74a 

i 0*0000000239 0*0000000575. 

t 0*0000001877 0*0000004631. 

)f • o'ooooooo66i 0*0000001772. 
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259.  The  Oeneral  Problem  of  the  iMtemal  BqnIllbHun  ef  u  Eliw 

cic  Seiid  is  this  : — Given  the  free  form  of  a  solid,  the  valnes  of  its 
co-efficients  of  elasticity,  the  attractions  acting  on  its  particles,  and 
the  stresses  applied  to  its  surfjEt^ce  :  to  find  its  change  of  form,  and 
the  strains  of  all  its  particles.  This  problem  is  to  be  solved,  in 
general,  by  the  aid  of  an  ideal  divisdon  of  the  solid  (as  already 
described)  into  molecoles  rectangular  in  their  free  state,  and  re- 
ferred to  rectangular  co-ordinates.  For  isotropic  solids,  some  par- 
ticular cases  are  most  readily  solved  by  means  of  spherical,  cylin- 
drical, or  otherwise  curved  co-ordinates.  The  general  equation  of 
internal  equilibrium  in  a  solid  acted  on  by  its  own  weighty  has 
already  been  given  in  Article  116,  equation  2.  If,  in  that  equ^ 
tion,  the  values  of  the  stresses  in  terms  of  the  strains,  expressed,  as 
in  Article  250,  in  terms  of  the  displacemenis  of  the  particles,  be 
introduced,  equations  are  obtained,  which  being  integrated,  give 
the  displacements,  and  consequently  the  strains  and  stress^.  The 
general  problem  is  of  extreme  complexity ;  but  the  cases  which 
occur  in  practice,  and  to  which  the  remainder  of  this  chapter  re- 
lates, can  generaUy  be  solved  with  sufficient  accuracy  by  compara- 
^vely  simple  approximate  methods.  Most  of  those  approximate 
methods  are  analogous  to  the  '^ method  of  sections"  described  in 
its  application  to  framework  in  Article  161.  The  body  under 
consideration  is  conceived  to  be  divided  into  two  parts  by  an  ideal 
plane  of  section ;  the  forces  and  couples  acting  on  one  of  those 
two  parts  are  computed,  and  they  must  be  eqiial  and  opposite  to 
the  forces  and  couples  resulting  from  the  enUre  stress  at  the  ideal 
sectional  plane,  which  is  so  found.  Then  as  to  the  dtstrUnUion 
of  that  stress,  direct  and  shearing,  some  law  is  assumed,  which  if 
not  exactly  true,  is  known  either  by  experiment  or  by  theory,  or 
by  both  combined,  to  be  a  sufficiently  dose  approximation  to  the 
truth. 

Except  in  a  few  comparatively  simple  cases,  the  strict  method 
of  investigation,  by  means  of  the  equations  of  internal  equilibrium, 
has  hitherto  been  used  only  as  a  means  of  determining  whether  the 
ordinary  approximative  methods  are  sufficiently  close. 

SEcnoN  2. — On  Edaiions  between  Strain  and  Stress, 

260.  EUipae  of  SMin.— In  Articles  249,  251,  252,  253,  254, 
256,  and  257,  of  the  preceding  section,  certain  general  principles 
respecting  the  relations  amongst  strains,  and  the  analogies  and 
other  relations  between  strain  and  stress,  are  stated  without  a 
detailed  demonstration.  In  the  present  section  the  more  simple 
cases  of  those  principles,  to  which  there  will  be  occasion  to  refer  in 
the  sequel,  are  to  be  demonstrated. 
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Let  a  solid  body  be  supposed  to  tindei*go  a  strain,  or  small 
alteration  of  dimensions  and  figure,  of  such  a  nature  that  all  the 
di^lacements  of  its  particles  from  their 
original  positions  are  parallel  to  one 
plaDe;  and  let  that  plane  be  repre- 
sented by  the  plane  of  the  paper  in 
fig.  114.  In  the  first  instance,  let  the 
state  of  strain  of  the  body  be  uniform 
throughout;  that  is,  let  all  parts  of  the 
body  which  originally  were  equal  and 
similar  to  each  other,  continue  equal  5I 
and  similar  to  each  other  notwithstand- 
ing their  alteration  of  dimensions  and 
figme. 

Bound  any  centre  O,  with  the  radius 
vniiy,  let  a  circle  be  traced  amongst  the 
particlesofthebody,  BCAF.   !^cause 
of  the  uniformity  of  the  strain,  this 
cirde  will  be  changed  into  a  parallel 
projection  of  a  circle;  that  is,  into  an 
eDipse.    Let  b  e  a/  be  that  ellipse,  and  O  a 
and  Ob  its  semi-axes,  the  body  being  so  placed 
in  its  strained  condition  that  the  central  par- 
ticle 0  may  remain  unchanged  in  position,  in 
order  that  the  circle  and  ellipse  may  be  the 
more  easily  compared.   Then  the  particle  which 
was  at  A  is  displaced  to  a,  and  the  particle 
which  was  at  B  is  displaced  to  5;  and  particles 
which  were  at  points  in  the  circle,  such  as  C 
&nd  F,  are  displaced  to  corresponding  points 
in  the  ellipse,  such  as  c  and/ 

In  the  direction  O  A,  the  body  has  undergone  the  extension 

Aa=z  »; 
and  in  the  direction  O  B,  at  right  angles  to  0  A,  the  extension 

B6=/J; 

and  the  combination  of  those  two  extensions  or  elementary  direct 
strains,  in  rectangular  directions,  constitutes  the  state  of  strain  of 
the  body  parallel  to  the  given  plane;  that  state  of  strain  being 
completely  known,  when  »,  fi^  and  the  directions  of  the  pair  of 
rectangular  axes  of  strain  O  A,  OB,  are  known. 

One  or  both  of  the  elementary  strains  might  have  been  compres- 
nre,  instead  of  tensile,  in  which  case  one  or  both  of  the  quantities  de- 
lating them  would  have  been  negative,  to  express  diminution  of  size. 


Fig.  116. 
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A  square  whose  sides  are  tinity,  and  palrallel  to  O  A  and  O  B, 
being  traced  amongst  the  particles  of  the  body  in  the  firee  state,  is 
converted  by  the  strain  into  a  rectangle  whose  sideB  are  1  +  **  and 
1  +  /8,  and  still  parallel  to  0  A  and  O  R 

Let  it  now  be  required  to  express  the  state  of  strain  of  the  body 
with  reference  to  two  new  rectangular  axes,  O  C  and  0  F,  that  ia 
to  say,  to  find  the  alterations  of  dimensions  and  figure  produced  by 
the  strains  on  a  figore  originally  sqnare,  described  on  O  C  and  O  F. 

Let  X  =  (JS,  y  =  OT,  be  the  original  co-ordinates  of  C,  and  s^ 

=  OX',  j/  =  OY;  those  of  F;  and  let  the  an^e  AGO  =  W  - 
AOF  =  ^.     Then 

a;  =  cos  ^  =  —  y 

y  =  sin  #  =  ar. 

Also,  leta?  +  5  =  YD,  y  +  i!==OY  +  Dc,  be  the  co-ordinates  of 

c,  the  new  position  of  C;  and  let  af  +  f  =  Y'G,  ^  +  ^  =  cTr  + 

G/,  be  the  co-ordinates  of  y^  the  new  position  of  F.  Then  because 
of  the  uniformity  of  the  strain,  the  component  dUaplaeeaientg  i,  n,  i, 
9f,  have  the  foUowing  values : — 


(1.) 


S  =  GD=:aia;s«co6tfS 
u  =  De  —  fiy  =  fitani ; 
f=  FG  =  «a/=:  .y  =  «siii^; 
>/  =  G7=/8y'= -/3cosA 

O  c  and  O/are  the  sides  of  the  oblique  paraUelogrBni  into  which 

the  square  on  O  C  and  O  F  has  been  transformed  by  the  strain. 
The  relations  between  the  new  and  the  original  figore  are  distin- 
guished into  two  direct  strains  and  a  distortion,  in  the  following 
manner: — 

From  c  let  fall  c  M  perpendicular  to  O  C  M;  and  firam/let  ML 
/N  perpendicular  to  O  F  N.    Then 

«'  =  C  M  is  the  extension  of  O  0; 

/S' =  FN  is  the  extension  of  OF; 

and  v^  =  c  M  +/N  is  the  distortion  or  deyiation  &om  lecttto:- 
gularity ;  and  the  values  of  those  three  new  elementary  stiaina^ 
relatively  to  the  pair  of  axes  which  make  the  angle  /  with  tke 
principal  aaesOA^  O  B,  in  terms  of  the  principal  dmintatry  ^fciffmai^ 
«,  ^  are  as  follows  :— 
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mf=iicoe(l  +  nami  =  M  cob'  #  +  /8  siii*  i; 

fi=emn^  —  j|'coB#  =  «sin'#H-/9coB*#; 

•^  =  Ssin# — 11008^+ ?C08^  +  «'Biii^ 


•••<^2*^ 


Those  tliree  equationB  are  exactly  analogous  to  the  equatioDs  3 
and  4  of  Article  1 12,  from  which  they  may  be  formed  by  substitutiiig 
•  &frp„  and  fi  £arp^m  both  equations;  and  then,  in  the  first  place^ 

c' for  p.,  and  ^  for  011;  in  the  second  place, /S^  for  j?^  and  (90^  —  ^ 

for  xn,  and  in  the  third  place,  y^  for je>i,  and  ifor  xn. 

This  illustrates  the  general  principle  of  analogy  of  stresses  and 
strains  stated  in  Article  251.  That  principle  is  fui'ther  illustrated 
by  the  following  geometrical  construction  of  the  preceding  problem. 

In  fig.  115,  make  oa  =  »,ob  =  fiy  and  draw  the  ellipse  b  c  a/,  and 
the  drcomscrihing  circle  C  a  F.  Let  .^i  a  o  C  =  ^^  and  let  o  F  be 
popeiidicnlar  to  o  C,  so  that  those  lines  represent  the  direction  of 
the  new  rectangular  axes,  to  which  the  strain  composed  of  •  and  /3 
is  to  be  referred  Draw  C  c,  F^  parallel  to  o  6,  cutting  the  ellipse 
in  candy;  from  which  points  respectiyely  draw  cm  JLoC,  and/N 
-i-oF.    Then 

are  the  components  of  the  strain,  referred  to  the  new  axes;  and  the 
eUipae  0/ strain  b  e  af  is  analogous  to  the  diipw  ofetreM  of  Article 

The  results  of  the  preceding  investigation  are  applicable  not  only 
to  an  unifiorm  state  of  strain,  but  to  a  state  of  strain  varying  from 
point  to  point  of  the  body,  provided  the  variation  is  continuous,  so 
that  it  shall  be  possible,  by  diminishing  the  space  under  considera- 
tioD,  to  make  the  strain  within  that  space  deviate  fi:om  uniformity 
by  less  than  any  given  deviation. 

261.  KiHpMM  ^r  flmiB.^ — ^A  strain  by  which  the  size  and  figure 
of  a  bo<fy  are  altered  in  three  dimensions  may  be  represented  in  a 
manner  analogous  to  that  of  the  preceding  Article,  by  conceiving  a 
spheve  of  the  radius  imity  to  be  transformed  by  the  strain  into  an 
dUpeoid,  and  considering  the  displacement  of  various  particles, 
from  their  original  places  in  the  sphere,  to  their  new  places  in  the 
dlipeoid.  The  three  axes  of  the  dlipsoid  are  the  principal  axes  of 
Bkrun,  and  their  extensions  or  compressions,  as  compared  with  the 
coincident  diameters  of  the  sphere,  are  the  three  principal  elementary 
■bains  which  compose  the  entire  strain.  It  is  by  this  method,  which 
it  is  unnecessary  here  to  give  in  detail,  that  the  general  principles 
itated  in  Articles  249  and  251  are  arrived  at 
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262.  TnuuTcne  Ebuacitsr  ^f  aa  Mmmtwpie  SabiiUMe. — ^Let  the 
two  principal  elementary  strains  in  one  plane  be  of  equal  magnitade, 
but  opposite  kinds ;  that  is,  supposing  the  strain  in  fig.  114  along 
O  A  to  be  an  extension,  «,  let  the  strain  along  O  B  be  a  compression, 
/3  =  —  «.  The  ellipse  will  £Etll  beyond  the  circle  at  A,  and  as 
nluch  within  it  at  B,  and  will  cut  it  at  an  intermediate  point  near 
the  middle  of  each  quadrant  « 

Take  a  pair  of  new  axes  bisecting  the  right  angles  between  the 
original  axes ;  that  is,  let  ^  =  45°;  then  the  equations  2  of  Article 
260  give  the  following  result : — 

«'  =  0;  ^  =  0;  •  =  2  «; (1.) 

that  is  to  say,  an  extension,  and  an  eqtuU  campresdonj  along  apaikr 
of  rectangtUar  axesy  a/re  equivalent  to  a  simple  distortion  relaUcdy  to 
a  pair  o/aaoes  making  angles  of  45°  unth  the  original  axes;  and  the 
amount  of  the  distortion  is  dovhle  that  of  either  of  the  two  direct  strains 
which  compose  it;  a  proposition  which  is  otherwise  evident,  by  con- 
sidering that  a  distortion  of  a  square  is  equivalent  to  an  elongation 
of  one  diagonal,  and  a  shortening  of  the  other,  in  equal  proportions. 
The  body  being  isotropic,  or  equally  elastic  in  idl  directions,  let 
A  be  its  direct  and  B  its  lateral  elasticity ;  then  the  pair  of  principal 
strains  «,  /S  =  —  »,  will  be  accompanied  by  a  pair  of  principal  stxesses 
along  O  A  and  OB  respectively,  given  by  the  following  equations : — 

alongOA,jp,  =  A«  +  B/8  =  (A  -  B)«; 

0B,;?y  =  B»  +  A/3  =  (B-A)«=-  p,; (2.) 

that  is  to  say,  there  will  be  a  pull  along  O  A,  and  an  equal  thrutt 
along  O  R 

It  has  already  been  proved,  in  Article  111,  that  such  a  pair  of 
principal  stresses,  of  equal  intensities  and  opposite  kinds,  are 
equivalent  to  a  pair  of  shearing  stresses  of  the  same  intensity  on  a 
pair  of  planes  making  angles  of  45°  with  the  axes  of  principal 
stress;  or  taking  p,  to  represent  the  intensity  of  the  shearing  stress 
on  each  of  a  pair  of  planes  normal  to  the  new  pair  of  axes, 

p,=p.  =  {A. -■&)•; (a) 

but  if  C  be  the  co-efficient  of  transverse  elasticity  of  the  substance, 
we  have  also 

JP.  =  C!*; (4.) 

and  consequently,  for  an  isotropic  substance, 

c=^; (5.) 
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or  the  transverse  dasticity  is  hal/tlie  difference  o/tlis  direct  and  lateral 
elasticities. 

This  is  the  demonstratioii  of  a  principle  already  stated  in  Article 
256.  The  corresponding  principle  for  pliabilities,  viz.  : — ^that  the 
transverse  pliability  is  twice  the  sum  of  the  direct  and  lateral  extensi- 
hilitieSj  is  demonstrated  by  a  wTnilg.^  process,  of  which  the  sfceps  may 
be  briefly  summed  as  follows  : — 

•  =  a/>,  —  i;>,  =  (a  +  6)jp,; 

^  =  a  jp,  —  b  />,  =  —  (a  +  b)  ^,  =  —  « ; 

.•./  =  2-  =  2(a  +  b)p,  =  2(a  +  b)jE?.  =  (jp„ 

.•.c  =  2(a  +  b).— Q.  E.D (6.) 

26^  Cable  BiaMicitT. — K  the  three  rectangular  dimensions  of  a 
body  or  particle  are  changed  in  the  respective  proportions  1  +  «, 
1  +  ^j,  1  +  y,  its  volume  is  altered  in  the  proportion 

(l  +  «)(l+/S)(H-y); 

and  when  the  elementaiy  strains  «,  /9,  y,  are  veiy  small  ^tictions 
this  is  sensibly  equal  to 

1  +  «  +  /8  +  y. 

Conseqnently,  as  in  Article  249, 

-  +  /8  +  y 
may  be  called  the  cubic  strain,  or  altera/tion  of  volume. 

In  an  isotropic  substance,  the  three  rectangular  direcfc  stresses 
which  accompany  those  three  strains  are 

|?«  =  A«  +  B(i3  +  y);x 

;>^  =  A/3  +  B(y  +  «);  \  (1.) 

^„=Ay  +  B(«  +  /3);  j 

The  third  part  of  the  sum  of  those  stresses,  which  may  be  called  the 
mean  direct  stress,  has  the  following  value  : — 

P«  +P„+P..JA  +  2  B)   (,  ^  ^  ^  y^. (2.) 

o  o 

The  co-efficient  contained  in  this  expression,  being  the  ratio  of  the 
mean  direct  stress  to  the  cubic  strain,  is  the  cubic  dasticity,  or 
elasHcity  of  volume,  already  mentioned  in  Aiiicle  256,  its  reciprocal 
being  the  cubic  compressibility, 

264.  FlaM  Ebwticttr. — The  distinction  between  solids  and  fluids 
is  well  illustrated  by  applying  to  flxdds  the  equations  of  Articles  262 
and  263.  Fluids  ofler  no  resistance  to  distortion,  that  is^  they  have 
no  transverse  elasticity;  therefore  for  them 

C  =  ^T^  =  Qi  or  A  =  B. 
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Introduciiig  this  into  the  equ&tioiis  1  and  2  of  Article  263,  we  find 

and  the  cubic  elastiGity 

A  +  2B      ^ 
— 3— =R 

The  equality  of  the  pressures  in  all  directions  at  a  given  point  in  a 
fluid  has  already  been  proved  by  another  process  in  Art&de  110. 

The  equations  of  Article  256  show  the  pliabilUies  of  a  perfect 
fluid  to  be  infinite^  with  the  exception  of  the  cubic  oompressibilityy 

which  is  ^  • 

Section  3. — On  Eenstance  to  Stretching  and  Tearmg. 


265.  BtffiiMM  and  SivMgtk  mf  a  Tie->iiar. — If  a  cylindrical  or 
prismatic  bar,  whose  cross  section  is  S  (as  in  Article  97,  fig.  46),  be 
subjected  to  a  pull  whose  resultant  acts  along  the  axis  of  figure  of 
the  bar,  and  whose  amount  is  P,  the  intensity  of  the  pull  will  be 
uniform  on  each  cross  section  of  the  bar,  and  will  have  the  value 

^=r; •; (1) 

This  direct  stress  will  produce  a  strain,  whose  principal  element 
will  be  a  longitudinal  extension  of  each  unit  of  length  of  the  bar, 
of  the  value 

•  =  ap=| (2.) 

where  a  denotes  the  direct  extendbUitt/,  and  E  its  reciprocal,  the 
Tnodtdus  of  dasticity,  or  co-^fflcieni  of  reaistcmce  to  stritching^  as 
explained  in  Articles  256  and  257. 

Let  X  denote  the  length  of  the  bar,  or  of  any  portion  of  it,  in  the 
free  or  unloaded  state;  that  length,  under  the  tension  p,  becomes 
{I  -\-  »)x. 

Theoo«fficient 

is  nearly  constant  until  p  passes  the  limit  of  the  proof  slvwe;  but 
after  that  Hmit  has  been  passed,  that  co-efficient  dimmishes ;  that 
is  to  say,  the  extension  «  increases  faster  than  the  intensity  of  the 
stretching  force  p,  until  the  bar  is  torn  asunder. 

The  uUiTnale  strength  of  the  bar,  or  the  total  pull  required  to 
tear  it  instantly  asunder — the  proof  strength,  or  the  greatest  pull 
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of  wliidi  it  can  safely  bear  the  long-contmned  or  repeated  applica- 
ti<Mi — end  the  workmg.lo(id — are  compnted  by  means  of  the  fonnula 

p=/,  or  P=/S, (3.) 

where^iepresents  the  uUimaie  tenacity,  the  proof  tenacity,  or  the 
toorkmg  stress,  as  the  case  may  be. 

The  Umghness  of  the  bar,  or  the  extension  coneq)onding  to  the 
proof  locuij  is  given  by  the  formula 

-=g. (*•) 

"whereyis  ihe  proof  tenacity, 

266«  The  BcaUtence,  or  flprli^;  of  the  bar,  or  the  work  performed 
in  stretching  it  to  the  limit  of  proof  strain,  is  computed  as  follows  : 
— SD  being  the  length,  as  before,  the  elongation  of  ^e  bar  mider  the 
proof  load  ia 

fx 

file  fdoe  which  acts  throngh  this  space  has  for  its  least  Talne  0,  for 
its  greatest  value  P  =/ S,  and  for  its  mean  value  ^ ;  so  that  the 
work  performed  in  stretching  the  bar  to  the  proof  strain  is 

2  '  E  ■~'E    "2" ^  ^^ 

The  co-efficient  ~,  by  which  one*half  of  the  volume  of  the  Bar  is 
multiplied  in  the  above  formula^  is  called  the  Modttlus  of  Resi- 


267.  Saddton  Pall« — ^A  pull  of  '^,  or  one-holf  of  the  proof  load, 

being  midday  applied  to  the  bar,  will  produce  the  erdire  proof 

f 
strain  of  ^y  which  is  produced  by  the  gradnud  application  of  the 

proof  load  itself;  for  the  work  performed  by  the  action  of  the  con- 
stant force  ^  through  a  given  space,  is  the  same  with  the  work 

performed  by  the  action,  through  the  same  space,  of  a  force  increas- 
ing at  an  uniform  rate  from  0  up  to/S.  Hence  a  bar,  to  resist 
witii  safety  the  sadden  application  of  a  given  pull,  requires  to  have 
twice  the  strength  that  is  necessary  to  resist  the  gradual  applica- 
tion and  steady  action  of  the  same  pulL 

The  i»nnciple  here  applied  belongs  to  the  subject  of  dynamics, 
and  18  stated  by  anticipatiou,  on  account  of  its  importance  as 
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respects  tHe  strengtli  of  materials.  It  is  the  chief  reason  for  mak- 
ing the  factor  of  safety  for  a  moving  load  considerably  greater  than 
for  a  steady  load  (see  Article  247). 

'  268.   A  Table  of  the  RcsUttmce  of  JfEaterlttk  to  Stretcking  mnd 

Tearing,  by  a  direct  pull,  in  pounds  per  square  inch,  is  given  at  the 
end  of  the  volume. 

The  tenacity,  or  resistance  to  tearing,  given  in  that  table,  is  in 
each  case  the  lUtimate  tenacity,  being  the  quantity  as  to  which 
experimental  data  are  most  abundant  and  precise.  The  proof  ten- 
acity and  working  tension,  when  required,  are  to  be  found  by 
dividing  the  ultimate  tenacity  by  the  proper  factors,  according  to 
Article  247. 

The  modulus  of  elasticity  in  each  case  is  given  from  experiments 
made  within  the  limits  of  proof  strain. 

Both  co-efficients,  for  fibrous  substances,  have  reference  to  the 
effects  of  tension  acting  along  thefbrea,  or  "  grain.'*  Both  the  ton- 
acity  and  the  elasticity  of  timber  against  forces  acting  across  the 
grain  are  much  smaller  than  against  forces  acting  along  the  grain, 
and  are  also  of  uncertain  amount,  the  results  of  experiments  being 
few  and  contradictory. 

269.  Additienal  Hauu  —  The  following  are  a  few  experimental 
results  in  addition  to  those  given  in  the  table  : — 

Wdded  joint  of  a  vrroughJt  iron  retort, — Ultimate  tena- 
city, by  a  single  experiment,  in  lbs.  per  square  inch,...  307oO* 

Iron  vnre-ropes, — Strength  in  lbs.,  for  each  lb.  weight  per 

fathom,  • Ultimate,    4480* 

Proof,....    2240- 
"Working  load  \  of  ultimate,  or  ^  of  proof  strength. 

Hernpen  cahlea, — IJltimate  strength  :=  (girth  in  inches)'  x  448  lb. 

Leathern  belts, — ^Working  tension  in  Vok  per  square  inch, 
according  to  General  Morin 285* 

Chain  cables,  when  the  tendency  of  each  link  to  collapee  is 
resisted  by  means  of  a  cross-bar,  as  shown  in  fig.  116, 
have  a  strength  per  square  inch  of  cross  section  of  ^e 
link  equal  to  that  of  the  iron  of  which  they  are  made^ 
when  it  is  in  the  form  of  bars. 

270.   The  Slrengtk  of  Biretted  JTelato  of  iron  plates 

is  given  in  the  table,  in  ll>8,  per  square  inch  of  section 
of  the  plate,  from  the  experiments  of  Mr.  Fairbaim. 
The  strength  of  a  double-rivetted  joint  is  seven-tenths 
of  that  of  the  iron  plate,  simply  because  of  three-tenths 
of  the  breadth  of  the  plate  being  punched  out  in  each 
row  of  rivet-holes.  The  strength  of  a  single-rivetted 
joint  is  diminished  not  merely  by  the  removal  of  the  iron  at  tke 


CYLINDERS — BOILERS — PIPES. 


289 


rivet-holesy  but  by  the  unequal  distribution  of  the  stress.    Hivetted 
jcints  will  be  further  considered  in  the  sequel 

271.   TUB  iioii«w  Cyiiadeni  BvOflm}  Pip«fc  —  Let    q    denote 
the  unifonn  intensity  of  the  pressure  exerted  by 
a  fiud  which  is  confined  witliin  a  hollow  cylin- 
der of  the  radius  r,  and  of  a  thickness,  t,  which 
is  small  as  compared  with  that  radius.  [|  «— *^— iii^ 

The  demonstration  in  Article  179  shows,  that 
if  we  consider  a  ring,  being  a  portion  of  the  cylin- 
der of  the  length  tmittfj  Sie  tension  on  that  ring 
will  he  Fig.  117. 

^=qr, (1.) 

being  the  foroe  per  unit  of  length  with  which  the  internal  pressure 
tends  to  split  the  cylinder  from  end  to  end. 

The  sectional  area  of  the  ting  under  consideration  is  t  Then 
sssomiiig,  what  is  very  nearly  correct,  that  the  tension  is  uniformly 
distributed,  the  intensify  of  that  tension  is 

i>=V- (2) 

The  ratio  of  thickness  to  radius,  which  a  thin  hollow  cylinder 
reqoires,  to  fit  it  for  a  giyen  intensity  of  Iv/rsting  preatfwre,  proof 
pitsgure,  or  foorkmg  pressure,  is  given  by  the  formiila 

7-/' ; ^^*> 

/being  the  uUmate  tenacUi/,  the  proof  tension,  or  the  tcorking  ten- 
sion,  as  the  case  may  be. 

It  is  considered  prudent,  in  steam-boilers,  to  make  the  working 
tension  only  one-eighth  of  the  ultimate  tenacity.  The  joints  of 
plate  iron  boilers  are  single-rivetted  j  but  from  the  manner  in 
which  the  plates  break  joint,  analogous  to  the  bond  in  masonry, 
the  tenacity  of  such  boilers  is  considered  to  approach  more  nearly 
to  that  of  a  double-rivetted  joint  than  that  of  a  smgle-riyetted  joint. 
Ml*.  Fairbaim  estimates  it  at  34,000  lb&  p^r  square  inch  j  so  that 
the  values  of  /for  wrought  iron  boilers  may  be  thus  stated : — 

Bursting  tension, 34,000 

Proof  tension, 17,000 

Working  tension, 4,250 

For  CAOT  IRON  WATER  PIPES,  the  working  tension  may  be  made 
one-sixth  of  the  bursting  tension,  which  for  cast  iron,  on  an  aTeiuge, 
is  16,500  lbs.  per  square  iiich ;  that  is  to  say,  the  values  of/ are 

Bursting  .tension, 16,500 

Proof  tension  (one-third), 5,500 

Working  tension, 2,750 

U 
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For  steam-pipes,  as  for  steam-boileonSy  the  &ctQr  of  safely  ahould  be 
eighL 

272.  TUB  BE^itow  apher— . — ^Let  fig.  117  now  be  oonoeived  to 
represent  a  diametral  section  of  a  thin  hollow  sphere^  filled  wi&  a 
finid  which  presses  firom  within  with  the  intensity  q.  The  area  of 
the  fluid  cut  bj  the  section  is 

hence  the  whole  force  to  be  resisted  by  the  tenacity  of  the  section 
of  the  spherical  shell  is 

P  =  x^rl , (L) 

The  area  of  the  section  of  the  spherical  shell,  supposing  the  thick- 
ness ^  to  be  small  as  compared  with  the  radius  r,  is  very  nearly 

S  =  2vrt; (2.) 

hence  assuming,  what  is  Tery  nearly  ooacrect^  that  the  tensioin  is 
uniform,  its  intensity  is 

Tar  ,- . 

^=8  =  1?' <^-) 

or,  one-half  of  the  tension  round  a  cylindrical  shell  haying  the  same 
internal  pressure,  and  the  same  proportion  of  thickness  to  radius ; 
so  that,  in  these  circumstaDyces,  the  sphere  is  twice  as  stroug  as  the 
cylinder. 

Equation  3  gives  also  the  longUudirud  tension  in  a  thin  hollow 
cylinder,  which,  being  only  one-half  of  the  circumferential  tension 
round  the  cylinder,  does  not  require  to  be  considered  in  practices. 

The  proper  ratio  of  thickness  to  radius  in  a  thin  hollow  sphere 
is  given  by  the  formula 

hi/ "-••<*•) 

/  beiDg  the  bursting,  prooi^  or  working  tension,  acoording  as  ^  is 
the  bursting,  proof,  or  working  pressure. 

273.  Tkiek  ii«itow  CyHwficir. — ^The  assumption  that  the  oitciun- 
ferential  tension,  or  hoop-tension  as  it  may  be  called,  in  a  koUow 

cylinder  is  uniformly  distributed,  is  approxi- 
mately true  only  when  the  thickness  is  small  as 
compared  with  the  radius ;  for  if  a  ring  of  the 
Q»  )^  jifc  cylinder  be  conceived  to  be  divided  into  several 
concentric  hoops,  one  within  another,  the  tension 
of  the  innermost  hoop  balances  part  of  the  radial 
pressure  of  the  conmied  fluid,  so  that  a  dimin- 
Kg.  118.  ished  radial  pressure  is  transmitted  to  the  second 

hoop,  which  has  therefore  a  less  tension  than  the  first  hoop,  and 

soon. 


0 
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Equation  2  of  Article  271  gives  the  wficm  hoop-tension  in  a 
thick  as  well  as  in  a  thin  cylinder  ;  but  it  is  not  the  mean,  but  the 
greatest  hoop-tension  (that  is,  the  tension  round  the  inner  sur&oe 
of  the  cylinder),  which  is  limited  by  the  strength  of  the  material 
The  olject  of  the  present  investigation  is  to  show  what  law  the 
vanation  of  hoop-tension  foUows,  and  thence,  what  relation  the 
mairimum  tension  bears  to  the  fluid  pressure. 

To  make  the  solution  perfectly  general,  it  wiU  be  sapposed  that 
tiie  cylinder  is  pressed  £rom  without  as  well  as  from  witiiin.  Let 
fig.  118  represent  a  cross  section  of  the  cylinder;  let  B  denote  its 
external  and  r  its  internal  radius.  Let  q^  denote  the  fluid  pressure 
from  within,  and  qi  that  from  without;  p^  the  hoop-tension  at  the 
inner  sui&oe  of  l&e  cylinder,  and^i  the  hoop-tension  at  the  outer 
soE&ceL 

CSonsider,  as  before,  a  ring  whpse  length,  parallel  to  the  axis  of 
the  cylinder,  is  unity.  The  radial  section  of  that  ring,  from  r  to 
B  in  fig.  118,  has  to  sustain  the  difference  between  the  total  pressures 
from  within  and  without,  in  a  direction  perpendicular  to  the  radius 
O  r  R,  on  a  quadrant  bounded  by  that  radius.    That  difference  is 

q^r — ^iR. 

CSonoeive  the  ring  to  be  divided  into  an  indefinite  number  of  con- 
centric hoops,  eadi  of  the  thickness  dr^  and  exerting  a  tension  of 
the  intensity  jp;  then  the  total  hoop-tension  will  be 


j^pdr  =  qor  —  q,B, (1.) 


From  the  symmetry  of  the  ring  and  /the  forces  acting  on  it  in 
all  directions  round  the  centre  O,  it  is  obvious  that  the  axes  of 
stress  of  any  particle  of  metal  must  be  respectively  in  the  direction 
of  a  radius,  and  perpendicular  to  that  direction.  The  principal 
stresses  at  any  piurtidie  are  a  radial  pressure,  q  (which  for  each 
particle  at  the  inner  surface  is  q^  and  for  each  particle  at  the  outer 
8iir&ce,  q^)  and  a  hoop-tension  p. 

As  in  the  case  of  the  ellipse  of  stress.  Article  112,  we  may  con- 
ceive this  pair  of  principal  stresses  to  be  made  up  of  two  component 
pairs,  viiL  : — 

A  pair  of  equal  stresses  of  the  same  kind,  constituting  a  Jlmd 
pressure  or  tensiony  whose  common  intensity,  stated  so  as  to  be  a 
tension  when  positive,  a  pressure  when  negative^  is 

p  —  q 

and  a  pair  of  equal  stresses  of  contrary  kinds,  whose  common 
intensity  is 
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1>  +  ^ 


2 


=  9k 


Thus  we  have  p  =  n  -{-  m,  q  :=zn  —  m;  and  the  problem  is  to  be 
solved  bj  first  supposmg  m  to  act  alone,  then  supposing  n  to  act 
alone,  and  lastly  combining  their  effects ;  observing,  that  the  only 
solutions  of  equation  1  which  are  admissible,  are  those  which  are 
true  for  all  values  of  R  and  r. 

Case  1.  Equud  a/nd  wmXiwr  stresses,  orn  =  0.    In  this  case 

p  =  —  q  =  m, 

showing,  that  instead  of  a  radial  pressure,  there  is  a  radial  tension 
equal  to  the  hoop-tension,  and  constituting  along  with  it  amply  a 
fluid  tension  of  the  intensity  m  at  each  point  Equation  1  is  fed- 
filled  by  making 

p  =  —  9  =  m  =  constant, ..(2.) 

which  reduces  both  sides  of  equation  1  to 

m(R  — r). 

Case  2.  Equal  and  contran/  stresses,  or  m  =  0.     In  this  case 

and  the  solution  of  equation  1  is 

p  =  q=:n  =  ^ (3.) 

a  being  an  arbitrary  constant,  and  r^  any  value  of  the  radius,  from 
r  to  B  inclusive;  for  this  reduces  both  sides  of  equation  1  to 


G-i)- 


Case  3.  General  solution.    By  combining  the  two  partial  sola:- 
tions  of  equations  2  and  3  together,  we  find 


Eadial  pressure,  q  =  n  —  «i  =  --^  —  m; 

Hoop-tension,  p=in  +  m  =  --^  +  m; 

To  determine  the  constants  a  and  m  we  have  the  equations 

jj— w  =  ^o;  ^  —  m  =  qi; 
whence  we  obtain  by  elimination 


i'^) 
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„_(g«— g.)RV. 


m 


^gpr*  — yiB' 


(«.) 


gEviDg,  finally;  for  the  nummum  hoop-Untion, 

The  mean  hoop-tenaioa  is 

^or  — ^f,  R 


(6.) 


.(7.) 


.(8.) 


R  — r     ' 

which  is  exceeded  by  the  nutYimTim  in  the  proportion 

go(R«  +  r»)  — 2y,R« 
(^or-y.R)(R  +  r)' 

a  proportion  which  tends  towards  equality,  as  R  and  r  become 
moore  nearly  equal 

A  trauspoeition  of  equation  6  gives  the  following  value  of  the 
ratio  of  the  external  to  the  internal  radius,  required  in  order  that 
p^  may  be  =^  the  bursting,  proo^  or  working  tension,  as  the  case 
maybe: — 


?  =  V{7^S^7,} « 


In  most  cases  which  occur  in  practice,  the  external  fluid  pressure 
9i  is  so  small  compared  with  the  internal,  that  it  may  be  neglected. 

One  important  consequence  of  equation  9  is,  that  if  the  irUemal 
pre88ure  qo  is  equal  to  or  greater  than  the  eum  f  +  2  q,  of  the  co- 
nfident of  strength  and  twice  the  external  presetire,  no  thickneee,  how 
great  soever,  toill  enable  the  cylinder  to  resist  the  pressure* 

The  following  is  a  geometrical  representation  of  the 
finregoing  solution.  In  fig.  119,  let  O  represent  the 
centre  of  the  cylinder;  O  r  its  internal,  and  O  R  its 

external  radiu&    To  represent  the  value  of  n  =-^, 

draw  two  ordinates  r  A,  R  B,  at  right  angles  to  the 
direction  of  those  radii,  such  tliat 

rA  :  fiB  :  :  R« :  r*. 


Then.  A  and  B  will  be  points  in  a  hyperbola  of  the 
eeeond  order ^  A  B,  which  has  the  property  that 


Fig.  119. 
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aiearABB  =  rxrA-RxB,B; 

80  that  it  represents  caae  2. 

Draw  0  D  II  O  r  By  cutting  off  from  the  ordinates  the  parts  C  A, 
D  B,  which  bear  to  ^tch  other  the  proportions 

0  A  :  D  B  : :  ^0  •  ?i* 

Then  r  0  =  B  D  will  represent  m,  the  solution  of  case  1.    Biaw 

E  F  II  O  r  B  at  the  same  distance  r  E  =  r  C  on  the  opposite  sida 
Then  if  any  ordinate  be  drawn  across  the  two  straight  lines  E  F 
and  0  D^  and  the  curve  A  B,  at  a  given  distance  ^  from  0,  the 
segment  of  that  ordinate  between  C  D  and  A  B  will  represent  the 
radial  pressure  q,  and  the  entire  ordinate  from  E  F  to  A  B  will 
represent  the  hoop-tension  p,  at  that  distance  from  O;  and  in  par- 
ticular E  A  will  represent  the  mayimum  hoop-tension  p^ 

The  formulaB  of  this  Article  are  the  same  with  those  given  hy 
M.  Lam6  in  lus  TraUe  de  VEUutidie;  bat  they  are  arrived  at  in  a 
different  manner. 

274.  Cyiuider  •f  stHdaed  Biagi. — ^To  obviate,  in  whole  or  in 
part^  the  unequal  distribution  of  the  hoop-teusion  in  thick  hollow 
cylinders  for  withstanding  great  pressures,  it  has  been  proposed  to 
construct  such  cylinders  of  concentric  hoops  or  rings  built  together, 
the  outer  hoops  being  "  shrunk**  on  to  the  inner  hoops,  in  sudi  a 
manner,  that  before  any  internal  pressure  is  applied,  the  hoops 
within  a  certain  distance  of  the  centre  may  be  in  a  state  of  circiim- 
ferential  compression,  and  those  beyond  that  distance  in  a  state  of 
circumferential  tension.  K  the  stress  thus  produced  by  the  mutual 
action  of  the  concentric  hoops  could  be  adjusted  with  such  accmacy, 
as  to  be  at  each  point  exactly  equal  and  opposite  to  the  difference 
between  the  actual  hoop  tension  at  the  same  point  due  to  the 
internal  pressure,  as  given  by  equations  4,  5,  and  6,  of  Article  27^ 
and  the  mean  hoop-tension  as  given  by  equation  7,  then  upon 
applying  the  proper  internal  pressure,  there  would  result  simply  an 
uJiuform  tension  equal  to  the  mean,  and  the  formul»  of  Article  271 
would  become  applicable  to  thick  as  well  as  to  thin  cylinden 
Even  although  it  may  be  impiucticable  to  adjust  the  previous  stress 
with  the  accuracy  above  described,  any  approach  to  its  proper 
distribution  must  increase  the  strength  of  the  cylinder.  TioB 
method  of  construction  has  been  carried  into  effect  in  Captain 
Blakely's  gun,  Mr.  Mallet's  mortar,  and  some  other  pieces  of  artilleiy. 

The  only  equation  which  the  stress  of  the  concentric  hoops  wOl 
of  itself  fulfil  is 


j    pdrs^Q. 
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275.  Thidk  K«iiaw  SpiMive. — ^Let  fig.  118  now  represent  a 
tnl  section  of  a  hollow  sphere^  the  fluid  pressures  -within  and 
without  being  ^o  ^^^  ^u  ^  before.  The  pressure  to  be  resisted  at 
the  section  is 

and  if  the  section  of  the  metal  be  conceived  to  be  divided  into  an 
indefinite  number  of  concentric  rings,  the  breadth  of  one  of  these 
rings  being  dr,  its  radius  f^,  and  l^e  tensiofk  at  it  p,  it  appears  that 
the  total  resistance  of  the  section  will  be 


and  hence  the  equation  to  be  fulfilled,  for  all  values  of  q^,  ^j,  r,  and 
B,iB 

2  j]pf'dr  =  q^f*  —  q,^' (1.) 

Prom  symmetry  it  appears,  that  the  axes  of  stress  at  any  particle 
must  be,  one  in  the  direction  of  a  radius,  with  the  pressure  q  along 
ity  and  the  other  two  in  any  two  directions  perpendicular  to  the 
fas^  and  to  each  other,  with  equal  tensions  p  along  them.  Two 
partial  solutions  are  obtained  in  the  following  manner : — 

Let  ^P  —  q 

p  +  q 
3     =^' 

sotiiat 

jp  =  «+w;  q  =  2n  —  m. 

Case  1.  9»  =  0,  |?  =  —  q=:m;  being  the  case  of  ^flmd  tenrion^ 
equal  in  all  directiona  In  this  case,  equation  1  is  solved  by  making 

p  =  —  q=sm  =  constant, (3,) 

which  reduces  both  sides  of  that  equation  to 

Cask  2L  m  =  0,  p^^:=in;  being  the  case  of  a  pair  of  oirciiinfisr- 

ential  tensions,  each  equal  to  half  of  the  radial  pressure.  In  this 
case^  equation  1  is  solved  by  making 

l'=J  =  »  =  ^.J (3) 

yMgh.  zedaces  both  sides  of  that  equation  to 


296  THBOBT  OF  8TBU0TUBX& 

Cask  3.  General  eoluUan. 

g=2n  —  «i=  -75" — wi, 

;     > -"-<^> 

p  =  w  +  *»  =  ^,  +  *n> 

The  constants  a  and  m,  deduced  horn  the  equations 

2a  2a 

are  fonnd  by  elimination  to  have  the  following  -values  ^ 


1 


2(R»  — r^ 
g,  r»  —  g,  B» 


(«•) 


giving  finallj,  for  the  TnaTimmn  tenmon, 

«        «4.™       g«(R*  +  2r«)— 3g.B*  „. 

A  transformation  of  this  equation  gives  the  following  value  of 
ratio  of  the  external  to  the  internal  radius  of  the  sphere,  required 
in  order  that  p^  may  be  =  ^  the  bursting,  proo^  or  working  ten- 
sion, as  the  case  may  be  : — 

r  -  V   t  2/-  qo  +  SqJ ^'' 

This  equation  shows,  that  if 

Jo=  or7^2/+3qi, 

no  thickness  will  be  sufficient  to  enable  the  sphere  to  withstand 
thepressure. 

The  formulsd  of  this  Article  agree  with  those  given  by  M.  Lam6, 
though  arrived  at  by  a  different  procesa 

276.  seller  tumjm. — The  sides  of  locomotive  fire-boxes,  the  ends 

of  cylindrical  boilers,  and  the  sides  of  boilers  of  irr^ular  figures 

like  those  of  marine  steam  engines,  are  often  made  of  flat  platesi, 

r — 1    which  are  fitted  to  resist  the  pressure  firom  within 

0     o     o  [o<^    by  being  connected  together  across  the  water-space 

o     o     o    o      or  steam-space  between  them  by  tiLe-bars^  called 

stays  when  long,  bolts  when  short     For  example, 

^    ^     ^    ^     fig.  120  represents  part  of  the  flat  side  of  a  loco- 

e     o     o    o      motive  fire-box,  and  shows  the  arrangement  of  the 

Fig.  120.         bolts  by  which  it  is  tied  to  the  fiat  plate  at  the 

other  side  of  the  water-space. 

\ 
\ 

\ 
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Each  of  these  bolts  or  stays  sustains  the  pressure  of  the  steam 
against  a  certain  area  of  the  plate  to  which  it  is  attached.  Thus, 
in  fig.  120^  the  bolt  a  resists  the  -pressure  of  the  steam  on  the  square 
area  which  suirounds  it,  and  whose  side  is  equal  to  the  distance 
irom  centre  to  centre  of  the  bolts. 

Let  a  be  the  sectional  area  of  a  stay ;  A,  that  of  the  portion  of 
fiat  plate  which  it  holds ;  q,  the  bursting,  proof,  or  worcing  pres- 
sure, and/the  ultimate,  proof,  or  working  tension  of  the  material 
of  the  stay.     Then 

/a  =  qA. 

The  proper  &ctor  of  safety  is  eight,  as  for  other  ports  of  boilers. 
Ez.perience  has  shown,  that  the  plate,  if  its  material  is  as  strong  as 
that  of  the  stay,  should  have  its  thinVnftmi  equal  to  half  the  dio' 
fneter  of  the  stay.  If  the  plate  be  of  a  weaker  material  than  the 
stay,  its  thickness  should  be  proportionally  increased. 

The  fiat  ends  of  cylindrical  boilers  are  sometimes  stayed  to  the 
cylindrical  sides  by  means  of  triangular  plates  of  iron  cdled  "  gua- 
«efo."  These  plat^  are  placed  in  planes  radiating  from  the  axis  of 
the  boiler,  and  have  one  edge  fixed  to  the  fiat  end,  and  the  other 
to  the  cylindrical  body.  I^b^  gusset  sustains  the  pressure  of  the 
steam  against  a  sector  of  the  fiat  circular  end.  Considering  that 
the  resultant  tension  of  a  gusset  must  be  concentrated  near  one 
edge,  it  appears  advisable  that  its  sectional  area  should  be  three  or 
four  times  that  of  a  stay-bar  suited  for  sustaining  the  pressure  on 
the  sameareai 

The  best  experimental  data  respecting  the  strength  of  boilers  are 
due  to  the  researches  of  Mr.  Fairbaini,  especially  ^ose  recorded  in 
his  work  called  Ueeful  Information  for  Engineers, 

277.  Sospautoa   Bod   of  Vmiferm  Surenfftk. — ^In  fig.  121,  let  W 

be  a  weight  hung  from  the  lower  end  of  a  vertical  rod 
B  C,  whose  weight  per  unit  of  volume  is  U7,  and  let  it  be 
required  to  find  how  the  transverse  section  S  of  the  rod 
must  vary  with  the  height  x  above  B,  in  order  that  the 
tension  may  be  eveiywhere  of  equal  intemdiy  / 

The  total  load  at  any  point  is,  W  from  the  weight  hung 

at  B,  «7  /  Bdx  from  the  weight  of  the  rod  for  a  height  x 
above  B  j  and  this  must  be  equal  to  the  pull  /S.    Hence 

W  +  w|]S(/aj=/S; :.(1.)       Fig.l2L 

which  being  solved^  gives  for  the  cross  section  of  the  rod, 


S  =  ->.«/ 
/ 


.(2.) 
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and  for  its  weight,  for  a  height  x  above  B, 

/S  — W  =  W  {eT—  1) ^ (3.) 

The  most  useful  application  of  this  is  to  the  determination  of  the 
dimensions  of  the  pump-rods  of  deep  mines.  They  are  not  made 
with  the  section  varying  continuously,  according  to  the  formula  3, 
but  in  a  series  of  divisions,  each  of  unifonn  scantling ;  neverthe- 
less that  formula  will  serve  to  show  approximately  Ihe  law  whidi 
the  dimensions  of  those  divisions  should  foUow. 

Sechoh  4— On  Resistanoe  to  Shearvng. 

278.  Cmi^mmk  mi  VBiibm  lafemiir. — ^The  present  section  refers 
to  those  cases  only  in  which  the  shearing  str^  on  a  body  is  uni- 
form in  direction  and  ia  intensity.  The  effects  of  shearing  stress 
varying  in  intensity  will  be  considered  under  the  head  of  Resist- 
ance to  Bending,  which  is  in  general  accompanied  by  such  a  stress ; 
and  the  effects  of  shearing  stress  varying  in  direction  as  well  as  in 
intensity  under  the  head  of  Resistance  to  Torsion. 

It  has  been  shown  in  Article  103  that  shearing  stresses  can  only 
exist  in  pairs,  every  shearing  stress  on  a  given  plane  being  neces- 
sarily accompanied  by  a  bearing  stress  of  equal  inteuaty  on 
another  plane.  In  Article  112,  I^roblem  IL,  it  is  shown  that  £i» 
any  combination  of  stress  parallel  to  a  given  plane,  the  planes  rela- 
tively to  which  the  shearing  stress  is  greatest  are  at  right  angles  to 
each  other,  and  make  angles  of  45°  with  the  axes  of  principal  stresa 

When  equal  forces  are  applied  to  the  opposite  sides  of  a  wedge, 
bolt,  rivet,  or  other  body,  in  such  a  manner  as  to  tend  to  shear  it 
into  two  parts  at  a  particular  transverse  plane  of  section,  ihem  at 
any  given  point  in  that  transverse  sectional  plane  the  shearing 
stress  is  of  equal  intensity  relatively  to  that  plane  itself,  and  to  a 
longitudinal  plane  traversing  the  same  point,  perpendicular  to  the 
direction  of  the  externally-applied  shearing  forces.  If  the  we(|ge, 
bolt,  or  rivet  is  loose  in  its  hole  or  socket  at  and  near  the  plane  of 
shearing,  there  can  be  no  shearing  stress  on  those  free  parts  of  its 
external  sur£Eu;e  which  are  at  right  angles  to  the  direction  of  the 
external  shearing  force ;  and  hence  the  intensity  of  the  shearixig 
stress  at  the  plane  of  shearing,  how  great  soever  it  may  be  in  the 
internal  parte  of  the  body,  must  diminish  to  nothing  at  certain 
parts  of  the  external  edges  of  that  sectional  plane^  and  must  be 
unequaUy  distributed;  so  that  the  most  intense  shearing  stress 
must  be  greater  than  the  intensity  of  a  stress  of  equal  amount  uni- 
formly distributed. 

To  insure  uniform  distribution  of  the  stress,  it  is  necessary  that 
the  rivet  or  other  fastening  should  fit  so  tight  in  its  hole  or  socket^ 
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that  tlie  friction  at  its  surface  may  be  at  least  of  eqxial  intensity  to 
the  sheanng  stress.     When  this  condition  is  fulfilled,  the  intensity 

F 

of  that  stress  is  represented  simply  hy  -^  ;  F  being  the  shearing 

forcey  and  S  the  sectional  area  which  resists  it 

279.  A  Takle  AT  tke  HwllnMcc  •£  IffBtwiali  to  ShMtfli^r  and  Dto- 

tflrttan,  in  lbs.  aToiidupois  per  square  inch,  is  given  at  the  end  of 
the  volume.  It  is  of  small  extent,  because  of  the  small  number  of 
substances  whose  resistances  to  shearing  and  distortion  have 
been  ascertained  by  satisfiEustoiy  experiments.  The  resistance  of 
timber  to  shearing  is  in  each  case  that  which  acts  between  conti- 
guous layers  of  fibre& 

280.  Memmmmf  •f  Bfatortel  te  Haifa  aad  Blrvii. — There  are  many 

structures,  such  as  boilers,  wrought  iron  bridges,  and  firames  of  tim- 
ber or  iron,  in  which  the  principal  pieces,  such  as  plates,  links,  or  bars, 
being  themselves  subjected  to  a  direct  pull,  are  connected  with  each 
otiier  at  their  joints  by  fastenings,  such  as  rivets,  bolts,  pins,  or 
keys,  which  are  under  the  action  of  a  shearing  foroa  It  is  in  eveiy 
sudi  case  important,  that  the  pieces  connected  and  their  fastenings 
should  be  of  equal  strength ;  for  if  the  fastenings  be  the  weaker, 
either  the  whole  structure  is  insufficiently  strong,  or  the  material 
which  gives  the  additional  strength  to  the  plates  or  bars  is  wasted : 
and  if  the  fiutenings  be  the  stronger,  the  plates  and  bars  are  weak- 
ened more  than  is  necessary  by  the  holes  or  sockets ;  and  as  before, 
either  the  structure  is  too  weak,  or  material  is  wasted. 

Let  y  denote  the  resistance  per  square  inch  of  the  material  of 
the  principal  pieces  to  tearing ;  S,  the  total  sectional  area,  whether 
of  one  piece  or  of  two  or  more  parallel  pieces,  which  must  be  torn 
asunder  in  order  that  the  structure  may  be  destroyed;  f,  the 
resistance  per  square  inch  of  the  material  of  the  fastenings  to  shear- 
ing; S^,  the  total  sectional  area  of  listenings  at  one  joint,  which 
mu^be  sheared  across  in  order  that  the  structure  may  be  destroyed ; 
then,  if  the  conditions  of  uniform  distribution  of  stress  are  fulfilled, 
the  principal  pieoes  and  their  fastenings  ought  to  be  so  propor- 
tioned, that 

/S=/S';or|-'=^ (1.) 

For  wrought  iron  rivetted  plates,  taking  the  value  of/'  from  the 
table  (as  determined  by  the  experiments  of  Mr.  Doyne),  we  have 

'(,=  1  nearly,  and .-.  S'=  S (2.) 

For  wrought  iron  bars  connected  by  bolts  or  rivets,  we  have 

•^  =  inearly,and.-.S'  =  |  S (3.) 
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Example  L  PUU&joml  overlapped,  aingle^vettecL    lig.  122.  A^ 
n       front  yiew ;  B,  side  yiew.    Let 

It  =  thiclmeffl  of  plate. 
^        d  =  diameter  of  rivet. 
^       e  =  distance  from  centre  to  centre  of  ri^ 
Then 


o  o  o  o  o 


Fig.  122. 

1  =  1= 


riYotL 


Sectional  area  of  one  rivet 


S       Sectional  area  of  plate  between  two  holes 

0-7854  d* 


—  t{e—d)' 

80  thaty  d  and  t  being  given,  and  e  reqidred,  we  have 

0-7854  dl« 


(^) 


c= 


t 


+d 


(5.) 


d  in  practice  is  usually  from  2t  to  l^t;  and  the  overlap  from  c 

to  liAr  €L 


o     o     o    o 
coo 


Fig.  128. 

1  =  1  = 


P        Example^  IL  PlcU&-jaml  overlapped,  douUe- 


riveUed.    Eig.  123. 

Sectional  area  of  two  rivets 


S      Sectional  area  of  plate  between  two  holes  in  same  line 

1-5708  (?• 


t  {o—d)  ' 
1-5708  rf» 


.'.  C  =: 


+   d 


(6.) 

(7.) 


Overlap  in  practice  =  1|  c  to  If  c. 

Example  IIL  Plate  BuU^otni,  with  a  pair 

of  covering  pkUes,  eingle-rioeU&L    Fig.  124. 

k  Here  each  rivet  can  give  way  only  by  being 

^  sheared  across  in  two  places  at  once;  therfr> 

fore 


o      o      o     O      o 
o     o     o     o     o 

A. 


Fig.  124. 

2  X  Sectional  area  of  rivet 


i-i' 


^  1-5708  d*.     .^. 

Sectional  area  of  plate  between  two  holes        t  (o — d) '  "'^  ' 

1-6708  d' 


.-.  c= 


fd 


.(9.) 


Length  of  each  covering  plate  =  2  x  overlap  r=  from  2  c  to  2|  a 
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Examj^  1 Y.  Plate  BnU^joint,  with  a  pair  of  covering  pUUea,  doiubl&' 
rivetted.    Eig.  125. 

S'  4  X  Sectional  area  of  rivet 

S^       Sectional  area  of  plate  between  two  holes  in  one  row 


3-U16  <P 
t{c  —  d)'' 

3-1416  €?• 


.(10.) 


c  = 


t 


+  d (11.) 


Lengiih  of  each  coTering-plate  =  2  x  overlap 

r=  from  3^  to  3^  c. 

KoTR — The  length  of  a  rivet,  before  being  clenched,  measuring 
from  the  head,  is  about  4^  t  for  overlapped-joints,  and  5^  t  for 
butt-joints  with  covering-plates. 

Example  Y.  Stupeneion  bridge  chain-joimJt.  The  chain  of  a  sus- 
pension bridge  consists  of  long  and  shorUlinks  alternately.  Each 
long  link  consists  of  one  or  more,  say  of  n,  parallel  flat  bars,  of  a 
shape  resembling  fig.  64,  Article  138,  placed  side  by  side;  each  bar 
has  a  round  eye  at  each  end.  Each  short  link  consists  of  n  +  1 
parallel  flat  bars,  with  round  eyes  at  their  ends,  which  are  placed 
between  and  outside  of  the  ends  of  the  parallel  bars  of  the  long 
links;  so  that  the  end  of  each  long  bar  is  between  the  ends  of  a 
pair  of  short  bars.  The  eyes  of  the  long  and  short  bars  at  each 
joint  form  one  continuous  cylindrical  hole  or  socket,  into  which  a 
bolt  or  pin  is  fitted,  to  connect  the  links  together.  To  break  the 
chain  at  a  joint,  by  the  giving  way  of  the  bolt,  that  bolt  must  be 
sheared  across  at  2  n  places  at  once.  Hence,  let  S  denote  the  total 
sectional  area  of  the  bars  in  a  link,  and  d  the  diameter  of  the  bolt; 
then  8'  =  2  9»  X  0-7854  d^  =  15708  n  d^-,  and  because  S'  should 

be  =  -  S,  we  have 


d 


=v; 


S 


309  n 


(12.) 


281.  Futenlagi  9t  Timber  Tics. — In  timber  framing,  a  tie  may 
be  connected  with  the  adjoining  pieces  of  the  frame  either  by  having 
their  ends  abutting  against  notches  cut  in  the  tie  (as  shown  at  A,  A, 
fig.  81,  Article  161),  or  by  means  of  bolts  or  pins.  In  either  case, 
the  tie  may  yield  to  the  stress  in  two  ways, — ^by  being  torn  asunder 
at  the  place  where  its  transverse  section  is  least  (that  is,  where  it  is 
notched  or  pierced,  as  the  case  may  be), — or  by  having  the  part 
beyond  the  notch,  or  beyond  the  bolt-hole,  shesired  off  or  sheared 


302  THEORY  OP  8TEUCTURE8. 

oat,  as  the  case  may  be.  In  order  that  the  material  may  be  eoono- 
mioEdly  used^  equation  1  of  Article  280  should  be  Ailfilled,  viz. : — 

/S=/'S';or|=^ (1.) 

This  condition  serves  to  determine  the  distance  of  the  notchy  or  of 
the  bolt-hole,  or  of  the  nearest  bolt-hole  where  there  are  more  than 
one,  from  the  end  of  the  tie,  in  the  following  manner  : — 

Let  ^  be  the  effectim  depth  of  the  tie,  left  after  deducting  the  depth 
of  the  notch,  or  the  diameters  of  bolt-holes,  and  d  the  distance  of 
the  notch,  or  of  the  nearest  bolt-hole,  from  llie  end  of  the  tie;  then 
for  a  notch 

1=4  ••  ^=4*; w 

and  for  bolt-holes,  if  n  be  their  number, 

^J"  a^— •  -  •    •   !•  ^-^       g^  mm  W9m  ••  •  ••••■•••••••••1  Va  I 

In  determining  the  number  n,  it  is  to  be  observed,  that  if  tun  or 
mors  boUa  pierce  the  same  layer  of  fibres^  the  resistance  to  the  shearing 
out  of  the  part  of  that  layer  between  tiie  end  of  the  tie  and  the  most 
distant  of  the  bolts  is  nearly  the  same  as  if  that  bolt  existed  alone ; 
so  that  the  moat  distant  ordy  o/stuh  a  set  of  bolts  is  to  be  rednned  in 
using  equation  3.  In  general,  the  piercing  of  the  same  layer  of 
fibres  by  more  than  one  bolt  is  unfavourable  to  economy. 

SBcnoK  5. — On  Besistanee  to  Direot  Gompressian  and  CruMng. 


282.  »Miii— BB  to  CiMjiiMiM,  when  the  limit  of  proof  streas  is 
not  exceeded,  is  sensibly  equal  to  the  resistance  to  extension,  and  is 
expressed  by  the  same  ^*  modulus  of  dasdeity,^*  already  mentioned 
and  explained  in  Articles  257,  265,  266,  and  268.  When  that 
limit  is  exceeded,  the  irregular  alterations  undergone  by  the  figure 
of  the  substance  render  the  precise  determination  of  the  resistance 
to  compression  difficult,  if  not  impossible. 

283.  HodM  m£  CiwUiw.— MvUltfaif,  Bhiwitog,  Balgteg,  BacUtes, 

€>■■■  hwuMtwm.--Crushing,  or  breaMng  by  compression,  is  not  a 
simple  phenomenon  like  tearing  asunder,  but  is  more  or  less  complex 
and  varied,  according  to  the  texture  of  tiie  substance.  The  modes 
in  which  it  takes  place  may  be  classed  as  follows  : — 

L  Crushing  by  spUJUmg  (^,  126)  into  a  number  of  prismatic 
fragments,  separated  by  smooth  surfiEbces  whose  general  direction  is 
nearly  parallel  to  the  direction  of  the  omshing  force,  is  dbaracteristio 
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of  hard  homogeneous  substances  of  a  glassy  texture^  sach  as  vitrified 
biicksL 


^ 


Fig.  126. 


Kg.  127. 


Fig.  12& 


Fig.  129. 


n.  Cruuhmg  hy  sheaflriiig  or  sliding  of  portions  of  the  block  .along 
oblique  suifaces  of  separation  is  characteristic  of  substances  of  a 
granular  texture,  like  cast  iron,  and  most  kinds  of  stone  and  brick, 
sometimes  the  sliding  takes  place  at  a  single  plane  sur&ce,  like 
A  B  in  fig.  127 ;  sometimes  two  cones  or  pyramids  are  formed,  like 
Cj  e,  in  fig.  128,  which  are  forced  towards  each  other,  and  split  or 
drive  outwards  a  number  of  wedges  surrounding  them,  like  to,  to,  in 
the  same  figure.  Sometimes  the  block  splits  into  four  wedges,  as 
in  fig.  129. 

The  sur&ces  of  shearing  make  an  angle  with  the  direction  of  the 
crashing  force,  which  Mr.  Hodgkinson  (who  first  fully  investigated 
those  phenomena)  found  to  have  values  depending  on  the  kind  and 
qualily  of  material  For  different  qualities  of  cast  iron,  for  example, 
i^t  uigjie  ranges  from  42°  to  32°.  The  greatest  intensity  of  shearing 
stress  is  on  a  plane  making  an  angle  of  45°  with  the  direction  of  the 
crushing  force;  and  the  deviation  of  the  plane  of  shearing  from  that 
SBgle  shows  that  the  resistance  to  shearing  is  not  purely  a  cohesive 
force,  independent  of  the  normal  pressure  at  the  plane  of  shearing, 
hot  cansistB  partly  of  a  force  analogous  to  friction,  increasing  with 
the  intensity  of  the  normal  pressure. 

Hr.  Hodgkinson  considers  that  in  order  to  determine  the  true 
resDstance  of  substances  to  direct  crushing,  experiments  should  be 
nade  on  blocks  in  which  the  proportion  of  length  to  diameter  is  not 
less  than  that  of  3  to  2,  in  order  that  the  material  may  be  free  to 
divide  itself  by  shearing.  When  a  block  which  is  shorter  in  pro- 
portion to  its  diameter  is  crushed,  the  friction  of  the  flat  surfaces 
between  which  it  is  crushed  has  a  perceptible  effect  in  holding  its 
parts  together,  so  as  to  resist  their  separation  by  shearing;  and  thus 
the  apparent  strength  of  the  substance  is  uicreased  beyond  its  real 
strength. 

In  all  substances  which  are  crushed  by  splitting  and  by  shearingy 
the  resistance  to  crushing  considerably  exceeds  the  tenacity,  as  an 
examination  of  the  tables  will  show.  The  resistance  of  cast  iron 
to  crashing,  for  example,  was  found  by  Mr.  Hodgkinson  to  be 
somewhat  more  than  six  times  its  tenacity. 
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III.  Cruahmg  hy  bulging^  or  lateral  swelling  and  spreading  of 
the  block  wfaid^  is  crushed,  is  charactenstic  of  ductile  and  tough 
materials,  such  as  wrought  iron.  Owing  to  the  gradual  manner 
in  which  materials  of  this  nature  give  way  to  a  crushing  force,  it 
is  difficult  to  determine  their  resistance  to  that  force  exactly;  that 
resistance  is  in  general  less,  and  sometimes  considerably  less,  than 
the  tenacity.  In  wrought  iron,  the  resistance  to  the  direct  crush- 
ing of  short  blocks,  as  nearly  as  it  can  be  ascertained,  is  from 

^  to  -  of  the  tenacity. 

TV.  Crushing  hy  hvuMmg  or  crippling  is  characteristic  of  fibrous 
substances,  under  the  action  of  a  thrust  along  the  fibres.  It  consists 
in  a  lateral  bending  and  wrinkling  of  the  fibres,  sometimes  accom- 
panied by  a  splitting  of  them  asunder.  It  takes  place  in  timber, 
in  plates  of  wrought  iron,  and  in  bars  longer  than  those  which  give 
way  by  bulging.  The  resistance  of  fibrous  substances  to  crushing 
is  in  general  considerably  less  than  their  tenacity,  especially  where 
the  lateral  adhesion  of  the  fibres  to  each  other  is  weak  compared 
with  their  tenacity.     The  resistance  of  most  kinds  of  timber  to 

crushing,  when  dry,  is  from  h  ^  o  <>^  ^®  tenacity.   Moisture  in  the 

timber  weakens  the  lateral  adhesion  of  the  fibres,  and  reduces  the 
resistance  to  crushing  to  about  one-half  of  its  amount  in  the  diy 
fitate. 

Y.  Cnuldng  by  croaa-hreaking  is  the  mode  of  fracture  of  columns 
and  struts  in  which  the  length  greatly  exceeds  the  diameter.  Under 
the  breaking  load,  they  yield  sideways,  and  are  broken  across  like 
beams  under  a  tnmsverse  load.  This  mode  of  crushing  will  be  con- 
sidered after  the  subject  of  resistance  to  bending. 

284.  A  TaMe  •f  tke  BcaisiaBee  •€  IHatcrtela  fo  CnMhliig  »y  a 
Direct  Thmat,  in  pounds  avoirdupois  per  square  inch,  is  given  at 
the  end  of  the  voluma  So  far  as  that  table  relates  to  the  strength 
of  brick  and  stone,  reference  has  already  been  made  to  it  in  Article 
235,  It  is  condensed  from  the  experimental  data  given  by  various 
authorities,  especially  by  Tredgold,  Mr.  Fairbaim,  Mr.  Hodgkinson, 
and  Captain  Fowke. 

2S5.  Vaeiiiai  Difltrfimtioii  mf  tbe  presMue  on  a  pillar  arises  firom 
the  line  of  action  of  the  resultant  of  the  load  not  coinciding  with 
the  axis  of  figure  of  the  pillar,  so  that  the  centre  ofpresgure  of  a 
cross  section  of  the  pillar  does  not  coincide  with  its  centre  offigure, 
but  deviates  from  it  in  a  certain  direction  by  a  certain  distance, 
which  may  be  denoted  by  Tq. 

In  this  case  the  strength  of  the  piUar  is  diminished  in  the  same 
ratio  in  which  the  mean  intensity  of  the  pressure  is  less  than  the 
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puiTiTniini  intensity;  that  is  to  baj,  in  a  latio  which  may  be 
denoted  by 

mean  intensity    ^P(^ 

maximum  intensity"  jpi* 

That  ratio  may  be  found  with  a  precision  sufficient  for  practical 
purposes,  by  considering  the  pressure  at  any  cross  section  of  the 
pillar  as  an  uniformly  varying  stress,  as  defined  in  Article  94. 
Consequently  the  following  is  the  process  to  be  pursued  : — 

Find,  by  the  methods  of  Article  95,  the  principal  axes  and 
moments  of  inertia  of  the  cross  section  of  the  pillar ;  and  thence 
determine  the  neutral  axis  conjugate  to  the  direction  of  the  devia- 
tion r^.  Let  i  be  the  angle  made  by  that  axis  with  the  direction  of 
the  deviation  r^ ;  then  the  perpendicular  distance  of  the  centre  of 
pressure  from  the  neutral  axis  will  be 

jEb  =  ro  sin  /. 

Knd  the  moment  of  inertia  of  the  cross  section  relatively  to  the 
neutral  axis,  and  denote  it  by  I ;  then  from  equations  1,  2,  and  4 
of  Article  94,  it  appears  that  if  Xi  he  the  greatest  perjf>endictdar 
distanee  of  the  edge  of  the  cross  section  from  tiie  neutnd  axis  in  the 
same  direction  with  Xq,  the  greatest  intensity  of  pressure  will  be 

.      ,.  ,  «bP  S      ^  (1.) 

mwhich  a  =  -~-=av>;?o'  T '* 

P  being  the  total  pressure,  and  S  the  area  of  the  section  of  the 
pillar.     Consequenuy  the  ratio  required  is 

^  = ^ (2.) 

^^     I 

Talues  of  S,  for  oertain  symmetrical  figures,  and  of  I  for  the 
pdndpal  axes  of  these  figui^,  have  already  been  given  in  the  table 
of  Article  205,  from  which  are  computed  the  following  values  of  the 

X.  S  . 
fiutor  -=-  in  the  denominator  of  the  preceding  formula  : — 

X  S 
'Figure  op  Csoss  Section.  -*-. 

L  Bectangle,  hb;  b,  neutral  axis, )  6 

n.  Square,  A*, , j ;^' 

IIL  Ellipse :  neutral  axis,  b ;  other  axis,  h;)  S 

IV.  Circle :  diameter,  A, j "J* 

X 
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V.  Hollow  rectangle :  outside  dimensions,  A, 5; )  ^h{hh  —  kb') 
inside  dimensions,  h',  V ;  neutral  axis,  6,...  J     J^h  —  h'^b'  ' 

6  A 
VI.  Hollow  square,  A' — A**, h*-\-h*' 

8  A 
VII..  Circular  ring :  diameter,  outside,  A ;  inside,  A',       ,,  ,  .^. 


286.  w  iMiiBiiai  «r  fhe  PwecMiiim  VMBidtt.— The  formula  of 
the  preceding  Article  of  this  section  haye  reference  to  direct  crash- 
ing only,  and  are  therefore  limited  in  their  a{ypiication  to  those 
cases  in  which  the  pillars,  blocks,  or  struts  along  which  the  pres- 
sure acts  are  not  so  long  in  proportion  to  their  diameter  as  to  have 
a  sensible  tendency  to  be  crushed  by  bending.  Those  cases  com- 
prehend— 

Stone  and  brick  pillars,  and  blocks  of  ordinary  proportions ; 

Pillars  and  struts  of  atst  iron,  in  which  the  length  is  not  more 
than  five  times  the  diameter,  approximately ; 

Pillars  and  struts  of  wrought  iron,  in  which  the  length  is  not 
more  than  ten  times  the  diameter,  approximately ; 

Pillars  and  struts  of  dry  timber,  in  which  the  length  is  not  more 
than  about  twenty  times  the  diameter. 

287.  Cnuhtag  Had  Coiiapaing  of  Takes* — ^When  a  hollow  cylin- 
der is  exposed  to  a  pressure  from  without,  there  is  a  circumferen- 
tial thrust  round  it,  whose  greatest  intensity  takes  place  at  the 
inner  sur&ce  of  the  cylinder,  and  may  be  computed  by  suitably 
modifying  the  formulse  of  Article  273.  That  is  to  say,  let  R  and 
r  denote  respectively  the  outer  and  inner  radii  of  l^e  cylinder, 
^1  the  intensity  of  the  radial  pressure  from  without,  ^^  that  of  the 
radial  pressure  from  within,  and  let  p^  now  denote,  not  a  tension, 
but  a  th/nuft,  -viz.,  the  maximum  circumferential  thrust  which  acts 
round  the  inner  surface  of  the  cylinder.  Then  reversing  the  ngna 
of  the  second  side  of  equation  6  of  Article  273,  we  obtain 


~  T?2_^  VW 


When  the  pressure  fix>m  within  is  null  or  insensible,  this  becomes 

^0=]^; - (2.) 

and  mpposmg  the  material  to  give  vxiy  by  direct  cnuhmg,  the 
proper  ratio  of  the  internal  to  the  external  radius  is  given  by 
the  equation 
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i-V'-^'.-v w 


/ 

qi  being  the  workiiig^  proof,  or  criiJshiBg  external  {o^ssure,  and  / 
the  working,  proof,  or  crashing  thrust  of  the  material,  as  the  case 
may  be. 

This  foimnla  gives  correct  results  for  thick  hoUaio  fsylvnd&rs^  But 
where  the  thicloiess  is  small  (as  in  the  internal  flues  of  boilers),  the 
cylinder  gives  waj,  not  by  direct  crushing,  but  by  coLLAPsmo,  which, 
as  it  consists  in  an  alteration  of  figure,  is  analogous  to  crushing  by 
bending.  According  to  Mr.  Fairbaim's  experiments,  published  in 
the  FMhsophiccd  Tra/nsactiona  for  1858,  the  intensity  of  the  pressure 
from  without  which  makes  a  thin  wrought  iron  tube  collapse  is  in- 
versely as  the  length,  inversely  as  the  radius,  and  directly  as  the 
power  of  the  thickness  whose  index  is  2*19.  In  most  calculations 
for  practical  purposes,  the  sqiux/re  of  the  thickness  may  be  used  in- 
stead of  that  power.  For  plate  iron  flues,  let  I  be  the  length,  d  the 
diameter,  t  the  thickness,  cdl  in  the  same  units  of  measure,  and  let 
q  be  the  collapsing  pressure  in  lbs.  on  the  square  inch ;  then 

g  =  9,672,000^nearly (4.) 

'Mr.  Fairbaim  strengthens  long  flues  by  means  of  rings  of  T-iron ; 
in  wMch  case  I  is  the  distance  between  two  adjacent  rings. 

Seckiok  6. — On  Eeaista/nce  to  Bending  and  Crosa-Sreaking. 


28S.  BhtmlHg  VMwe  audi  BendUic  BlMMMtt  la  dcMiaL — ^It  has 
already  been  shown,  in  Articles  141  and  142,  how  to  detennine  the 
proportions  between  the  resultant  of  the  gross  load  of  a  beam  and 
the  two  forces  which  support  it, — ^whether  those  three  forces  are 
perpendicular  or  oblique  to  the  beam, — and  whether  they  are  par- 
allel or  inclined  to  each  other.  In  the  present  section  those  cases 
alone  will  be  considered  in  which  the  loading  and  supporting  forces 
are  perpendicular  to  the  beam,  and  parallel  to  each  other,  and  in  one 
plane  j  for  such  forces  alone  tend  simply  to  bend  the  beam,  and  if 
sufficiently  great,  to  break  it  across. 

In  Article  161  it  has  been  shown  how  to  determine  the  resist- 
ances exerted  by  the  pieces  of  a  frame  which  are  cut  by  an  ideal 
sectional  plane,  in  terms  of  the  forces  and  couples  which  act  on  one 
of  the  portions  into  which  that  plane  of  section  divides  the  frame ; 
and  in  Articles  162,  163,  164,  and  165,  that  method  of  sectionfi,  as 
it  is  caUeJ,  Las  been  applied  to  the  detennination  of  the  stresses 
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acting  along  the  bars  of  half-lattioe  or  Warren  girders  and  of  lattioe 
girders. 

The  method  followed  in  determining  the  effect  of  a  transverse 
load  on  a  continuous  beam  is  similar ;  except  that  the  resistance  at 
the  plane  section,  which  is  to  be  determined,  does  not  consist  of  a 
finite  number  of  forces  acting  along  the  axes  of  certain  bars,  but  of 
a  distributed  stress,  acting  with  various  intensities,  and,  it  may  be, 
in  various  directions,  at  different  points  of  the  section  of  the  beam. 

In  what  follows,  the  load  of  the  beam  will  be  conceived  to  con- 
sist of  weights  acting  vertically  downwards,  and  the  supporting 
forces  will  aJso  be  conceived  to  be  vertical  The  longitudmid  axis 
of  the  beam  being  perpendicular  to  the  applied  forces,  will  accord- 
ingly be  horizontal  The  conclusions  arrived  at  will  be  applicable 
to  cases  in  which  the  axis  of  the  beam  and  the  direction  of  the 
applied  forces  are  inclined,  so  long  as  they  are  peipendicular  to 
each  other. 

Let  any  point  in  the  longitudinal  axis  of  the  beam  be  taketi  as 
the  origin  of  co-ordinates ;  and  at  a  given  horizontal  distance  x 
from  that  origin,  conceive  a  vertical  section  perpendicular  to  the 
longitudinal  axis  to  divide  the  beam  into  two  part&     To  fix  the 

.  y^ .  >  be  considered  as 

{SSSe}>l®*^«^«*^^^^*^^^^«^^*^{do^^ 
direction,  be  considered  as  <  nawitive  i  '  *^^  ^®*  ^®  moments  of 

~-I>^-^  {n^£:}  according  as  they  are  {J^^Si}. 

Let  F  denote  the  resultant  of  all  the  vertical  foices,  whether 
loading  or  supporting,  which  act  on  the  part  of  the  beam  to  the 
left  of  the  vertical  plane  of  section,  and  let  af  be  the  horizontal 
distance  of  the  line  of  action  of  that  resultant  from  the  origin. 

If  the  beam  is  strong  enough  to  sustain  the  forces  applied  to  it^ 
there  will  be  a  aliearing  stress  whose  amount  is  equal  to  F,  distri- 
buted (in  what  manner  will  afterwards  appear)  over  the  given 
vertical  section ;  and  that  shearing  stress,  or  vertical  resistance^ 
will  constitute,  along  with  the  applied  force  F,  a  couple  whose 
moment  is 

M  =  F(iBr-aj) (L) 

This  is  called  the  bending  momsTU  or  moment  qfjleoeure  of  the  beam 
at  the  vertical  section  in  question ;  and  it  is  resosted  by  the  normal 
sti-ess  at  that  section,  in  a  manner  to  be  explained  in  the  sequel 

If  the  bending  moment  is   j  P^^^7®  I  ^  it  tends  to  make  the 
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origmallj  straight  longitudinal  axis  of  the  beam  become  concave 

(    upwards    ) 

( downwards  ( ' 

The  determination  of  the  magnitude  and  position  of  the  resultant 
E  consistB  simply  in  finding  the  resultant  of  a  number  of  parallel 
forces  in  one  plane,  as  explained  in  Article  44,  the  supporting 
forces  having  first  been  found  by  the  principles  of  Articles  39  and 
141.  These  processes  are  expressed  by  general  formulae  as  fol* 
lows: — 

Caise  1.  The  load  applied  at  deUushed  points. — Let  W  denote  one 
of  the  weights  of  which  the  load  consists ;  x"  its  horizontal  distance 
from  the  oiigin ;  then 

—  2 '  W  is  the  total  load,  made  n^;atiye  as  acting  downwards ; 
and 

—  2  *  a;"  W  is  its  moment  relatively  to  the  origin. 

Let  Xi  and  x^  be  the  horizontal  distance  of  the  points  of  support 
from  the  oiigin,  and  let  Pj,  P,,  be  the  supporting  forces ;  then  to 
determine  those  forces  we  have  the  conditions  of  equilibrium 

Pi  +  P,  -  sW  =  0; 
aj,P|  +  «,Ps  -  2-a;''W  =  0; 


from  which  follow  the  equations 


p,= 


p.= 


x,3W  -  3'ie'W 

Xg  ^  fl?! 

OH  3  •  W  -  2  •  ag'  W 


.(2.) 


To  show  how  the  shearing  force  and  moment  of  flexure  at  any 
cross  section  are  found,  let  W  be  applied  to  the  left  of  the  origin, 
and  let  the  plane  of  section,  whose  distance  from  the  origin  is  a?,  lie 
between  P,  and  P, ;  then  the  force  acting  on  the  beam  to  the  left 
of  a;  will  be 

P  =  Pi  -  2JW; 

and  the  moment  of  flexure 


M  =  («i-aj)P,  -  2J-(a^'-a?)W; 


(3.) 


he  symbol  2^1  •  denoting  in  each  case,  that  the  sunmiation  extends 
o  that  part  of  the  beam  only  which  lies  between  the  given  plane 

>f  vertiod.  section  and  the  point  of  support  (if  any)  to  the  left  of 

tliat  plane. 

Case  2.  The  load  contmuauslf/  distribtUed, — ^On  any  indefinitely 

abort  dividon  of  the  beam  whose  length  is  c^a^  and  distance  from 
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the  origin  «",  let  the  intensity  of  the  load  per  tmit  of  length  be  to>. 
Then  in  the  equations  2  and  3,  given  above,  it  is  only  neoessaiy  to 

Bubstitnte  todxior  W,  and  the  sign  i  for  the  sign  z 

289.  in  iiMUB*  viz«4  at  OHe  Bad  Oaiyt  and  loaded  on  the  pro- 
jecting portion,  as  in  fig.  67  of  Article  141,  and  figs.  133  to  136  of 
a  subseqnent  Article,  the  shearing  force  and  moment  of  flexure  can 
be  det^mined  for  any  vertical  section  of  the  projecting  part  of 
the  beam,  without  considering  the  supporting  pressures. 

Let  the  plane  at  which  the  beam  is  fixed  be  taken  as  the  origin ; 
let  c  be  the  length  of  the  projecting  part  of  the  beam.  The  results 
in  the  cases  most  important  in  practice  are  given  in  the  following 
table : — 


SBBABUtt  FoaoB 
F 

BnDIMO  MOMKR 

M 

AnTwhero. 
F 

Greirtest 

Anywherai 
M 

QrBBtett 

I.  Loaded  at  extreme 
end  with  W, 

II.   Uniform  load  of  In- 
tensity to, 

— W 

—W 

— (c--<r)W 

— <rW 

— w(c — «) 

-« 

8 

tec* 
2" 

III.   Uniform  load  of  in- 
tensity 10,  and  ad- 
ditional   load    at 
extreme  end  W', 

— W— K<0— «) 

_W— wc 

2 

290.  In  B«uas  fitawMted  at  Balk  Bada,  and  loaded  on  the  inters 
mediate  portion,  like  those  represented  in  fig.  66  of  Article  141, 
and  in  figs.  138  and  140  of  a  subsequent  Article,  it  is  most  conve- 
nient to  take  the  middle  of  the  beam  as  the  origin  of  oo-oardinate& 
Then  let  e  denote  the  half-spcm  of  the  beam,  so  that  2  6  is  the  apem, 
or  distance  between  the  points  of  support ;  the  positions  of  tiiose 
points  will  be  expressed  by 

x^=^  c,  Xi^  -c;  Xi-OB^  =  2c; (1.) 

which  substitutions  convert  equation  2  of  Article  288  into  the 
following :— • 


-r 


P.= 


2       '       2c 

s'W      i*x"W 
2  27~' 


(2.) 
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for  beams  fiapported  at  both  ends,  2=  2c=  the  span ;  for  an  anifom 
load,  W  =  w\  Hence,  comparing  equation  1  with  Examples  L, 
IL,  IV.,  v.,  and  VI.  of  Articles  289  and  290,  we  find  the  foUow- 
iaig  Talues  of  the  factor  m : — 


L  Beam  fixed  at  one  end,  loaded  at  the  other, .  1. 

II.  Beam  fixed  at  one  end,  loaded  uniformly, 5. 

lY.  Beam  supported  at  both  ends,  loaded  in  the )  1 

middle, • j  i' 

V.  Beam  supported  at  both  ends,  loaded  at  a^ )    1  /  4a;"\ 

from  the  middle, J   4V~   l^  / 

YL  Beam  supported  at  both  ends,  uniformly  loaded,  g. 


292.  Vaiftrai  BiMiMit  of  Ficannre. — If  a  pair  of  equal  and  oppo- 
site couples,  acting  in  the  same  longitudined  plane,  be  applied  at 
or  near  the  ends  of  a  beam,  the  part  of  the  beam  intermediate 
between  the  portions  to  which  the  couples  are  applied  is  under  the 
influence  of  an  wniform  moment  offleaswrBy  and  of  no  shea/ring  farce. 

An  illustration  of  this  is  the  condition  of  that  part  of  the  axle 
of  a  railway  carriage  which  lies  between  the  pair  of  wheels,  if  the 
bearings  are  outside  of  the  wheels,  or  between  the  bearings  if  the 
bearings  are  inside  of  the  wheels.     Let  W  be  the  weight  whidi 

W 

rests  on  one  pair  of  wheels  j  then  -^  is  the  weight  resting  on  each 

wheel,  and  on  each  bearing.  Let  I  be  the  distance  from  the  centre 
of  each  wheel  to  the  midcue  of  the  adjoining  bearing.  Then  a  pair 
of  equal  and  opposite  couples,  each  of  the  moment^ 

2  ' 

are  applied  to  the  two  ends  of  the  axle ;  and  this  is  the  uniform 
moment  of  flexure  of  the  portion  of  the  axle  lying  between  the 
portions  acted  upon  by  the  forces  which  constitute  the  couples; 
and  the  shearing  force  on  the  same  portion  is  nulL 

293.  Bcaifltuice  of  Flenre  means,  the  moment  of  the  reaostance 
which  a  beam  opposes  to  being  bent  or  broken  across ;  and  if  the 
beam  is  strong  enough,  that  moment,  at  each  croBS  section  of  the 
beam,  is  equal  and  opposite  to  the  moment  of  the  bending  forces 
at  the  same  cross  section. 


f 


I" 
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Let  fig.  130  represent  a  side  view  of  part  of  a  beam  which  is  of 
nniforni  cross  section,  and  which  is  sab- 

jected  to  an  iinifonn  moment  of  flexure;         **>-- '^"'^ 

and  let  fig.  130*  represent  the  cross  sec-        "o/---,  -\''* 

tion  of  the  same  beam.    It  is  self-evident   "^::;/^^^  "[3^::?* 

that  the  curvature  produced  in  the  part  *''^^^!!]^^^         "^^^^^^ 
of  the  beam  in  question  must  be  imif  orm ;       *^  *^ 

that  is  to  say,  that  any  longitudinal  line  in  ^*  ^^^' 

the  beam,  such  as  its  upper  edge  A  A',  or  its  lower 
edge  B  B',  which  in  the  free  condition  of  the  beam 
is  straight^  must  be  bent  into  an  arc  of  a  circle  ;  and 
that  any  sur&ce  originally  plane  and  longitudinal,  ^ 

and  perpendicular  to  the  plane  in  which  t£e  curva- 
ture takes  place,  such  as  the  upper  surface  A  A',  or 
the  lower  surface  BB',  must  be  bent  into  a  cylin-  Fi«r^80» 
drical  form ;  and  the  cylindrical  surfaces  so  produced 
will  have  a  common  axis.  Any  two  transverse  sectional  planes,  such 
as  A  B  and  A'  B',  which  in  the  free  state  of  the  beam  are  parallel  to 
each  other,  will  have,  in  the  curved  state  of  the  beam,  positions 
radiating  from  the  axis  of  curvatura 

Therefore,  if  the  portion  of  the  beam  between  the  transverse 
planes  AB,  A'B',  be  conceived  to  be  divided  into  layers,  such  aa 
0  C,  originally  plane,  parallel,  and  of  equal  length,  these  layers, 
in  the  bent  condition  of  the  beam,  must  have  leii^gths  proportional 
to  their  distances  from  the  axis  of  curvature.  The  layers  near  the 
concave  side  of  the  beam,  A  A',  are  shortened  by  the  bending,  and 
the  layers  near  the  convex  side,  B  B',  lengthened ;  and  there  must 
be  some  intermediate  layer  which  is  neither  lengthened  nor  short- 
ened, but  preserves  its  fr^e  length.  Let  O  O'  be  the  surface  origi- 
nalfy  plane,  now  curved,  at  which  that  layer  is  situated ;  this  is 
called  the  'MiuJtral  swrface  of  the  beam,  and  the  line  0  O,  fig.  130*, 
in  which  it  intersects  a  given  cross  section,  is  called  t^e  nevMxil 
oasis  of  that  section. 

The  direct  fsUravM^  or  proportionate  elongations  and  compressions, 
of  the  layers  of  the  beson  are  propoiiional  to  their  distances  below 
and  above  the  neutral  surface;  and  hence,  within  the  limits  of 
proof  stress,  the  direct  stresses,  or  tensions  and  pressures,  at  the 
different  points  of  the  cross  section  AB,  fig.  130*,  have  irUensUies 
sensiUf^  proportional  to  their  distcmces/rom  tfie  neuJtral  axis  O  O. 

Ther^ore  the  direct  stress  at  each  section,  such  as  A  B,  whose 
moment  constitutes  the  resistance  to  bending,  is  an  uni/ormly^vcm/' 
ing  stress,  as  defined  in  Article  91 ;  and  in  order  that  the  loTigi- 
kidvnal  residtomt  of  that  stress  may  be  null,  the  neutral  axis  (as 
shown  in  that  Article)  must  traverse  the  centre  of  grcmty  qf  the 
cross  section  A  B. 
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The  momentofa  bending  stress  has  already  been  ^ven  in  Article 
92;  equations  3  and  4 ;  and  the  methods  of  determining  the  inte- 
grals I  and  Ky  which  occur  in  those  equations,  have  been  explained 
and  illustrated  in  Article  95. 

To  apply  the  equations  of  those  Articles  to  the  present  purpose, 
let  p  be  the  intensity  of  the  direct  stress  at  a  layer  of  the  beam. 
whose  distance  from  the  neutral  axis  is  y :  height  above  the  neutral 
axis  being  considered  as  positive,  and  depth  below  it  as  negative. 
Then  because  a  moment  of  flexure  tending  to  make  the  beam  con- 
cave upwards  has  been  treated  as  positive,  it  is  convenient,  in  order 
to  avoid  the  unnecessary  use  of  negative  signs,  to  consider  the  oon- 

stant  ratio  ^  as  positive  when  it  is  such  as  to  give  resistance  to  an 

upward  moment  of  flexure ;  that  is,  when  j9  is  a  thrust  for  positive 
values  of  y,  and  a  pull  for  negative  values  j  consequentlv,  ^  is  to 

be  considered  as  {  P^^4  J  according  as  it  is  a  I JJ^- } 

This  being  understood,  we  have,  for  the  moment  of  the  resistanoe 
opposed  by  the  beam  to  bending, 

M  =  ?.^(I'  +  K«); (1.) 

and  for  the  angle  made  by  the  neutral  axis  with  the  direction  of 
the  axes  of  the  bending  couples,  , 

^  =  —  arc  •  tan  ■=- i (2*) 

I  and  K  being  found  by  the  methods  of  Article  95. 

In  some  cases,  a  more  convenient  form  of  equation  2  is  that 
which  gives  ^,  the  angle  made  by  the  neutral  axis  with  its  eonjur 
gate  axis,  in  which  the  plane  of  the  bending  forces  cuts  the  plane 
of  section  A  B,  viz.  : — 

cotau  '0  =  Y  (^O 

In  almost  every  case  which  occurs  in  practice,  the  plane  of  the 
bending  forces  cuts  each  cross  section  of  the  beam  in  one  or  other 
of  its  principal  axes,  for  which  K  =  0,  /«  =  0,  ^  =  90^ ;  and  then  equa- 
tion 1  becomes 

M=^ (L) 

y  - 

In  beams  whose  transverse  sections  and  moments  of  flexure  are  not 
uniform,  no  error  appreciable  in  practice  is  produced  by  applyii^ 
equation  4  to  each  cross  section,  and  to  the  moment  of  flexure  which 
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Mo=mWl  =  ^ (2.) 

y 

When  the  breaking  load  is  in  question,  the  co-efficient  y  is  what 
is  called  the  modulua  ofrwjp^re  of  the  material  It  does  not  always 
agree  with  the  resistance  of  the  same  material  to  direct  crushing  or 
direct  tearing,  but  has  a  special  value^  which  can  be  found  by 
experinlents  on  cross-breaking  only.  One  of  the  causes  of  this 
phenomenon  is  probably  the  fact,  already  stated  in  Article  257, 
that  the  resistance  of  a  material  to  a  direct  stress  is  increased  by 
preventing  or  diminishing  the  alteration  of  its  transverse  dimen- 
sions ;  and  another  cause  may  be  the  &ct,  that  the  strength  of 
masses  of  metal,  especially  when  cast,  is  greater  in  the  external 
layer,  or  skin^  than  in  the  interior  of  the  mass.  When  a  bar  is 
directly  torn  asunder,  the  strength  indicated  is  that  of  the  weakest 
part  of  the  mass,  which  is  in  the  centre ;  when  it  is  broken  across, 
the  strength  indicated  is  that  either  of  the  skin,  which  is  the 
strongest  part,  or  of  some  part  near  the  skin  (See  the  Article  296). 

When  "die  proof  load  or  working  load  is  in  question,  the  co-effi- 
cient/is the  modulus  of  rupture  divided  by  a  suitable  Jaetor  of 
safety,  as  to  which  see  Article  247. 

295,  TnuitTorM  Sirengtli  tn  TenM  of  BrcaAth  aad  Dcyth^ — ^From 

the  principles  explained  in  Article  95,  it  is  obvious  that  the 
moments  of  inertia,  I,  of  similar  sections  are  to  each  other  as  the 
breadths,  and  as  the  cubes  of  the  deptha  If,  therefore,  b  be  the 
breadth,  and  h  the  depth,  of  the  rectangle  Gircumacribing  the  cross 
section  of  a  given  beam  at  the  point  where  the  moment  of  flexure 
is  greatest,  we  may  put 

l  =  n'bh* (1.) 

n'  being  a  numerical  factor  depending  on  the  form  of  the  section. 
It  is  also  evident,  that  for  similar  figures,  the  values  of  y  are  as 
the  depths ;  so  that  we  may  put 

y  =  m'A (2.) 

ml  being  another  numerical  factor  depending  on  the  form  of  section. 
If  the  section  is  S3nnmetrical  above  and  below,  m'  =  ^.  Thus  it 
appears,  that  the  resista/nces  qfjlexwre  of  similar  cross  secUons  env 
as  their  breadths  a/nd  as  the  squares  of  their  depths,  and  that  equation 
2  of  Article  294,  which  expresses  equality  betweoi  the  greatest 
moment  of  flexure,  as  stated  in  terms  of  the  load  and  length,  and 
the  resistance  of  the  cross  section  where  that  moment  acts^  is  equi- 
valent to  the  following : — 

M«  =  m  W  ^  =  n/4A* (i) 
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wKere  n  =  —  is  a  nmnerical  factor  depending  on  the  form  of  cross 
fnf 

flection  of  the  beam,  and  m  is  the  numerical  &ctor  depending  on 

the  mode  of  distribution  of  the  loading  and  supporting  forces,  of 

whicb  examples  have  been  given  in  Article  291. 

The  foUowing  table  gives  examples  of  the  values  of  the  three 

fiictors,  n'j  m',  n,  for  some  of  the  more  usual  forms  of  cross  section : 


FoBM  OF  Cboss  Sectionb. 
I.  Rectanirle  fr  A«  

I 

1 

X2 

1 

2 

1 
2 

1 

6 

(including  square) 

n.  Ellipse— 

Vertical  axis  h, \ 

Horizontal  axis  h,  ...  > 
(including  circle)     j 

ill-  Hollow  rectangle,  h  h 
— h'K',  also  I-formed 
section,  where  6' is  the  > 
sum  of  the  breadths  of 
the  lateral  hollows,...  ^ 

IV.  Hollow  square — 

h^-^h\:. ' 

V.  Hollow  ellipse, 

V  Ir  Hollow  circle,  ......... 

w         1 
64  "*  20-4 
=  0-0491 

X         1 

32     10-2 
=  0-0982 

12\       bhy 

1 
2 

6  \       bh?) 

12  \       h*) 

1 
2 

6   V       W 

1   (\-^'^''\ 
20-4  V       bhV 

1 
2 

1    /i_6'A'«X 
10-2  V      bhV 

20-4V        W 

1 
2 

1  (i-^:i\ 

10-2  \       AV 

In  using  the  equation  3  for  any  of  the  purposes  to  which  it  may 
be  applied — such  as  computing  the  strength  of  a  beam  of  which 
the  dimensions  and  figure  are  given,  or  fixing  the  transverse  dimen- 
nous  of  a  beam  of  which  the  strength,  length,  and  figure  are  given 
-—care  is  to  be  taken  to  use  the  same  unit  of  measure  throughout 
the  calculation;  that  is  to  say,  when  the  transverse  dimensions,  as 
is  usually  the  case,  are  stated  in  inches,  and  the  co-efficient  of 
strength  /in  pounds  on  the  square  inch,  the  length  I  should  be 
stated  in  inches  also.  This  caution  is  necessary  on  account  of  that 
divendty  of  units  which  is  characteristic  of  British  measures. 

296.  A  TwMm  •€  the  Bcalolaace  mf  materials  te  Breakiac  Aciwm 

18  given  at  the  end  of  the  volume.     It  gives  values  of  the  modulus 
of  rupture,  being  that  for  which  the  co-efficienty  stands  in  Article 
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294,  equation  2,  and  in  Article  295^  equation  3,  when  mWlla  the 
breaking  moment  It  will  be  observed,  that  this  modulus  is,  for 
most  materials,  intermediate  between  the  tenacity  and  the  resistance 
to  direct  crushing. 

297.  Caat  Iras  Wiwmmtt  The  -values  of  the  modulus  of  rupture 
for  cast  iron  require  special  remark.  It  had  for  some  time  been 
known,  that  while  the  direct  tenacity  of  cast  iron  (as  determined  by 
Mr.  Hodgkinson)  is  on  an  average  16,500  lb&  per  square  inch,  the 
modulus  of  rupture  of  rectangular  cast  iron  bes^ns  is  on  an  ayenige 
about  40,000  lbs.  per  square  inch,  or  two  and  a-half  times  as  great 
This  was  supposed  to  be  accounted  for  by  the  assumption,  that  the 
stress  on  a  cross  section  of  a  cast  iron  beam  is  not  an  uniformly 
varying  stress,  and  that  the  neutral  axis  does  not  traverse  the 
centre  of  gravity  of  the  section.  But  in  1855,  Mr.  William  Heniy 
Barlow,  by  experiments  of  which  an  account  is  published  in  the 
Philosophical  Transactions  for  that  year,  showed, — ^in  the  first  place, 
that  the  stress  is  an  uniformly  varying  stress,  and  that  the  neutral 
axis,  in  symmetrical  sections  at  all  events,  traverses  the  centre  of 
gra\dty  of  the  section, — and  in  the  second  place,  that  the  modulus 
of  ruptiu^  has  various  values,  ranging  &om  the  mere  direct  tenacity 
of  the  iron  up  to  about  two  and  a-third  times  that  tenadiy,  accord- 
ing to  the  figure  of  the  cross  section  of  the  beam. 

The  beams  on  which  the  experiments  of  Mr.  Barlow,  now  r^erred 
to,  were  made,  were  in  some  cases  of  a  solid  rectangular  section, 
and  in  other  cases  of  an  open-work  rectangular  section,  consisting  of 
equal  rectangular  upper  and  lower  horizontal  bars,  with  alternate 
open  spaces  and  vertical  connecting  bars  between.  As  &r  as  those 
experiments  went,  they  were  in  accordance  with  the  following 
empirical  formula : — 

/=/.+f'j, (1-) 

where y  is  the  modulus  of  ruptiire  of  the  beam  in  question;  j^  the 
direct  tenacity  of  the  iron  of  which  it  is  made ;  /',  a  co-efficient 

determined  empirically ;  and  j- ,  the  ratio  which  the  depth  of  solid 

nietal  H  in  the  cross  section  of  the  beam  bears  to  the  toUd  depth  of 
section  h.  The  following  were  the  values  of  the  constants  for  the 
cast  iron  experimented  on : — 

Direct  tenacity,     f^  =  18,750  lbs.  per  square  inch ;  \ 

/=  23,000  lbs.  per  square  inchj  V (2.) 

=  1^^  nearly.  J 

Mr.  Barlow  has  since  made  farther  experiments  on  cast  iron 
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beams  of  various  foims  of  secidon,  and  also  experiments  on  'wrought 
iron  beajn%  showing,  though  not  so  conclusiyelj,  variations  in  the 
modulus  of  rupture  of  wrought  iron  analogous  to  those  which  have 
been  proved  to  exist  in  the  case  of  cast  iron;  but  as  those  further 
experiments,  though  communicated  to  the  Boyal  Society,  have  not 
yet  been  published  in  detail,  it  would  be  premature  to  ma^e  remarks 
on  them  here. 

Mr.  Barlow  has  proposed  a  theoiy  of  those  phenomena,  to  the 
effect  that  the  curvature  of  the  layers  of  the  beam  produces  a 
peculiar  kind  of  resistance  to  bending,  distinct  from  that  which 
arises  from  the  direct  elasticity;  and  he  adduces  in  support  of  that 
theory  the  fact  that  the  additional  strength  represented  by  the 
second  term  of  equation  1  increases  with  the  ultimate  curvature  of 
the  beam ;  that  is,  its  curvature  just  before  breaking.  Another 
conceivable  theory  has  already  been  mentioned  in  Article  294,  viz., 
that  the  strength  of  a  metal  bar,  and  in  particular  of  a  cast  iron 
bar,  is  greatest  at  the  tkiuj  and  diminished  towards  the  interior ; 
that  the  tenacity  found  by  directly  tearing  a  bar  asunder,^,  is  the 
tenacity  of  the  interior;  that  the  modulus  of  rupture  of  a  solid 
rectangular  beam,yo  -^  f*^^  the  tenacity  of  the  skin,  and  that  the 
modulus  of  rupture  of  an  open-work  beam  is  the  tenacity  at  a 
distance  finom  the  skin  depending  on  the  form  of  section.  But  until 
conclulBive  experimental  data  shall  have  been  obtained,  all  theories 
on  the  subject  must  be  considered  as  provisional  only. 

^  BcMMa  was 


o 


298.  The  SwtlM   •€  B^mI  ScrcBgUi   f«r   Cut  I 

£rst  proposed  by  Mr.  Hodgkinson,  in  consequence 

of  his  diisoovery  of  the  fact,  that  the  resistance  of 

cast  iron  to  direct  crushing  is  more  than  six  times 

its  resistance  to  tearing.     It  consists,  as  in  fig.  132, 

of  a  lower  flange  B,  an  upper  flange  A,  and  a  vertical 

web  connecting  theuL     The  sectional  area  of  the 

lower  flange,  which  is  subjected  to  tension,  is  nearly 

six  times  that  of  the  upp^  flange,  which  is  subjected         ^*  ^^^' 

to  thrust     In  order  that  the  beam,  when  cast,  may  not  be  liable 

to  crack  from  unequal  cooling,  the  vertical  web  has  a  thickness  at 

its  lower  side  equal  to  that  of  the  lower  flange,  and  at  its  uppe^ 

side  equal  to  that  of  the  upper  flange. 

Hie  tendency  of  beams  of  this  class  to  break  by  tearing  of  the 
lower  flange  is  slightly  greater  than  the  tendency  to  break  by 
eroflhing  of  the  upper  flange;  and  their  modulus  of  rupture  la  equal, 
or  nearly  equal,  to  the  direct  tenacity  of  the  iron  of  which  they  are 
made,  being,  on  an  average  of  different  kinds  of  iron,  16,500  lbs. 
per  square  inch. 

Let  the  areas  and  depths  of  the  parts  of  which  the  section  in  fig. 
132  consists  be  denoted  as  follows : — 
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DeDtht. 

Upper  flange, A^  h^. 

Lower  flange, A^  n^, 

Vertical  web, A3,  ^ 

Totals,. .. Ai  + A2+ A3= A,  A^  +  Aj  +  ^3=^ 

No  appreciable  eiror  will  arise  from  treating  the  section  of  the 
vertical  web  as  rectangular  instead  of  trapezoidal  The  height  of 
the  neutral  axis  above  the  lower  side  of  this  section  is 


(L) 


Then  bj  applying  the  formula  of  Article  95,  Example  YI.,  to  this 
case,  the  moment  of  inertia  of  the  section  is  found  to  be  as  follows : — 

+  Ai  A,  (Ai + A,)i+Aj  A,  (Aj +  /.,)«};. (31) 

and  the  strength  of  the  beam  is  expressed  by  the  equation 

Mo  =  mWZc=^ (3.) 

It  is  seldom  necessary,  however,  to  use  the  formulte  1  and  2  in 
all  their  complexity;  the  following  approximate  formula  being 
usually  sufficiently  near  the  truth  for  practical  purposes,  and  its 
error  being  on  the  safe  side.  Let  hf  be  the  depth  from  the  middle 
of  the  upper  flange  to  the  middle  of  the  lower  flange ;  then 

Mo  =  mW  ;=/»/*' Aj (4.) 

299.  BeasM  of  VnlfonB  Strength  are  those  in  which  the  dimen- 

^    dons  of  the  cross  section 

A 


are  varied  in  such  a  man- 
ner, that  its  ultimate  or 
proof  resistance  bean  at 
each  point  of  the  beam  the 
same  proportion  to  the 
moment  of  flexure  That 
resistance,  for  figures  of 
the  same  kind,  being  pro- 
portional to  the  breadth 
and  to  the  square  of  the 
depth,  can  be  varied  either 
by  varying  the  breadth, 
the  depth,  or  both.     The 


Fig.  138. 


Fig.  184. 


Fig.  185. 


Fig.  IJC. 


mm3nx-m^vuia 
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The  formtLlfld  and  figures  for  a  conBUmt  d^ptk  are  applicable  to  the 
breadths  of  the  flanges  of  the  ^-shaped  girders  described  in  Article 
298.  In  applying  the  principles  of  this  Article,  it  is  to  be  borne 
in  mind,  that  the  shearing  force  has  not  yet  been  taken  into  account; 
and  that,  consequently,  the  figures  described  in  the  above  table 
require,  at  and  near  the  places  where  they  taper  to  edges,  some 
additional  material  to  enable  them  to  withstand  that  force.  In 
figs.  137  and  139,  such  additional  material  is  shown,  disposed  in 
the  form  of  projections  or  palms  at  the  points  of  support,  which 
serve  both  to  resist  the  shearing  force,  and  to  give  lateral  steadiness 
to  the  beams. 

300.  ifv—t  DeflectioM  of  BcaiM. — ^Beverting  to  fig.  130,  it  is 
evident  that  if  «  represents  the  proportionate  elongation  of  the 
layer  C  C,  whose  distance  from  the  neutral  surface  O  O'  is  y,  and 
if  r  be  the  radius  of  curvature  of  the  neutral  sur&ce,  we  must  have 

l:l  +  «::r:r  +  y; 

and  consequently,  the  radius  of  curvature  is 

and  the  owrvatwre,  which  is  the  reciprocal  of  the  ladixus  of  curvature^ 
is  expressed  by  the  equation 


r       y 
Let  p  be  the  direct  stress  at  the  kyer  C  Cf ,  and  E  the  modulta 

ofeUuiMUy  of  the  material;  then  «  =  ^ ,  and  consequently,  the  cur* 


(1.) 


vature  has  the  following  values : — 

1        jp    ^  M 

r  ~Ey""EI' 

the  second  value  being  deduced  from  the  first  by  means  of  equation 
4  of  Article  293. 

TUT 

When  the  quantity  ^  =  y  '^^^sfor  different  points  of  the  beam, 

the  curvature  varies  also. 

Suppose  now  that  the  beam  is  under  its  proof  loctdy  and  let  3C, 
denote  the  greatest  moment  of  flexure  arising  i^m  that  load,  1^  the 
moment  of  inertia  of  the  cross  section  at  which  that  moment  acts, 
and  ^0  ^^6  distance  from  the  neutral  axis  of  that  section  to  the 
layer  where  the  limiting  intensity/ of  the  stress  is  attained.  Then 
the  curvature  will  be. 
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at  the  section  of  greatest  stress,  — 

^0 


at  any  other  section, 


Eyo""EIo^ 

J_    MIq 
Eyo'IMo' 


.(2.) 


The  exact  integration  of  this  equation  for  slender  springs,  in 
certain  cases,  will  be  considered  in  a  subsequent  Article.  For 
beams  it  is  integrated  approximately  in  the  following  manner  \ — 

Let  the  middle  of  the  neutral  axis  of  the  section  of  greatest  stress 
he  taken  as  the  origin  of  co-ordinates,  and  represented  by  A  in  figs. 


Fig.  141. 


Fig.  142. 


141  and  142.  For  a  beam  supported  at  both  ends  and  symme- 
trically loaded,  A  is  in  the  middle  of  the  beam  (fig.  141).  For  a 
beam  fixed  at  one  end  and  projecting,  A  is  at  the  fixed  end  i^g. 
H2).  Let  the  beam  be  so  fixed  or  supported  that  at  this  point  its 
neatral  surface  shall  be  horizontal,  and  let  a  horizontal  tangent, 
A  XC,  to  that  sur&ce  at  that  point  be  taken  as  the  axis  of  abeossiB; 

Let  A  0,  the  horizontai  distance  from  the  origin  to  one  end  of  the 
beam,  he  denoted  by  c,  which,  as  in  Articles  289  and  290,  is  the 
length  of  the  projecting  portion  of  a  beam  fixed  at  one  end,  and  the 
half-span  of  a  beam  supported  at  both  ends  and  symmetrically 

loaded  Let  A  X,  the  abscissa  of  any  other  point  in  the  beam  =  o^ 
Let  A  B  D  be  the  curved  form  assumed  by  the  neutral  sui&ce  when 
the  beam  is  bent,  which  form,  in  a  beam  supported  at  both  ends,  is 
concaye  upwards,  as  in  fig.  141,  and  in  a  beam  fixed  at  one  end 

ooncaye  downwards,  as  in  fig.  142.  Let  X  B  =  v  be  the  ordinate 
of  any  point  B  in  the  curve  A  B  D;  being  the  difference  of  level 

between  that  point  and  the  origin  A.  Let  C  D  =  V|  be  the  greatest 
ordinate :  this  is  what  is  termed  ^  dtfiedMm, 

The  vnMtuAiofn,  of  the  beam  at  any  point  B,  is  expressed  by  the 
equation 

.      d'o 
ftzsarc  tan  -=— ; 
dx 

and  the  ewrwAurty  being  the  rate  of  variation  of  the  inclination  in 
a  given  length  of  the  curve,  is  expressed  by 
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I 

r 


di 


di 


dx 


V 


1  + 


d^ 
d^ 


But  in  cases  wliich  occur  in  practice,  the  curvature  of  the  beam  is 
BO  slight,  that  the  arc  »  is  sensibly  equal  to  its  tangent,  the  <2qp0 

;  and  the  elementary  arc  £?«  is  sensibly  equal  to  its  horizontal 

projection  df  a; ;  so  that  the  following  equations  may  be  used  irithout 
sensible  error : — 


dv 
dx 


Slope, 
Curvature, 


%  = 


dv 


1 

r 


dx' 

di  __  €Pv 
dx"^  da?' 


.(3.) 


Therefore,  when  the  curvature  at  each  point  is  given  by  equation 
2,  the  slope  and  the  ordinate  are  to  be  found  by  two  saooessive 
integrations,  as  shown  by  the  following  equations  : — 


Slope, 
Ordinate, 


*-Jo  r  -E.v.'JoIM.-'**' 


Ey. 


•/:/: 


IM, 


da?. 


.(*•) 


The  greaUst  dope  ii — that  is,  the  slope  at  D — and  the  d^hcHon 
or  greatest  ordinate  Vi,  are  found  by  p^orming  the  campide  inte- 
grations between  the  limits  a;  =  0  and  x  =  c 

[Readers  who  are  not  familiar  with  the  int^ral  calculus  are 
rererred  to  Article  81  for  explanations  of  the  nature  of  the  process 
of  integration.] 

ML* 

In  both  the  integrals  of  the  formukd  4,  the  quantity  -prf-i^  * 

numerical  ratio  depending  on  the  mode  of  distribution  of  the  load- 
ing and  supporting  forces,  and  the  mode  of  variation  of  the  section 
of  the  beam.  Hence  it  is  evident  that  we  must  have  the  complete 
integrals 

/;>^...=»-.;/;/'M^..^=,.v;....p., 


where  m!*  and  n"  are  two  numerical  /actors  depending  on  the  dis- 
tribution of  the  forces  and  the  figure  of  the  beam ;  so  that  the 
greatest  slope  and  the  deflection  are  given  by  the  equations 


''  TE^ ' 

Jarlj  loaded  and  i 
;  hence,  for  sacli  I 
directly  at  tA«  U 
'  dejleciton  u  dine 
idepih. 

of  the  Jacton  m'- 1 
leams  of  umform 

M 
[ual  to  iTj^,  depeni 

r  be  found  hj  ihe  i 


St 

m" 

1 

1 

_* 

1 

9 

-^" 

1 
J 

3! 

I 
2 

I' 

■2 
S 

uniform  dapth,  the 
am,  in  wh&t  mami 

Tvature  is  unifonn, 
e.  For  a  beam  of 
Qtity  —    IS  confll 
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^ 'being  the  depth  at  the  section  of  greatest  bending  moment,  and 
h  the  d^th  at  any  other  section.  The  following  table  shows  some 
of  the  consequences  of  these  principles  : — 


< 

VI.    Uniform  strength) 
and  uniform  depth, ... . 

VlL    Uniform  strength, 
uniform  breadth ;  fixed 
at  one  end,  loaded  at 
the  other, 

VIIL   Uniform  strength, 
uniform  breadth ;  sup- 
ported at  both  ends, 
loaded  in  the  middle,.. 

IX.    Uniform  strength,  "j 
uniform  breadth;  fixed 
at  one  end,  uniformly 
loaded, ; 

X.    Uniform  strength, 
uniform  breadth ;  sup- 
ported at  both  ends, 
uniformly  loaded, 

MI, 
IMo 

w" 

n" 

1 

1 

I 
2 

v^ 

2 

2 
3 

V    c — X 

2 

2 
3 

c 

C — X 

Infinite. 

1 

c 

'=1-5708 

2-1  =  0-5708 

Jc'—a^ 

It  is  to  be  borne  in  mind,  that  the  values  of  m"  and  n"  for  beams 
of  uniform  strength,  as  given  in  the  above  table,  are  somewhat 
less  than  those  which  occur  in  practice,  because,  in  computing  the 
table,  no  account  has  been  taken  of  the  additional  material  which 
is  placed  at  the  ends  of  such  beams,  in  order  to  give  sofiGLcient 
resistance  to  shearing. 

The  error  thus  arising  applies  chiefly  to  m",  the  factor  for  the 
maxiTnum  slope.  For  the  factor  for  the  deflection,  n",  the  error  is 
inconsiderable,  as  experiment  has  shown. 

301.  Reflection  fomid  by  Oniphlc  ConatiwcltoB. — ^The  great  length 

of  the  radii  of  curvature,  which  are  the  reciprocals  of  the  curva- 
tures given  by  equation  2  of  Article  300,  and  the  smallness  of  the 
ordinates  of  the  curve  of  the  neutral  surface,  in  all  castes  which 
occur  in  practice,  render  it  neither  practicable  nor  useful  to  draw 
the  figure  of  that  curve  in  its  natural  proportions.  But  the  following 
process,  invented,  so  far  as  I  am  aware,  by  Mr.  C.  H,  "Wild,  enables 
a  diagram  to  be  drawn,  which  represents,  with  a  near  approach  to 
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aocoracy^  that  cmre,  vnth  iU  vertical  dimensuma  exaggercUed,  so  as 
to  show  oonspicnously  the  slopes  and  ordinates 

Compiite,  by  equation  2  of  Article  300,  the  radii  of  onrvature 
for  a  series  of  eqni-distant  points  in  the  beam.  Diminish  all  those 
ladii  in  any  proportion  which  may  be  convenient,  and  draw  a  curve 
composed  of  small  Gircnlar  arcs  with  the  diminished  radii  Then  in 
the  same  ratio  that  the  radii,  as  compared  with  the  horizontal  scale 
of  the  drawing,  are  diminished,  will  the  vertical  scale  of  the  draw- 
ing, according  to  which  the  ordinates  are  shown,  be  exaggerated. 

302.   The  ProporfioB  of  the  dieateat  INspth  of  a  Beam  to  the  Spaa 

is  80  regulated,  tiiat  its  greatest  deflection  shall  not  exceed  a  cer- 
tain proportion  of  the  span  which  experience  has  shown  to  be  con- 
sistent with  convenience.  That  proportion,  from  various  exampleef^ 
appears  to  be — 

«  11 

For  ike  wkiBg  load,  ^  =  from  ^^^  to  j^^. 

For  the  proof  load, ...  il  =  from  A  to  ^^. 

ha 

The  detomination  of  the  proportion,  —-,  of  the  greatest  depth  of 

the  beam  to  the  span,  so  as  to  give  the  required  stiflhess,  is  effected 
by  the  aid  of  equation  6  of  Article  300,  fix>m  which  we  obtain 

V\  _  n"/c 
2l~2Eyo' 

I^ow  yo^zm^hfy  m'  being  a  numerical  factor,  which  for  symmetri- 
cal sections  is  ^ ;  and  consequently  the  reqxdred  ratio  is  given  by 

the  equation 

h_     yo  n"fo    _  nV       2c  - 


2c""2m'^~2m'E«;i     4»>'E  '   ri' 


n" 


an  expression  consisting  of  three  factors :  a  factor,  -j — -„  depending 

on  the  distribution  of  the  load  and  the  figure  of  the  beam ;  a  factor, 

2c 

— >  being  the  prescribed  ratio  of  the  span  to  the  deflection ;  and  a 

^  / 

Isetor,  ~r,  being  the  proof  strain,  or  the  tvorking  strain,  of  the 

material,  as  the  case  may  be. 

To  illustrate  this,  let  the  beam  be  under  its  working  load,  uni- 
formly distributed,  and  let  it  be  of  uniform  section,  alike  above  and 
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K        *  1  A 

below.     Thenn"  =  - ,  m' = -.    Let  —  =  1000  be  the  prcacribed 

ratio  of  the  span  to  the  working  deflection.    Let  the  material  be 

wrought  iron,  for  whidh  ^f^  is  a  safe  yalue  for  the  working  strain 

i    Then 

ho_5^    1000  _  5  _     1 
2  c  ""  24  •  3000  ^  72  ^  14-4  ' 

which  is  very  nearly  the  average  proportion  of  depth  to  qiaa 
adopted  for  wrought  iron  girders  in  practice. 

303.  The  Slope  and   Deflection  ef  »  BeiMi  ■■der  mmr  IimUI  are 

given  by  the  following  formnlie : — 


,_^  fdx  _  I  rM 

f  fda?     1  /■  rM  -   , 


(1) 


To  integrate  these  equations,  it  is  only  necessary  to  substitate 

f 
for  the  constant  &ctor  ^,  in  the  equations  4,  5,  6,  Article  300,  its 

equivalent  -~,  M  q  being  now  not  the  proof  moment  of  flexure,  but 

Jo 
the  actual  moment  of  flexure  at  the  point  where  the  beam  is  hori* 

Bontal  j  that  is  to  say, 

Greatest  slope  Hi  =    ^^^-  ;  deflection  t;*,  =  —      "    »'-(^-) 

m"  and  n"  being  factors  depending  on  the  distribution  of  the  load, 
and  having  the  values  given  in  the  table  of  Article  300.  Now  the 
value  of  the  moment  of  flexure  is  given  in  tenns  of  the  load  and 
length  by  equation  1  of  Article  291,  and  the  ensuing  table,  viz., 
"M^z^mW  I;  and  the  value  of  1^  in  terms  of  the  dimensions  of 
the  rectangle  circumscribing  the  crcNss  section,  is  given  by  equation 
1  of  Article  295,  and  the  ensuing  table,  viz.,  to  =  n' 6  A';  hence  the 
above  equations  2  become 


i'.= 


m"mWle 


^1  = 


(3.) 


Moreover,  Z = e,  or  =  2  c,  according  as  the  beam  is  fixed  at  one  end 
only,  or  supported  at  both ;  so  that  if  m"',  n"',  be  a  pair  of  numeri- 
cal factors,  whose  values  are,  for  beams  fixed  at  one  end  only. 
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m*'  =  nCm',  n"'  =  n^m; 


and  for  beams  supported  at  both  ends, 

m"*  =  ^m^mi  n"*  =  2n''m; 
the  equations  3  become 

Wbenoe  it  appears,  that  the  deflections  of  similar  beams  nnder 

equal  loads  are  as  the  cubes  of  their  lengths,  and  inversdy  as  their 

breadths  and  the  cubes  of  their  depths. 

T 
The  values  of  n'  =  ~^  for  the  ordinary  forms  of  cross  section^  are 

given  in  the  table  of  Article  295.  The  following  table  gives  the 
values  of  m"  and  n"'  for  different  modes  of  loading  and  support- 
ing, for  beams  of  uniform  cross  section^  and  for  beams  of  uniform 
strength: — 

fn  n 

.     -—  ^  «  Factor  for    Factor  for 

A,  XJiaFOBM  CbOSS  SecHOK.  slope.       Deflection* 

L  Eixed  at  one  end,  loaded  at  the  other, -     -. 

J  3 

IL  l!ized  at  one  end,  loaded  uniformly, s    ^ 

in.  Supported  at  both  end£f,  loaded  in  the  middle,  7    ^. 

lY.  Supported  at  both  ends,  uniformly  loaded,.,  g    •    ~. 

B,  UmFOBM  Strength  aitd  TJkifobh 

Depto. 

Y.  Used  at  one  end,  loaded  at  the  other, 1  ^. 

VL  Fixed  at  one  end,  loaded  uniformly, 5  •«....  7. 

VII.  Supported  at  both  ends,  loaded  in  the  middle,  -  -. 

Vm.  Supported  at  both  ends,  loaded  uiuformly,..!  \ 
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nC*  n 


C,  TJnitorm  Strength  and  Uniform     F«ctor&r    Factor  for 

Breadth.  Slope.       DeflectiQD. 

2 
IX.  Fixed  at  one  end,  loaded  at  the  other, 2     ^. 

X.  Fixed  at  one  end,  uniformly  loaded, infinite. 5. 

XL  Supported  at  both  ends,  loaded  in  theciiddle,  1     ^. 

XII.  Supported  at  both  ends,  uniformlj  loaded,  0*3927  ...  0*1427. 

304.  DellectleH  wttk  Uniform  BfomeHt. — ^In  Article  292  the  case 

has  already  been  described,  in  which  a  beam  or  bar  of  unifiinn 

section  has  a  pair  of  equal  and  opposite  couples  in  the  same  plane 

applied  to  its  ends,  and  the  same  case  is  the  first  given  in  the  taUe 

01  Artide  300.     In  this  case,  M  and  I  are  oonstants,  m"  =  1,  and 

1 
n"  =  ^  j  and  accordiogly,  if  0  be  the  length  of  the  part  of  the  beam 

under  consideration,  and  i\  tlie  slope,  and  t/i  the  deflection,  of  one 
end  relatively  to  a  tangent  at  the  other, 

.,  _Mc       .  __  lie* 
*i-EI'   ^^^  2Er 


305.  The  B—iiiwice  or  Spring  of  n  Bomb  is  the  work  performed 

in  bending  it  to  the  proof  deflection.  This,  if  the  load  is  concen- 
trated at  or  near  one  point,  is  the  product  of  half  the  proof  load 
into  the  proof  deflection ;  that  is  to  say, 

^ (>■) 

If  the  load  is  distributed,  the  length  of  the  beam  is  to  be  divided 
into  a  number  of  small  elements,  and  half  the  proof  load  on  each 
element  multiplied  by  the  distance  through  which  that  element  is 
moved  during  the  proof  deflection  of  the  beanu  Let  u  be  that  dis- 
tance ;  then  for  beams  fixed  at  one  end. 


tt  =  «; 


(2.) 


and  for  beams  supported  at  both  ends. 

Let  dxhd  the  length  of  an  element  of  the  beam;  w  the  intensity 
of  the  load  on  it,  per  vsit  of  length;  then  the  resilience  is 
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\I 


uw  'dx (3.) 


The  cases  in  whicli  the  detemunation  of  resilience  is  most  useful 
in  practice  are  those  in  which  the  load  is  applied  at  one  point. 

Let  the  beam  be  fixed  at  one  end  and  loaded  at  the  other,  c 
being  the  length  of  its  projeddug  part  Then  by  Article  295, 
equation  3  (observing  that  m,=  lyl  =  c\ 

c     ' 

(n  being  gi^en  by  the  table  of  Article  295),  and  by  Article  300, 
equation  6, 

(»"  being  given  by  the  table  of  Article  300,  and  m'  by  that  of 
Article  295).     Consequently, 

BesUience  =  -77-^  =  75 — ,'-^'chh (4.) 

2         27n!    E  ^   ' 

It  will  be  observed  that  this  expression  consists  of  three  Actors, 
viz.: — 

(1.)  The  volume  of  the  prism  circumscribed  about  the  beam, 

(2.)  A  Modulus  of  Resilienoef  *^,  of  the  kind  already  mentioned 

in  Article  266. 

(3.)  A  numerical  £su;tor,  ^ — , ;  in  which  n  and  m'  (Article  295) 

depend  on  the  form  of  cross  section  of  the  beam,  and  n"  (Article 
300)  on  the  form  of  longitudinal  section  and  of  plan.  The  follow- 
ing are  values  of  this  compound  factor  for  a  reda/ngvla/r  ci'oss 

section,  for  which  n  =  s,  «»'  =  s,  and  therefore  ^ — >  =-7r : — 

o  J  J971       o 


T 
1, 

L  Uniform  breadth  and  depth, r^. 

XL  Uniform  strength,  xmifonn  depth, r^. 

IJUL  Uniform  strength,  unifoi'm  breadth, -5. 
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If  a  beam  be  supported  at  both  ends  and  loaded  in  the  middle, 

its  length  being  ^  =  2  c,  its  proof  deflection  is  the  same  with  that  of 

a  beam  of  the  same  transverse  dimensions  and  of  the  length  c, 

fixed  at  one  end  and  loaded  at  the  other ;  and  its  proof  load  is 

double  of  that  of  the  latter  beam ;  therefore  its  resilienoe  is  doable 

of  that  of  the  latter  beam.    Consequently,  for  rectangular  beams  of 

the  half-span  c,  supported  at  both  ends  and  loaded  in  the  middlei^ 

we  have  the  following  values  for  the  numerical  factor  of  the 

resilience : —  . 

n 

T 

1 

lY.  Uniform  breadth  and  depth,...,... ;r. 

y.  Uniform  strength,  imiform  depth, -. 

YL  Uniform  strength,  imiform  breadth,.. ^. 

306.  A  Saddenir-Appiied  Transrcne  i<mi4,  like  the  suddenly- 
applied  pull  of  Article  267,  produces  at  first  double  the  maximum 
stress,  and  double  the  strain,  which  the  application  of  a  load 
gradually  increasing  fix)m  nothing  to  the  amount  of  the  given 
load  would  produce.  It  is  unnecessary  to  demonstrate  this  in 
detail,  the  reasoning  being  the  same  with  that  employed  in  Article 
267. 

The  contingency  of  the  sudden  application  of  a  moving  load  is 
provided  for  by  the  fiictor  of  safety,  which  expresses  the  ratio  of 
the  proof  load  to  the  working  load  (Article  247i 

The  action  of  the  rolling  load  to  which  a  railway  bridge  is  sub- 
jected is  intermediate  between  that  of  an  absolutely  sudden  load 
and  a  perfectly  gi-adual  load.  It  has  been  investigated  mathemati- 
cally by  Mr.  Stokes,  and  experimentally  by  Captain  Galton,  and 
the  results  are  given  in  the  Report  of  ijie  Commissioners  on  the 
Application  of  Iron  to  Railway  Structures.  The  practical  con- 
clusion to  be  drawn  from  them  is,  that  a  moving  load  requires  a 
larger  &ctor  of  safety  than  a  steady  load. 

307    Beam  Fixed  at  Belli  Ends. — A  beam  is  Jiooedy  as  well  as 

c ^  j^ c        supported,  at  both  ends,  when 

Z^II^^irrrr^rr:::^^^'^.--^-!-^  *  P*^^  ^^  equal  and  opposite 

Y^       "^^     '    -^^^^^      11^  couples  are  made  to  act  on  the 

Fiff.  143.  vertical  sectional  planes  at  its 

I)oints  of  support,  of  magnitude 
sufficient  to  maintain  its  longitudinal  axis  horizontsJ  there,  and  so 
to  diminish  the  deflection,  slope,  and  curvature  of  its  middle  por- 
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tion.  This  is  generallj  accomplished  by  making  the  beam  form 
part  of  one  continuous  girder  with  seTeral  points  of  support,  or  by 
making  it  project  on  either  side  beyond  its  points  of  support,  and 
so  fastening  or  loading  the  projecting  portions,  that  their  loads,  or 
the  resistance  of  their  fastenings,  shall  give  the  required  pair  of 
oouple& 

In  fig.  143,  let  C  B  A  B  C  represent  a  beam  supported  at  the 
points  C,  C,  loaded  along  its  intervening  portion,  and  so  fixed  or 
loaded  beyond  these  points  that  at  them  its  longitudinal  axis  is 
horizontal,  instead  of  having  the  slope  i|,  which  it  would  have 
if  the  beam  were  simply  su^oparted  at  C,  C,  and  not  fixed.  At  each 
of  the  vertical  sections  above  the  points  of  suppoi-t,  0,  C,  there  is 
an  untfarmly--v{Mrymg  horizontal  stress,  being  a  pull  above  and  a 
thrust  below  the  neutral  axis;  and  the  moment  of  that  pair  of 
stresses  is  that  of  the  pair  of  equal  and  opposite  couples  which 
nuiintain  the  beam  horizontal  at  the  points  of  support  It  is  re- 
quired to  find, — ^in  the  first  place,  that  resisting  moment  at  the 
vertical  planes  of  support  (from  which  the  stress  on  the  material 
there  may  at  once  be  found);  and  secondly,  the  effect  of  that 
moment  on  the  curvature,  slope,  deflection,  and  strength  of  the 
beam. 

The  general  method  of  solution  of  this  question  is  as  follows : — 
Compute,  by  equation  3  of  Article  303,  %i,  the  slope  which  the 
neuteal  sui&oe  of  the  beam  would  have  at  the  points  0,  C,  if  it 
were  simply  supported  there,  and  not  fixed.  Then,  by  Article 
304,  find  the  utv^orm  moment  of  flexure,  which,  if  it  acted  on  the 
beam  in  such  a  manner  as  to  make  it  become  convex  upwards, 
would  produce  a  slope  at  the  points  C,  C,  eqiuxl  and  oovUrari/  to 
^].  This  will  be  the  required  moment  of  resistfiince  at  the  vertical 
sections  C^O,  fix)m  which  the  greatest  stress  on  the  material  at 
those  sections  can  be  found  by  equation  4  of  Article  293.  It  will 
afterwards  appear  that  this  is  the  greatest  stress  on  the  beam ;  so 
that  by  putting  it  instead  of  M^  =  m  W  2  in  equations  2  of  Article 
294,  and  3  of  Article  295,  the  conditions  of  strength  of  the  beam 
are  determined  Denote  this  moment  by  —  Mi,  the  negative  sign 
denoting  that  it  tends  to  produce  convexity  upwards,  while  the  load 
on  the  beam  tends  to  produce  convexity  downwards. 

Let  M  be  what  the  moment  of  flexure  at  any  point  of  the  beam 
vxuld  he,  if  it  were  simply  supported  at  C,  C.  Then  the  actual 
moment  of  flexure  is 

M-Mi, 

and  by  substituting  this  for  M  in  the  equations  of  Articles  300  and 
303,  the  curvature,  slope,  and  deflection,  with  the  proof  load,  or 
with  any  load,  are  found. 
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WlieiQB  M  is  the  greater,  as  ob  A,  the  beam  is  convex  doim- 
wards.  Where  Mi  is  the  greater,  as  at  C,  the  beam  is  oanvez  up- 
wards. There  are  a  pair  of  points,  B,  B,  at  which  M  =:  Mj,  so 
that  the  moment  of  flexure,  and  consequently  the  curvature,  vanish, 
and  the  beam  is  subjected  to  a  shearing  force  alone;  these  are 
called  the  poirda  of  contrary  flexure;  and  they  divide  the  middle 
part  of  the  beam,  which  is  convex  downwards,  firom  the  two  end- 
most  parts,  which  are  convex  upwards. 

In  expressing  the  solution  of  this  problem  by  foimulse,  four 
cases  will  be  taken  into  consideration,  viz.: — 

1.  The  case  of  an  uniform  beam,  with  a  symmetrical  load  in 
general 

2.  Beam  of  uniform  section,  loaded  in  the  middla 

3.  Beam  of  unifonn  section,  loaded  uniformly. 

4.  Beam  of  unifoim  strexigth  and  uniform  depdi^  mufonnly 
loaded. 

Case  1.  Symmehieal  load  on  a  beam  of  imfbrm  9Ktitm.  By 
Article  303,  equation  3,  observing  that  2  =  2  c,  we  have 

.,  _2fi^m    Wc« 

and  by  Article  304, 

Ml  = •*  = i  ; 

consequently, 

Ml  =  2m''m  W c  = «»"  •  m WZ  =  m"  •  Mi, (1.) 

M^  being  what  the  moment  of  flexure  at  A  wndd  hone  besn,  had 
the  beam  been  simply  supported. 

The  values  of  m  are  given  in  Article  300. 

Let  Mo  be  the  actual  moment  of  flexure  at  A.    Then 

M'o  =  (1— mO  M;, (2.) 

The  greatest  moment  of  flexure  must  be  either  at  A  or  C,  or  at 
both,  if  the  moments  at  these  sections  be  equal  and  opposite.    But 

for  beams  of  uniform  section,  m"  is  never  less  than  ^ ;  therefore 

the  greatest  moment  of  flexure  is  at  C,  or  both  at  0  and  A,  and 
never  at  A  alone. 

The  strength  of  the  beam  is  expressed  by  the  following  formula, 
obtained  by  putting  M^  instead  of  m  W  /,  in  equation  3  of  ArticLe 
295  :— 

Mi  =  m''mW;=n/6A2;  W  =  ^4^^J (3.) 
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/  being  the  limit  of  proof  or  working  stress^  as  the  case  maj  be, 
and  n  a  &ctor  suitable  to  the  form  of  section  of  the  beam,  as  given 
by  the  table  of  Article  295. 

Hence  it  appears,  that  hy  fadng  the  ends  of  am  v/niform  beam,  so 
thai  they  shall  be  horvsorUaly  its  strength  is  increased  in  tJie  raJlHo  1 :  m\ 

The  deflection  is  found,  by  subtracting  that  due  to  the  uniform 
moment  Mi  from  that  which  the  load  would  produce  if  the  beam 
were  simply  supported  at  C  and  C.  The  former  of  these  quan- 
tities, according  to  Article  304,  is 

2EI~"    2EI    ' 

and  the  latter,  according  to  Article  303,  equation  2,  is 

n"Mo(^  _^n''M,<f 
EI     ""^?TeT  * 

so  that  the  deflection,  their  difference,  is 

fn"       l\     M,c^       /  ,,      m"\     Moc-         ,., 
^•=U-2>)-   Er=r— 2-|-  ET (^^ 

From  the  last  of  those  expressions,  it  appears  that  by  fixing  the 
ends  horizontal,  an  uniform  beam  is  made  stiffer  under  a  given 
load  in  the  ratio 


""  =  (""-?-)• 


If,  in  the  first  expression  for  the  deflection,  it  be  considered  that 
Ml  is  the  moment  of  resistance  corresponding  to  the  proof  or  limit- 
ing stress  at  the  section  C,  we  may  make 

M._/   . 

I  ~yo  ' 

so  as  to  obtain  the  following  expression  for  the  deflection  under  the 
proof  load : — 

/n'         l\/c» 

'"=w-2-;e7o ^^-^ 

being  less  than  the  proof  deflection  of  a  beam  simply  supported,  as 
given  by  equation  6,  Article  300,  in  the  ratio 


(S-|)=~'- 


The  points  of  contrary  flexure  are  to  be  found  in  each  particular 
by  solving  the  equation 

M-M,  =  0 (6.) 
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Oa8E  2.   Uwfarm  MAom,  loaded  in  the  middh. 

1 
3' 


1.1.1 


...(7.) 


(a) 


The  points  of  oontraiy  flexure  aie  midway  between  A  and  G. 
Case  3.—Un^onn  taaUon,  uniformly  loaded, 

W  =  2cw 
1,2.6 

1     /«• 

The  points  of  contraiy  flexure  are  thus  found    By  {he  iaUe  of 
Article  300^  case  6, 

M.(l-Dl>...|(l-5)«„      . 

80  that  in  order  to  have  M  =:  M|^  we  must  make 


l_^  =  |jor«  =  -^  =  0-577c;. 


.(9.) 


which  equation  gives  the  distance  of  each  of  the  points  of  contraiy 
flexure  B,  from  A,  the  middle  of  the  beam. 

Case  4.  Uniform  strength,  uniform  deptk,  ^miform  load.    In  Hiis 
case  the  uniformity  of  strength  is  attained  by  making  the  breadth 

at  each  point  proportional 
to  the  moment  of  flexure,  as 
c  shown  in  the  plan^  fig.  ]  44, 
preserving,  at  the  points  of 
contrary  flexure  B,  B,  a 
Fig.  144.  suflBcient  thidmess  only  to 

resist  the  shearing  force. 
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As  shown  in  Article  300^  case  6,  the  curvature  of  the  beam  is 
nnifonn  in  amount,  changing  in  direction  only  at  the  points  of 
contrary  flexure.  Therefore,  in  fig.  143,  0£  and  BA,  at  each 
side  of  the  beam,  are  two  arcs  of  circles  of  equal  radii,  horizontal 
at  A  and  C,  and  touching  each  other  at  B;  therefore  those  arcs 
are  of  equal  length ;  ther^ore  each  point  of  contrary  flexure  B  is 
midway  between  the  middle  of  the  beam  A  and  the  point  of  sup- 
port C. 

It  is  evident  also,  that  the  proof  deflection  of  the  beam  must  be 
doable  of  that  of  an  xmiformly  curved  beam  of  half  the  span,  sup- 
ported at  the  ends  without  being  flxed ;  that  is  to  say,  one-half  of 
that  of  an  uniformly  curved  beam  of  the  same  span,  suf^rted  but 
not  fixed;  or  symbolically 


•'=i-i£ (»«•) 


The  actual  moment  of  fiexure  at  A  must  be  the  same  as  in  an 

W 

uniformly  loaded  beam,  with  the  same  intensity  of  load  1(7=:^—, 

supported,  but  not  fixed  at  B,  B;  that  is  to  say, 

and  therefore,  the  moment  of  flexure  at  C  is 

hi  being  the  breadth  of  the  beam  at  C,  which  is  three  times  the 
breadth  Bq  at  A. 

To  And  the  breadth  at  any  other  point,  it  is  to  be  observed,  that 
the  moment  of  flexure  at  the  distance  x  from  A  is 

M-M,=         ^ 8-V3-3?j^'--(^^) 

and  that  consequently  the  breadth  5,  which  is  proportional  to  the 
moment  of  flexure,  is  given  by  the  equation 

'=K'-^^=('-^'» <"•> 

In  using  this  equation,  the  positive  or  negative  sign  of  the  result 
merely  indicates  the  direction  of  the  curvature. 

Aocording  to  equation  14,  the  figure  of  the  beam  in  plan  (fig. 
144)  oonsistB  of  two  parabolas,  having  tiieir  vertices  at  A,  and 

z 
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inteneotmg  eacb  other  in  the  pointB  of  contrary  flezare,  B,  B,  for 

which  OS  :=:=i=-5. 

The  breadth  which  mnst  be  left  at  B,  to  resist  shearing,  will 
appear  from  the  next  Article. 

308.  A  Mwii  Fixed  at  Omt  BbA  and  Bappwlud  at  Balk  ifi  sensiblj 

in  the  same  condition  with  the  part  0  B  A  B  of  the  beam  in  fig. 
143,  extending  from  one  of  the  fixed  points  C  to  the  fcurther  point 
of  contraiy  flexure,  which  now  represents  a  point  gupporteAf  but  not 
fixed.  Hence  if  a  continuous  girder  be  supported  on  a  series  of 
piers,  the  span  of  each  of  the  endmost  bays  should  be  to  the  Bpuk 
of  each  intermediate  bay,  in  the  ratio  c+se^  :  2  c,  where  x^  is  the 
distance  A  B  from  the  lowest  point  to  a  point  of  contrary  flexure.* 

309.  ShcHriag  0mai  In  Bcaau. — ^It  has  already  been  shown,  in 
Article  288,  how  to  find  the  amount  F  of  the  bearing  force  at  a 

given  vertiad  cross  section  of  a  beam ;  and  examples  of  that  force 
in  particular  cases  haye  been  given  in  Articles  289  and  290.  The 
object  of  the  present  Article  is  to  show  the  manner  in  which  the 
stress  which  resists  that  force  is  distributed. 

In  Article  104  it  has  been  shown,  that  the  intensities  of  the  tan- 
gential stresses  at  a  given  point,  on  a  pair  of  planes  at  right  angles 
to  each  bther  and  to  the  plane  parallel  to  which  the  stresses  act, 
are  necessarily  equal.  Hence,  in  order  to  determine  the  intensity  of 
the  vertical  shearing  stress  at  a  given  point  in  a  vertical  section  of 

a  beam,  such  as  the  point 

•^°  ^  E  in  the  vertical  section 

G  E  B  of  the  beam  repre- 
sented in  fig.  Ii5,  it  ia 
sufficient  to  find  the  eqnsl 


«,^  . ..  intensity  of  the  hoiiaontal 

^^^  8h««Dg8traB»ttheaHn6 

point  E  in  the  horizontal  plane  E  F.  The  existence  of  that  hori- 
zontal shearing  stress  is  fiEuniliarly  known  by  the  fact^  that  if  a 
beam,  instead  of  being  one  continuous  mass,  be  divided  into 
separate  horizontal  layeref,  those  layers  wiU  slide  on  each  other  like 
the  layers  of  a  coach  spring.  The  intensity  of  that  stress  is  found 
as  follows  :— 

Let  H  F  D  be  another  vertical  section  near  to  G  E  R  If  the 
moment  of  flexnre  at  H  F  D  diflers  from  that  at  G  E  B,  there  must 
be  a  corresponding  difference  in  the  amount  of  the  direct  stress  on 
two  corresponding  parts  of  the  planes  of  section,  such  as  G  £  and 
HF.  (In  the  case  shown  in  the  figure,  that  direct  stress  is  a  thrust, 
and  is  greatest  at  G  E).  That  dMerence  constitutes  a  horizontal 
force  acting  on  the  solid  H  F  E  G;  and  in  order  to  maintain  the 

*  See  Article  30Sa,  p.  041. 
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eqnilibriiiin  of  that  solid,  the  amount  of  shearing  stress  on  the  plane 
FE  must  be  equal  and  opposite  to  that  horizontal  force.  That 
amount  being  diyided  by  the  area  of  the  plane  F  E^  gives  the 
intenfiitj  of  the  shearing  stress. — Q.  E.  L 

From  the  forgoing  solution  it  is  obvious^  that  the  shearing  stress 
is  notMng  at  the  upper  and  lower  surfaces  of  the  beam;  because  the 
entire  direct  stress  on  each  cross  section  is  nothing.  This  might 
also  be  proved  by  reasoning  like  that  of  Article  278.  It  is  iJso 
obvious  that  the  shearing  stress  in  the  vertical  layer  between  the 
two  planes  of  section  is  greatest  at  D  B,  where  they  cut  the  neutral 
sur&oe  O  C,  at  which  the  direct  horizontal  stress  changes  from 
thrust  to  pull;  for  at  that  sor&ce  the  horixontal  force  to  be 
balanced  by  the  shearing  stress  reaches  its  TnATirrmTn. 

To  express  this  solution  symbolically  in  the  case  of  a  beam  of 

uniform  cross  section;  letOB=a;,  00  =  c,  BlS  =  ^,30=^19 

B  D  =  E  E  (sensibly)  =  dxy  let  the  breadth  of  the  beam  at  any 
point  E  be  denoted  by  Zy  and  at  the  neutral  surface  by  z^ 

Let  p  be  the  intensity  of  the  direct  horizontal  stress  at  E,  q  that 
of  the  shearing  stress  at  E,  and  ^o  ^^^  of  the  maYiTrmni  shearing 
stress  at  R     ^en  by  equation  4  of  Article  293, 

M 

and  the  amount  of  the  direct  stress  on  the  sectional  plane  between 
G  and  E  is 

-J  J     yz'dy. 

The  horizontal  force  by  which  the  solid  H  E  E  G  is  pressed  from  O 
towards  0,  is  the  excess  of  the  value  of  the  above  quantity  for  G  E 
above  its  value  for  H  F;  which  excess  arises  from  the  excess  of  the 
moment  of  flexure  M  at  G  E  B  above  the  moment  of  flexure  at 
H  FD,  farther  from  the  middle  of  the  beam  by  the  distance  dx. 
That  difference  of  the  moments  of  flexure  is  obviously  equal  to 

"Edx. 

F  being  the  cmyyumt  of  the  shearing  force  at  the  vertical  layer  in 
question;  consequently,  the  horizontal  force,  which  the  shearing 
stress  on  the  plane  F  E  is  to  balance,  is 

Dividing  this  by  the  area  of  the  plane  F  E,  which  zazdXy  the 
required  intensity  of  the  shearing  stress  is  found  to  be 
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y  =  J-;  /["  y  « •  «^y ; (i.) 

and  the  maxiinttm  valiie  of  that  intensity,  for  the  given  vertical 
layer,  which  acts  at  D  B  in  the  neutral  snr&ce,  is 

^•=^/>*'''y (2-) 

The  same  results  are  in  every  case  obtained,  whether  the  upper  or 
the  lower  surfiMie  of  the  beam  be  taken  as  the  limit  of  int^;ration 

indicated  by  yj  the  complete  integral  /  y  z*  dy^  for  the  whole 

cross  section  of  the  beam,  being  =:  0,  liecause  of  y  being  measured 
from  the  neutral  axis,  which  traverses  the  centre  of  gravity  of  that 
section. 

Let  S  =  f  zdyhe  the  area  of  the  cross  section  of  the  beam. 
Then  the  mean  intensity  of  the  shearing  stress  is 

F 

and  the  maximum  intensity  exceeds  the  mean  in  the  following 
ratio  :^ 

T-=I^/.y*''J'' <^> 

a  ratio  depending  wholly  on  the  figure  of  the  cross  section  of  the 
beam.    The  following  table  gives  some  of  its  values : — 

a  S 

Figure  of  Cross  Section.  tL.. 

L  Rectangle,  ;3o  =  ^9 - o  • 

4 
n.  Ellipse, ^ . 

ILL  Hollow  Eectangle—  1 

This  includes  I-shaped  sec-  f  2*     (6-6V(^*'-6'A'*)    * 
tions, J 

IV.  Hollow  square, /*•- A'", |(l+^!^^V 

V.  YI.  Hollow  ellipse  and  hollow  drde;  the  numerical  factor-^; 

the  symbolical  fe^cbor'y  the  same  as  for  ihe  hollow  xectangle 
and  hollow  square  respectively. 
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section,  the  preceding  reenlta,  thongh 
ar  enongh  to  the  tmtli  for  piacti«il 

strong  upper  and  lower  flanges  or 
a  thin  vertical  web  or  webs,  like  the 
be  ti-eated  of  in  a  subsequent  section, 
ited  as  if  it  were  entirely  bome  by  the 
formly  distribnted. 

CH  !■  Biamk — Letji  ^0  the  intenrity 
i,  and  ^  that  of  the  bearing  stress,  at 
in  a.  beam.  Then  the  axes  of  principal 
ensities  of  the  pair  of  principal  stresses, 
,  Problem  IV.,  case  4,  In  the  equa- 
that  problem,  for  p„  the  normal  com- 
ical plane,  is  to  be  put  p;  forp'„  the 
)SS  on  a  horizontal  plane,  is  to  be  put 
angentdal  component,  is  to  be  put  q. 

tc^en  to  denote  the  horizontal  and 
mint  S,  p,  and  pt  may  be  taken  to 
st  principal  stresses  instead  otp,  and 
e  axis  ta  greatest  stress  makes  fritli 


e  112  becomes 

^-|. 

n/i^'-: 

M?^^}- 

M?..}. 

he  greatest  principal  stress  is  of  the 
rizontal  stress,  and  the  least  principal 
E^urther,  equation  23  becomes 

'^'.-'-f w 

7?. 


4'/ 


,..(3.) 
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If  i|  be  the  angle  which  the  axis  of  least  stresB  makes  with  the 
horizon,  then,  heanae  t,  —  »,  =  ^^%  "^^  ^^^ 

Eqn&tioDS  3  and  4  show  that  the  axes  of  greatest  and  least  stress 
are  indined  opposite  ways  to  the  horizon  (as  indeed  th^  most  be, 
being  perpendicular  to  each  other),  the  inclination  of  the  axis  of 
least  stress  being  the  steeper. 

If  those  indiimtions  be  computed  for  a  nnmber  of  different  points 
in  the  vertical  section  of  a  beam,  and  the  directions  of  the  axes  of 

stresB  at  those  points  hdd  down  on 
a  drawing,  a  network  of  lines,  con- 
sisting of  two  series  of  lines  inter- 
secting each  other  at  right  angles. 
Fig.  146.  as  in  fig.  146,  may  be  drawn,  so  that 

each  line  shall  touch  the  axes  of  stress  traversing  a  aeries  of  points, 
and  so  tiiat  the  tangents  to  the  pair  of  lines  which  cross  at  an j 
given  point  shall  be  the  axes  of  stress  at  that  point  These  lines 
may  be  called  the  lines  qf  principal  stress.  For  a  beam  supported 
at  the  ends,  the  lines  convex  upwards  are  lines  qf  tkrtut,  and  those 
convex  downwards  lines  qf  tension.  They  all  intersect  the  neutral 
sur&ce  at  angles  of  45^  The  stress  along  each  of  those  lines  is 
greatest  where  it  is  horizontal,  and  gradually  diminishes  to  nothing 
at  the  two  ends  of  the  line,  where  it  meets  the  sui&ce  of  the  beam 
in  a  vertical  direction. 

311.  Diroet  Vertical  sinm. — It  is  to  be  observed,  that  no  account 
has  yet  been  taken  of  the  direct  vertical  stress  upon  such  planes  as 
F  £  (fig.  145)  in  a  loaded  beam,  that  stress  having  been  treated  in 
the  last  Article  as  if  it  were  nulL  The  reasons  for  this  aie — first. 
That  the  direct  vertical  stress  is  in  most  practical  cases  of  small 
intensily  compared  with  the  other  elements  of  stress ;  secondly. 
That  the  mode  of  its  distribution  can  be  modified  in  an  indefinite 
variety  of  ways  by  the  modes  of  placing  the  load  on  or  attaching 
it  to  the  beam,  so  that  formulae  applicable  to  one  of  those  modes 
would  not  be  applicable  to  another---(in  fact,  by  a  certain  mode  oc 
loading,  it  can  even  be  reduced  to  nothing) ;  and  thirdly,  That  its 
introduction  would  complicate  the  fcsmuls  without  adding  mate- 
rially to  their  accuracy. 

312.  SanU  BAMt  •f  Shcutec  fltvMs  «p«B  Prftocti— — ^A  shearing 


stress  of  the  intensity  q  produces  a  distortion  represented  by  ^ 

C  being  the  transverse  elasticity,  as  already  explained  in  Article 
262.     The  dope  of  any  given  originally  horizontal  layer  of  the 


bjth 


dy. 


tofli 
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xf\_  3     E    A» 

».  ~W  0"? ^•' 

E  A      1 

For  wrought  iron  (for  example)  -r^  =  about  3.      Suppose  -  =  ~, 

\j  c       t 

t^       9         1 
which  is  an  ordinary  proportion  in  practice ;  then  — *  =  ^^  =  — — 

nearly,  a  quantity  practically  inappreciable; 

It  appears,  then,  that  the  distortion  produced  by  the  shearing 
stress  in  beams,  even  at  the  neutral  suiiace,  where  it  is  greatest, 
produces  a  deflection  which  is  very  small  compared  with  that  due 
to  the  bending  action  of  the  load ;  and  that  the  alteration  of  the 
external  figure  of  the  beam  must  be  smaller  still ;  fiom  which  it 
may  be  concluded,  that  in  ordinary  practical  cases  there  is  no  occsr 
sion  to  compute  the  additional  deflection  due  to  the  shearing  stress. 

313.  paiUaUy-liMided  b«im« — ^In  designing  beams  for  the  supn- 
port  of  roads  and  railways,  or  for  any  other  situation  in  which  one 
part  of  a  beam  may  be  loaded  and  another  unloaded,  it  is  neoessazy 
to  consider  whether  a  partial  load  may  or  may  not  produce,  at  any 
point  of  the  beam,  a  more  intense  strass  than  an  umfonn  load  over 
the  whole  beam. 

The  case  of  this  kind,  which  is  most  important  in  practice,  is 
that  in  which  a  beam  supported  at  both  ends  is  unifoimly  loaded 
throughout  a  certain  portion  of  its  length  and  unloaded  throu^out 
the  remainder  j  and  its  solution  depends  on  two  theorema 

Theobem  I.  For  a  given  iniensUy  of  load  per  WMi  of  length,  an 
uniform  load  over  the  wkdU  beam  produoea  a  greater  momenl  of 
flexwre  at  each  cross  section  than  amy  partial  had 

Let  the  two  ends  of  the  beam  be  <»lled  C  and  D,  and  any  inter- 
mediate cross  section  E.  Then  for  an  untform  loAd,  the  moment 
of  flexure  at  E  is  an  upward  moment,  being  equal  to  the  upward 
moment  of  the  supporting  force  at  either  of  the  ends  relatively  to 
E,  minus  the  downward  moment  of  the  uniform  load  between  that 
end  and  B.  A  partial  load  is  produced  by  removing  the  unifonn 
load  from  part  of  the  beam,  situated  either  between  E  and  C,  be- 
tween E  and  D,  or  at  both  aides  of  E.  Eirst,  let  the  load  be 
removed  from  any  part  of  the  beam  between  E  and  C.  Then  tJie 
downward  moment,  relatively  to  E,  of  the  load  between  E  and  D  is 
unaltered ;  and  the  upward  moment,  relatively  to  E,  of  the  support- 
ing force  at  D  is  diminished,  in  consequence  of  the  diminution  of 
that  force ;  therefore  the  moment  of  flexure  is  diminished.  A  similar 
demonstration  applies  to  the  case  in  which  the  load  is  removed 
from  a  part  of  the  beam  between  E  and  D  ;  and  the  combined  efiect 
of  those  two  operations  takes  place  when  the  load  is  removed  from 
portions  of  the  beam  lying  at  both  sides  of  E  ;  so  that  the  removal 
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of  the  locuifrom  any  portion  of  ike  beam  dimimBhea  the  fnoment  of 
Jkxure  <U  eackpomL — Q.  EL  D. 

HeDce  it  follovB,  that  if  a  beam  be  strong  enough  to  bear  an  uni* 
form  load  of  a  given  intensiti/,  ii  irnll  bea/r  any  partial  load  of  the 
same  intensity. 

Theobem  IL  For  a  given  intensity  of  load  per  anit  of  length,  tJia 
greatest  shearing  force  at  any  given  cross  section  of  a  beam  takes  j)lace 
tchen  the  longer  of  the  two  parts  into  which  that  section  divides  the 
beam  is  loaded  and  the  shorter  unloaded. 

Let  the  endB  of  the  beam,  as  before,  be  called  0  and  D,  and  the 
given  cross  section  E ;  and  let  C  £  be  the  longer  part,  and  E  D  the 
shorter  part  of  the  beam.  In  the  first  place,  let  0  E  be  loaded  and 
E  D  imioaded  Then  the  shearing  force  at  E  is  equal  to  the  support- 
ing force  at  D,  and  consists  in  a  tendency  of  E  D  to  slide  upwards 
rdativelyto  CR  The  load  may  be  altered,  either  by  putting 
weight  between  D  and  E,  or  by  removing  weight  between  G  and  R 
If  any  weight  be  put  between  D  and  £,  a  force  equal  to  part  of 
that  weight  is  added  to  the  supporting  force  at  D,  and  therefore  to 
the  shearing  force  at  E;  but  a  force  equal  to  the  whole  of  that 
wei^t  is  taken  away  from  that  shearing  force ;  therefore  the  shear- 
ing force  at  E  is  diminished  by  the  alteration  of  the  load  If 
weight  be  removed  from  the  load  between  C  and  E»  the  shearing 
force  at  E  is  diminished  abo,  because  of  the  diminution  of  the 
supporting  force  at  D.  Therefore  any  alteration  from  that  distrir 
budon  of  the  load  in  which  the  longer  segment  CE  is  loaded,  and  the 
shorter  segment  E  D  unloaded,  diminishea  the  shearing  force  cA  R 
— Q.  R.D. 

In  designing  beams  where  the  shearing  force  is  borne  by  a  thin 
vertical  web,  or  by  lattice  work  (as  in  plate,  lattice,  and  other 
compound  girders,  to  be  considered  more  frdly  in  a  subsequent  sec- 
tion), it  is  necessary  to  attend  to  this  Theorem,  and  to  provide 
strength,  at  each  cross  section,  sufficient  to  bear  ^e  shearing  force 
which  may  arise  from  the  longer  segment  of  the  beam  being  loaded 
and  the  shorter  unloaded. 

To  find  a  formula  for  computing  that  force,  let  e  be  the  half-span 
of  the  beam,  x  the  distance  of  the  given  cross  section,  E,  from  the 
middle  of  the  beam,  and  w  the  uniform  load  per  unit  of  length  on 
the  loaded  part  of  tiie  beam  C  R     The  length  of  that  part  is 

CB  =  c  +  a:; 

and  the  amount  of  the  load  upon  it, 

to  (c  +  «). 

The  centre  of  gravity  of  that  load  lies  at  a  distance  from  the  end, 
O,  of  the  beam  which  is  represented  by 
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and  therefore  the  upward  supporting  force  at  the  other  end  of  the 
beam,  D^  which  is  also  the  shearing  force  at  E,  is  given  hy  the 
equation 

F  =  «7(c  +  a?)-— 5—  -j-  2 c  =     \      / (1.) 

It  has  already  been  shown,  in  Article  290,  that  the  shearing  force 
at  a  given  cross  section  with  an  uniform  load  is  F  =  ti;  a; ;  hence 
the  exoeas  of  the  greatest  shearing  force  at  a  given  aross  section 
with  a  partial  load,  above  the  shearing  force  at  the  same  crosB 
section  with  an  uniform  load  of  the  same  intensity,  is 

F-F  =  t£:^'. (2.) 

4c 

At  the  ends  of  the  beam  this  excess  vanishesw     At  the  middle^  it 

consists  of  the  whole  shearing  force  !P  =  j  «o  c,  or  one  quarter  of 

the  shearing  force  at  the  ends ;  that  is,  one-eighth  of  ihe  aatKNmt 
of  an  uniform  load. 

314.  AllvwMice  ftv  "Wtiffiu  «f  Bcma. — When  a  beam  is  of  great 
span,  its  own  weight  may  bear  a  proportion  to  the  load  which  it 
has  to  carry,  sufficiently  great  to  require  to  be  taken  into  account  in 
determining  the  dimensions  of  the  beam.  Before  the  weight  of  the 
beam  can  be  known^  however,  its  dimensions  must  have  heeaa.  de- 
termined, so  that  to  allow  for  that  weight,  an  indirect  process  must 
be  employed. 

As  already  explained  in  Article  302,  the  dq>th  of  a  beam  is  de- 
termined by  the  deflection  which  it  is  desired  to  allow ;  and  tibe 
brecuith  remains  to  be  fixed  by  conditions  of  strength,  the  starengtii 
being  simply  proportional  to  the  breadth. 

Let  b'  denote  the  breadth  as  computed  by  considering  the  €B> 
ternal  load  alone,  W\     Compute  the  weight  of  the  beam  from  that 

provisional  breadth,  and  let  it  be  denoted  by  B'.     Then  ==;  is  the 

proportion  which  the  weight  of  the  beam  must  bear  to  the  entire  or 

W 

gross  load  which  it  is  calculated  to  support ;  and  == — ^  ia  the 

proportion  in  which  the  gross  load  exceeds  the  external  load. 
Consequently,  if  for  the  provisional  breadth  V  thoe  be  substitirted 
the  exact  breadth, 

^^  W  — B^' ••..•..••••— .(1-) 


ibatt 


pond 


_  . , rt  be 

wbidi  die  beam  will  bear  its  own  -weight  only,  v 
tionalload. 

To  rednee  this  to  calcoIatioD,  let  the  gross  wo 
b  beam  of  ft  given  figure,  as  u 


length,  breadth,  and  depth  of 
'ees,  and  n  »  &ctor  dependinj 
iraight  of  the  beam  will  be  ez] 

B  =  kidlbh; 

of  an  nnit  of  volimie  of  the  n 
Hie  figare  of  the  beam.  Thei 
to  the  gross  load  is 

B  _  iWr 

W~8n/A^ 

le  simple  ntio  of  the  lengUi, : 
Ids  is  the  case,  the  lengtii  L  o 
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weight  (treated  as  unifonnlj  diBtributed)  is  its  working  load,  is 
given  by  the  condition  ^  =  1 ;  that  is. 


-       Sn/h      Wl  ,,. 


kw'l         B 

This  limiting  length  having  onoe  been  determined  for  a  giv^  dass 
of  beams,  may  be  used  to  compute  the  ratios  of  the  gross  load, 
weight  of  the  beam,  and  external  load  to  each  other,  for  a  beam  of 
the  given  dass,  and  of  any  smaller  length,  /,  according  to  the  fol- 
lowing proportional  equation : — 

L  :  Z  :  L-^  :  :  W  :  B  ;  W-B. (5.) 

To  illustrate  this  by  a  numerical  example,  let  the  beams  in  ques- 
tion be  plain  rectangular  cast  iron  beams,  so  that  n  =  ^,  ^  =  1* 

ti/  =  0-257  lb.  per  cubic  inch ;  let  40,000  lbs.  per  square  inch  be 
taken  as  the  modulus  of  rupture,  and  4  as  the  fitctor  of  safety,  so 

that/=  10,000  lbs.  per  square  inch ;  and  let  j  =  r-?.     Then 

L  =  3,459  inches  =  288  feet,  nearly. 


316.  ▲  Sloping  Beam,  like  that  represented  in  fig.  68,  Article 
142,  is  to  be  treated  like  a  horizontal  beam,  so  £»  as  the  bending 
stress  produced  by  that  component  of  the  load  which  is  noimsl  to 
the  b^un,  is  concerned.  The  component  of  the  load  whidi  sets 
along  the  beam,  is  to  be  considered  as  producing  a  direct  thrust 
along  the  beam,  which  is  to  be  combined  with  the  stress  due  to  the 
bending  component  of  the  load. 

317.  Am  OriginBiiT  Guflred  Bam,  at  any  given  cross  section  made 
at  right  angles  to  its  neutral  surface,  so  &r  as  the  bending  stres  is 
concerned,  is  in  the  same  condition  with  an  oiiginaUy  stxai^t 
beam  at  a  similar  and  equal  cross  section  to  which  the  same 
moment  of  flexure  is  applied.  Beams  are  sometimes  made  with  a 
slight  convexity  upwards,  called  a  ccmber,  equal  and  opposite  to 
the  curvature  which  the  intended  working  load  would  poroduoe  in 
an  originally  straight  beam.  The  efiect  of  this  is  to  make  the 
beam  become  straight  under  the  working  load,  instead  of  ccoved, 
and  to  Himiniflh  the  additional  stress  due  to  rapid  motion  of  the 
load,  which  additional  stress  arises  partly  from  the  corvatore  of  the 
beam. 

318.  The   Ejvwui«*  ■■d  GoatncttoB  aT  JLoag  Bwimm,  which 
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arise  from  the  changes  of  atmospheric  temperature,  are  usually  pro- 
vided for  by  supporting  one  end  of  each  beam  on  rollers  of  steel  or 
hardened  <»st  iron.  The  following  table  shows  the  proportion  in 
which  the  length  of  a  bar  of  certain  materials  is  increased  by  an 
elevation  of  t^perature  from  the  melting  point  of  ice  (32°  Fahr., 
or  (f  Centigrade)  to  the  boiling  point  of  water  under  the  mean 
atmospheric  pressure  (212°  Fahr.,  or  100°  Centigrade) ;  that  is,  by 
an  elevation  of  180°  Fahr.,  or  100°  Centigrade  : — 

Metals. 

Brass, '00216 

Bronze, 'ooiSi 

Copper^ '00184 

Gold, '0015 

Cast  iron, *ooiii 

Wrought  iron  and  steel, '00114  to  *ooi2g 

Lead, '0029 

Platinum, '0009 

Silver, *oo2 

Tin, *oo2  to  '0025 

Zinc, '00294 

Eaetht  Materials. 

(The  expansibilities  of  stone  from  the  experiments  of  lliEr.  Adie.) 

•    Brick,  common, 'ooSSS 

„      fire, -0005 

C^ent, *ooi4 

Glass,  average  of  different  kinds, '0009 

Granite, '0008  to  '0009 

Marble, "00065  to  'ooit 

Sandstone, '0009  to  '0012 

Slate, '00104 

TlHHEB. 

(Expansion  along  the  grain,  when  diy^  according  to  Mr.  Joule, 

Proceed.  Roy.  Soc,  Nov.  5, 1857.) 

Baywood, • '000461  to  ^000566 

DcmI, "000428  to  '000438 

Mr.  Joule  found  that  moisture  diminishes,  annuls,  and  even  re- 
verses, the  expansibility  of  timber  by  heat,  and  that  tension  in- 
creases it. 

319.  The  xlMiic  Canrc,  in  the  widest  sense  of  the  term,  is  the 
figure  assumed  by  the  longitudinal  axis  of  an  originally  straight 
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hue  under  any  system  of  bending  forces.  All  the  flTmmplfiB  of  the 
curvature,  slope,  and  deflection  of  beama  in  Article  300  and  ilie 
subsequent  Articles,  are  cases  in  which  the  elastic  curve  has  be«i 
determined  -with  a  degree  of  approximation  sufficientlj  dLose  under 
the  circumstances;  that  is,  when  the  deflection  is  a  veiy  small 
fraction  of  the  length.  The  present  Article  relates  to  the  figure  of 
the  elastic  curve  S)r  a  alender  Jlat  spring  of  unifomh  motion^  when 
acted  upon  either  by  a  pair  of  equsd  and  opposite  oouplea,  or  by  a 
pair  of  equal  and  opposite  forces. 

The  general  equation  of  Article  300  applies  to  this  case,  viz.: — 


I 
r 


.(L) 


I  being  the  uniform  moment  of  inertia  of  the  section  of  ihe  spring, 
E  the  modulus  of  elasticity,  M  the  moment  of  flexure  at  a  given 
poiut,  and  r  the  radius  of  curvature  at  that  point. 

When  a  spring  is  under  the  action  of  a  pair  of  equal  and  opposite 
cov/plea  applied  to  its  two  ends,  then,  as  in  Article  304,  M  is  constant, 
r  is  constant,  and  the  elastic  curve  is  a  circular  arc  of  the  radius  r. 

When  a  spring  is  imder  the  action  of  a  paw  of  equal  and  opposite 
forces,  let  A  and  B  denote  the  two  points  to  which  those  forces  are 
applied,  and  A  B  their  common  line  of  action.     The  figures  from 


Fig.  146  a. 


Fig.  U6  (. 


cRP' 

Fig.  146  c. 


Fig.  146  d. 


Fig.  146  «. 


Fig.  146/ 

146  a  to  146^  inclusive,  represent  various  forms  which  the  spring 
may  assume,  viz. : — 

I.  When  the  forces  are  directed  towards  each  oikeD — 
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€L  A  aiinple  arc,  like  a  bow^  meetang  A  B  at  the  points  A  and  B 
only. 

b^  &  An  nndolating  figuxe,  Grossing  A  B  at  any  number  of  inter- 
mediate points. 

d.  The  points  A  and  B  ooinddingy  which  may  give,  with  an 
endless  spring,  a  £gare  of  8. 

XL  When  the  forces  are  directed  from  each  other— 

&  One  or  more  loops,  with  the  ends  and  intermediate  portions 
meeting  or  crossing  A  B. 

f.  The  forces  acting  firom  each  other  at  the  points  A,  B,  in  two 
rigid  levers  A  D,  B  E,  to  which  the  spring  is  fixed  at  D  and  E :  the 
spring  forming  one  or  more  looped  coils,  lying  altogether  at  one  side 
of  the  line  of  action  A  B. 

Let  P  be  the  common  magnitude  of  the  equal  and  opposite  forces 
applied  at  A  and  B,  and  x  the  perpendicular  distance  of  any  point 
C  in  the  elastic  curve  from  the  line  of  action  A  B.  Then  the  mo- 
ment of  flexure  at  that  point  is  obviously 

M  =  ajP; (2.) 

and  consequently  the  radius  of  curvature  at  that  point  is  given  by 
the  equation 

•""■"M  "^^ ^^"^ 

that  is  to  say,  ths  radius  ofcwrwUfwre  is  inversdy  proportumaZ  to  ths 
perpeThdicular  distcmce/rom  the  line  o/adion  of  the  forces.  At  each 
of  the  points  in  figs.  146  a,  b,  c,  d,  and  e,  where  the  curve  meets  or 
crosses  A  B,  the  radius  of  curvature  is  infinite  ;  that  is,  there  is  a 
point  of  contrary  flexure. 

The  above  geometrical  property  is  common  to  all  the  varieties  of 
coTveB  formed  by  an  uniform  spring  bent  by  a  pair  of  forces,  and 
is  sufficient  to  enable  any  one  of  them  to  be  drawn  approximately, 
by  means  of  a  series  of  short  circular  arcs.  It  is  sufficient,  also,  to 
establish  all  their  other  geometrical  properties,  such  as  the  rela- 
tions between  their  rectangular  co-ordinates,  and  the  lengths  of 
their  arc&  These  are  expressed  by  means  of  elliptic  functions ; 
and  it  is  unnecessary  to  give  them  in  detail  in  this  treatise^ 
except  in  one  case,  which  will  be  mentioned  in  the  next  Article, 
319  A 

There  is  one  important  proposition,  however,  which  it  is  here 
necessary  to  prove  j  and  that  is  the  following 

Thsobbil  TA(U  a  spring  of  a  given  letigth  and  seeUath  &>  ^  ^"^ 
o/ichose  neuiral  suaface  a  pair  qf/orces  are  applied^  wiU  fuA  he  bent 
(f  those  /brces  are  less  than  a  certam  jMU  magrwbude.  Let  A  and 
B  in^g.  146  a  be  the  two  ends  of  the  spring,  to  which  two  equal 
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and  opposite  forces  of  the  magnitude  P  are  applied,  directed  to- 
wards each  other ;  the  spring  forming  a  single  arc  A  C  B,  of  the 
length  L  x  being,  as  before,  the  ordinate  of  any  point  C^  let  y  be 
the  distance  of  that  ordinate  from  A. 

The  smaller  the  force  P^  the  more  nearly  will  the  arc  A  C  B 
approach  to  the  straight  line  A  B ;  and  in  order  to  find  the  small- 
est value  of  P  which  is  compatible  with  any  bending  of  the  spring, 
that  force  must  be  computed  on  the  supposition  that  the  ordinate 
X  at  each  point  is  insensibly  small  compared  with  the  length  of  the 
spring,  and  consequently,  that  the  length  of  the  arc  A  C  does  not 
sensibly  differ  from  that  of  its  abscissa  y.  This  being  the  case,  the 
curvature  at  any  point  0  is  to  be  taken  as  sensibly  given  by  the 
following  equation : — 

1 d^x 

which  value  being  inserted  in  equation  3,  gives 

d*x_   P 

The  integral  of  this  equation  hi 


=  =^-=.  *os.. 


(4.) 


a?  ==  a  •  sm  '  -, 
e 


where  c 


=V¥- 


•(«•) 


In  order  that  x  may  be  =  0  at  the  points  A  and  B,  it  is  necessary 

that  when  y  =  {,  ^  should  be  =  n  r,  n  being  any  whole  number  ] 

c 

and  consequently  that 

c^:k (6-) 


»sr 


JSaw  of  all  the  possible  values  of  n,  that  which  gives  the  least  value 
of  P  is  n  =s  1 ;  whence  we  find 


-jP  =  -jandP  =  -^;, 


.(7.) 


and  thiafindie  qwvnliiy  is  the  smallest  force  which  wiU  bend  the  gkmi 
spring  in  the  manner  proposed — Q.  E.  D. 

This  investigation  proves  the  Theorem  in  question,  and  gives 
the  least  bending  force ;  but  as  it  leaves  the  constant  a  indeter- 
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minate,  it  does  not  give  the  figure  assumed  by  the  spring,  which 
cannot  be  fonnd  exactly  except  by  the  use  of  elliptic  functions. 

319  A.  The  HydrMiaUe  Arch,  described  in  Article  183^  is  of  the 
same  figure  with  the  coiled  and  looped  elastic  curve  represented  in 
fig.  146^;  for  its  radius  of  curvature  at  any  point  is  inversely  pro- 
portionsJ  to  the  perpendicular  distance  of  ^at  point  from  a  given 
straight  lina  In  order  to  transform  all  the  equations  given  in 
that  Article  for  the  hydrostatic  arch  into  the  corresponding  equa- 
tions for  the  coiled  and  looped  elastic  curve  of  fig.  146  ^  it  is  only 
necessary  to  put  for  the  constant  product  of  the  ordinate  and  radius 
of  curvature  the  following  value  : — 


xr  = 


EI 


An  instrument  consisting  of  an  uniform  spring  attached  to  a  pair 
of  levers,  might  be  used  for  tracing  the  figures  of  hydrostatic 
arches  on  paper. 

This  property  of  the  coiled  and  looped  elastic  curve  is  analogous 
to  that  discovered  by  James  Bemomlli  in  the  simple  bow  of  fig. 
146  a,  -viz.,  that  it  is  the  figure  assumed  by  the  vertical  longitu- 
dinal section  of  an  indefinitely  broad  sheet,  containing  a  liquid 
2Dass  whose  upper  horizontal  surface  is  represented  by  A  B. 


SECmoK  7. — On  Resistance  to  Twining  and  WrencMng, 

320.  The  TwtrtJni;  aiomeat,  or  moment  of  torsion,  applied  to  a 
bar,  is  the  moment  of  a  pair  of  equal  and  opposite  couples  applied 
to  two  cross  sections  of  the  bar,  in  planes  perpendicular  to  the 
axis  of  the  bar,  and  tending  to  make  the  portion  of  the  bar  between 
those  cross  sections  rotate  in  opposite  directions  about  that  axis. 
In  the  following  Articles,  twisting  moments  are  supposed  to  be 
expressed  in  tndl^^Mnmcb. 

321.  flttenfth  •f  a  Cylindrical  Axle.— A  Cylindrical  axle,  A  B,  fig. 

147,  being  subjected  to  the  twisting 
moment  of  a  pair  of  equal  and  oppo- 
site couples  applied  to  the  cross  sec-, 
tions  A  and  B,  it  is  required  to  find 
the  condition  of  stress  and  strain  at 
any  intermediate  cross  section  such 
as  S,  and  also  the  angular  displace- 
ment of  any  cross  section  relatively  to  any  other. 

From  the  umformity  of  the  figure  of  the  bar,  and  the  uniformity 
of  the  twisting  moment,  it  is  evident  that  the  condition  of  stress 
and  strain  of  all  cross  sections  is  the  same ;  also,  because  of  the 

2a 


Fig.  147. 
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circular  figure  of  each  croaB  section,  the  eonditioiL  of  atren  and 
strain  of  all  particles  at  the  same  distance  from  the  axis  of  the 
cylinder  must  be  alike. 

Suppose  a  circular  layer  to  be  induded  between  the  cross  aectikm 
S,  and  another  cross  section  at  the  distance  dx  from  it  The 
twisting  moment  causes  one  of  those  cross  sections  to  rotate  rela- 
tively to  the  other,  about  the  axis  of  the  cylinder,  through  an 
angle  which  may  be  denoted  hy  di.  Then  if  there  be  two  points 
at  the  same  distance  r  from  the  axis  of  the  cylinder,  one  in  the  one 
cross  section,  and  the  other  in  the  other,  which  points  were  origi- 
nally opposite  to  each  other,  in  a  line  parallel  to  the  axis,  the 
twisting  moment  shifts  one  of  those  points  laterally,  relatively  to 
the  other,  through  the  distance  re? i.  Consequentiy  the  part  of 
the  layer  which  lies  between  those  points  is  in  a  condition  of 
dietotHon,  in  a  plane  perpendicular  to  the  radius  r ;  and  the  dis- 
tortion is  expressed  by  the  ratio 

di 
•  =  -rfi (!•) 

which  varies  propartumally  to  the  distanoe/ram  the  axis.  There  is 
therefore  a  shearing  stress  at  each  point  of  the  cross  section  C, 
whose  direction  is  perpendicular  to  the  radius  drawn  from  l&e 
axis  to  that  point,  and  whose  intensity  is  proportional  to  that  radius^ 
being  represented  by 

!?  =  C-Cr-£ (2.) 

The  STRENGTH  of  the  axle  is  determined  in  the  following 
manner : — Let  y  be  the  Umit  of  the  shearing  stress  to  which 
the  material  is  to  be  exposed,  being  the  uUimaie  resistance  to 
wrenching  if  it  is  to  be  broken,  the  proof  lesistanoe  if  it  is  to 
be  tested,  and  the  working  resistance  if  the  working  moment  of 
torsion  is  to  be  determined.  Let  rj  be  the  external  radius  of  the 
axle.  Then  f  is  the  value  of  q  at  the  distance  r^  from  the  axii ; 
and  at  any  other  distance  r,  the  intensity  of  the  shearing  stress  is 

'    fr 
5^=- (S.) 

Conceive  the  cross  section  S  to  be  divided  into  narrow  concenttic 
rings,  each  of  the  breadth  dr.  Let  r  be  the  mean  radius  of  (me  of 
these  lings.  Then  its  area  is  2  «•  r  c?r;  the  intensity  of  the  shear- 
ing stress  on  it  is  that  given  by  equation  3,  and  the  leverage  of  that 
stress  relatively  to  the  axis  of  the  cylinder  is  r;  oonsequentiy,  the 
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moment  of  the  shearing  atran  of  the  ring  in  qnestion,  being  the 
product  of  thoee  three  qnantitieBy  is 


2^/ 


.f^dr; 


which  being  int^rated  for  all  the  rings  from  the  centra  to  the 
orcomference  of  the  cross  section  S,  gives  for  the  moment  of 
torsiony  and  of  resistance  to  torsion, 


Ti      J  9  2 

(1=1-5708). 


.(4.) 


If  the  axle  is  houow,  r^  being  the  xadins  of  the  hollow,  the  intend 
is  to  be  taken  from  r  =  r©  to  r  =  rj ;  and  the  moment  of  tondon 
becomes 


r,    J  r,  2ri 


.(5.) 


It  is  in  general  more  oonrenient  to  expiress  the  strength  of  an 
axle  in  teniiB  of  the  diameter  than  in  terms  of  the  radius.  Let  A| 
be  the  external  diameter  of  the  axle,  and  Aq  its  internal  diameter, 
if  hollow;  then 


For  a  solid  aode, 


M  = 


x/A!_/«. 


16 


51* 


r„.^^M.^(f^.^t? 


w 


J£  these  formnhe  be  compared  with  those  applicable  to  solid  and 
hollow  cylindrical  beams  in  Article  295,  it  will  be  seen  that  they 
differ  only  in  the  numerical  &ctor,  which,  for  the  moment  of 

flexure,  is  —  =  r^,  and  for  the  moment  of  torsion,  jg"  "*  gq- 

Hence  we  have  this  useful  principle,  that  for  equal  values  of  the 
limiting  gfreae  f,  the  rensta/nce  of  a  cyliTider,  solid  or  hollow,  to 
torenMng,  is  double  o/its  resistance  to  breaking  across. 

Values  of  the  co-eificient  of  ultimate  resistance  to  shearing  for 
cut  and  wrought  iron,  are  given  in  a  table,  which  has  already  been 
referred  to.  The  co-efficient  for  cast  iron  is  somewhat  doubtful, 
because  the  experiments  give  yaxying  results.    That  given  in  the 
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Thm  the  angle  of  toraioii  is 

*-c7,-<n; ^^f 

and  is  the  same  whether  the  axle  is  solid  or  hollow. 

A  Talne  of  C,  the  oo-effident  of  transrerae  elasticity  for  cast  iron, 
is  given  in  the  table ;  but  it  is  tincertain,  as  experiments  are  dis- 
cordant. For  wrought  iron,  that  constant  has  been  found  with 
more  precision,  its  mean  value  being  about  9^000,000  lbs.  per 
square  incL  Hence^  for  the  toorkmg  tamon  of  wrought  iron 
shafts,  we  may  make 

o"T;ooo ^^'^ 

IL  Let  the  moment  of  torsion  have  any  amount  M  consistent 

with  safety.     Then  for  ^y  we  have  to  put  the  equal  ratio  deduced 

from  the  equations  4  and  5  of  Article  321,  by  substituting  q 
for  /  in  the  numerators  and  r  for  r^  in  the  denominatois ;  that  is 
to  say, 

For  solid  aides*  =-  s  — r ;  and 


._qx    2Ma?_32Ma;     ,/xoM5 


q        2M 
For  hoUaw  axlea,  -  =  —7-5 — -4-\>  ^^^ 

.qx         2Mag     _     32Ma?     _^^^     Ma? 

323.  The  ii«fiiU«Bee  •€  m  CyiiaAricia  Axle  is  the  product  of  one- 
half  of  the  greatest  moment  of  torsion  into  the  corresponding  angle 
of  toxsion  ;  and  it  is  given  by  the  following  equation  : — 


(4) 


-^7-  =  '^  . /^  for  a  solid  shaft ;  or 
2        5*1  G 

Mi^/:W-.^V  for  ^  hoUow  shaft. 
'S         5-1  OAi 


(1.) 
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324.  Axles  ■•€  Clrealar  Im  SmsUoB. — ^Whea  the  CTOSB  soctioii  of  a 

shafb  is  not  drcnlar,  it  is  certain  that  the  ratio  -  of  the  shearing 

stress  at  a  given  point  to  the  distance  of  that  point  firom  the  axis 
of  the  shaft,  ia  not  a  constant  quantity  at  different  points  of  the 
cross  section,  and  that  in  many  cases  it  is  not  even  approximately 
constant ;  so  that  fbrmnbe  finrnded  on  the  assumption  of  its  being 
constant  are  erroneous.  The  mathematical  investigations  of  M.  de 
St.  Tenant  have  shoum  how  the  intensity  of  the  bearing  stress  is 
distributed  in  certain  cases. 

The  most  important  case  in  practice  to  -which  M.  de  St.  Yeoani^a 
method  has  been  applied  is  that  of  a  square  shaft ;  and  it  appeara 
that  its  moment  of  torsion  is  given  by  ike  formula 

M  =  0-281 /A' nearly. 


325.  BeH«iiicui«  TwlMiiis  •MBbiMdi  CmdkwklAzis^ — ^A  shaft 

is  often  acted  upon  by  a  bending  load  and  a  pair  of  twisting  couples 
at  the  same  time.  Li  that  case,  the  greateist  direct  stress  due  to 
the  bending  load,  and  the  greatest  shearing  stress  due  to  the  moment 
of  torsion,  are  to  be  combined  in  the  manner  already  illustrated  for 
beams,  in  Article  310. 

That  is  to  say,  let  p  be  the  greatest  stress  due  to  bending,  and  q 
that  due  to  twisting ;  letpi  be  the  intensity  of  the  greatest  result- 
ant stress,  and  t  the  angle  which  its  direction  maikes  with  the  axis 
of  the  shaft.     Then 


'-V{i^^}*h 


tan  2t  =  — =  : 
P 


(1) 


One  of  the  most  important  examples  of  this  is  illustrated  in 

fig.  148,  which  represents  a  shaft  having  a  crank 
at  one  end.  At  the  centre  of  the  crank-pin, 
P,  is  applied  the  pressure  of  the  connecting 
rod ;  and  at  the  bearing,  S,  acts  the  equal  and 
opposite  resistance  of  that  bearing.  Bepresent- 
ing  the  common  magnitude  of  those  forces  by  P, 
they  form  a  couple  whose  moment  is 

M=P-SP. 

P-    -^  Draw  P  N  perpendicular  to  SN,  the  axis  of  the 

'*•  ***'•  ahaft ;  and  let  the  angle  P  SN  =/     Then  the 

couple  M  may  be  resolved  into 
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A  bendmg  couple  P*NS  =  Mco87';  ^^'^ 
A  twisting  couple  P  *  N  P  ^  M  sin/ 

"Eqasl  and  opposite  ooaples  act  on  the  farther  end  of  the  shaft 
Let  A  be  its  diameter. 

"By  the  formule  of  Article  295^  the  greatest  stress  produced  at  S 
If  the  bending  couple  is 


10-2  M  cos/,  .9. 


and  tiiat  produced  b7  the  twisting  eouple,  according  to  Article 
321,  is 

g-lMsinj  _  pimj  , 

^  -         ^        -  ""T"  ^ ^  ^^ 

consequently,  by  the  equations  1  of  this  Article,  the  resultant 
greatest  atr^  at  8,  and  its  inclination  to  the  axis  of  the  shaft,  are 


Pi  =  ^(aecj  +  1)  =— ^  (1  +  cosj)  ; 


2' 


(4) 


and  by  making  j^i  =/,  the  proper  diameter  can  be  determined. 

These  results  may  be  represented  graphically  as  follows : — Draw 
SQ  bisecting  the  an^e  N  SP,  and  P  Q  perpendicular  to  S  Q:  SQ 
wiU  be  the  direction  of  the  r^ultant  greatest  stress  at  S,  and  the 
intensity  of  that  stress  will  be  the  same  as  if  it  were  caused  by  the 
bending  action  of  a  force  equal  to  P  and  applied  at  Q,  on  an  oblique 
section  of  the  shaft  perpendicular  to  S  Q ;  and  also  the  same  as  the 
greatest  intensity  of  the  stress  which  would  be  produced  at  S  by 
ihe  direct  bending  action  of  a  force  equal  to  P  applied  at  M  in  the 
aads  of  the  shafts  with  the  leyexage 

s3r=spi+i^=lL+Il (5.) 

326.  The  TeeA  flf  Wheeii  are  made  sufficiently  strong,  to  provide 
against  an  action  analogous  to  combined  twisting  and  bending, 
which  may  arise  from  the  whole  force  transmitted  by  a  pair  ei 
wheels  hai^penii^  to  act  on  one  comer  of  one  tooth,  such  as  0 
or  D,  fig.  149. 

In  fig.  150,  let  the  shaded  part  represent  a  portion  of  a  ctom 
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section  of  the  rim  of  the  wheel  A  of  fig.  149,  and  let  EHKP 

be  the  &ce  of  a  tooth,  on 
one  comer  of  which,  P,  acts 
the  force  represented  by 
that  letter.  Conceive  any 
sectional  plane  Ef  to  in- 
tersect the  tooth  from  the 
side  EP  to  the  crest  PE, 
and  let  P  G  be  perpendicular  to  that  plana 
Let  h  be  the  thickness  of  the  tooth,  and  let 

■"  EP  =  6,  PG  =  ^. 

^  Then  the  moment  of  flexure  at  the  section 

EF  is  PZ,  and  the  greatest  stress  produced  by  that  moment  of 
flexure  at  that  section  is 


i>  = 


64' 


s » 


which  is  a  mft-g^Tn^Tn  when  .^  P  E  F  =  45°,  and  6  =  2^  ha^dng 
then  the  value, 


.=V'2 


Consequently,  the  proper  thickness  for  the  tooth  is  given  by  tha 
equation 

32. (1.) 

This  formula  is  Tredgold's ;  according  to  whom  the  proper  viJue 
for  the  greatest  working  stress  /is  4,500  lbs.  per  square  inch,  when 
the  teeth  are  of  cast  iron. 

Sectiok  8. — On  Crushing  hy  Bendmg. 


< 


327.  iBiMdnciory  Bemuka. — ^Pillars  and  struts  whose  lengths 
exceed  their  diameters  in  considerable  proportions  (as  is 
almost  always  the  case  with  those  of  timber  and  metal), 
give  way  not  by  direct  crushing,  but  by  bending  sideways 
and  breaking  across,  being  cioished  at  one  side,  as  at  A, 
fig.  151,  and  torn  asunder  at  the  other,  as  at  R 

There  does  not  yet  exist  any  complete  theory  of  this 

phenomenon.     The  formula  which  have  been  provision- 

«.    ...    ally  adopted  are  founded  on  a  mode  of  ini^igatioa 

'  partiy  theoretical  and  partly  empirical     Those  whidi. 

will  first  be  explained  are  of  a  form  proposed  by  Tredgold  on  theo- 

zetical  grounds.     Having  fallen  for  a  time  into  disuse,  they  wero 
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reTiyed  by  Mr.  Lewis  Gordon,  who  determined  the  values  of  the 
constants  contained  in  them  by  a  comparison  of  them  with  Mr. 
Hodgkin8on*s  experiments.  Then  will  be  given  Mr.  Hodgkinson^s 
own  empirical  formulad  for  the  ultimate  strength  of  cast  iron  pillai^ 
328.  mtrrm^flh  of  iMM  Pillar*  and  9trmU4 — Let  P  be  tiie  load  which 
acts  on  a  long  pillar  or  strut,  and  S  its  sectional  area.  Then  one 
part  of  the  intensity  of  the  greatest  stress  on  the  material  is  simply 
the  intensity  due  to  the  uniform  distribution  of  the  load  over  the 
section,  and  may  be  Represented  thus  : — 

Another  part  of  the  greatest  stress  is  that  which  arises  from  the 
lateral  bending,  which  will  take  place  in  that  direction  in  which 
the  pillar  is  most  flexible ;  that  is,  in  the  direction  of  its  least  dia- 
meter, if  the  diameters  are  unequaL  Let  A  be  that  diameter,  and 
h  the  diameter  perpendicular  to  it ;  let  2  be  the  length  of  the  pillar, 
and  let  v  be  the  greatest  deflection  of  the  axis  of  the  pillar  from  its 
original  straight  position.  Then,  as  in  the  case  of  a  spring,  Article 
319,  the  greatest  moment  of  flexure  is  P  v ;  and  the  greatest  stress 
produced  by  that  moment  (which  will  be  denoted  by  j/)  is  directly 
as  the  moment,  and  inversely  as  the  breadth  and  square  of  the 
thickness  of  the  pillar  (Article  295) ;  that  is, 

But  the  greatest  deflection  consistent  with  safety  is  directly  as  the 

square  of  the  length,  and  inversely  as  the  thickness  (Article  300)  ; 

that  is, 

P 
t?  oc  —  : 

also,  the  product  h  lif  is  proportional  to  the  sectional  area  S  and  to 
the  thickness  7*.     Consequently  we  have  the  proportional  equation 

that  is,  the  addUumal  stress  due  to  lending  is  to  the  stress  due  to 
direct  pressure^  in  a  rcUio  which  vncrecues  as  tJts  square  of  tlie  propoT' 
turn  in  tohich  the  length  of  Hie  pillar  exceeds  tJte  least  diameter. 

The  whole  intensity  of  the  greatest  stress  on  the  material  of  tho 
piUar,  being  made  equal  to  a  co-efficient  of  strength^  is  expressed 
by  the  following  equation  : — 

/=p'  +  p'  =  |(i  +  «.|.); (1.) 
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in  which  a  is  a  confitant  oo-efficient^  to  be  determined  by  ezperi- 
ment.     Hence  the  following  is  the  stanength  of  a  long  pillar : — 


P  = 


/S 


1  +  a 


W 


K- 


.  The  following  are  the  values  of/ and  a  for  the  idUmaiB  sirm^, 
as  computed  by  Mr.  Gordon  from  Mr.  Hodgkinaon's  ezperimenti 
on  pillars  fixed  at  the  £in>s,  by  having  flat  capitals  and  bases, 
as  in  fig.  152 : — 

/,  U».  per  inch. 


Whmght  iron,  solid  rectangular  section,  36,000 

Cast  irony  hollow  cylinder, 80,000 

soUd 80,000 


a. 
1 


99 


9f 


3,000' 
1 

800' 
1 

400' 


A  pillar  bounded  at  both  ends,  as  in  fig.  154,  is  as  flexible  as 
a  pillar  of  the  same  diameter,  fixed  at  both  ends,  and  of  double  the 

length;  and  its  strength  might  there- 

I        I  fore  be  expected  to  be  the  same;  a 

'  "    *  conclusion  verified  by  the  experiments 

of  Mr.  Hodgkinson.    Hence,  for  such 

pillars, 

^^  (3.) 


"vr 


u 


T 


JX 


JU, 


p  = 


1  A         ^ 


Mr.  Hodgkinson  found  the  strength 
of  a  milaXfJixed  <U  one  end  cmd  rownded 

Fig:  X62.       Fig.  168.      Fig.  164.'  ?«  »*  '^  (««•   ^f^),  to  be  a  mCD 

between  the  strengths  of  two  pillars  of 

the  same  length  and  diameter,  one  fixed  at  both  ends,  and  the  other 
rounded  at  both  ends. 

Taking  the  proof  load  as  one;half  of  the  breaking  load  fbr  wiou^t 
iron,  and  one-third  for  cast  iron,  and  the  working  load  as  from  one- 
fourth  to  one-sixth  of  the  breaking  load  for  both  materials,  the 
following  are  the  values  to  be  assigned  to  the  limit  of  stresB/ under 
diflTerent  circumstances: — 


Load— Breaking. 

Wrought  iron, 36,000 

Cast  iron, ..80,000 


Pn>o£ 

18,000 
26,700 


Wbridng. 

6,000  to    9,000 
13,300  to  20,000 


is  generally: 
it  for  tlie  pui 


the  Strang! 
proportion  < 
>ught  iron; 

,  rectangular 
g,  and  bejo 

IS  resnlt  was 
tratea  it ; — 


angular. 

rt,wbd 
lindrical, 

34,840   3hl65    29.330    37 
64,000    40,000   39,330    24 

uced  hj  that  author  from  hia  own  ' 


gth  is  not  less  than  thirty  times  the 
ical  piUan,  h  being  the  diameter,  « 


lical  pillars,  &,  being  the  external, 
n  m^itt,  and  L  the  length  injeet. 


a  co-efficient  A  are  aa  ibllows  : — 
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ToDSb 

[1.)  For  solid  pillars  with  rounded  ends, i4'9 

r2.)  „  „  flat  ends, 44'i6 

(3.)  For  hollow  pillars  with  rounded  ends, 13*0 

f4.)  ..  „  flat  ends, 44*3 


n 


II.  When  the  length  is  less  than  thirty  times  the  diameter. 

Let  h  denote  the  breaking  load  of  the  pillar,  as  computed  by  the 
preceding  formulae.  Let  c  denote  the  crushing  load  of  a  short  block 
of  the  same  sectional  area  S,  as  computed  by  the  formula 

e  =  49  tons  x  S  in  square  inches .....(S.) 

Then  the  correct  crushing  load  of  the  pillar  is 

^'     .•.(*■) 


p  = 


332.  In  WiMght  iroa  FnwiewMli.  the  bars  which  act  as  struts, 
in  order  that  they  may  have  sufficient  stiffness,  are  made  of  various 

figures  in  cross  section, 
of  which  some  examples 
are  given  in  fig&  155 
(angle  icon\  156  (chan- 
nel iron),  157  (a  cross- 


Fig.  lod. 


Ei3 


JL 


Fig.  156. 


Fig.  157.  Fig.  158.  shaped  section,  used  in 
half-lattice  girders),  and  158  (T-iron).  In  some  largo  lattice  girders, 
the  struts  are  composed  of  a  pair  of  parallel  T-iron  bars,  such 
as  fig.  158,  with  their  middle  ribs  turned  towards  each  other, 
and  connected  together  by  a  lattice  work  of  small  diagonal  bara. 
In  applying  to  wrought*iron  struts  the  formuln  of  Article  328, 

^  Z^S  . 

pages  361,  362,  for  rs  there  is  to  be  substituted  fo^i  J  being  the 

lecut  moment  of  inertia  of  the  section  (Article  95,  pages  77-82). 
333.  Wrancht  iMM  €«ils  are  rectangular  tubes  (generally  square) 

composed  of  four  plate  iron  sides,  rivetted  to  angle  iron  bius  af  the 

comers,  as  shown  in  the  section,  fig.  159.  This 
mode  of  construction  was  designed  by  Mr.  Fair- 
bairn,  to  resist  a  thrust  along  the  axis  of  the  tube. 
The  ultimate  resistamM  of  a  single  square  cell  to 
crushing  by  the  buckling  or  biding  of  its  sides, 
when  the  thickness  of  the  plates  is  not  less  ikan 
one-thirtieth  of  the  diameter  ofths  oeU,  as  determined 
by  Mr.  Fairbaim  and  Mr.  Hodgkinson,  is 

27,000  lbs.  per  square  inch  section  of  iron  ; 


Fig.  159. 
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The  regigtonoe  of  timber  to  cnuhing,  while  green,  is  about  one- 
half  of  its  reeistaiioe  after  having  been  dried 

Seckoh  9. — On  Ccmpownd  Girders^  Frcum/ea,  amd  Bridges. 


336.  CwaipMiBd  CMvdcn  te  CtaMnL — ^A  oomponnd  girder  is  a 
structure  which,  as  a  whole,  acts  as  a  beam,  resisting  bending  and 
breaking  by  a  transverse  load ;  but  whose  parts  are  subjected  to 
a  variety  of  stresses  of  different  kinds,  requiring  to  be  separately 
considered ;  such  as  the  Warren  girder  of  Articles  162  and  163, 
and  the  Lattice  girder  of  Articles  164  and  165, 

In  Part  IL,  Raptor  II.,  Section  1,  it  has  already  been  shown 
how  to  determine  the  total  stresses  which  act  on  the  several  pieces 
of  a  frame ;  in  section  6  of  the  present  chapter,  it  has  been  diown 
how  the  stress  is  distributed  in  a  continuous  beam ;  and  in  that  and 
other  sections,  the  resistance  of  materials  to  the  various  kinds  of 
stress  has  been  considered  The  principal  object  of  the  present 
section  is  to  indicate,  by  referring  back  to  previous  Articles,  where 
the  data  and  formulffi  for  determining  the  strength  of  the  different 
ports  of  certain  compound  structures  are  to  be  found 

A  girder  consists  of  three  principal  parts :  a  lower  rib,  to  resist 
tension ;  an  upper  rib,  to  resist  thrust ;  and  a  vertical  totb  arjrsme, 
to  resist  shearing  force. 

337.  Plate  liwB  oifdtan  are  treated  of  in  this  section  rather  than 
in  section  6,  because  the  slender  proportions  of  the  parts  subjected 
to  a  thrust  sometimes  render  it  necessary  to  compute  their  strength 

according  to  the  laws  of  resistance  to 
crushing  by  bending,  explained  in  Ar- 
ticle 328.  Some  of  the  forms  of  cross  sec- 
tion employed  in  such  beams  are  shown 
in  figs.  161,  162,  163,  164,  and  165.  Fig. 
161  is  a  plain  I-shaped  beam,  rolled  in 
one  piece.  In  fig.  162,  the  upper  and 
lower  ribs  consist  each  of  a  flat  bar  or 
narrow  plate  rivetted  to  a  pair  of  angle 
irons,  the  two  pairs  of  angle  irons  being 
rivetted  to  the  upper  and  lower  edges  of 
the  vertical  web.  In  fig.  163  the  con- 
struction is  the  same,  except  that  the 
Fig.  164.  vertical  web  is  double  :  this  is  the  "  6oa> 
Fig.  16S.  beam,**  long  employed  in  the  platforms  of 

blast  furnaces,  and  first  used  in  a  ra^way  bridge  by  Andrew  Thom- 
son about  1832,  on  the  Pollok  and  Govan  Eilway.  In  %.  164, 
the  upper  and  lower  ribs  are  each  buiU  of  several  layers  of  narrow 
plates  or  fiat  bars,  rivetted  to  each  other  and  to  a  pair  of  angle 
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irons ;  the  upper  and  lower  pairs  of  angle  irons  are  rivetted  to  the 
npper  and  lower  edges  of  tiie  vertical  web,  and  the  plates  of  the 
vertical  web  are  connected  and  stiffened  at  each  of  tibeir  vertical 
jointB  by  a  pair  of  T-irons,  in  the  manner  of  which  a  horizontal 
section  has  been  akeadj  given  in  fig.  160,  Article  334.  The  object 
of  bnilding  the  larger  sizes  of  horizontal  ribs  in  layers,  instead  of 
making  them  in  one  piece,  is  to  make  them  of  those  sizes  of  iron 
which  can  easily  be  rolled  of  good  quality,  and  which  are  usually 
found  in  the  market.  Beams  resembling  fig.  164  are  sometimes 
made  with  a  double  vertical  web,  for  the  sake  of  lateral  stif&iess. 

Fig.  165  represents  the  general  form  of  the  cross  section  of  great 
tuindar  or  edlviar  girders,  characterized  by  Mr. 
Stephenson's  principle,  of  carrying  the  railway 
through  the  interior  of  the  beam,  and  by  Mr. 
Eairbaim's  principle,  of  giving  stiffness  by  means 
of  cells,  already  described  in  Article  333.  The 
joints  of  the  cells  are  connected  and  stiffened  by 
covering  plates  outside  as  well  as  angle  irons 
inside ;  and  the  plates  of  the  two  sides,  which  form 
a  double  vertical  web,  are  stiffened  and  connected 
by  T-irons,  like  those  of  fig.  164. 

Smaller  cellular  girders  are  sometimes  used,  in 
which  the  top  alone  consists  of  one  or  two  lines 
of  cells,  the  girder  in  other  respects  being  similar 
to  fig.  164,  with  either  a  single  or  a  double  vertical  web. 

In  all  plate  iron  girders,  the  joints  exposed  to  tension  should  have 
oovesring  plates,  double  rivetted  if  the  stress  is  great  enough  to 
require  it,  whidi  is  almost  always  the  case  in  the  lower  rib  (see 
Article  280).  The  joints  exposed  to  thrust  should  be  exactly  plane, 
exactly  perpendicular  to  the  direction  of  the  thrust,  accurately 
fitted,  and  perfectly  close,  that  the  surfaces  may  abut  equally  over 
their  whole  extent.  Should  open  or  irregular  abutting  joints  be 
discovered  after  the  girder  has  been  put  together,  they  should  be 
filed  out,  and  a  flat  plate  of  steel  driven  tight  into  each  openiug. 
The  plates  or  bars  of  which  built  ribs  are  composed  should  hresJs, 
joint  in  a  manner  similar  to  the  bond  of  brickwork. 

In  plate  iron  girders  generally,  it  is  sufficiently  accurate  for  prac- 
tical purposes  to  consider  the  whole  bending  moment  M  at  any 
vertical  section  as  borne  by  the  upper  and  lower  ribs,  and  the  whole 
shearing  stress  F  by  the  verticsd  web;  and  also  to  consider  the 
lesistanoe  of  each  of  the  horizontal  ribs  as  concentrated  at  the 
centre  of  gravity  of  its  section.  Let  h  be  the  vertical  depth  between 
the  centres  of  gravity  of  the  sections  of  the  upper  and  lower  ribs ; 
then  the  common  value  of  the  thrust  along  the  compressed  rib,  and 
the  tension  along  the  stretched  rib,  is 


Fig.  165. 
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Let  Si  1)6  the  sectional  area  of  the  compressed  rib^yj  its  resistance 
to  crushing  per  square  inch,  S,  the  sectional  area  of  the  stretched 
tib,^  its  reostance  to  tearing  per  square  inch;  then 

P_MP_M 
^'-/r-M'^'^7.-M ^^^ 

Tlie  values  of  the  tenacity^  have  already  been  considered  in  sec- 
tion 3.  For  plate  beams  with  double-rivettcd  covering  plates,  its 
ultimate  value  may  be  taken  at  about  45,000  Iba  per  square  inch 
of  section  of  rib.  The  ultimate  resistance  to  crushing,  }[,  may  be 
taken  at  its  full  value  of  36,000  lbs.  per  square  inch  in  great  tabular 
girders ;  but  when  the  compressed  rib  is  narrow  as  compared  with 
its  length,  the  tendency  to  lateral  bending  may  be  allowed  for  by 
means  of  the  following  empirical  formula,  of  the  kind  already  ex- 
plained in  section  8,  Article  328 : — 

/i=— ^; (3.) 

where/ =  36,000,  a  =  c-ttttto  '*'  =  the  breadtli  of  the  compressed 

I'ib,  and  I*  =  the  span  of  the  girder,  if  it  is  not  laterally  stiffened 
by  framing.  In  cases  in  which  parallel  beams  are  stiffened  by  hori- 
zontal diagonal  braces,  l*  may  be  taken  to  denote  the  distance  along 
the  rib  between  a  pair  of  the  points  to  which  braces  are  attached. 

Let  t  be  the  thickness  of  the  vertical  web  if  single,  or  the  sum 
of  the  thicknesses  if  double.  Then  its  sectional  area  is  A<  nearly  -, 
consequently,  if  ^  be  its  resistance  per  unit  of  section  to  the  shear- 
ing force, 

A<=|;aBd«=^j (*•) 

and  as  the  shearing  stress  is  equivalent  to  a  pull  and  a  thrust  in 
directions  peipendicidar  to  each  other,  and  at  angles  of  iS^  to  the 
horizon,^  should  be  the  resistance  of  the  vertical  web  to  crushing 
as  determined  by  equation  2  of  Article  328,  page  362,  in  which, 

for  V  is  to  be  substituted  ^,  h  being  the  depth  of  the  web,  as  before, 

and  h"  the  width  across  the  flanges  of  the  stiffening  ribs. 

The  shearing  force  F  at  each  cross  section  is  to  be  computed  as 
for  a  partial  load,  extending  over  the  greater  of  the  two  s^menta 


GIRDERS — UALF-LATTICE — LATTICE — ^BOWSTRING. 


369 


into  which  the  section  divides  the  beam,  as  explained  in  Article 
313.  The  weight  of  the  beam  itself  may  be  allowed  for,  either 
by  the  method  of  Article  314,  or  by  the  approximate  method  of 
Article  315. 

Owing  probably  to  the  yielding  of  the  joints,  it  is  found  that  in 
compntiDg  the  deflection  of  plate  girders,  when  first  loaded  (Articles 
300  to  303),  a  smaller  modulus  of  elasticity  ought  to  be  taken  than 
for  continuous  iron  bars.  Its  value  in  lbs.  per  square  inch  is  about 
two-thirds  of  the  value  for  a  continuous  bar,  so  that  the  deflection 
18  abont  one-half  greater.  But  the  part  of  that  deflection  due  to 
the  yielding  of  the  joints  is  permanent;  so  that  after  the  joints 
have  ''come  to  their  bearing"  the  modulus  of  elasticity  becomes  the 
same  as  for  a  continuous  bar. 

338.  For  Hair-IjatUce  Beans  and  Ijatilce  Beaaut  the  methods  of 

determining  the  total  stresses  have  been  fully  considered  in  Articles 
162,  163,  164,  and  165;  and  it  has  only  to  be  added  here,  that 
the  shearing  force  should  be  computed  for  a  partial  load,  as 
in  Article  313.  The  ultimate  tenacity  of  the  ties  may  be 
taken  at  ^=  from  oO,000  to  60,000  lbs.  per  square  inch.  The 
resistance  of  the  struts  is  to  be  computed  as  in  Article  328.  The 
figure  of  the  strut  diagonals  has  been  considered  in  Article  332. 
The  compressed  rib  may  be  a  T-bar  in  small  beams,  and  in  larger 
beams  a  built  rib  or  a  cell.  The  remarks  made  in  the  last  Article 
on  abutting  joints  and  on  deflection  are  equally  applicable  in  the 
present  case.  In  designing  those  joints  which  are  connected  by 
means  of  bolts,  rivets,  or  keys,  the  principles  of  Article  280  should 
be  observed. 

339.  A  Bawatiiac  OiWter  consists  of  an  arched  tib  resisting 
thrust ;  a  horizontal  tie  resisting  tension,  and  holding  together  the 
ends  of  the  arched  lib;  a  series  of  vertical  suspending  bars,  by 


Fig.  166. 

which  the  platform  is  hung  from  the  arched  rib,  and  a  series  of 
diagonal  braces  between  the  suspending  bars.  Such  girders  are 
executed  in  timber  and  in  iron;  sometimes  the  arched  rib  is  made 
of  cast  iron,  as  being  stronger  against  crushing  than  wrought  iron, 
and  the  remainder  of  the  structure  of  wrought  iron. 

The  arched  rib  may  be  treated  as  uniformly  loaded.     Accord- 
ins  to  Article  178,  its  condition  is  like  that  of  an  unifoimly« 
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loaded  chain  inTerted,  and  its  proper  form  a  parcMa;  and  the 
thrust  along  it  at  each  point  is  to  be  found  by  the  formulse  of 
Article  169.  The  tension  along  the  horizont^  tie  is  equal  to 
the  uniform  horizontal  component  of  the  thrust  along  the  arched 
rib. 

The  tension  on  each  vertical  suspending  bar  is  the  weight  of  those 
portions  of  the  platform  and  of  the  tie  rod  which  hang  from  it. 
To  give  lateral  stability  to  the  girder,  the  suspending  bars  are 
usually  made  of  considerable  breadth,  and  of  a  form  of  hoiizontal 
section  resembling  figs.  160  and  161,  and  are  firmly  bolted  to  the 
cross  beams  of  timber  or  of  wrought  iron  which  carry  the  roadway. 

When  the  beam  is  imiformly  loaded,  the  arched  rib  is  equilibrated, 
and  there  is  no  stress  on  the  diagonals.  The  strength  of  the  two 
diagonals  which  cross  each  other  at  a  given  plane  of  section  S  ?,  is 
to  be  adapted  to  sustain  the  excess  of  t/ie  greater  sliearing  force  akie 
to  a  partial  load  above  that  dice  to  an  uniform  load,  as  given  by  the 
formula?  of  Article  313. 

340.  sturened  Suspcnaioii  Bridges. — ^The  suspension  bridge  is  that 
which  requires  the  least  quantity  of  material  to  support  a  given 
load.  But  when  it  consists,  as  in  Article  169,  solely  of  cabl^  or 
chains,  suspending  rods,  and  platform,  it  alters  its  figure  wil^  eveiy 
alteration  of  the  distribution  of  the  load;  so  that  a  moving  load 
causes  it  to  oscillate  in  a  manner  which,  if  the  load  is  heavy  and 
the  speed  great,  or  even  if  the  application  of  a  small  load  takes 
place  by  repeated  shocks,  may  endanger  the  bridge.  To  dimmish 
this  evil,  it  has  long  been  the  practice  partially  to  stiffen  suspension 
bridges  by  means  of  framework  at  the  sides  resembling  a  lattice 
girder. 

It  was  formerly  supposed  that,  to  make  a  suspension  bridge  as 
stiff  as  a  girder  bridge,  we  shoxild  use  lattice  girders  sufficiently 
strong  to  bear  the  load  of  themselves,  and  that,  such  being  the  case, 
there  would  be  no  use  for  the  suspending  chains.  But  Mr,  P.  W. 
Barlow,  having  made  some  experiments  upon  models,  finds  that 
very  light  girders,  in  comparison  with  what  were  supposed  to  be 
necessaiy,  are  suf&cient  to  stiffen  a  suspension  bridge.  If  mathe- 
maticians had  directed  their  attention  to  the  subject^  they  might 
have  anticipated  this  result. 

The  present  is  believed  to  be  the  first  investigation  of  its  theory 
which  has  appeared  in  print. 

The  weight  of  the  chain  itself,  being  always  distributed  in  the 
same  manner,  resists  alteration  of  the  figure  of  the  bridge.  By 
leaving  it  out  of  account,  therefore,  an  error  will  be  made  on  the 
safe  side  as  to  the  stifihess  of  the  bridge,  and  the  calculation  will  be 
simplified. 

Let  ^,  167  represent  one  side  of  a  suspension  bridge,  in  which  a 
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Fig.  168. 


Fig.  1C9. 


Fig.  170. 


F!g.  167. 

means  of  the  girder,  be  trans- 
mitted  to  the  chain  in  such 
a  manner  as  to  be  imiformly 
distributed  on  the  chain. 

The  girder  must  have  its 
ends  so  fixed  to  the  piers  as 
to  be  incapable  of  rising  or 
fidling.  Then  the  forces 
which  act  upon  it  may  be 
ihna  classed  : — chumtoard, 
the  load  as  applied ;  doumr 
ward  or  uptoard,  the  resistances  of  the  fiutenings  of  the  ends  to 
their  vertical  displacement;  vpicardy  the  uniformly  distributed 
tension^  acting  through  the  suspension  rods^  between  the  girder 
and  the  chain. 

The  girder  will  be  supposed  to  be  of  uniform  section  throughout 
its  length. 

Two  cases  will  be  considered  : — first,  that  in  which  a  given  load 
is  concentiuted  in  the  middle  of  the  girder;  and  secondly,  that  in 
which  a  given  portion  of  the  length  of  that  girder  is  uniformly 
loaded,  and  the  remainder  unloaded,  like  the  partially  loaded  beam 
of  Article  313.     The  second  case  is  the  most  important  in  practice. 

In  each  case,  the  half-spcm  of  the  bridge  will  be  denoted  by  e, 
and  the  horizontal  distance  of  any  point  from  the  middle  of  the 
bridge  by  a:: 

Case  I.  A  single  load  W,  applied  at  the  centre  of  the  girder,  tends 
to  depress  the  chain  in  the  middle,  and  consequently  to  raise  it  at 
the  sides,  and  along  with  it  to  raise  the  beam  near  the  ends;  but 
the  beam  being,  by  its  attachment  to  the  piers,  prevented  firom 
rising  at  the  ends,  takes  a  form  like  that  represented  by  fig.  168  : 
depressed  in  the  middle  at  A,  and  concave  upwards;  elevated,  and 
convex  upwards  at  C,  C ;  having  points  of  contrary  flexure  at  B,  B; 
and  again  depressed  at  D,  D,  the  points  of  attachment  to  the  piers. 
Now  this  ciirved  figm*e  is  the  effect  of  three  downward  forces, 
applied  at  D,  A,  D,  respectively,  and  of  an  uniformly  distributed 
upward  force,  acting  on  the  whole  length  of  the  girder.     Each  half 
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Case  2.  The  girder  pa/rttally  loaded.  Let  E  B,  in  either  of  the 
figs.  169,  170,  represent  the  length  of  the  loaded  part  of  the 
stiffening  girder,  and  B  D  that  of  the  unloaded  part ;  let  to  be 
the  uniform  intensity  of  the  load,  and  x  the  distance  of  the  point 
wheire  the  load  terminates  from  the  middle  of  the  beam ;  x  being 
oonffldered  as  a  positive  quantity  when  the  loaded  part  is  the 
longer,  as  in  fig.  169,  and  as  a  negative  quantity  when  the  loaded 
part  is  the  shorter,  as  in  ^g.  170. 

The  ends  E  and  D  of  the  beam  being  fastened  so  as  to  be  in- 
capable of  vertical  displacement,  the  loaded  segment  E  B  is  convex 
downwards,  and  the  unloaded  segment  B  D  convex  upwards :  tho 
loaded  segment  is  in  the  condition  of  a  beam  supported  at  E  and 
B,  and  ximformly  loaded  with  the  excess  of  the  weight  sustained 
above  the  force  exerted  between  the  girder  and  the  chain ;  and  the 
unloaded  segment  is  in  the  condition  of  a  beam  held  down  at  B  and 
D,  and  loaded  with  an  uniformly  distributed  upward  force,  being 
that  exerted  between  the  girder  and  chain.  The  greatest  moment 
of  flexure  of  each  segment  is  at  its  middle  point,  being  A  for  the 
loaded  part^  and  C  for  the  unloaded  part 

The  length  of  the  loaded  segment  being 

W5  =  c  +  ar, 
its  gross  load  is 

and  the  intensity  of  the  force  exerted  between  the  girder  and 
chain^ 

«^=       2^- (^*> 

This  is  the  intensity  of  the  upwa/rd  load  on  the  segment  B  D, 
vrhose  length  is  B  D  =  c  -  a; ;  and  consequently,  according  to 
Articles  290  and  291,  the  greatest  moment  of  flexure  of  that  seg- 
ment, at  0,  is 

_  ti/(c-g)'  _  tg(c  +  a?)(c-gy  ,o\ 

^<'-        8        —  16"^  ^  ^^ 

The  anwunt  of  the  upward  force  exerted  between  the  chain  and 
BDis 

W  =  d{c-x)  =  ^^^^^ (3.) 

and  this  also  is  the  amount  of  the  n/et  load  on  EB,  being  the  excess 
of  the  gross  load  above  the  part  borne  by  the  chaiiL  The  half 
of  this  quantity^ 
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When  two-tBirds  of  the  beam  are  loaded,  the  proof  deflection  of 
A  below  a  straight  line  joining  E  and  B,  according  to  Article 
300,  is 

^       12    E       4y  9     12    Ey""27    Ey'""^ '^ 

cfr/our^ninths  of  the  proof  deflection  of  a  beam  of  the  same  figure, 
nmformlj  loaded,  of  the  span  2  c,  tmsupported  by  a  chain.  At  the 
same  time,  the  elevation  of  C  above  a  straight  line  joining  B  and 

jy  is 

^°       12    E       4y     —  9     12    Ey~108    Ey-^*^'^ 

The  proof  depression  of  the  lowest  point  of  the  beam,  A,  below 
the  highest^  C,  is  given  by  the  equation 

,        _5    ^    /c»  _  25    /c» 
^A  t-  t?c  —  g  •  j2  •  jg-  —  j^  •  3g^; (11.) 
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*  Itt  fhepraosdin^  folntioii  cf  Cam  2,  whicVappeared  in  the  first  fldition  of  this  work 
the  eSect  or  the  resistance  of  the  chain  to  disfigurement  upon  the  figure  of  the  aoziliar/ 
ebder  is  neelected ;  and  hence  the  result  u  in  almost  every  case  an  approximation  onlj ; 
oat  it  can  be  shown  that  the  error  is  always  on  the  sife  side,  four  twenty-sevenths  o:' 
the  strength  of  a  simple  girder  being  Kmewhat  more  than  soffident  for  the  strength  of 
tiie  ttiffiminff  g^der.  In  order  to  make  the  solution  exact,  the  extensibility  of  the 
chain  shonla  be  so  neat  as  to  make  its  proof  central  depreuUm  nearly  oqnal  to  the 
proef  d^UeUon  ti  the  stiffening  girder;  but  in  practice  the  proof  depression  of  the 
diaiii  is  always  mneh  less. 

The  first  solution  in  whidi  the  action  of  the  chain  just  referred  to  is  taken  into 
aoeomit  appeared  in  an  editorial  article  of  the  Civil  Engineer  and  Architect  Journal 
far  Norember  and  December,  1860;  and  this  is  done  by  introducing  into  the  conditions 
of  tiie  pfoblem  an  equation,  expressing  that  under  all  the  alterations  of  the  figure 
of  the  chun  prodnoed  by  the  oending  of  .the  stiffening  girder,  the  span  continues 


Having  applied  the  principle  just  stated  to  the  problem  of  Case  2,  the  author  of  this 
iroric  luv  arrived  at  the  following  results,  supposing  the  chain  to  be  inexiensible. 

The  greatest  bending  moment  of  the  stress  on  uie  stiffening  girder  takes  place  when 
0^7,  or  about  five-twelfths,  of  the  span  of  the  bridge  are  loaded,  and  0-583,  or  about 

ivea-twelfths,  unloaded. 

That  moment  is  0*188  of  the  bending  moment  whidi  would  be  produced  by  an  noafbrm 

md  of  the  same  intensify  on  a  girder  supported  at  the  ends  only. 

Hsooe  it  appears  that  if  the  chain  be  supposed  inextensible,  the  proportion 
borne  oy  the  strength  of  the  stiffiining  girder  to  that  of  a  simple  girder 
of  the  same  span,  suited  to  bear  an  uniform  load  of  the  same  intensity 
with  the  travelliog  load,  ought  to  be. 0*138: 1; 

while  if  the  chain  is  sup^sed  very  extensible,  as  in  the  approximate  solu- 
tion, that  proportion  IS  found  to  be  4: 27,  or ...0*148:1; 

•e  that  in  the  intermediate  cases  that  occur  in  practice  no  material  error  will 

be  oonnitted  if  that  proportion  be  made  1 : 7,  or  •....•••. 0*148: 1. 
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341.  Bibbed  Arcbca. — ^Bridges  are  frequently  eonsiaracted  whose 
arches  consist  of  iron  or  timher  ribs  springing  from  stone  abntmentSy 

as  in  fig.  171.  In  such 
cases  it  ooght  to  be 
considered,  that  each 
rib  frdfils  at  onoe  the 
frinctions  of  an  eqtidr 
libraied  a/rcky  sustain- 

Fig.  171.  '  ^S  ^^  uniform  load 

of  a  certain  intensity, 
and  having  a  certain  thrust  along  it,  to  be  computed  by  the  principles 
of  Articles  169  and  178,  and  those  of  a  stiffemng  girder,  suited  to 
produce  an  uniform  distribution  of  a  partial  load,  according  to  the 
principles  of  Article  340.  Therefore,  in  designing  the  cross  section 
of  a  rib  for  such  a  bridge,  a  provisional  cross  section  ought  first  to 
be  designed,  suitable  to  bear  a  bending  moment,  upward  or  down- 
ward, of  four  twenty'Seveinihs  of  that  which  an  uniform  load  of  the 
given  intensity  would  produce  on  a  straight  girder  of  the  same 
span ;  and  in  the  second  place,  it  should  be  determined  in  what 
proportion  the  thrust  along  the  rib,  considered  as  an  equilibrated 
arch,  will  increase  the  intensity  of  the  greatest  stress  on  the  pro- 
visional section  already  designed,  and  the  breadths  of  that  section 
should  be  increased  in  that  proportion,  to  obtain  the  final  cross 
section. 

SEcriON  10. — MisceUaneaua  Remcvrks  on  Strength  cmd  St^Jhen. 

_  m 

342.  ESTecta  of  Tenpemtwre. — At  a  temperature  of  600**  Fahren- 
heit, the  tenacity  of  iron  was  found  by  Mr.  Fairbaim  not  to  be 
diminished.  That  of  copper  and  brass,  at  the  same  temperature, 
is  reduced  to  about  two-thirds  of  its  ordinary  magnitude.  Sudden 
cooling  from  a  high  temperature  tends  to  make  most  substances 
hard,  stiff,  and  brittle ;  gradual  cooling  tends  to  make  them  soffc 
and  tough  j  and  if  often  repeated  or  performed  slowly  from  a  very 
high  temperature,  to  weaken  them.  V  arious  effects  of  temperature 
on  the  elasticity  of  solids  have  been  ascertained  by  Dr.  Joule^  Dr. 
Thomson,  and  JProfessor  Kupfer ;  but  they  are  more  important  to 
the  science  of  molecular  physics  than  to  the  art  of  construction. 

343.  The  ESreeU  of  Repeated  Bleltiace  om  Cmu  bmk   have    been 

ascertained  by  Mr.  I^baim.  Up  to  and  beyond  the  fourteenth 
melting  the  resistance  to  crushing  increases ;  but  the  resistance  to 
cross-breaking  reaches  its  maximum  about  the  twelfth  melting,  and 
afterwards  diminishes,  from  the  metal  becoming  brittle  and  cxya- 
talline. 

344.  The  ESTeets  or  i>«cuiiC7  on  strength  form  the  subject  of  a 
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paper  by  Professor  James  Thomson  in  the  Cambridge  and  DvLlin 
Mathematiccfl  Journal,  That  author  shows^  that  a  bent  bar  Or  a 
twisted  rod  of  a  ductile  material,  by  being  slowly  and  gradually 
strained,  may  be  brought  into  such  a  condition  as  to  have  nearly 
the  whole  of  its  cross  section  in  the  condition  of  proof  or  limiting 
stress  instead  of  the  outer  layers  only,  and  may  thus  have  its 
strength  increased  much  beyond  that  given  by  the  ordinary  formulae. 

345.  iMtenial  Frictfon  is  a  term  which  may  be  used  until  a  better 
shall  be  devised  to  express  a  phenomenon  recently  observed  by  Sir 
William  Thomson  in  the  extension  of  copper  wire  by  a  direct  pxdL 
The  tension  of  the  wire  is  increased,  step  by  step,  by  successive 
augmentations  of  the  load  within  the  limita  of  permanent  elasticity^ 
and  the  elongation  is  observed  at  each  step.  Then  by  successive 
diminutions  of  the  load,  the  tension  is  diminished  by  the  same 
aeries  of  steps  in  the  reverse  order,  and  the  elongation  observed. 
When  the  load  is  completely  removed,  the  wire  recovers  its  original 
length  without  *'  set "  or  permanent  elongation,  but  for  each  degree 
of  tension  the  elongation  is  greater  during  the  shortening  of  the 
wire  than  during  the  lengthening ;  as  if  there  were  some  molecular 
force  analogous  to  friction,  in  so  far  as  it  impedes  motion  both  ways, 
making  the  elongation  less  than  it  would  otherwise  be  while  the 
wire  is  being  elongated,  and  greater  than  it  would  otherwise  be 
while  the  wire  is  returning  to  its  original  lengtL  It  appears  also 
that  the  force  in  question  must  depend  in  some  way  on  the  stress, 
from,  its  disappearing  when  the  tension  is  removed. 

346.  It  must  be  obvious  that  much  of  the  subject  of  strength  and 
fltiffiiess  is  in  a  provisional  state,  both  as  to  mathematical  theory 
and  as  to  experimental  data.  Considerable  improvement  in  both 
these  respects  may  be  anticipated  from  researches  now  in  progress. 

Condensed  Summabt  of  Experiments  bt  Messrs.  Robert  Napier 
AND  Sons  on  the  Tenacity  of  Iron  and  Steel. 

(J'or  details^  see  Trantactiotu  of  the  Institution  of  Engineers  ia  Scotland^  1858-59.) 


Tenacity  In  llM  par 

•qiiAre  Inch. 

BtronpMt        WvakMt 

SmL  BXH»  QwUity.  QuklUy. 

Steel 182,909  92,015 

Blistered  Steel  (one  qoallty  

only) 104,298 

Beaemei's          (do.)     ..  Ill,4fl0 

HomogeneooB  Metal,   ....90,847  80.724 

PodSedSteel 71,486  02,769 

Ibov  BuUi 

Tortahlre,   6«,«W  «>,075 

Stsffordshfre. 62,281  66,715 

I.«ll«llMh1i«.  64,795  66,655 

LttDcaihiie.. 60,110  5S,775 

Swediah,?. 48,232  47,855 

BoMbm;   M»80S  49,564 

Elammeied  Scni\ 55,878  58,420 

Qnt  oat  of  large  forged 

cTMik,   :......;..  47,682  44»7M 


Tenacity  In  Ibt.  per 
•quiir«  Inch. 
Btronffeat        Weftkeil 
StRBL  PlaTRS.  ^ality.         qtuttty. 

Cast  Steel,    95.299  72.838 

Homogeneous  Metal,  ....  96,715  72.994 

Paddled  Steel,   98,979  72,866 


Ibov  Platzs. 

Torkahlre, 56,735 

Darham  (one  quality  only)  48,079 

Staffordshire, 84,128 

Lanarkshire, 51,349 

Ikoh  Stbaps,  Ac. 
Various  districts,  56,937 


49,888 

"I 

45,584 
41,748 


41,886 


Tbc  strength  of  each  quality  if  the  mean  of  at  least  foar  experiments,  and  sometimes  of  dglit. 
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PART  III. 

PBINCIPLES  OF  CINEMATICS^  OR  THE  COMFABISON  OF 

MOTIONS. 

347.  iiiiiMi—  ar  tke  8«triectr-^The  sdence  of  cmematics,  and 
the  fdndamental  notions  of  rest  and  motion  to  which  it  relates, 
having  abreadj  been  defined  in  the  Introduction^  Articles  8,  9,  10, 
11 ;  it  remains  to  be  stated,  that  the  principles  of  cinematics,  or  the 
comparison  of  motions,  will  be  diyided  and  arranged  in  the  proseni 
part  of  this  treatise  in  the  following  manner  : — 

L  Motions  of  Points. 

IL       Rigid  Bodies  or  Systems. 

ni FUable  Bodies  and  Fluida. 

lY.       Connected  Bodies. 


CHAPTER  L 

MOTIONS  OP  PODnPSL 


SscrrroN  1. — Motion  of  a  Pair  of  Points. 

348.  Vteed  and  Neulj  Vised  Divectf^Bs. — ^From  the  definition 
of  motion  given  in  Article  9,  it  follows,  that  in  order  to  determine 
the  rdatiye  motion  of  a  pair  of  points,  which  consists  in  the  change 
of  length  and  direction  of  the  straight  line  joining  them,  that  line 
must  be  compared,  at  the  beginning  and  end  of  the  motion  con- 
sidered, with  some  fixed  or  standard  length,  and  with  at  least  two 
fixed  directions.  Standard  lengths  have  already  been  considered 
in  Article  7. 

An  ahsohUd^  fixed  direction  may  be  ascertained  by  means  whose 
principles  cannotHbe  demonstrated  until  the  subject  of  dynamics  is 
considered.  For  the  present  it  is  sufficient  to  state,  that  when  a 
solid  body  rotates  free  from  the  influence  of  any  external  force 
tending  to  change  its  rotation,  there  is  an  absolutely  fixed  direction 
called  that  of  the  aoeis  o/ angular  moTnentiMn,  which  bears  certain 
relations  to  the  successive  positions  of  the  body. 

A  Tiearly  fixed  direction  is  that  of  a  straight  line  joining  a  pair 
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of  points  in  two  bodies  whose  distance  from  each  other  is  very 
great,  such  as  the  earth  and  a  fized  star. 

A  line  fixed  reUxtively  to  the  earth  changes  its  absolute  direction 
(unless  parallel  to  the  earth's  axis)  in  a  manner  depending  on  the 
earth's  rotation,  and  returns  periodicallj  to  its  original  absolute 
direction  at  the  end  of  each  sidereal  day  of  86,164  seconds.  This 
rate  of  change  of  direction  is  so  slow  compared  with  that  which 
takes  place  in  almost  all  pieces  of  mechanism  to  which  dnematical 
and  dynamical  principles  are  applied,  that  in  almost  all  queatioiia 
of  applied  mechanics,  directions  fixed  relatively  to  the  eaith  maj 
be  treated  as  sufficiently  nearly  fixed  for  practical  purposea 

When  the  motions  of  pieces  of  mechanism  relatiyely  to  each 
other,  or  to  the  frame  by  which  they  are  carried,  are  under  consi- 
deration, directions  fixed  relatiyely  to  the  frame,  or  to  one  of  the 
pieces  of  the  machine,  may  be  considered  provisionally  as  fixed  for 
the  purposes  of  the  pajiicular  question. 

349.  JHocton  of  a  Pair  of  Poiat*. — In  fig.  172,  let  A^  B|  r^pire- 

sent  the  relative  situation 
of  a  pair  of  points  at  one 
instant,  and  A^  B,  the 
relative  situation  of  the 
same  pair  of  points  at  a 
later  instant.  Then  the 
A/  change  of  the  straight  line 
AB  between  those  points^ 
from  the  length  and  direc- 

Fig.  172.  Fig.  173.         }i\.  174.       tion  represented  by  A,Bi 

to  the  length  and  direction 

represented  by  A2  B^,  constitutes  the  rdative  motion  of  the  pair  of 
points  A,  B,  during  the  interval  between  the  two  instants  of  time 
considered. 

To  represent  that  relative  motion  by  one  line,  let  there  be  drawn, 

from  one  point  A,  fig.  173,  a  pair  of  lines,  ABj,  AB„  equal  and 

parallel  to  A,Bi,  AqBc,  of  fig.  172 ;  then  A  represents  one  of  the 
pair  of  points  whose  relative  motion  is  under  consideration,  and 
Bx,  B2,  represent  the  two  successive  positions  of  the  other  point  B 

relatively  to  A ;  and  the  line  BTB,  represents  the  nwHon  of  B  rda- 
tively  to  A. 

Or  otherwise,  as  in  fig.  174,  firom  a  single  point  B  let  there  be 

drawn  a  pair  of  lines,  B  Ai,  B  A;,  equal  and  parallel  to  AtB|,  A^Bj, 
of  fig.  172 ;  then  Aj,  A„  represent  the  two  successive  positiona  of 
A  relatively  to  B;  and  the  line  AjA,,  equal  and  pajrallel  to  Bj  Bt  of 
^.  173,  but  pointing  in  the  contrary  direction,  represents  the  motion 
o/A  relatively  to  R 
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350.  Fixed  p«iBt  and  noring  Point- — ^In  ^g.  173,  A  is  treatea 
as  the  fixed  point,  and  B  as  the  moving  point ;  and  in  fig.  174,  B 
is  treated  as  the  fixed  point,  and  A  as  the  moving  point ;  and  these 
are  siinply  two  different  methods  of  representing  to  the  mind  the 
same  relation  between  the  points  A  and  B  (see  Article  10). 

351.    CJwMponeiit  and  Resaltvat  Rlollona.  —  Let    O    he    a    point 

assumed  as  fixed,  and  A  and  B  two  suc- 
cessive positions  of  a  second  point  rela- 
tively to  O.  In  order  to  express  mathe- 
matically  the  amount  and  direction  of 

AB,  the  motion  of  the  second  point 
relatively  to  O,  that  line  may  be  com- 
pared with  three  axes,  or  lines  in  fixed 
directions,  traversing  the  fixed  point  O,    ^ 
such  as  O X,  O  Y,  OZ. 

Through  A  and  B  draw  straight  lines 

AC,  BD,  parallel  to  the  plane  of  OY 
and  O  Z,  and  cutting  the  axis  O  X  in  C 

and  D.    Then  CD  is  said  to  be  the  conv' 

poTierU  of  the  motion  of  the  second  point  relatively  to  O,  along  or 

in  the  direction  of  the  axis  O  X ;  and  by  a  similar  pi-ocess  are  found 

the  components  of  the  motion  AB  along  O  Y  and  O  Z.     The  entire 

motion  AB.is  said  to  be  the  resultant  of  these  components,  and  is 
evidently  the  diagonal  of  a  paiallelopiped  of  which  the  components 
are  the  sides. 

The  three  axes  are  usually  taken  at  right  angles  to  each  other ; 
in  which  case  A  C  and  B  D  are  perpendiculars  let  fall  from  A  and 
B  upon  O  X ;  and  if  «  be  the  angle  made  by  the  direction  of  the 

motion  A  B  with  O  X, 

CD  =  AB  •  cos  «. 

The  relations  between  resultant  and  component  motions  are 
exactly  analogous  to  those  between  the  lines  representing  resultant 
and  component  couples,  which  have  already  been  explained  in 
Articles  32,  33,  34,  35,  36,  and  37. 

352.  The  nicaraMmeat  af  Time  is  efiected  by  comparing  the  events, 
and  especially  the  motions,  which  take  place  in  intervals  of  tima 

Equal  times  are  the  times  occupied  by  the  same  body,  or  by  equal 
and  similar  bodies,  under  precisely  similar  circumstances,  in  per- 
forming equal  and  similar  motions.  The  standard  vmt  of  tima  is 
the  period  of  the  earth's  rotation,  or  sidereal  day,  which  has  been 
proved  by  Laplace,  from  the  records  of  celestial  phenomena,  not  to 
have  changed  by  so  much  as  one  eight-milliontJi  part  of  its  length 
in  the  course  of  the  last  two  thousand  years. 
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A  Buboxdixiate  unit  k  the  second,  being  the  time  of  one  swing  of 
a  pendulum,  so  adjusted  as  to  make  86,400  osdllationa  in  1  -00273791 
of  a  sidereal  day ;  so  that  a  sidereal  day  is  8616409  seconda. 

The  length  of  a  solar  day  is  variable ;  but  the  mean  solar  da^^ 
being  the  exact  mean  of  all  its  diJSerent  lengths^  is  the  period 
ah'eady  mentioned  of  1*00273791  of  a  sidereal  day,  or  86,400 
seconds.  The  divisions  of  the  mean  solar  day  into  24  houis^  of 
each  hour  into  60  minutes,  and  of  each  minute  into  60  seoonda^  aue 
familiar  to  alL 

Fractions  of  a  second  are  measured  by  the  oscillations  of  small 
pendulums,  or  of  springs,  or  by  the  rotations  of  bodies  so  contrived 
as  to  rotate  through  equal  angles  in  equal  times. 

353.  Telocity  is  the  ratio  of  the  number  of  units  of  length 
described  by  a  point  in  its  motion  relatively  to  another  pointy  to 
the  number  of  units  of  time  in  the  interval  occupied  in  describing 
the  length  in  question ;  and  if  that  ratio  is  the  same,  whether  it  be 
computed  for  a  longer  or  a  shorter,  an  earlier  or  a  later,  part  of  the 
motion,  the  velocity  is  said  to  be  ukiforu.  Velocity  is  expressed 
in  units  of  distance  per  unii  of  time.  For  .different  purposes,  there 
are  employed  various  units  of  velocity,  some  of  which,  together  with 
their  proportions  to  each  other,  are  given  in  the  following  table  : — 

Comparison  of  DiffererU  Measures  of  Veloeily, 

Miles  Feet  Feet  Feet 

per  hour.  per  second.         per  minute.        per  hour. 

I        .        =  1-46        =88         =  5280- 
o-68i8 .      =  I       ,       =60         =  3600 

0-OIl36       =  0"Ol6        =        1  =r        60 

0-0001893  =  0*00027  =      o'oi6  =z=         I 
1  nautical  mile  ] 

per  hour,  or  >=  1*1507        =  1*6877     =  101*262  =  607574 
"knot," j 

In  treating  of  the  general  principles  of  mechanics,  the^oo^  per  second 
is  the  unit  of  velocity  commonly  employed  in  Britain.  The  units 
of  time  being  the  same  in  all  civilized  countries,  the  proportions 
amongst  their  units  of  velocity  are  the  same  with  those  amongst 
their  linear  measures. 

Component  and  residtant  velocities  are  the  velocities  of  component 
and  resultant  motions,  and  are  related  to  each  other  in  the  same 
way  with  those  motions,  which  have  already  been  treated  of  in 
Article  351. 

354.  Uniform  Motion  consists  in  the  combination  of  uniform 
velocity  with  uniform  direction ;  that  is,  with  motion  alon**  a 
straight  line  whose  direction  is  fixed. 
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Szcnoir  2. — Umfcrm  MoHon  of  Several  PoirUa. 


355.  TWiiiw  of  Tiwee  Potaia. — ^Theobeil  The  rdcUive  motuma 
of  three  pointa  in  a  given  interval  of  time 
are  repreeerUed  im,  direction  and  magni-  "^^ 
iude  by  the  three  sides  of  a  triangle.  Let 
O,  A,  B^  denote  the  three  points.  Any 
one  of  them  may  he  taken  as  a  fixed 
point ;  let  O  he  so  chosen ;  and  let  O  X, 
O  T,  O  Z,  fig.  176,  he  axes  traversing 
it  in  fixed  directions.  Let  Ai  and  Bi 
be  ihe  positions  of  A  and  B  relatively  ^^'  ^^ 

to  O  at  the  beginning  of  the  given  interval  of  time,  and  A,  and  Bs 

their  positions  at  the  end  of  that  interval.  Then  Aj  Ag  and  Bj  B, 
are  the  respective  motions  of  A  and  B  relatively  to  O.     Complete 

the  parallelogram  A^  Bi  6  A2 ;  then  because  A,  6  is  parallel  and 
equal  to  Ai  Bj,  b  is  the  position  which  B  wotQd  have  at  the  end  of 
the  interval,  if  it  had  no  motion  rdaiivdy  to  A;  but  Bg  is  the  actual 

position  of  B  at  the  endof  the  interval ;  therefore,  &Ba  is  the  motion 
of  B  relatively  to  A.     Then  in  the  triangle  B^  6  Bj, 

Bi  6  =  Ai  As  is  the  motion  of  A  relatively  to  O, 
5  B2  is  the  motion  of  B  relatively  to  A, 

Bi  B)  is  the  motion  of  B  relatively  to  O ; 

80  that  those  three  motions  are  represented  by  the  three  sides  of  a 
trumgle. — Q.  E.  D. 

This  Theorem  might  be  otherwise  expressed  by  saying,  iJuU  if 
three  moving  'poi/nta  be  conaidered  in  any  order,  the  motion  of  the  third 
reUUivdy  to  the  first  is  the  resuUcmt  of  the  motion  of  the  third  reUUivdy 
to  the  second,  and  of  the  motion  of  the  second  relatively  to  the  first; 
the  word  ^^resvlUmt^^  being  understood  as  already  explained  in 
Article  35L 

356.  Bi«ii«M  of  a  itorias  of  Poistsw — OoBOLLABY.  If  a  aeries  of 
points  be  considered  in  <my  order,  and  the  motion  of  each  point  deter- 
mined rdativdy  to  tliat  which  precedes  it  in  the  aeries,  and  if  the 
reloHve  motion  of  the  last  point  and  the  first  point  be  also  determined, 
then  will  those  motions  be  represented  by  the  sides  of  a  dosed  polygon. 
Let  O  be  the  first  point.  A,  B,  C,  &c.,  successive  points  following 
it,  M  the  last  point  but  one,  and  "N  the  last  point;  and,  for  brevity's 
sake,  let  the  relative  motion  of  two  points,  such  as  B  cmd  C,  be 
denoted  thus  (B,  C).  Then  by  the  Theorem  of  Article  355  (O,  A), 
(A,  B),  and  (O,  B)  are  the  three  sides  of  a  triangle ;  also  (O,  B), 
(B,  C),  and  (O,  C),  ai-e  the  three  sides  of  a  triangle;  therefore 
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(4.)  The  angle  made  by  the  intersection  of  those  two  planes  with 
a  fixed  direction  in  the  fixed  plane. 

Thus,  the  oomparative  motion  of  two  points  relatively  to  a  third, 
is  expressed  by  means  of  one  of  those  gronps  of  four  elements  which 
Sir  William  Rowan  Hamilton  has  called  "  qtuUemions.**  In  most  of 
the  practical  applications  of  cinematics,  the  motions  to  be  compared 
are  limited  by  conditions  which  render  the  comparison  more  simple 
than  it  is  in  the  general  case  just  described.  In  machines,  for 
example,  the  motion  of  each  point  is  limited  to  two  directions, 
forward  or  backward  in  a  fixed  path;  so  that  the  oomparative 
motion  of  two  points  is  sufficiently  expressed  by  means  of  the 
velocity  ratio,  together  with  a  directional  relation  expressed  by  +  or 
— ,  according  ad  the  motions  at  the  instant  in  question  are  similar 
or  contrary. 

Section  3. — Varied  Motion  qfFomts. 

359,  Te1*cltr  and  IMrectf^n  mf  Tarled  HEotloii. — ^The   motion  of 

one  point  relatively  to  another  may  be 
varied,  either  by  dhange  of  velocity,  or 
by  change  of  direction,  or  by  both 
combined^  which  last  case  will  now  be 
considered,  as  being  the  most  general. 

In  £g.  178,  let  O  represent  a  point 
assumed  as  fixed,  OX,  O  Y,  OZ,  fixed 
directions,  and  A  B  part  of  the  path  or 
orbit  traced  by  a  second  point  in  its  ^  « 

varied  motion  relatively  to  O.     At  the  ng.  its. 

instant  when  the  second  point  reaches  a  given  position,  such  as  P, 
in  its  path,  the  direction  of  its  motion  is  obviously  that  of  P  T,  a 
tangent  to  the  path  at  P. 

To  find  the  velocity  at  the  instant  of  passing  P,  let  At  denote  an 
interval  of  time  which  includes  that  instant,  and  a  s  the  distance 
traced  in  that  interval.     Then 

Ti 
IS  an  approximaition  to  the  velocity  at  the  instant  in  question,  which 
•will  approach  continually  nearer  and  nearer  to  the!  exact  velocity  as 
the  interval  a<  and  the  distance  a«  axe  madfe  shorter  and  shorter; 

and  the  limU  towards  which  —  converges,  as  a«  and  ^t  are  inde- 

A  t 

finitely  diminished,  and  which  is  denoted  by 

♦-j^. •(■•> 

2o 
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and  the  distance  described  is 


«  =  "„«  +  — . 


(3.) 


To  find  the  velocity  of  a  point,  whose  velocity  is  nniformly  varied, 
at  a  given  instant,  and  the  Tate  of  variation  of  that  velocity,  let 
the  distances,  A^j,  A  83,  described  in  two  equal  intervals  of  time, 
each  equal  to  A^,  before  and  after  the  instant  in  question,  be 
observed  Then  the  velocity  at  the  instant  between  those  inter- 
vals is 

A  «j  +  A  A  ... 
\*v 


V  = 


2At 


and  its  rate  of  variation  is 


.(5.) 


8 


_  At?  _  A«s  — Atf] 

*  ~  "a*  (a  <)• 

362.  Taiicd  Bate  •f  Tarlalton  mf  Telacity. — When  the  velocity 

of  a  point  is  neither  constant  nor  uniformly-varied,  its  rate  of 
variailon  may  still  be  found  by  applying  to  the  velocity  the  same 
operatioD  of  d^ererUAoEtion^  which,  in  Article  359,  was  applied  to 
the  distance  described  in  order  to  find  the  velocity.  The  result  of 
this  operation  is  expressed  by  the  symbols, 

dv  _  <P 
dt 

and  is  the  limit  to  which  the  quantity  obtained  by  means  of  the 
formula  5  of  Article  361  continually  approximates,  as  the  interval 
denoted  by  A  ^  is  indefinitely  diminished 

363.  UaiiiMnn  jDertetiMa  is  the  change  of  motion  of  a  point  which 
moves  with  uniform  velocily  in  a  circular 
path.     The  rate  at  which  uniform  deviation 
takes  place  is  determined  in  the  following 
manner. 

Jjet  C,  fig.  179,  be  the  centre  of  the  cir- 
colar  path  described  by  a  point  A  with  an 

uniform  velocity  t;,  and  let  the  radius  C  A  be 
denoted  by  r.     At  the  beginning  and  end  of 
An  intervsJ  of  time  a  ^,  let  A^  and  As  be  the 
H)sitions  of  the  moving  point.     Then 


the  arc  Aj  A^  =  v  a  ^ ;  and 
the  chord  A|  A^  =  v ^t 


ilg.  179. 


arc 


be  velocities  at  Ai  and  A^  are  represented  by  the  equal  lines 
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A|  V|  =  Aj  V,  =  V,  touching  the  circle  at  Ai  and  A^  respec- 
tively.  From  A,  draw  A^v  equal  and  parallel  to  A,  Y^  and  join 
V,v.  Then  the  Telocity  A.  V,  may  be  considered  as  compounded 
of  A^v  and  vY^ ;  so  that  vY^  is  the  deviation  of  the  motion  dur- 
ing the  interval  ^t;  and  because  the  isosceles  triangles  AjvV^ 
C  Ai  A^  are  similar : — 

.-=   ^  A/V'.-ATA.  ^  ^'^t  ^  chord, 
•  CA  »•  a«5   ' 

and  the  approximate  rate  of  that  deviation  is 

«*    chord 
r  *    arc   ' 

but  the  deviation  does  not  take  place  by  instantaneous  changes  of 
velocity,  but  by  insensible  degrees ;  so  that  the  true  rate  of  deviation 
is  to  be  found  by  finding  the  limit  to  which  the  approximate  rate 
continually  approaches  as  the  interval  Atia  diminished  indefinitely. 

Now  the  fiskctor  —  remains  unaltered  by  that  diminution ;  and  the 

T 

ratio  of  the  chord  to  the  arc  approximates  continually  to  equality ; 
so  that  the  limit  in  question,  or  true  rale  of  deviation,  is  expressed  by 

r- ■■ <'■) 

364.  TarjiBf  DerteiiMi, — When  a  point  moves  with  a  varying 
velocity,  or  in  a  curve  not  circular,  or  has  both  these  variations  of 
motion  combined,  the  rale  qf  deviatum  at  a  given  instant  is  still 
represented  by  equation  1  of  Article  363,  provided  v  be  taken  to 
denote  the  velocity,  and  r  the  radius  of  curvature  of  the  path,  of 
the  point  at  the  instant  in  questioiL 

365.  The  Bcadttuit  Baia  •f  Tariati«B  of  the  motion  of  a  point 
is  found  by  considering  the  rate  of  variation  of  velocity  and  the 
rate  of  deviation  as  represented  by  two  lines,  the  former  in  the 
direction  of  a  tangent  to  the  path  of  the  pointy  and  the  latter  in 
the  direction  of  the  radius  of  curvature  at  the  iastant  in  question, 
and  taking  the  diagonal  of  the  rectangle  of  which  those  two  lines 
are  the  sides,  which  has  the  following  value  : — 


\rm^'Vm'^w. 


366.  The  Bates  ofTiuriatioii  of  the  Component  Telocltlea  of  a  point 

paiullel  to  three  rectangular  axes,  are  represented  as  follows : — 
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d*x     d^y     d^z 
'df'  'df'  d^' 


.(1.) 


and  if  a  rectangular  parallelopiped  be  constmcted,  of  which  the 
edges  represent  tiiiese  quantities,  its  diagonal,  whose  length  is 

will  represent  the  reavUamii  rale  of  variation,  already  given  in 
another  form  in  equation  1  of  Article  365. 

367.  The  Computomi  •f  th«  Tari«d  H«ti«m  of  a  pair  of  points 
relatiyely  to  a  third  point  assumed  as  fixed,  is  made  by  finding  the 
ratio  of  their  velocities,  and  the  directional  relation  of  the  tangents 
of  their  paths,  at  the  same  instant,  in  the  manner  already  described 
in  Article  358  as  applied  to  uniform  motions.  It  is  evident  that 
the  comparative  motions  of  a  pair  of  points  may  be  so  regulated  as 
to  bd  constant,  although  the  motion  of  each  point  is  varied,  pro- 
vided the  variations  teS^e  place  for  both  points  at  the  same  instant, 
and  at  rates  proportional  to  their  velocities. 
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CHAPTER  n. 

HOTIOM8  OF  SlOm  BODISaL 

SEcmoK  1. — Rigid  Bodies,  amd  their  TrandcUiim, 


36^.  The  term  iii«M  li«dy  is  to  be  understood  to  demote  a  body, 
or  an  assemblage  of  bodies,  or  a  system  of  points,  whose  figure 
undeigoes  no  alteration  during  the  motion  which  is  tinder  eon- 
aideration. 

369.  itauMtetiMi  or  flhuitais  is  the  motion  of  a  rigid  body  rela- 
tively  to  a  fixed  pointy  when  the  points  of  the  rigid  body  have  no 
motion  relatively  to  each  other ;  that  is  to  say,  when  they  all  move 
with  the  same  velocity  and  in  the  same  direction  at  the  same 
instant,  so  that  no  line  in  the  rigid  body  changes  its  direction. 

It  is  obvious  that  if  three  points  in  the  rigid  body,  not  in  the 
same  straight  line,  move  in  parallel  directions  with  equal  velocities 
at  each  instant,  the  body  must  have  a  motion  of  tranj^ation. 

The  paths  of  the  different  points  of  the  body,  provided  they  are 
all  equal  and  similar,  and  at  each  instant  parallel,  may  have  any 
figure  whatsoever. 

Section  2. — Simple  Botaiion, 


370.  B«iati«B  or  TaniBK  is  the  motion  of  a  rigid  body  when 
lines  in  it  change  their  direction.  Any  point  in  or  rigidly  attached 
to  the  body  may  be  assumed  as  a  fixed  point  to  which  to  refer  the 
motions  of  the  other  points.   Such  a  point  is  called  centre  qfroMum, 

371.  Axto  of  Rocati«n.-»THEOREM.     In  every  poeeiJble  ehamge  of 
position  of  a  rigid  body,  reUUvody  to  a  fixed  centre,  there  is  a  line 

traversing  that  centre  whose  direo- 
tion  is  ruA  chomged  In  ^,  180, 
let  O  be  the  centre  of  rotation,  and 
let  A  and  B  denote  any  two  other 
points  in  the  body,  whose  sitoa- 
tions  relatively  to  O  are,  before 
the  turning,  A|,  B|,  and  after  the 

turning,    A«  Bg.      Join    A)  A«, 
^^*  B,  B„  forming  the  isosceles  tarian- 

gles  O  Ai  At,  O  Bi  B>     Bisect  the  bases  of  those  triangles  in  C  and 
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D  respectiveljy  and  through  the  points  of  bisection  draw  two  planes 
pearpendicular  to  the  respective  bases,  intersecting  each  other  in  'ih.e 
stmigfat  line  O  E,  which  must  traverae  O.  Let  E  be  any  point  in 
the  line  O  E^  then  EAi  A^,  and  EBj  B|^  are  isosceles  tmngleB; 
and'E  is  at  the  same  distance  from  O,  A,  and  B^  before  and  after 
ihe  taming;  therefore  E  is  one  and  tiie  same  point  in  the  body, 
whose  place  is  nnchanged  by  the  taming;  and  this  demonstration 

applies  to  eveiy  point  in  the  straight  line  O  E;  therefore  that  line 
is  nnchanged  in  direction. — Q.  E.  D. 

€k)SOLLABT.  It  is  evident  that  eveiy  line  in  ihe  body,  parallel 
to  the  axis,  has  its  direction  nnchanged. 

372.  The  fimm  •r  wutmUmm  is  any  plane  perpendicular  to  the 
as3&  The  Aa«ie  «c  ll«iati*M,  or  angular  motion,  is  the  angle  made 
by  the  two  directions,  before  and  after  the  turning,  of  a  line  per- 
pendiculkr  to  the  axi& 

373.  The  Awgwlar  Teiocitr  of  a  turning  body  is  the  ratio  of  the 
an^e  of  rotation,  expressed  in  terms  of  radius,  to  the  number  of 
units  of  time  in  the  interval  of  time  occupied  by  the  angular  motion. 
Speed  of  turning  is  sometimes  expressed  also  by  the  number  of 
turns  or  fractions  of  a  turn  in  a  given  time.  The  relation  between 
these  two  mod^  of  expression  is  the  following  : — Let  a  be  the 
angular  velocity,  as  above  defined,  and  T  the  turns  in  the  same  unit 
of  time;  then 

T-  — • 

a  =  2xT; 
(2  «•  =  6-2831852). 

374.  TCnlfinm  Rotation  consists  in  uniformity  of  the  angular  velo- 
ciiy  of  the  turning  body,  and  constancy  of  the  direction  of  its  axis 
of  rotatioiL 

375.  itofii—  MMiwuM  to  all  FBits  oC  Bodr« — Ssnoe  the  angular 
motioii  of  rotation  consistB  in  the  change  of  direction  of  a  line  in 
a  plane  of  rotation,  and  since  that  change  of  direction  is  the  same 
how  short  soever  the  line  may  be,  it  is  evident  that  the  condition 
of  Rvtation,  like  that  of  translation,  is  common  to  every  particle, 
how  small  soever,  of  the  turning  rigid  body,  and  that  i^e  anyilar 
veloeity  of  taming  of  each  particle,  how  small  soever,  i^  the  same 
with  that  of  the  entire  body  This  is  otiierwiae  evident  by  con* 
sideling,  that  each  part  into  which  a  rigid  body  can  be  divided 
tarns  completely  about  in  the  same  time  with  every  other  part,  and 
with  ^be  entire  body. 

376.  ■■ilii  «i«  liCtiMAiBdod  BMMioa^ — ^The  direGtian  of  rotation 
roond  a  given  axis  is  distinguished  in  an  arbitrary  manner  into 
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dricsJ  surface  relatively  to  the  axis  is  a  tangent  to  the  sorfaoe  in  a 
plane  perpendicular  to  the  axis. 

379.  C«Bip«naiTe  Ill^Clmw  •f  Tw*  P^lats  nIailTcly  tm  «■  Azte. — 

Let  Oy  A,  3,  denote  three  points  in  a  rotating  rigid  body ;  let  O  be 
considered  as  fixed,  and  let  an  axis  of  rotation  be  drawn  through 
it.  Then  the  compariUwe  motions  of  A  and  B  relatively  to  that 
axis  are  expressed  as  follows  : — ^  velocity-ratio  is  that  qfths  radii- 
veetorea  of  the  points,  and  the  directional  relation  consieta  in  the 
angle  between  their  directions  of  motion  being  the  eame  with  that 
between  their  radii-vectores.  Or  sfymbolically :  Let  ri,  rf,  be  the  per- 
pendicular distances  of  A  and  B  from  the  axis  traversing  O^  and 
Vi  and  1^  their  velocities ;  then 

r,      r,  -   A  A 

--«-;-;  and  v,v^  =  nr^ 
Vi      ri 

380.  Cmm^vmenm  mt  Telocity  of  a  Poiat  la  a  B«latiag  'Bodf.—The 

component  parallel  to  an  axis  of  rotation,  of  the  velocity  of  a  point 

in  a  rotating  body  relatively  to  that  axis, 

is  nulL     l^t  velocity  may  be  resolved  v. 

into  components  in  the  plane  of  rotation.  -^^ 

Thus  let  O,  in  fig.  181,  represent  an  axis 

of  rotation  of  a  body  whose  plane  of  rota-  b. 

tion  is  that  of  the  figure ;  and  let  A  be 

any  point  in  the  body  whose  radius-vector 

is  OA  =  r.     The  velocity  of  that  point  ^^^ff 

being  v  ^=  ar,  let  that  velocity  be  repre-  wai 

sented  by  the  line  A  Y  perpendicular  to  ^' 

OA.      Let  B  A  be  any  direction  in  the  plane  of  rotation,  along 

which  it  is  desired  to  find  the  component  of  the  velocity  of  A ;  and 

let  .^  V  AXJ  =  ^  be  the  angle  made  by  that  line  with  A  V.    From 

Y  let  fisdl  Y  XT  perpendicular  to  B  A ;  then  A  XJ  represents  the 

component  in  question ,  and  denoting  it  by  u, 

u  =  v  '  coaS=:ar  '  coa  t (1.) 

From  O  let  fall  O B  perpendicular  to  B  A.  Then  .^^AOB  = 
.^r::  Y  A  IT  =  ^ ;  and  the  right-angled  triangles  O  B  A  and  A  XJ  Y 
are  similar;  so  that 

AY  :  XV  :  :  OA  :  OB  =  r  cos  ^ (2.) 

Now  the  eniifre  velocity  of  B  relatively  to  the  axis  O  is 

ar  cos  ^  =  V, , ....(3.) 

so  that  the  wmfpanerd^  along  a  given  straight  line  in  the  plane  of 
rotatiany  of  the  vdocity  of  any  point  in  tha^t  line,  is  equal  to  tlie  ydo- 
dty  o/^  paint  where  a  perpendicular  from  the  axis  Tneets  thai  line. 
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Sectioh  3. — Combined  EotcUuma  cmd  TrandaiionA. 


381.  PMpcrtrofaUiHotlMMoriUcMBtodiMb — The  foiegoing  pio- 
positioii  may  be  r^arded  as  a  particular  case  of  the  foUowingy  whidi 
is  tme  of  all  motions  of  a  rigid  body. 

jr/«6  componentSf  akmg  a  given  straight  linein  a  rigid  hody^  of  Ihe 
vdoeUies  of  the  points  in  thai  line  rdative^  to  any  point,  vjhsther  in  or 
aUached  to  the  body  or  otherwise,  are  ill  equal  to  each  otiyet;  fi>r 
otherwise,  the  distances  between  points  in  the  given  strai^t  line 
must  alter,  which  is  inconsistent  with  the  idea  of  rigidity. 

382.  Helical  mrvctoH. — Botation  is  the  only  movement  which  a 
rigid  body  as  a  whole  can  have  relatively  to  a  point  belonging  to 
it  or  attached  to  it.  But  if  the  motion  of  the  body  be  determined 
relatively  to  a  point  not  attached  to  it,  a  translation  may  be  com- 
bined with  the  rotation.  When  that  translation  takes  place  in 
the  direction  of  the  axis  of  rotation,  the  motion  of  the  rigid  body  is 
said  to  be  hdical,  or  screw-like,  because  each  point  in  the  rigid  body 
describes  a  helix  or  screw,  or  a  part  of  a  helix  or  screw; 

Let  Vi  denote  the  velocity  of  translation,  parallel  to  the  axis  of 
rotation,  which  is  common  to  all  points  of  the  body ;  this  is  called 
the  velocity  o/adva/nce.  The  advance  during  one  complete  turn  of 
the  rotating  body  is  the  pitch  of  each  of  the  helical  or  screw-like 
paths  described  by  its  particles ;  that  is,  the  distance,  in  a  direc- 
tion parallel  to  the  axis,  between  one  turn  of  each  such  helix  and 

the  next;  and  a  being  the  angular  velocity,  so  that  —  is  the  time 

of  one  turn,  the  value  of  the  pitch  is 

P  =  -ir''  whence t>,=U (1.) 

Let  r,  as  before,  be  the  radius-vector  of  any  point  in  the  body,  and 
let 

Vt  =  ar (2.) 

denote  its  velocity  of  revolution,  or  velocity  relatively  to  the  axis, 
due  to  the  rotation  alone.  Then  the  resultant  velocity  of  that 
point  is 

v=  Jl^f+^  =  a-y/'{^,+r'j (3.) 

The  indinalion  of  the  helix  described  by  that  point  to  the  plane  of 
rotcUion  is  given  by  the  equation 

t  =  arc  •  tan  •  — '  =  arc  •  tan  •  ^       : U,) 

Vg  2xr  ^   ' 
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the  tangent  of  that  angle  being  the  ratio  of  the  pitch  to  the  circum- 
ference of  the  circle  described  by  the  point  relatively  to  the  axis  of 
rotation. 

383.   PbOBLEBL      T«  Flad  th«  n^Umm  of  a  Rigid  Mmdj  Imb  the 
of  Tlvee  of  Ita  Potato. — 


Let  A,  B,  C,  fig.  182,  be  three 
pointB  in  a  rigid  body,  and  at  a 
given  instant  let  them  have  mo- 
tions relatively  to  a  point  indepen- 
dent of  the  body,  which  motions 
are  represented  in  velocity  and 

direction  by  the  three  lines  A  V., 
B  Vj,  C  V^  It  is  required  to  find 
the  motion  of  the  entire  rigid 
body  relatively  to  the  same  fixed 
point. 

Throng  any  point  o,  ^g.  183, 
draw  thi^ee  lines  oa,ob,oc,  equal 
and  parallel  to  the  three  Imes 

A  V^  B  V^  C  Y^  Through  a,  b,  and  c,  draw  a 
plane  a  be,  on  which  let  fall  a  perpendicular  o  n 
fix>m  o.  Then  o  n  represents  a  component,  which 
is  common  to  the  velocities  of  all  the  three  points 
A,  By  C,  and  must  therefore  be  common  to  all  the 
points  in  the  body;  that  is,  it  is  a  velocity  of 
translcUion, 


Fig.  182. 


Fig.  188. 


From  the  points  V„  V»,  V.,  draw  lines  TT^^  V*  TJ^  V,  U^ 
equal  and  parallel  to  o  n,  but  opposite  in  direction  to  it ;  and  join 

A  U«,  B  lift,  C  JJ„  which  will  all  be  parallel  to  the  same  plane ; 
that  is,  to  the  plane  a  be.  The  last  three  Hues  wUl  represent  the 
component  velocities  which,  along  with  the  common  velocity  of 
translation  parallel  to  o  n,  make  up  the  resultant  velocities  of  the 
three  point&  Through  any  two  of  the  points  A,  B,  draw  planes 
perpendicular  to  the  respective  components  of  their  motions  which 
are  paraUel  to  a  (  c.  These  two  planes  will  intersect  each  other  in 
a  line  ODE,  which  will  be  parallel  to  OTk  The  perpendicular 
distances  of  that  line  from  the  points  A,  B,  being  unchanged  by  the 
motion,  it  represents  one  and  the  same  Une  in  or  attached  to  the 
rigid  body,  and  it  is  therefore  the  axis  of  rotation.    A  plane  drawn 

through  the  third  point  C,  perpendicular  to  C  U«,  will  cut  the  other 
two  planes  in  the  same  axis :  the  three  revolving  component 
velocities 


AII«BU»,  CU. 


•joxcaaa  or  en 


AD,BE,C 

from  that  axia 
of  the  three  qut 
velocitiee  of  thi 
rotation,  combin 
ilocity  represente 
taxed,  motion  of  t 
I  of  the  precedii 
method  of  solatic 
lecial  method  hoc 

lh«  body  or 

one  plam, 

motions  of 

181.     Let  . 

\      versing  A  ; 

^   the  respect 
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planes  cut  ( 

is  a  rotatioi 

the  planes 

city,  are  found  at 

el,  the  motion  is 
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plane  of  the  three  points  with  the  plane  drawn  through  the  extre- 
mities v.,  Vj,  V^,  of  the  three  lines  which  represent  their  veloci- 
ties ;  the  angular  velocity  being  found  as  in  Article  383. 

If  the  plane  of  rotation  is  known^  then  the  simultaneous  veloci- 
ties of  two  points^  as  A  and  B  in  figs.  184  (  and  184  c,  are  sufficient 
to  determine  the  axis  O. 

385.    HaiMltoB  Combiaed  wtth  TmaslatloM  !■  tke  8wbi«  Plaae. — 

Let  a  body  rotate  about  an  axis  C  (fig.  185), 
fixed  relatively  to  the  body,  with  an  angular 
velocity  a,  and  at  the  same  time  let  that  axis 
have  a  motion  of  translation  in  a  straight  path 
perpendicular  to  the  direction  of  the  axis,  with 
the  velocity  u,  represented  by  the  line  C  U.  It 
is  required  to  find  the  velocity  and  direction  of 
motion  of  any  point  in  the  body.      From  the  _,    ^. 

moving  axis  draw  a  straight  line  0  T  perpendi- 
cular to  that  axis  and  to  C  U,  and  in  that  direction  into  which  the 
rotation  (as  represented  by  the  feathered  arrow)  tends  to  turn  C  U^ 
and  make 


CT=-. 
a 


(1.) 


Then  the  point  T  has,  in  virtue  of  tra/nslcUion  along  with,  the  axis 
C,  a  fortoard  motion  with  the  velocity  u ;  and  in  virtue  of  rator 
iion  about  that  axis,  it  has  a  backwa/rd  motion  with  the  velocity 

a-CT=w, 

equal  and  opposite  to  the  former ;  and  its  resultant  velocity  is  0. 
Hence  every  point  in  the  body,  which  comes  in  succession  into  the 

position  T,  situated  at  the  distance  —  from  the  axis  C  in  the  direc- 

a 

tion  above  described,  is  at  rest  ctt  the  instamt  of  its  arriving  at  that 
pomtion;  that  is,  it  has  just  ceased  to  move  in  one  direction,  and 
is  about  to  move  in  another  direction  j  and  this  is  true  of  every 
point  which  arrives  at  a  line  traversing  T  parallel  to  C.  Conse- 
quently the  resultant  motion  of  the  body,  at  any  given  instant,  is 
tiie  same  as  if  it  were  rotating  about  the  line  which  cU  the  instant 
in  question  occupies  the  position  T,  parallel  to  0,  at  the  distance 

- ;  and  that  line  is  called  the  instantaneous  axis.  To  find  the 
a 

motion  of  any  point  A  in  the  body  at  a  given  instant,  let  fall  the 
perpendicular  A  T  from  that  point  on  the  instantaneous  axis;  then 
the  motion  of  A  is  in  the  direction  A  V  perpendicular  to  the  plane 
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of  the  instantaneous  axis  and  of  the  instantaneous  Todius-vedor 
AT,  and  the  velocity  of  that  motion  is 


v=:a 


AT, 


(2.) 


386.  BoiiiBs  CTrUndcr;  Trochoid. — Eveiy  straight  line  parallel 
to  the  moving  axis  C,  in  a  cylindrical  surface  described  abont  C 


u 


with  the  radius  ~,  becomes  in. turn  the  instantaneous  azi& 


a 


the  motion  of  the  body  is  the  same  with  that  produced  by  the  roll- 
ing of  such  a  cylindrical  suifaoe  on  a  plane  P  T  P  peiallel  to  C  and 


u 


to  0  U,  at  the  distance  -. 


a 


The  path  described  by  any  point  in  the  body,  such  as  A,  whidi 
is  not  in  the  moving  axis  C,  is  a  curve  well  known  by  the  name  of 
trochoid.  The  particular  form  of  trochoid  called  the  eydoidy  is 
described  by  each  of  the  points  in  the  rolling  cylindrical  sui&oe. 

387.    Plaae  Bluing  ^n  Cylinder)  flpind  IPmAm* — ^Another  mode 

of  representing  the  combination  of  iota> 
tion  with  translation  in  the  same  plane 
is  as  follows  : — Let  O  be  an  axis  assumed 
as  fixed,  about  which  let  the  plane  O  G 
(containing  the  axis  O)  rotate  (right- 
handedly,  in  the  figure),  with  the  angu> 
lar  velocity  a.  Let  a  rigid  body  have, 
relatively  to  the  rot<Uing  plane,  and  in  a 
direction  perpendicular  to  it,  a  transla- 
tion with  the  velocity  ti.  In  the  plane 
O  C,  and  at  right  angles  to  the  »^'ii  O, 


Fig.  186. 


u 

take  O  T  =  -,  in  such  a  direction  that 
a 


the  velocity 
«  =  6fOT, 


which  the  point  Tin  the  rotating  plane  has  at  a  given  instant,  shall 
be  in  the  contrary  direction  to  the  equal  velocity  of  translation 
u,  which  the  rigid  body  has  relatively  to  the  rotating  plane.  Then 
each  point  t»  ^  rigid  body  which  arrives  at  the  position  T,  or  at 
any  position  in  a  line  traversing  T  parallel  to  the  fixed  axis  O,  i& 
at  rest  at  the  instant  of  its  occupying  that  position  ;  therefore  tJie 
line  traversing  T  parallel  to  the  fixed  axis  O  is  t^  insktntmuous 
aoDis;  the  motion  at  a  given  instant  of  any  point  in  the  rigid  body, 
such  as  A,  is  at  right  angles  to  the  radius-vector  AT  drawn  pep^ 
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pendicular  to  the  instantaneous  axis;  and  the  velocity  of  that 
motion  is  given  by  the  equation 


i;  =  o-AT. 

All  the  lines  in  the  rigid  body  which  sucoesaiyely  occupy  the 
position  of  instantaneous  axis  are  situated  in  a  plane  of  that  body, 
P  T  P,  perpendicular  to  O  C  ;  and  all  the  positions  of  the  instan- 
taneousaxis  are  situated  in  a  cylinder  described  about  O  with  the 
radius  O  T  ;  so  that  the  motion  of  the  rigid  body  is  such  as  is  pro- 
duced by  the  rdOing  of  the  plane  'P'P  an  the  cylinder  whose  radius  is 

O  T  =  -.     Each  point  in  the  rigid  body,  such  as  A,  describes  a 

plane  spiral  about  the  fixed  axis  O.  Por  each  point  in  the  railing 
jdanCy  P  P,  that  spiral  is  the  involute  of  the  circle  whose  radius  is 
O  T.  Por  each  point  whose  path  of  motion  traverses  the  fixed  axis 
O,  that  is,  for  each  point  in  a  plane  of  the  rigid  body  traversing  O 
parallel  to  P  P,  the  spiral  is  Archimedean,  having  a  radius- vector 
increasing  by  the  length  u  for  each  angle  a  through  which  it 
rotates. 

a88.  «MiMMd  Pamllel  Relations.— In  figs.  187,  188,  and  189, 


Fig.  188. 


Fig.  189. 


let  O  be  an  axis  assumed  as  fixed,  and  0  C  a  plane  traversing  that 
axis,  and  rotating  about  it  with  titie  angular  velocity  a.  Let  0  be 
an  axis  in  that  plane,  parallel  to  the  fixed  axis  O ;  and  about  the 
moving  axis  C  let  a  rigid  body  rotate  with  the  angular  velocity  b 
rdfXlivdy  to  the  plame  O  C ;  and  let  the  directions  of  the  rotations  a 
and  h  be  distinguished  by  positive  and  negative  signs.  The  body  is 
said  to  have  the  rotations  about  the  parallel  axes  O  and  C  coTnbined 
or  oompoundedy  and  it  is  required  to  find  the  result  of  that  com- 
bination of  parallel  rotations. 

Pig.  187  represents  the  case  in  which  a  and  h  are  similar  in 
direction;  fig.  188,  that  in  which  a  and  h  are  in  opposite  direc- 
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tioDSy  and  b  is  the  greater ;  and  fig.  189,  that  in  which  a  and  b  are 
in  opposite  directions,  and  a  is  the  greater. 

Let  a  common  perpendicular  O  C  to  the  fixed  and  moving  axes 
be  intersected  in  T  by  a  straight  line  parallel  to  both  those  axes,  in 
such  a  manner  that  the  distances  of  T  from  the  fixed  and  moving 
axes  respectively  shall  be  inversely  proportional  to  the  angular 
velocities  of  the  component  rotations  about  them,  as  is  expressed 
by  the  following  proportion : — 

a:b::CT:  OT (1.) 

When  a  and  b  are  similar  in  direction,  let  T  fall  between  O  and  C, 
as  in  fig.  187  ;  when  they  are  contraiy,  beyond,  as  in  figs.  188  and 
189.  Then  the  velocity  of  the  line  T  qftheplam  O  C  is  a  •  OT ; 
and  the  velocity  of  the  line  T  of  the  rigid  body,  rdalivdy  to  the 
plane  O  C,  is  &  -  C  T,  equal  in  amount  and  contraiy  in  direction  to 
the  former ;  therefore  each  line  of  the  rigid  body  which  arrives  at 
the  position  T  is  at  rest  at  the  instant  of  its  occupying  that  posi- 
tion, and  is  then  the  instavUaneotia  aads.  The  resvUamit  angular 
vdocUy  is  given  by  the  equation 

c  =  a  +  6; (3.) 

regard  being  had  to  the  directions  or  signs  of  a  and  b ;  that  is  to 
say,  if  we  now  take  a  and  b  to  represent  arWvmetical  magnitudes, 
and  affix  explicit  signs  to  denote  their  directions,  the  direction  of 
o  will  be  the  same  with  that  of  the  greater ;  the  case  of  fig.  187 
will  be  represented  by  the  equation  2,  already  given ;  and  those  of 
figs.  188  and  189  respectively  by 

c  =  b—a'y  c  =  a  —  b C^-^) 

The  relative  proportions  of  a,  b,  and  c,  and  of  the  distances 
between  the  fixed,  moving,  and  instantaneous  axes,  are  given  by 

the  equation  

a  :  6  :  c  : :  CT  :  Of  :  OC (3.) 

The  motion  of  any  point,  such  as  A,  in  the  ri^d  body,  is  at  each 
instant  at  right  angles  to  the  radius-vector  A  T  drawn  &om  the 
point  perpendicular  to  the  instantaneous  axis ;  and  the  velocity  of 

that  motion  is  

v=:c-AT (4.) 

389.    Cylinder  BoUing  on  Cylinder  j  Epitrochnidfc — All  the  lines 

in  the  rigid  body  which  successively  occupy  the  position  of  instan- 
taneous axis  are  situated  in  a  cylindrical  surface  described  about  C 
with  the  radius  C  T ;  and  all  the  positions  of  the  instantaneous 
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axis  are  contained  in  a  cylindrical  surface  described  about  0  with 

the  radius  0  T ;  therefore  the  resultant  motion  of  the  rigid  body 
is  that  which  is  produced  by  roUing  the  former  cylinder^  attached 
to  the  body,  on  the  latter  cylinder,  considered  as  fixed. 

In  fig.  187,  a  convex  cylinder  rolls  on  a  convex  cylinder ;  in  fig. 
188,  a  smaller  convex  cylinder  rolls  in  a  lai*ger  concave  cylinder ; 
in  fig.  189,  a  larger  concave  cylinder  rolls  on  a  smaller  convex 
cylinder. 

Each  point  in  the  rolling  rigid  body  traces,  relatively  to  the 
fixed  axis,  a  curve  of  the  kind  called  epUrochoids,  The  epitrochoid 
traced  by  a  point  in  the  surface  of  the  rolling  cylinder  is  an  epi- 
cydoid. 

In  certain  cases,  the  epitrochoids  become  curves  of  a  more  simple 
class.  For  example,  each  point  in  the  rnoving  axis  0  traces  a 
circle. 

When  a  cylinder,  as  in  fig.  188,  rolls  within  a  concave  cylinder 
of  double  its  radius,  each  point  in  the  surface  of  the  rolling  cylinder 
moves  backwards  and  forwards  in  a  straight  line,  being  a  diameter 
of  the  fixed  cylinder;  each  point  in  the  axis  of  the  rolling  cylinder 
traces  a  circle  of  the  same  radius  with  that  cylinder,  and  each  other 
point  in  or  attached  to  the  rolling  cylinder  traces  an  ellipse  of 
greater  or  less  eccentricity,  having  its  centre  in  the  fixed  axis  O. 
This  principle  has  been  made  available  in  instruments  for  drawing 
and  turning  ellipses. 

390.  Cnmonre  of  Bpilrechoida. — ^The  following  being  given  : — 

the  radius  of  the  fixed  cylinder,  O  T  =  r, ; 

the  radius  of  the  rolling  cylinder,  CT  =  »•« ; 

the  instantaneous  radius-vector  of  a  tracing-point  A,  AT  =  r  ; 

the  angle  made  by  that  radius-vector  with  the  rotating  plane, 

^CTA  =  ^; 

it  is  required  to  find  the  radius  of  curvature,  /o,  of  the  path  of  the 
tracing-point  A,  at  the  instant  under  consideration. 

The  radius  of  a  convex  cylinder  is  to  be  considered  as  positive, 
and  that  of  a  concave  cylinder  as  negative ;  and  regard  is  to  be 

paid  to  the  principle,  that  cos  ^  is<  V^^^J^  I  according  as  ^  is 

r  acute  ) 
\  obtuse/' 

Let  (f  ^  be  an  indefinitely  short  interval  of  time ;  then  during 
that  interval  the  tracing-point  A  moves  through  the  distance  crdU 
Let  the  direction  of  the  radius-vector  r,  which  is  perpendicular  to 
the  path  traced  by  A,  alter  in  the  same  time  by  the  angle  du 
Then  the  ludius  of  curvature  of  the  path  of  A  is 

2d 
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''  =  2*-.«»'-j^.; (*•) 

which  ia  the  radios  of  corvatore  of  an  epiei^douL 

IL   When  a  cylinder  rolls  an  a  plcma,  ri  becomes  infixiitely  great 
as  compared  -wiUi  r^  and  thos  reduces  equation  3  to 

p=  "^ (5.) 

I     n  cos  ^  ^ 

r 
which  is  the  radius  of  cmrattire  of  a  troehoid 

ILL   When  a  cylinder  roUa  on  tt  plane,  and  the  tradng-povrU  ia 
in  the  eur/ctce  of  the  cylinder,  r  =  2  r.  cos  ^,  and 

p  =  2r  =  4raC08  /, (6.) 

which  is  the  radius  of  ciurvatare  of  a  cycloid, 

lY.  When  a  plane  rolls  on  a  cylinder,  r.  becomes  ioBnitelj  great 
as  compared  w&k  r^  and  r;  and  equation  3  becomes 

p  = , (7.) 

'^       -     r,  COB/'  ^   ' 

1  —  T 

r 

whidi  is  the  radius  of  cnrfatuie  of  a  sfnial  of  the  dasB  nwntioned 
in  Article  387. 

T.  When  a  plane  roUs  on  a  cylinder,  and  the  tracing-poifU  is  «r» 
the  plane,  cos  ^  =  0  j  and  equation  7  becomes 

R  =  r, (a) 

which  is  the  radius  of  cnrvatnre  of  the  involute  of  a  drde, 

TL  When  a  plane  roUs  on  a  cylinder,  and  the  tracing-powU  is 
at  the  distance  ri  from  the  plane  on  the  side  neoot  the  cylinder, 

ooBi  =  — ^ ;  and  equation  7  takes  the  following  form  : — 

wliich  is  the  radius  of  corvatnre  of  an  AreUmedean  sptraL  Let  R 
be  the  distance  of  a  point  in  that  epizal  from  the  fixed  axis  O  ;  then 
r»  =  R«  +  rI,  and 


»     (R'  +  ^t (9  A.) 

'^•"R«+2i^ 


As  to  rolling  cmrves  in  general^  see  Professor  Clerk  Maxwell's  paper 
in  the  Transactions  of  the  Royal  Sodety  of  Edimhvirgh,  yoI  xvi 
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391.  Bfml  mmd  OppMlte  Parallel  BotatiMU  Coaibhicd. — Let  a 

plane  O  C  rotate  with  an  angular  velocity  a  about  an  axis  O  con- 
tained in  the  plane,  and  let  a  rigid  body  rotate  about  the  axis  C 
in  that  plane  parallel  to  O,  with  an  angidar  velocity  — a,  equal  and 
opposite  to  that  of  the  plana  Then  the  angular  velocity  of  the 
rigid  body  is  nothing ;  that  is,  its  motion  is  one  of  translalion  only, 

all  its  points  moving  in  equal  circles  of  the  radius  0  C,  with  the 

velocity  a  *  O  C.  This  case  is  not  capable  of  being  represented  by 
ft  rolling  action. 

392.  BoMitlaM  mhmmi  iBtOTMCttag  Axm  Combined. — In  %.  190, 

let  O  A  be  an  axis  assumed  as 
fixed ;  and  about  it  let  the  plane 
AOC  rotate  with  the  angular 
velocity  a.  Let  O  C  be  an  axis 
in  the  rotating  plane ;  and  about 
that  axis  let  a  rigid  body  rotate 
with  the  angular  velocity  b  re- 
p.    jg^  latively  to  the  rotating  plane. 

Because  the  point  O  in  the 
rigid  body  is  fixed,  the  instantaneous  axis  must  traverse  that  point. 
The  direction  of  that  axis  is  determined,  as  before,  by  considering 
that  each  point  which  arrives  at  that  line  must  have,  in  virtue  of 
the  rotation  about  O  C,  a  velocity  relatively  to  the  rotating  plane, 
equal  and  directly  opposed  to  that  which  the  coincident  point  of 
the  rotating  plane  has.  Hence  it  follows,  that  the  ratio  of  the  pei^ 
pendicular  distances  of  each  point  in  the  instantaneous  axis  from 
the  fixed  and  moving  axes  respectively — ^that  is,  the  ratio  of  the 
sines  of  the  angles  which  the  instantaneous  axis  makes  with  the 
fixed  and  moving  axes — ^must  be  the  reciprocal  of  the  ratio  of  the 
component  angular  velocities  about  those  axes ;  or  symbolically,  if 
O  T  be  the  instantaneous  axis, 

BinAOT:sinCOT  ::h  :a (1.) 

This  determines  the  direction  of  the  instantaneous  axis,  which  may 
also  be  foimd  by  graphic  construction  as  follows  : — On  O  A  take 

O  a  proportional  to  a ;  and  on  O  0  take  O  b  proportional  to  5.  Let 
those  lines  be  taken  in  such  directions,  that  to  an  observer  looking 
from  their  extremities  towards  O,  the  component  rotations  seem 
both  right-handed.  Complete  the  parallelogram  Obea;  the  dia- 
gonal O  e  will  be  the  instantaneous  axis. 

The  resultant  angular  velocity  about  this  instantaneous  axis  ia 
found  by  considering,  that  if  C  be  any  point  in  the  moving  axis, 
the  linear  velocity  of  that  point  must  be  the  same,  whether  com- 
puted from  the  angular  velocity  a  of  the  rotating  plane  about  the 
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fixed  axis  O  A,  or  from  the  resultant  angular  velocity  e  of  the  rigid 
body  about  the  instantaneous  axis.  That  is  to  say,  let  CD,  C £, 
be  perpendiculars  from  C  upon  O  A,  O  T,  respectively ;  then 

aCl)  =  c    CE; 

but  CD  :CE  ::8in.<£^A0C  :sin.^COT;  and  therefore 

sin.^ei::COT  :sin.^AOC  :  :  a  :  c; 

and,  combining  this  proportion  with  that  given  in  equation  1,  we 
obtain  the  following  proportional  equation  : — 


sin^COT 


sin 


sin^AOT 
:  :  a         :  b 

:  :  Oa       :  Ob 

that  is  to  say,  the  angula/r  vdocUies  of  the  component  and  restUtcmt 
rotatione  (tre  each  proportional  to  the  sine  of  the  amgle  between  the  aaxa 
of  the  other  two  ;  and  the  diagonal  of  the  parcdldogram  O  b  c  a  repre- 
sente  both  the  direction  o/tJie  insta/ntaneoue  axis  and  the  angular  vdo- 
city  about  that  cuds. 

393.  Rolling  Cones. — All  the  lines  which  successively  come  into 
the  position  of  instantaneous  axis  are  situated  in  the  surface  of  a 
cone  described  by  the  revolution  of  O  T  about  O  C ;  and  all  the 
positions  of  the  instantaneous  axis  lie  in  the  surface  of  a  cone 
described  by  the  revolution  of  OT  about  OA.  Therefore  the 
motion  of  the  rigid  body  is  such  as  would  be  produced  by  the  roll- 
ing of  the  former  of  those  cones  upon  the  latter. 

It  is  to  be  understood,  that  either  of  the  cones  may  become  a 
flat  disc,  or  may  be  hollow,  and  touched  internally  by  the  other. 
For  example,  should  .^  A  O  T  become  a  right  angle,  the  fixed  cone 
would  become  a  flat  disc;  and  should  .^AOT  become  obtuse, 
that  cone  would  be  hollow,  and  would  be  touched  internally  by  the 
rolling  cone ;  and  similar  changes  may  be  made  in  the  rolling  cone. 

The  path  described  by  a  point  in  or  attached  to  the  rolling  cone 
is  a  spherical  epUrochoid;  but  for  the  purposes  of  the  present  trea- 
tise, it  is  unnecessary  to  enter  ipto  details  respecting  the  properties 
of  that  class  of  curves. 

394.  Analogy  of  RotaUoM  u«  Single  Forces. — If  the  proportional 
equation  3  of  Article  388,  which  shows  the  relations  between  the 
component  angular  velocities  of  rotation  about  a  pair  of  parallel 
axes,  the  resultant  angular  velocity,  and  the  position  of  the  insi^- 
taneous  axis,  be  compared  with  the  proportional  equation  of  Article 
39,  by  means  of  which,  as  explained  in  Article  40,  the  magnitude 
and  position  of  the  resultant  of  a  pair  of  parallel  forces  are  found, 
it  will  be  evident  that  those  equations  are  exactly  analogous. 

The  result  of  the  combination  of  a  rotation  with  a  translation  in 


406  P&lirCIPLBS  OF  CINEICATICS. 

the  same  plane,  in  producing  a  rotation  of  equal  angnlar  velocity 
about  an  instantaneous  axis  at  a  certain  distance  to  one  side  of  the 
moving  axis,  as  explained  in  Article  385,  is  exactly  analogous  to 
the  result  of  the  combination  of  a  single  force  with  a  couple  in  pro- 
ducing an  equal  single  force  transferred  laterally  to  a  certain  dis- 
tance, as  explained  in  Article  41. 

The  result  of  the  combination  of  two  equal  and  opposite  rotations 
about  parallel  axes,  in  producing  a  translation  with  a  velocity 
which  is  the  product  of  the  angular  velocity  into  the  distance 
between  the  axes,  as  explained  in  Article  391,  is  exactly  analc^ns 
to  the  production  of  a  couple  by  means  of  a  pair  of  equsA  and  oppo- 
site forces,  as  explained  in  Article  25. 

The  result  of  the  combination  of  two  rotations  about  intersecting 
axes,  as  es^lained  in  Article  392,  is  exactly  analogous  to  the  result 
of  the  combination  of  a  pair  of  inclined  forces  acting  through  one 
point,  as  explained  in  Article  51. 

The  combination  of  a  rotation  about  a  given  axis  with  a  transla^ 
tion  parallel  to  the  same  axis,  as  explained  in  Article  382,  is  exactly 
analogous  to  the  combination  of  a  force  acting  in  a  given  line  with 
a  couple  whose  axis  is  parallel  to  the  same  line,  as  explained  in 
Article  60,  cases  4  and  5. 

It  thus  appears,  that  just  as  the  composition  and  resolution  of 
translations  are  exactly  analogous  to  the  composition  and  resolution 
of  couples,  so  the  composition  and  resolution  of  rotations  are  exactly 
analogous  to  the  composition  and  resolution  of  single  forces;  that  is 
to  say,  if  lines  be  taken,  representing  in  direction  axes  of  rotation, 
and  in  length  the  angular  velocities  of  rotation  about  such  axes,  all 
mathematical  theorems  which  are  true  of  lines  representing  siogle 
forces  are  true  of  such  lines  representing  rotations :  and  if  with  this 
be  combined  the  principle,  that  all  mathematical  theorems  which 
are  true  of  lines  representing  in  direction  the  axes  and  in  length  the 
moments  of  couples  are  true  also  of  lines  representing  the  vc^Dcities 
and  directions  of  translations,  all  problems  of  the  resolution  and 
composition  of  motions  may  be  solved  by  referring  to  the  solutions 
of  analogous  problems  of  statics. 

395.  c*bivu«ut«  ai«u«tts  la  coBiF«ni4  R«teti*a« — The  velocity- 
ratio  of  two  points  in  a  rotating  rigid  body  at  any  instant  is  that  of 
their  perpendicular  distances  from  its  instantaneous  axis ;  and  the 
angle  between  the  directions  of  motion  of  the  two  points  is  equal 
to  that  between  the  two  planes  which  traverse  the  points  and  the 
instantaneous  axis. 

Sbction  4. — Varied  RotcOum, 

396.  TaitetiMi  •f  Aagvhir  Td^ctty  is  measured  like  variation  of 
linear  velocity,  by  comparing  the  change  which  takes  place  in  the 
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apgular  velocity  of  a  rotating  body,  a  a,  during  a  given  interval  of 
time,  with  the  length  of  that  interval,  a  i^  and  the  rcUe  ofvariaHan  is 
ihsd  Tslae  towards  which  the  ratio  of  the  change  of  angular  velocity  to 

Ad 

the  interval  of  time,  — ,  converges,  as  the  length  of  the  interval  is 
indefinitely  diminished ;  being  represented  by 

da 

dt' 

and  found  by  the  operation  of  differentiation. 

397.  €hsac0  •r  the  Axis  •€  MmtmUmn.  has  been  already  considered, 
80  &r  as  it  is  consistent  with  uniform  angular  velocity,  in  the  pre- 
ceding section.  All  the  propositions  of  that  section  are  applicable 
also  to  cases  in  which  the  angular  velocity  ia  varied,  so  long  as  the 
ratio  of  each  pair  of  component  angular  velocities,  such  as  a  :  6,  is 
constant. 

When  that  ratio  varies,  the  propositions  are  true  also,  provided 
it  be  understood,  that  the  rolling  cylinders  and  cones  with  circuJUvr 
bases,  spoken  of  in  section  3,  are  simply  the  osculating  cylinders  and 
canes  at  the  lines  of  contact  of  rolling  cylinders  and  cones  with  bases 
not  circular ;  and  that  r^,  r^,  in  each  case,  represent  the  values  of 
the  variable  radii  of  curvature  of  non-circular  cylinders  at  their 
lines  of  contact,  and  ^.j^:^  A  O  T,  .^  C  O  T,  the  variable  angles  of 
obliquily  of  the  osculating  circular  cones  of  non-circular  cones. 

398.  CowpoiicBts  ef  Tari^d  BoiaUoa. — ^The  most  convenient  way, 
in  most  cases,  of  expressing  the  mode  of  variation  of  a  rotatory 
motion,  is  to  resolve  the  angular  velocity  at  each  instant  into  three 
component  angular  velocities  about  three  rectangular  axes  fixed  in 
direction.  The  values  of  those  components,  at  any  instant,  show  at 
once  the  resultant  angular  velocity,  and  the  direcl^on  of  the  instan- 
taneous axis.  For  example,  let  a^  a^  a„  be  the  rectangular  com- 
ponents of  the  angular  velocity  of  a  rigid  body  at  a  given  instant. 

rotation  about  x  from  y  towards  z, 

about  y  from  z  towards  x, 

and  about  z  from  x  towards  y, 

Tjeing  considered  as  positive  j  then 

a=V(al+a;  +  a3 (1.) 

is  the  resultant  angular  velocity,  and 

oos«  =  -?:  cos/3  =  — »:  cosy  =  — ; (2.) 

a  a  a 

are  the  cosines  of  the  angles  which  the  instantaneous  axis  makes 
with  the  axes  of  x,  y  and  z,  respectively. 
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401.  STocioBs  Clawed. — The  motions  of  a  cord  are  of  two  kindf 

I.  Travellmg  of  a  cord  along  a  track  of  invariable  form ;  in 
'xvhich  case  the  velocities  of  all  points  of  the  cord  are  equal. 

II.  Alteration  of  the  figure  of  the  track  hj  the  motion  of  the 
guiding  snr&ces. 

Those  two  kinds  of  motion  may  be  combined. 

The  most  usual  nroblems  in  practice  respecting  the  motions  of 
cords  are  those  in  which  cords  are  the  means  of  transmitting  mo- 
tion between  two  pieces  in  a  train  of  mechanism.  Such  problems 
will  be  considered  in  Part  lY.  of  this  treatise. 

Next  in  point  of  frequency  in  practice  are  the  problems  to  be 
considered  in  the  ensuing  Article. 

402.  C«rd  Gaidcd  by  Sarlkccs  of  Beralottoa. — Let  a  COrd  in  some 
portions  of  its  course  be  straight,  and  in  others  guided  by  the  sur- 
faces of  circular  drums  or  pulleys,  over  each  of  which  its  track  is 
a  circular  arc  in  a  plane  perpendicular  to  the  axis  of  the  guiding 
sur&ce.  Let  r  be  the  radius  of  any  one  of  the  guiding  sur&ces, 
i  the  angle  of  inclination  which  the  two  straight  portions  of  the 
cord  contiguous  to  that  surface  make  with  each  other,  expressed  in 
length  of  arc  to  radius  unity.  Then  the  length  of  the  portion  of 
the  cord  which  lies  on  that  surface  is  r  t ;  and  if  «  be  the  length  of 
any  straight  portion  of  the  cord,  the  total  length  between  two  given 
points  fixed  in  the  cord  may  be  expressed  thus  : — 

L  =  s  •  «  +  2  •  ri (1.) 

Let  e  be  the  distance  between  the  centres  of  a  given  adjacent  pair 
of  guiding  surfaces,  8  the  length  of  the  straight  portion  of  cord 
which  lies  between  them,  and  r,  r^,  their  respective  radii;  then 
evidently 


8=  Jc'-^:{r±r'f (2.) 

the  upper  signs  being  employed  when  the  cord  crosses,  and  the 
lower  when  it  does  not  cross  the  line  of  centres  c. 

Now  let  a  given  point  in  the  cord.  A,  be  considered  as  fixed,  and 
let  L  be  the  constant  length  of  cord  between  A  and  another  point 
in  the  cord,  B.  Let  one  of  the  guiding  surfaces  between  A  and  B 
be  moved  through  an  indefinitely  short  distance,  dxyiao,  direction 
which  makes  angles,  jyf,  with  the  two  contiguous  straight  divisions 
of  the  cord  respectively.  Then,  in  order  to  keep  the  cord  tight,  B 
must  be  drawn  longitudinally  through  the  distance, 

dx  •  (cosj+cos/) ; (3.) 

and  consequently,  if  u  reprer^^nt  the  velocity  of  translation  of  the 
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Q=  f  udAs=z  f  vcos^'dA; (3.) 

and  if  we  now  distiDgtdsh  the  mean  normal  vdoeUy  from,  the 
velocity  at  anj  paiticxilar  point  bj  the  s3rnibol  tip,  we  haye, 

O        ludA. 

"•=i=pr <'■' 

404.  PrlBclyi<  •f  c— Hnwity. — AxiOM.  When  the  motion  of  a  fluid 
ofamsAaml  density  is  considered  relatively  to  am,  enclosed  space  of 
invariable  volume  which  is  always  fiUed  with  the  fluid,  the  flow  into 
the  space  a/nd  the  flow  out  o/it,  in  any  one  given  interval  of  time, 
miust  he  equal — a  principle  expressed  sjrmbolicallj  by 

2-Q  =  0 (5.) 

The  preceding  self-evident  principle  regulates  all  the  motions  of 
fluids  of  constant  density^  when  considered  in  a  purely  cinematical 
manner.  The  ensuing  articles  of  this  section  contain  its  most 
usual  applications. 

405.  Ftow  te  a  Birfi. — A  stream  is  a  moving  fluid  mass,  in- 
definitely extended  in  length,  and  limited  transversely,  and  having 
a  continuous  longitudinal  motion.  At  any  given  instant,  let  A,  A', 
be  the  areas  of  any  two  of  its  transverse  sections,  considered  as 
fixed ;  tt,  u',  the  mean  normal  velocities  through  them ;  Q,  Q',  the 
rates  of  flow  through  them ;  then  in  order  that  the  principle  of  con- 
tinuity may  be  fulfilled,  those  rates  of  flow  must  be  equal ;  that  is, 

tt  A  =  tt'  A'  =  Q  =  Q'  =  constant  for  all  cross 

eections  of  the  channel  at  the  given  instant; (1.) 

oonaequentlyy 

^  =  ^; (2.) 

tt        A 

or,  the  normal  velocities  at  a  given  instant  at  ttooflxed  cross  sectioTis 
are  inversely  as  the  areas  of  these  sections, 

406.  Pipes,  CiiaBBete,  Cnvreala,  and  Jets.  — When  a  stream  of 

fluid  completely  fills  a  pipe  or  tube,  the  area  of  each  cross  section 
is  given  by  the  figure  and  dimensions  of  the  pipe,  and  for  similar 
forms  of  section  varies  as  the  square  of  the  diameter.  Hence  the 
mean  normal  velocities  of  a  stream  flowing  in  a  fidl  pipe,  at  differ- 
ent cross  sections  of  the  pipe,  are  inversely  as  the  squares  of  the 
diameters  of  those  sections. 

A  channel  partially  encloses  the  stream  flowing  in  it,  leaving  the 
upper  surface  free ;  and  this  description  applies  not  only  to  chan- 
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ily  eo  called,  but  to  pipei 
a  cross  section  of  the  st 
limenaions  of  the  chamu 
ree  upper  surface  of  the  stream. 
I  is  a  stream  bounded  hy  other  '^ 
different. 

i  stream  whose  surface  is  eithi 
L  solid  body  in  a  nmall  portion  o 
«diMias  Cmwii  is  a  part  of  a 
rom  an  axis.  It  is  evident  tha 
e  axis  itself,  but  must  turn  aaidi 
te  distance  from  the  axis.  Cc 
lut  by  a  cylindrical  sur&ce  of  ' 
sis,  and  let  A  be  the  depth,  par 
iiat  surface  which  b  traversed 
idud  coinponent,  u,  of  the  velo 
has  the  value, 

.._    Q 

2»rA 

iMex<  SMji  •'  mtri,  is  a  strea] 
'  moves  in  a  spiral  course  towarc 
SB  two  or  more  successive  turns  i 
other  laterally  without  the  int 

It  n*ii«B  of  a  fluid  relatively  toa 
lat  in  which  the  velocity  and  dii 
ia£h  Jixed  point  is  uniform  at  evi 
ieration ;  so  that  although  the  v. 
of  a  given  particle  of  the  fluic 
rom  one  point  to  another,  that  p 

at  which  it  arrives,  a  certain 
pending  on  the  position  of  the 

direction  are  successively  asat 
aively  arrives  at  the  same  fixed 
r  motion  of  a  stream  is  expressed 
I  of  each  fixed  cross  section  is 

each  cross  section  is  constant ; 
dA.  dQ 


tents  the  normal  velocity  of  a  fl 
point,  then 


..4;nn.  ..r  fln! 


IIOTION  OP  PISTONS — ^DIFFERENTIAL  EQUATIONS.  413 

expresses  the  condition  of  steady  motion.  Next,  let  u  represent  the 
normal  velocity,  not  at  a  given  fixed  point,  but  of  a  given  identical 
fxirticle  of  fluid;  then  the  variation  undergone  by  t6  in  an  indefi- 
nitely small  interval  of  time,  dt,  ia  that  arising  from  its  being 
transferred  from  one  cross  section  to  another,  whose  distance  down 
the  stnream  from  the  former  iad8=zu'  dt.     Hence,  denoting  by 

du 

•-7-  'ds,  the  indefinitely  small  variation  of  velocity  which  takes 

place  from  this  cause,  and  by  --=— ,  the  rate  at  which  that  variation 

at 

takes  plaoe^  we  have 

d  '  u __  dji    ^  __       du 
dt  '^  de'Tt^"^'  in (^•) 

Most  of  the  problems  respecting  streams  which  occur  in  practice 
have  reference  to  steady  motion. 

410.  In  Voatcady  OIoUoh,  the  velocity  at  each  fixed  point  varies, 

at  a  rate  denoted  by  -j-  ;  and  the  total  rate  of  variation  of  the 

ut 

velocity  of  an  individual  pa/rtide  in  a  stream,  being  found  by  adding 
together  the  rates  of  variation  due  to  lapse  of  time  and  to  change  of 
position,  is  expressed  by 

d'u du      du    da du   .         du  . 

'TT^'di'^da'di^'dt'^^'di ^^'^ 

411.  nmtum  •r  piatoaa. — Let  a  mass  of  fluid  of  invariable 
Tolume  be  enclosed  in  a  vessel,  two  portions  of  the  boundaiy  of 
which  (called  pistoTis)  are  moveable  inwards  and  outwards,  the  rest 
of  the  boundaiy  being  fixed.  Then,  if  motion  be  trs^nsmitted 
between  the  pistons  by  moving  one  inwards  and  the  other  outwards, 
it  follows,  frx>m  the  invariability  of  the  volume  of  the  enclosed  fluid, 
that  the  velocities  of  the  two  pistons  at  each  instant  will  be  to  each 
other  in  the  inverse  ratio  of  the  areas  of  the  respective  projections 
of  the  pistons  on  planes  normal  to  their  directions  of  motion.  This 
is  the  principle  of  the  transmission  of  motion  in  the  hydratUic  press 
and  hydraulic  erame. 

The  flow  produced  by  a  piston  whose  velocity  is  u,  and  the  area 
of  whose  projection  on  a  plane  perpendicular  to  the  direction  of  its 
motion  is  A,  is  given^  as  in  other  cases,  by  the  equation 

Q  =  w  A. (1.) 

412.     Geaerol  DUTerential   Bqvallons  of  Contlnnlty. — Wlien  the 

motions  of  a  fluid  of  invariable  density  are  considered  in  the  most 
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&«  principle  of  contini 

bolically  in  the  follow 

,  to  -which  the  motion  < 

ivided  into  indefinitely  small  rectan~ 

mug  for  its  linear  dunenBions,  dx, 

I  three  painof  &cea,  dydz,  dzda 

,  be  the  co-orditmtea  of  tlie  pair  ol  t 


J  of  the  particles  of  water  at  any  ] 
angular  componentB,  u,  v,  w,  parall< 
roper  algebraical  signa.  Let  outwi 
\1  flow  negative.     The  -values  of  thi 

the  first  face  dydz,    — u  •  dydz; 

„    seoond  &ce  dy  da,  (u  -f  y-  d. 

„    &ni&icedzdx,  —vdzdx; 

„    secoadtaced^dx,  (v  + -;—dt 
dy 

„    &rfAfax»dxdy,  —wdxdy; 


six  parte  of  the  flow  togeth^  at 
3  of  the  principle  of  continuity,  to  i 
^nation : — 
/du      dv      dvf\  J     J      T         n 

it  the  common  &ctor, 

d-u.      dv       dw      „ 

d-i^Wy^rz='^- 

ertd  difforenlial  eguation  <^  ttmimt 


urives  Bucceafdvely  at  a  given  point 
on  of  motion  Jcj>c'n<lins  on  tlie  posi 
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alone,  and  not  on  the  lapse  of  time,  that  state  of  steady  motion  is 
represented  hj  the  equations, 

5!^=0;^=0;^=0; (1.) 

where  ti,  v,  to,  are  the  component  vdocUies  at  a  fixed  poirU.  Next, 
instead  of  the  velocities  at  a  fixed  point,  let  u^  v,  to,  be  the  compo^ 
neni  velocities  of  am,  individual  particle;  then  in  the  indefinitely 
short  inter^'al  dt,  the  co-ordinates  of  that  particle  alter  by  the 
lengths  dx  =  udty  dy=zvdt,  dz  =ztDdt;  and  it  assumes  the 
component  velocities  proper  to  its  new  position,  differing  from  its 
original  velocities  by  quantities,  which,  being  divided  by  dt,  give 
the  rates  of  variation  of  the  component  velocities  of  a/n  individual 
particle^  viz.  : — 


u          du  .       du  ,       du 
=zu  -J r  V  -y~  -f-  to 


dt  dx  dy  dz  ' 

d ' V  dv  ,      dv  .      dv 

dt  dx  dy  dz 

d'tv  dto  .       dto  ,      dto 

=zu  -J [-v  -T rvf 


(2.) 


dt  dx  dy  dz' 

414.  CtoHcnd  DMfcreaital  B^mil^M  of  VmrnemOr  MotJs^     When 

the  motion  is  not  steady,  each  of  the  thi'ee  rates  of  variation  in  the 
equations  2  of  Article  413  reqtdres  the  addition  of  a  term  represent- 
ing the  rate  of  variation  of  velocity  due  to  lapse  of  time  indepenr 
dendy  ofehamge  ofpositiony  as  follows : — 

d'u      du  ,       du  ,       du  ,       du 
dt        dt  dx  dy  dz  ^    ' 

and  similar  equations  for  --=—  and  -— t-  :  the  presence  of  the  dot 

denoting  that  the  velocities  are  those  of  an  individual  particle,  and 
its  absence,  that  they  are  those  at  a  fixed  point 

415.  KvMitoos  of  DtopiMceHMBt. — ^In  aU  the  preceding  Articles, 
Xj  y,  and  2r,  denote  the  co-ordinates  of  a  real  or  ideal  fixed  point  in 
the  space  to  which  the  motions  of  the  fluid  are  refmed;  and  the 

diflerentials  -=— ,  4&9  refer  to  the  differences  amongst  the  condi- 
d  X 

tions  of  the  fluid  at  different  points  in  that  space.     Let  £,  v,  ^, 

rej[Mre8ent  the  co-ordinates  of  an  individual  particle;  then  the  three 

components  of  the  velocity  of  that  particle  have  the  values 

di  d  n  dP  ,-  . 
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components  of  the  t 


and  from  Article  4 
e  is  a  state  of  uns( 
iicli,  that  the  state  o: 
lace  amongst  the  pa 
to  other  particles  i 
lous  cowse,  it  may 
vhicli  still  leave  a 
particles  originally 

!,  let  a  given  fixed 
irticle  'which  ia  at 
hare  a  certain  vel 
of  the  time  t,  let  an 
n  O  by  the  length  i 
of  motion,  or  a  v 
n  to  those  of  the  ' 
havii^  been  trana 
en  O  and  A. 
rf  transmimon  or  y 

io,  -,of  the  distancf 

between  the  inatai 
ar.  Let  a  denote  t 
y  point  whose  disti 
U  upon,  or  ia  afunc 
earing  some  definit 
ive  motion.  Wavt 
ated  by  the  principU 
laa  in  a  fluid,  ia  a  n 
iuid  retumfl  over  i 
ita  over  and  over 
jscillation  is  the  i 
immencement  of  a 
of  the  repetition 
d  of  oscillation  in.  i 
a.  -which  a  certain 
irticle  to  particle,  tl 
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Section  3. — Mattona  of  Fluids  of  Varying  Density. 

418.  Fi«w  of  T«bime  amd  Fi«w  •€  iHaM. — In  the  case  of  a  fluid 
of  vaiymg  densitj,  the  voUumey  which  in  an  unit  of  time  flows 
through  a  given  area  A,  with  a  normal  velocity  Uy  is  still  repre- 
sented, as  for  a  fluid  of  constant  density,  by 

Q  =  Att; (1.) 

hut  the  absolute  quantUy,  or  mass  of  fluid  which  so  flows,  bears  no 
longer  a  constant  proportion  to  that  volume,  but  is  proportional 
to  the  volume  multiplied  by  the  density.  The  density  may  be 
expressed,  either  in  units  of  weight  per  unit  of  volume,  or  in 
arbitraiy  units  suited  to  the  particular  case.  Let  f  be  the  density; 
then  iheflow  qfmass  may  be  thus  expressed  : — 

eQ  =  ff  Aw (2.) 

419.  The  Pttecipla  mi  c*MUM«iij»  as  applied  to  fluids  of  varying 
density,  takes  the  following  form  : — thejtow  into  or  out  qfanyjixed 
space  o/ constant  volume  is  that  due  to  the  variation  qfdensity  alone. 

To  express  this  Efymbolically,  let  there  be  a  fixed  space  of  the 

constant  volume  Y,  and  in  a  given  interval  of  time  let  the  density 

of  the  fluid  in  it,  which  in  the  first  place  may  be  supposed  uniform 

at  each  instant,  change  from  ei  ^  f2>     Then  the  mass  of  fluid  which 

at  the  b^;inning  of  the  interval  occupied  the  volume  Y,  occupies 

Y  01 
at  the  end  of  the  interval  the  voltmie  — -  ;  and  the  diflerence  of 

ft 

those  volumes  is  the  volume  which  flows  through  the  surface 

bounding  the  space,  outuxird  if  (i  is  less  than  fi,  inuford  if  es  i^ 
greater  then  fi.  Let  ^,  —  ^i  be  the  length  of  the  interval  of  time  ; 
then  the  rate  of  flow  of  volume  is  expressed  as  follows  : — 


_H-.-o 


«=-anr • <'■' 

If  the  rate  of  flow  is  variable  during  the  instant  in  question,  the 
above  equation  gives  its  mean  value;  and  in  that  case  the  exact 
rate  of  flow  qfv^ume  at  a  given  instant  is  the  value  towards  which 
the  result  of  equation  1  converges  as  the  interval  of  time  is  inde- 
finitely diminished,  vizL : — 

«-^' w 

The  flow  of  mass  at  the  same  instant  is 

^  Y  rf  #  ,rt  V 

Q«=-dT <^-> 

2b 
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Next  let  it  be  sappoaed  that  th 

different  points  of  the  space.     Ta«u  uu  uiu  nguiruiuiu  mum    oi 
equAtion  3,  ;  ia  to  be  held  to  represent  the  mean  detuity  througkovt 
Me  space  at  the  given  instant;  whUe  on  tlie  I  ~  ' 
be  held  to  represent  tho  mean  density  at  the  awr^ 
Jlmo  takes  place.    Let  that  snrface  be  divided  ii 
which  the  density  is  uniform  at  a  given  instant 
p&rt  of  the  flov  of  volume  which  takes  plaoe 
pAits  of  che  sui&ce,  and  ;'  the  density  of  the  fli 
Q' e  is  the  pkrt  of  the  flow  of  mass  which  takes  I 
of  the  Bur^ce  in  qoeBtiou;  then  for  equation  i 

420.  mmsm. — ^To  apply  the  preceding  prii 
flnid  of  vaiyiog  denfflty,  let  the  axis  of  the  stre 
or  curved,  which  tiaverses  the  centres  of  gn 
sections  of  the  stream  made  at  right  angles 
distances  &om  a  fixed  point  in  that  axis,  meas 
denoted  hy  s,  and  the  area  of  any  cross  section 
the  positions  of  two  cross  sections  of  the  sti 
apart  along  the  axis  is  ^  —  Si ;  then  tho  i 
between  those  cross  sections  is 


=/;• 


A.da. 


Let  Q,  be  the  rateof  flow  of  volume  through  \ 
Q,  that  through  the  second;  u„  u„  the  com 
cities  normal  to  the  respective  cross  sections;  i 
the  fluid  in  the  space  V ;  (,  the  mean  density  at 
and  t,  t^t  at  the  second.     Then  equation  4  of 

The  rate  at  which  iheJUno  of  mass  varies,  in  p 
sectioD  of  the  stream  to  another,  is  the  limit  t 

Q.f*-Qi«. 
I, -«, 

converges  as  the  distance  «,  ~  «,  is  indefinitelj 
.to  say, 

ds     -"*    ds*'  ds 

The  mean  normal  vdoeity  at  a  given  croe 
having  the  value  u  ^  — ,  is  subject  to  tiie  equ 
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dg      "*       dt  ^*'^ 

421.  memdT  H«ttoB«^ — ^In  the  case  of  steady  motion  in  a  fluid  of 
Tarying  density,  the  density,  velocity,  and  direction  of  motion  at 
each  fixed  point  of  the  space  to  which  the  motion  is  referred,  are 
constant,  and  are  assumed  successively  by  each  particle  which  arrives 
at  the  given  point.  Hence  in  this  case,  equation  4  of  Article  419 
beoomes 

2-Q'c'  =  0 (1.) 

The  case  of  a  stream  is  expressed  by  the  &rms  asiamed  by  equations 
3  and  4  of  Article  420,  viz. : — 

rf  Q       d ' A.U0 

-37-=-rfr'=«' <2.) 

that  is  to  say,  the  flow  of  mass  is  tmiform/or  aU  cross  sections  of  the 
stream;  and  being  also  constant  for  all  instants  of  time^  is  therefore 
absolutely  constant. 

422.  Pistons  wad  CyUiidcn. — ^Let  a  masB  of  fluid  of  variable 
density  be  enclosed  in  a  space  whose  volume  is  capable  of  being 
varied  by  the  motion  of  one  or  more  pistons.  Let  A  be  the  area 
of  the  projection  of  a  piston  on  a  plane  perpendicular  to  its  direction 
of  motion;  u  its  normal  velocity,  positive  if  outward,  negative  if 
inward ;  ^'  the  densily  of  the  fluid  in  contact  with  it;  Y  the  whole 
volimie  of  fluid  enclosed;  ^  its  mean  density.  Then  equation  4 
beoames 

,    .       ,        Yd^       dY  ,-. 

the  last  expression  being  introduced  because  f  V  =  the  mass  en- 
dosed,  is  constant.    If  the  dansiiy  is  uniform,  then 

''^**=W <^^-> 

as  is  otherwise  evident 

If  the  space  is  not  completely  enclosed,  but  has  an  opening  whose 
cross  section  is  A",  and  at  which  the  mean  normal  velocity  of  the 
stream  is  u"  (positive  outward^  and  the  density  f",  then  the  flow  of 
mass  through  that  opening.  A"  u"  e",  is  to  be  included  in  the  sum- 
mation at  ^e  left  side  of  equation  1. 

423.  Ocneni  DUTcreMiai  g^paHa—d — ^As  in  Artide  412  and  the 
subsequent  Articles,  let  tf,  v,  and  w,  be  the  rectangular  components 
of  the  velocity  of  the  fluid  at  any  given  fixed  point  in  the  space  to 
which  the  motion  is  referred,  and  dxjdf/,dz,  the  dimensions  of  an 
indefinitely  small  fixed  rectangular  portion  of  that  space.  Then 
eoBsidering  the  pair  of  faces  of  that  space  whose  common  area  is 
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flOT  (tf  mu3  in  ftt  the  firs 
)  out  at  the  seoond  &ce  u 
which  pair  of  flowa  is 

ax 
oorreBpondin^  reenltant  f 
three  qnantitics  thus  f< 
dx,  SDd  dividing  by  th&1 
e  419,  irhich  expresBes 
I  following : — 

d-ut  ,d-vt  ,d 

e  equation  o/eonHnuUy^ 
}n  may  be  otherwise  expi 

by  6 


ree  terms  of  the  last  eq 
of  the  equation  of  cont 

Itions  of  ttaady  motion  an 

itions  apply  to  a  fixed 
iTticle  of  fluid  The  ratea 
id  of  the  density  of  an  ii 
follows : — 


Bqnations  for  -3—,  — rj-, 
[eohaniam,  to  which  the 
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THEORY  OF  MECHANISM. 


CHAPTER  L 

DEFmiTIOKB  AND  GENERAL  PBINCIPIiE& 


425.  ThewT  •r  Pn«  Meehmmiam  DcfliMd. — Mochimes  are  bodies, 
or  afisemblages  of  bodies,  which  transmit  and  modify  motion  and 
force.  The  word  **  machine/*  in  its  widest  sense,  may  be  applied 
to  every  material  substance  and  sjrstem,  and  to  the  material  uni- 
verse itself;  but  it  is  usually  restricted  to  works  of  human  art,  and 
in  that  restricted  sense  it  is  employed  in  this  treatise.  A  machine 
transmits  and  modifies  motion  when  it  is  the  means  of  malring  one 
motion  cause  another ;  as  when  the  mechanism  of  a  dock  is  the 
means  of  making  the  descent  of  the  weight  cause  the  rotation  of 
the  hands.  A  machine  transmits  and  modifies  force  when  it  is  the 
means  of  making  a  given  kind  of  physical  energy  perform  a  given 
kind  of  work  ;  as  when  the  furnace,  boiler,  water,  and  mechanism 
of  a  marine  steam  engine  are  the  means  of  making  the  energy  of 
the  chemical  combination  of  fuel  with  oxygen  perform  the  work  of 
overcoming  the  resistance  of  water  to  the  motion  of  a  ship.  The 
acts  of  transmitting  and  modifying  motion,  and  of  transmitting  and 
modifying  force,  take  place  together,  and  are  connected  by  a  cer- 
tain law ;  and  until  lately,  they  were  always  considered  together 
in  treatises  on  mechanics ;  but  recently  great  advantage  in  point 
of  deamess  has  been  gained  by  first  considering  separately  the  act. 
of  transmitting  and  modifying  motion.  The  prindples  which  re- 
gulate this  function  of  machines  constitute  a  branch  of  Cinematics, 
called  the  theory  o/jmre  mechamsm.  The  principles  of  the  theory 
of  pure  mechanism  having  been  fir^t  established  and  understood, 
those  of  the  theory  of  the  work  ofmachineay  which  regulate  tiie  act 
of  transmitting  and  modifying  force,  are  much  more  readily  de- 
monstrated and  apprehended  than  when  the  two  departments  of 
the  theory  of  machines  are  mingled.  The  establishment  of  the 
theory  of  pure  mechanism  as  an  independent  subject  has  been 
mainly  accomplished  by  the  labours  of  Mr.  Willis,  whc«e  no- 
menclature and  methodis  are^  to  a  great  extent,  followed  in  this 
treatise. 
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426.  The  ci«Mrai  PMbloB  of  the  theoiy  of  pore  medmnisni 
may  be  stated  as  follows  : — Given  the  mode  qfoofmeetion  oftxoo  or 
more  moveable  points  or  bodies  with  each  other,  and  with  certain  fixed 
bodies;  required  the  eompa/rative  motions  of  the  moveable  points  or 
bodies :  and  conversely,  tofien  the  eomparative  motions  of  two  or 
more  moveable  points  are  gimn,  to  find  thnr  proper  mode  o/ootmeo- 
turn. 

The. term  ''comparative  motion"  is  to  .be  understood  as  in 
Articles  35B,  367,  379,  and  395.  In  those  Articles,  the  compara- 
tive motions  of  points  belonging  to  one  body  have  already  been 
considered.  In  order  to  constitute  mechanism,  two  or  more  bodies 
must  be  so  connected  that  their  motions  depend  on  each  other 
through  dnematical  principles  alone. 

chine  is  a  struotare  which  supports  the  movinff  pieoes,  and  r^iuktes 
the  path  or  kind  of  motion  of  most  of  them  directly.  In  consider- 
ing the  movements  of  machines  mathematically,  the  firame  is  om- 
sidered  as  fixed,  and  the  motions  of  the  moving  pieces  are  rehired 
to  it  The  frame  itself  may  have  (as  in  the  case  of  a  ship  or  of  a 
locomotive  engine)  a  motion  relatively  to  the  earth,  and  in  that 
case  the  motions  of  the  moving  pieces  relatively  to  the  earik  an 
the  resultants  of  their  motions  relatively  to  the  frame,  and  of  the 
motion  of  the  frame  relatively  to  the  earth ;  but  in  all  problems  of 
pure  mechanism,  and  in  many  problems  of  the  work  of  machinfls, 
the  motion  of  the  frame  relatively  to  the  earth  does  not  require  to 
be  considered. 

The  moving  pieces  maybe  distinguished  into  primary  and  seamd- 
ary;  the  former  being  those  which  are  directly  carried  by  tiie 
frtune,  and  the  latter  those  which  are  carried  by  other  moving 
pieces.  The  motion  of  a  secondary  moving  piece  relatively  to  the 
frame  is  the  resultant  of  its  motion  relatively  to  the  primary  piece 
which  carries  it,  and  of  the  motion  of  that  primary  piece  relatively 
to  the  frama 

Cormectors  are  those  secondary  moving  pieces,  such  as  links,  bdti^ 
cords,  and  chains,  which  transmit  motion  from  one  moving  pieee 
to  another,  when  that  transmission  is  not  efifected  by  immediate 
contact. 

428.  BauriBpi  are  the  sur&ces  of  contact  of  primary  moving 
pieces  with  the  frame,  and  of  secondary  moving  pieces  with  the 
pieces  which  carry  them.  Bearings  guide  the  motions  of  the  pieces 
which  they  support,  and  their  figures  depend  on  the  nature  of  those 
motions.  The  bearings  of  a  piece  whidi  has  a  motion  of  tnuoslar 
tion  in  a  straight  line,  must  have  plane  or  cylindrical  sui&oes, 
eacacUy  straight  in  the  direction  of  motion.  The  bearings  of  rotat- 
ing pieces  must  have  surfiuses  accurately  turned  iofi^gures  ofreochir 


BBABINGS — ^MOYIKQ  mCBS — ^EUDfEMTABT  OOKBIKATIOK.      423 

tion,  Buch  as  cylinders,  spheres,  conoids,  and  flat  discs*  The  bearing 
of  a  piece  whose  motion  is  helical,  must  be  an  exact  tcrmo,  of  a 
piU^  equal  to  that  of  the  helical  motion  (Article  382).  Those 
parts  of  moving  pieces  which  touch  the  bearings,  should  have 
soi&ces  accurately  fitting  those  of  the  bearings.  They  may  be 
distinguished  into  slides,  for  pieces  which  move  in  straight  lines, 
gudgeons,  jowmcUs,  bushes,  and  pivots,  for  those  which  rotate,  and 
screws  for  those  which  move  helically. 

The  accurate  f  oi-mation  and  fitting  of  bearing  Bur£Gu>es  is  of  primary 
importance  to  the  correct  and  efficient  working  of  machine&  Sur- 
faces of  revolution  axe  the  most  eacy  to  form  accurately,  screws  are 
more  difficult,  and  planes  the  most  difficult  of  alL  The  success  of 
Mr.  Whitworth  in  making  true  planes,  is  regarded  as  one  of  the 
greatest  achievements  in  the  cons^ction  of  machinery. 

429.  viM  JHtttiMM  m€  PriMWT  Bt«YUi0  pimm  are  limited  by  the 
&ct,  that  in  order  that  different  portions  of  a  pair  of  bearing  sur- 
fiuses  may  accurately  fit  each  other  during  their  relative  motion, 
those  somces  must  be  either  straight,  circular,  or  helical;  from 
which  it  follows,  that  the  motions  in  question  can  be  of  three  kinds 
oidTyViz: — 

!L  Straight  translalion,  or  shifting,  which  is  necessarily  of  limited 
extent^  and  which,  if  the  motion  of  the  machine  is  of  indefinite 
dnration,  must  be  reeiprocaiing ;  that  is  to  say,  must  take  place 
alternately  in  opposite  directions.  (See  Fart  IIL,  Chapter  IL, 
Section  1.)  ^  ^ 

LL  Simple  rotation,  or  turning  about  a  fixed  axis,  which  motion 
may  be  either  continuous  or  reciprocating,  being  called  in  the 
latter  case  osdUation,     (See  Part  IIL,  Chapter  IL,  Section  2.) 

OL  Hdical  or  sorew-liie  motion,  to  which  the  same  remarks 
a^y  as  to  straight  translation.  (See  Part  IIL,  Chaptor  IL, 
Section  3,  Article  382.) 

^0,  This  m&Ommm  •£  mtnmmimn  mmw^m^  Piecw  relatively  to  the 
piaoes  which  carry  them,  are  limited  by  the  same  principles  which 
apply  to  the  motions  of  primary  pieces  relatively  to  the  f iam&  But 
the  motions  of  secondazy  moving  pieces  relatively  to  the  finune  may 
be  any  motions  which  can  be  compounded  of  straight  translations 
aod  simple  rotations  according  to  the  principles  already  explained 
in  Part  IIL,  Chapter  II.,  Section  3. 

431.  An  »fc>— jMiT  CmaMkmaMmm  in  mechanism  consists  of  a 
pair  of  primary  moving  pieces,  so  connected  that  one  transmits 
motion  to  the  other. 

The  piece  whose  motion  is  the  cause  is  called  the  drioer ;  that 
lAose  motion  is  the  effect,  the  foUower,  The  ctmnaotiofik  between 
tka  driver  and  the  follower  may  be — 

L  Bj  rMing  oankict  oi  ^b^  2^a&as^ 
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II.  By  diding  eoniaet  of  liheir  surfaces,  as  in  toothed  vAedi, 
screws,  toedges,  cams,  and  escapements. 

III.  By  bands  or  wrapping  connectors,  sach  as  heiis,  cords,  and 
gearing-chams. 

lY.  By  lynk-worh,  sucli  as  connecting  rods,  universal  joinU,  and 
eUcks. 

Y.  By  redupUeaiion  of  cords,  as  in  the  case  of  ropes  and  palle7& 

YI.  By  an  iiniwvegwng  fiuid,  transmitting  motion  between  two 
pistons. 

The  yarions  cases  of  the  transmission  of  motion  from  a  driver  to 
a  follower  are  further  classified,  according  as  the  relation  between 
their  dirediims  of  mo^ton  is  constant  or  changeable,  and  aooording 
as  the  ratio  of  their  vdociiies  is  constant  or  yajiable.  This  latter 
principle  of  classification  is  employed  by  Mr.  Willis  as  the  founda- 
tion of  a  primary  division  of  the  subject  of  elementaxy  combinatLons 
in  mechuiism  into  classes,  which  are  subdivided  according  to  the 
mode  of  connection  of  the  pieces.  In  the  present  treatise,  elemen- 
tary combinations  will  be  classed  primarily  according  to  the  mods 
of  connection. 

432.  iJa«  m€  G«Bmeeti*B. — ^In  every  class  of  elementary  combina- 
tions, except  those  in  which  the  connection  is  made  by  reduplica- 
tion of  cords,  or  by  an  intervening  fluid,  there  is  at  each  instant 
a  certain  straight  line,  called  the  line  ofcowMnAvm,  or  Ivne  qftMilual 
action  of  the  driver  and  follower.  In  the  case  of  rolling  contact^ 
this  is  any  straight  line  whatsoever  traversing  the  point  m  contact 
of  the  surfaces  of  the  pieces ;  in  the  case  of  sliding  contact^  it  ia  a 
line  perpendicular  to  those  sur&ces  at  their  point  of  contact;  in 
the  case  of  wrapping  connectors,  it  is  the  cen^  line  of  that  part 
of  the  connector  by  whose  tension  the  motion  is  transmitted ;  in 
the  case  of  link-work,  it  is  the  straight  line  p^^T^g  through  the 
points  of  attachment  of  the  linV  to  the  driver  and  follower. 

433.  jpriBdpto  •f  c«BMecti«a. — The  line  of  connection  of  the 
driver  and  follower  at  any  instant  being  known,  their  comparative 
Telodties  are  determined  by  the  following  principle  : — The  respee- 
five  linea/r  vdocUies  of  a  point  in  ifte  driver,  and  a  point  in  the  fd- 
lower,  each  svtucOed  anywhere  in  the  line  of  connection,  are  to  each 
other  inoersdy  as  the  cosines  of  the  respective  angles  made  by  the  paths 
of  the  points  wiiJh  the  line  ofconnecHon,  This  principle  might  be 
otherwise  stated  as  follows  : — The  components,  cuong  me  line  ofconr 
nection,  of  the  velocities  of  any  two  points  situated  in  thai  line,  are 
equal. 

434.  AdjasimeBts  •f  Speed. — ^The  velodiy-ratio  of  a  driver  and 
its  follower  is  sometimes  made  capable  of  being  changed  at  will,  hy 
means  of  apparatus  for  varying  the  position  of  their  line  of  connec- 
tion; as  when  a  pair  of  rotating  cones  are  embraced  by  a  belt 
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which  can  be  shifted  so  as  to  connect  portions  of  their  surfEUses  o£ 
different  diameten. 

435.  A  Twmtm  •r  vicciuuiim  consists  of  a  series  of  moving  pieces, 
each  of  which  is  follower  to  that  which  drives  it,  and  driver  to  that 
which  follows  it. 

436.  A^gnw^tm  c^nbirattoBs  in  mechanism  are  those  by  which 
compound  motions  are  given  to  seoondaiy  piecea 


OHAPTEE  n. 

JUENTABT  OOUBIKATIOJIS  ASD  TRAINS  OF  KECHASIHL 

Sbction  1. — R^mg  GorOaeL 

'Uch  Snftec*  are  those  enrfaceB  of  a  pair  of  moring  pieces, 
uch.  each  uther  when  motdoii  is  oommunicated  by  Tolling 
The  LDra  op  costact  b  that  line  which  at  each  instant 
all  the  pairs  of  pointa  of  the  pair  of  pitch  sut&ces  vhiish 
itact 

■•Mh  Wkeeb,  Baaan,  SnaMh  Baeto. — Of  a  pair  of  pri- 

ving  pieces  in  rolling  contact,  both  may  relate,  or  one 
te  and  the  other  have  a  motion  of  sliding,  or  staught 
n.  A  rotating  piece,  in  rolling  contact,  is  called  a  naooA 
d  sometimes  a  roller;  •<  sliding  piece  may  be  called  a 

ek. 

tmenl  «•■««•■•  af  BalllMf  VnNBCt. — ^The  whole  <^  &e 

:  which  r^pilate  the  motionB  of  a  pair  of  pieces  in  rolling 
Uow  from  the  single  principle,  that  eaehpair  ofpoinii  tn  lis 
aeet,  vAieh  are  m  contact  at  a  given  itutant,  >nus<  at  tAoJ 
moving  in  the  same  diredion  unth  lite  tame  txloeUy. 
-action  of  motion  of  a  point  in  a  rotating  body  being  per- 
r  to  a  plane  passing  through  its  axis,  the  condition,  that 
of  points  in  contact  with  each  other  must  move  in  the 
djon  leads  to  the  following  consequences  : — 
t  when  both  pieces  rotate,  their  axes,  and  all  their  points 
',  lie  in  the  same  plane, 

at  when  one  piece  rotates  and  the  other  slides,  the  axis  of 
ng  piece,  and  all  the  points  of  contact,  lie  in  a  plane  por- 
r  to  the  direction  of  motion  of  the  aliHing  piece, 
ndition,  that  the  velocitiee  of  each  pair  of  points  of  con- 
be  equal,  leads  to  the  following  consequences : — 
bat  the  angular  velocities  of  a  pair  of  wh*"'"  ■•"  ">"''"' 
aust  be  inveiBely  as  the  perpendicular  dii 
ints  of  contact  from  the  respective  axes, 
lat  the  linear  velodty  of  a  smooth  rack  in  : 
leel,  is  equal  to  the  jiroduct  of  the  angular 
the  perpendicular  distance  &om  its  axis  to  i 
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Itaqpectiiig  the  line  of  contact,  the  above  pxindpleB  IIL  and  I Y. 
lead  to  the  following  conclusions : — 

Y.  That  for  a  pair  of  wheels  with  parallel  axes,  and  for  a  wlieel 
and  lack,  the  line  of  contact  is  straight,  and  parallel  to  the  axes  or 
axis ;  and  henoe  that  the  pitch  surfisuses  are  either  plane  or  i^lin- 
dtical  (the  term  ^cylindrical"  including  aU  sui£eu»b  generated  by 
the  motion  of  a  straight  line  parallel  to  itself). 

YL  That  for  a  pair  of  wheels,  with  interseding  axes,  the  line  of 
contact  is  also  straight,  and  traverses  the  point  of  intersection  of 
the  axes ;  and  hence  that  the  rolling  sur&ces  are  conical,  with  a 
common  apex  (the  term  ''conical"  including  all  surfaoas  generated 
by  the  motion  of  a  straight  line  which  trayerses  a  fixed  point). 

440.  Cfrcalar  CyUiidvieai  Wheels  are  employed  when  an  uniform 
velocity-ratio  is  to  be  communicated  between  parallel  axes.  Figs. 
187,  188,  and  189,  of  Article  388,  may  be  taken  to  represent  pairs 
of  such  wheels ;  0  and  O,  in  each  figure,  being  the  parallel  axes  of 
the  wheels^  and  T  a  point  in  their  line  of  contact  In  fig.  187, 
both  pitch  surfaces  are  convex,  the  wheels  are  said  to  be  in, outside 
gearing,  and  their  directions  of  rotation  are  contrary.  In  figs.  188 
and  189,  the  pitch  sur&ce  of  the  larger  wheel  is  concave,  and  that 
of  the  smaller  convex ;  they  are  said  to  be  in  inside  gearing,  and 
their  directions  of  rotation  are  the  sama 

To  represent  the  comparative  motions  of  such  pairs  of  wheels 

symboliodly,  let  

OT=ri,  CT  =  rj, 

be  their  radii :  let  OC  =  <5  be  the  line  o/  centres,  or  perpendicular 
distance  between  the  axes,  so  that  for 


?^f^}  gearing,  c=ri=±:r2 (1.) 

Let  Oi,  cu,  be  the  angular  velocities  of  the  wheels,  and  « the  ocmimon 
linear  velocity  of  their  pitch  sorfAoes  ;  then 

v  =  a^r^  =  a^^2f  I (2\ 

eir^ir^iia^zi^aj^ia^ia^;)     '  ^   ^ 

«       •  I'll  outside  I         • 

the  sign  dfc  applying  to  I  j^^^  |  gearing; 


441.  A  stnOght  Back  «■«  Cirealav  Wheel,  which  are  used  when 
an  nmform  velocity-ratio  is  to  be  communicated  between  a  sliding 
piece  and  a  turning  piece,  may  be  represented  by  fig.  185  of  Article 
385,  C  being  the  axis  of  the  wheel,  P  T  P  the  plane  surface  of  the 
rack,  and  T  a  point  in  their  line  of  contact.  Letrbe  the  radius  of 
the  wheel,  a  its  angular  velocity,  and  «  the  linear  velocity  of  the 
radcj  then 
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vhoBe  pitch  BOT&ces  are  &aatn  of  n^golar 
ansmit  nn  nnifonn  angular  Telod^-ratio 
6  which  intersect  e^di  otlier.  Fig-  190  (J 
to  illustrste  thia  caae;  O  A  and  O  C  being 
ecting  each  other  in  O,  0  T  the  line  of  con- 
Kribed  by  the  revolution  of  O  T  about  O  A 
ing  the  pitch  surfaces,  of  which  narrow  lonee 
roctice. 

^ol&r  velocities  about  the  two  axes  reqieo- 
:  A  O  T,  t,  =  .£:::  C  O  T,  be  the  angles  made 
vely  with  the  line  of  contact ;  tihen  from 
ids  439  it  follows,  IhaX  die  angular  T^oci^* 


2=^^; (1.) 

a,      Bint,' 

to  find  the  angular  Telodty-ntio  whm  tike 
itact  are  giveD. 
ogle  between  the  axes, 

atio  — :    then  tLe  pomtion  of  tlie  line  of 

•h 
ei'  of  the  two  following  equationji : — 


"  ^/(a'  +  oi^-2a,a,ooBJ■)' 


(a)   ■ 

■  ,y((»'  +  aJ+2oiO,coej)' 

^  problem  is  solved  as  follows : — On  the  two 

lengths  to  represent  the  angular  velocitiea 
els.  Complete  the  parallelc^nuD  of  which 
igths  are  the  Bides,  and  its  diagonal  will  be 

of  contact     As  in  the  case  of  the  Tolling 

Article  393,  one  of  a  pair  of  bevel  wheds 
i  flat  disc,  or  a  concave  cone. 
!t*B4iRBiu  wfesai*  are  used  to  tnwsmit  a 

velocity-ratio  between  a  pair  of  parallel 
a  fig.  191,  let  C„  C„  repreaenf  the  mxea  of 
air  of  wheels;  T,,  T„  a  pair  of  points  which 
ya  instant  touch  each  other '"  *^"'  '<""  "f" 
(which  line  is  parallel  to  tl 
le  plane  with  Ihem) ;  and  1 
points,  which  touch  each  ot 
>f  the  motion;  and  let  tbe  i 
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^sy  ^1}  ^s>  ^  ^  o^^  plane  perpendicular  to  the  two  axes,  and  to 
the  line  of  contact.  Then  for  every  such  set  of  four  points^  the 
two  following  equations  must  be  fulfilled  :— 


CiTJi  +  C.U.  =  C.T»  +  C.T,  =  C.C,;l  ,^  v 

arcTiXJ,  =  arcT,U,j  J  ^  "^ 

and  those  equations  show  the  geometrical  relations  which  must 
exist  between  a  pair  of  rotating  surfaces  in  order  that  they  may 
move  in  rolling  contact  round  fixed  axes. 

The  same  conditions  are  expressed  differentially  in  the  following 
manner : — ^Let  rj,  r*,  be  the  radii  vectores  of  a  pair  of  points  which 
touch  each  other;  ds^,  d8„  a  pair  of  elementary  arcs  of  the  cross 
sections  Tj  XJi,  T,  TJ„  of  the  pitch  surfaces,  and  c  the  line  of  centres 
or  distance  between  the  axes.     Then 

Ti  +  r,  =  e; 

day  da^    V  (2.) 


If  one  of  the  wheels  be  fixed  and  the  other  be  rolled  upon  it,  a 
point  in  the  axis  of  the  rolling  wheel  describes  a  circle  of  the  radius 
c  round  the  axis  of  the  fixed  wheel. 

The  equations  1  and  2  are  made  applicable  to  vrmde  gearing  by 
putting  —  instead  of  +  and  +  instead  of  — . 

The  angular  yelocity-ratio  at  a  given  instant  has  the  value 

^.t:? (3.) 

As  examples  of  non-circular  wheels,  the  following  may  be 
mentioned : — 

L  An  ellipse  rotating  about  one  focus  roUs  completely  round  in 
outside  gearing  with  an  equal  and  similar  ellipse  also  rotating  about 
one  focus,  the  distance  between  the  axes  of  rotation  being  equal  to 
the  major  axis  of  the  ellipses,  and  the  velocity-ratio  varying  from 

1  —  excentricity  .    1  +  excentricity 
1  +  excentricity      1  —  excentricity* 

IL  A  hyperbola  rotating  about  its  farther  focus,  rolls  in  inside 
gearing,  tlm>ugh  a  limited  arc,  with  an  equal  and  similar  hyperbola 
rotating  about  its  nearer  focus,  the  distonoe  between  the  axes  of 
rotation  being  equal  to  the  axis  of  the  hyperbolas,  and  the  velocity- 
ratio  vaiying  between 


excentricity  +1       . 

T-r-rr 7  and  umty. 

excentricity  —  1  '' 
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in.  JHw)  logarithmic  s{aialB  of  equal  obliquity  rotate  in  xoUing 
oontact  with  each  other  tluroTigfa  an  iadefinite  an^e.  (For  fortiier 
examples  of  non-circukr  wheels,  see  Professor  Clerk  MaxwelTs 
paper  on  Rolling  Curves,  Troma.  Roy.  Soc  Edin.,  voL  xvi,  and 
Professor  Willis's  work  on  Mechanism.) 

SECnoK  2. — Sliding  ConiaaL 

444.  akcwwBervi  wiMete  are  employed  to  transmit  an  nniform 
velocity-ratio  between  two  axes  which  are  neither  parallel  nor 


j> 


Fig,  199. 


Fig.  193. 


Kg.  194. 


intersecting.  The  pitdi  Bm&oe  of  a 
skew-bevel  wheel  is  a  fimsbrom  or 
zone  of  a  kyperboloid  of  fmoliiliOM. 
In  fig.  192,  a  pair  of  huge  poriioiis  of 
snoh  hyperboloids  are  shown,  lotat- 
./  ing  about  axes  AB,  CD.  In  fig.  193 

P       AU^^- g    are  shown  a  pair  of  narrow  zones  of 

^^  the  same  figures,  such  as  are  employed 

in  practice. 

A  hyperboloid  of  revolution  is  a 
sur&ce  resembling  a  sheaf  or  a  dise 
box,  generated  by  the  rotation  of  a  straight  line  round  an  axis  fin>m 
which  it  is  at  a  constant  distance,  and  to  which  it  is  inclined  at  a 
constant  angle.  If  two  such  hyperboloids,  equal  or  unequal,  be 
placed  in  the  dosest  possible  contact,  as  in  fig.  192,  they  will  tondi 
each  other  along  one  of  the  generating  straight  lines  of  each,  which 
will  form  their  line  of  contact,  and  will  he  inclined  to  the  axes 
A  B,  C  D,  in  opposite  directions.  The  axses  will  neither  be  parallel, 
nor  will  they  intersect  each  other. 

The  motion  of  two  such  hyperboloids^  rotating  in  contact  with 
each  other,  has  sometimes  been  classed  amongst  cases  of  rolling 
contact;  but  that  dassification  is  not  strictly  correct;  for  altiioogh 
the  component  velocities  of  a  pair  of  points  of  contact  in  a  direction 
at  right  angles  to  the  line  of  contact  are  equal,  still,  as  the  axes  are 
neither  parallel  to  each  other  nor  to  the  line  of  contact,  the  velocities 
of  a  pair  of  points  of  oontact  have  compoDentB  along  the  line  of 
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oomtacty  -which  are'tmequal,  and  their  dijOTerenoe  oosmtitates  a  lateral 
iUding. 
The  direotioiiB  and  positions  of  the  axes  being  given,  and  the 

required  angular  velocity-ratio,  — ,  it  is  required  to  find  the  Mir 

a>i 

qwJtiea  of  the  generating  line  to  the  two  axes,  and  its  radii  vectoree, 

or  least  perpendicular  distances  from  these  axes. 

In  fig.  194,  let  A  B,  C  D,  be  the  two  axes,  and  G  K  their  common 
perpendicular. 

On  any  plane  normal  to  the  common  perpendicular  G'Kh,  draw 
a  5  II  A  B,  c  6^  II  C  D,  in  which  take  lengths  in  the  following  pro- 
portions : — 

Oj  :  Og  :  :  hp  :  hq; 

complete  the  parallelogram  hp  e  g,  and  draw  its  diagonal  e  h/;  the 
Une  of  contact  E  H  F  will  be  parallel  to  that  diagonal 

From  p  let  &J1  p  m  perpendicular  to  A  &  Then  divide  the 
common  perpendicular  G  K  in  the  ratio  given  by  the  proportional 

equation  • 

he  :  em:m  h  :  :GK:GH:K  H; 

then  the  two  segments  thus  found  will  be  the  least  distances  of 
the  line  of  contact  from  the  axes. 

The  first  pitch  surface  is  generated  by  the  rotation  of  the  line 

£  H  F  about  the  axis  A  B  with  the  radius  vector  G  H  =  rj ;  the 
second,  by  the  rotation  of  the  sami»  line  about  the  axis  0  D  with 

the  radius  vector  H  K  =  r^ 

To  draw  the  hyperbola  which  is  the  longitudinal  section  of  a 
skew-bevel  wheel  whose  generating  line  has  a  given  radius  vector 
and  obliquity,  let  A  G  B,  ^.  195,  re- 
present i^e  axis,  G  H  J.  A  G  B,  the 
radius  vector  of  the  generating  line, 
and  let  the  straight  line  £  G  F  make 
with  the  axis  an  angle  equal  to  the 
obliquity  of  the  generating  line.  H 
will  be  the  vertex,  and  E  G  F  one  of  ^- 1^5. 

the  asymptotes,  of  the  required  hyperbola.  To  find  any  number  of 
points  in  that  hyperbola,  proceed  as  follows  : — Draw  X  W  Y  parallel 
to  G  H,  cutting  GE  in  W,  and  make  XY  =  J  (GB?  +  XW^. 
Then  will  T  be  a  point  in  the  hyperbola. 

445.  Ovoevwd  Wheels. — To  increase  the  Motion  or  adhesion 
between  a  pair  of  wheels,  which  is  the  means  of  transmitting  force 
and  motion  finom  one  to  the  other,  their  surfaces  of  contact  are 
sometimes  formed  into  alternate  circular  ridges  and  grooves,  con- 
stituting what  is  called  fiictiondl  gearing.    Fig.  196  is  a  crosB 
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section  illustrating  the  kind  of  frictional  gearing  invented  by  Mr. 
Bobertson.  ,  Tlie  comparative  motion  of  a  pair  of  wheels  thus 

ridged  and  grooved  is  nearly  the  same  with  that 

of  a  pair  of  smooth  wheels  in  rolling  contact, 

having  cylindrical  or  conical  pitch  surfaces  lying 

midway  between  the  tops  of  the  ridges  and  bottoms 

of  the  grooves. 

p.    jgg  The  relative  motion  of  the  &oes  of  contact  of 

the  edges  and  grooves  is  a  rotatory  sliding,  about 

the  line  of  contact  of  the  ideal  pitch  sur&ces  as  an  instantaneous 

axis. 

The  angle  between  the  sides  of  each  groove  is  about  40*^ ;  and  it 
is  stated  that  the  mutual  friction  of  the  wheels  is  about  once  and 
a-half  the  force  with  which  their  axes  are  pressed  towards  each  other. 
446.  Teeili  •f  Wheels. — ^The  most  usual  method  of  communi- 
cating  motion  between  a  pair  of  wheels,  or  a  wheel  and  a  rack, 
and  the  only  method  which,  by  preventing  the  possibility  of  the 
rotation  of  one  wheel  unless  accompanied  by  the  other,  insures  the 
))reservation  of  a  given  velocity-ratio  exactly,  \&  by  means  of  the 
projections  called  teeth. 

The  'p^h  surface  of  a  wheel  is  an  ideal  smooth  surface,  inter- 
mediate between  the  crests  of  the  teeth  and  the  bottoms  of  the 
spaces  between  them,  which,  by  rolling  contact  with  the  pitch  sur- 
face of  another  wheel,  would  communicate  the  same  velocity-ratio 
that  the  teeth  communicate  by  their  sliding  contact  In  designing 
wheels,  the  forms  of  the  ideal  pitch  surfaces  are  first  determined, 
and  from  them  are  deduced  the  forms  of  the  teeth. 

Wheels  with  cylindrical  pitch  sur&ces  are  called  spur  toheds; 
those  with  conical  pitch  surfaces,  bevd  wheels;  and  those  with 
hyperboloidal  pitch  surfaces,  skeio-hevel  wheels. 

The  pitch  line  of  a  wheel,  or,  in  circular  wheels,  the  pitch  cirde, 
is  a  transverse  section  of  the  pitch  surface  made  by  a  surface  per- 
pendicular to  it  and  to  the  axis ;  that  is,  in  spur  wheels,  by  a  plane 
perpendicular  to  the  axis  ;  in  bevel  wheels,  by  a  sphere  described 
about  the  apex  of  the  conical  pitch  surface ;  and  in  skew-bevel 
wheels,  by  any  oblate  spheroid  generated  by  the  rotation  of  an 
ellipse  whose  foci  are  the  same  with  those  of  the  hyperbola  that 
generates  the  pitch  surface. 

The  pitch  point  of  a  pair  of  wheels  is  the  point  of  contact  of  thdr 
pitch  lines ;  that  is,  the  transverse  section  of  the  line  of  contact  o£ 
the  pitch  surfaces. 

Similar  t^rms  are  applied  to  racks. 

That  part  of  the  acting  surface  of  a  tooth  which  projects  beyond 
the  pitch  surface  is  called  the  face;  that  which  lies  within  the 
pitch  surface,  the  ^an^. 
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The  indius  of  the  pitch  circle  of  a  circular  wheel  is  called  the 
geom/Arical  radius  ;  that  of  a  circle  touching  the  crests  of  the  teeth 
is  called  the  rtal  radius;  and  the  difference  between  those  radii, 
the  addendvm^ 

447.  Pitch  mmik  iTaaiWr  of  Teeth. — ^The  distance,  measured  along 
the  pitch  line,  from  the  face  of  one  tooth  to  the  face  of  the  next,  id 
called  the  pitch. 

The  pitch,  and  the  number  of  teeth  in  circular  wheels,  are  regu- 
lated bj  the  following  principles  : — 

I.  In  wheels  whidi  rotate  continuously  for  one  revolution  Or 
more,  it  is  obviously  necessary  thai  (hs  pUch  should  be  an  aliquot 
jMrt  of  the  drcum/ererice. 

In  wheels  which  reciprocate  without  performing  a  complete  re- 
volution, this  condition  is  not  necessary.     Such  wheels  are  called 


II.  In  order  that  a  pair  of  wheels,  or  a  wheel  and  a  rack,  may 
work  correctly  together,  it  is  in  all  cases  essential  that  the  pitcl^ 
should  he  the  same  in  each, 

III.  Hence,  in  any  pair  of  circular  wheels  which  work  together, 
the  numbers  of  teetk  in  a  complete  circumference  are  directly  as 
the  radii,  and  inversely  as  the  angular  velocities. 

rV.  Hence  also,  in  any  pair  of  circular  wheels  which  rotate 
continuously  for  one  revolution  or  more,  the  ratio  of  the  numbers 
of  teeth,  and  its  reciprocal,  the  angular  velocity-ratio,  must  be  ex- 
pressible in  whole  numbers. 

V.  Let  n,  N,  be  the  respective  numbers  of  teeth  in  a  pair  of 
wheels,  N  being  the  greater.  Let  ^,  T,  be  a  pair  of  teeth  in  the 
smaUer  and  lai^r  wheel  respectively,  which  at  a  particular  instant 
work  together.  It  is  required  to  find,  first,  how  many  pairs  of 
t^^h  must  pass  the  line  of  contact  of  the  pitch  surfaces  before  t 
and  T  work  together  again  (let  this  number  be  called  a);  secondly, 
with  how  many  different  teeth  of  the  larger  wheel  the  tooth  t  will 
work  at  different  times  (let  this  number  be  called  b)  ;  and  thirdly, 
with  how  many  different  teeth  of  the  smaller  wheel  the  tooth  T 
will  work  at  different  times  (let  this  be  called  c). 

Case  1.  JfnisA  divisor  of  N, 

a^N;  6  =  -;  c=l (1.) 

n 

Cask  2.  If  th6  greatest  common  divisor  of  N  and  n  be  £?,  a  num- 
ber less  than  n,  so  that  n  =  m  ^,  N  =  M  c?,  then 

a  =  mN  =  Mn  =  'M.md;  b  =  M;  c  =  m. (2.) 

Case  3.  If  N  and  n  be  prime  to  each  other, 

2r 
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a  =  Nn;  6  =  N;  c  =  n. (3.) 

It  ia  oonaddered  desirable  by  millwriglita,  with  a  view  to  the 
preseTTation  of  ihe  imifonnity  of  shape  of  the  teeth  of  a  pair  of 
wheelfly  that  each  given  tooth  in  one  wheel  ahould  work  with  as 
many  difTerent  teeth  in  the  other  wheel  as  possible.  Th^,  there- 
fore^ study  to  make  the  numbers  of  teeth  in  each  pair  d  wheels 
which  work  together  such  as  to  be  either  prime  to  each  other^  or  to 
have  their  greatest  common  divisor  as  small  as  is  possible  con- 
aistently  with  the  purposes  of  the  machine. 

y  I.  The  emaUest  number  of  teeth  which  it  is  practicable  to  give 
to  a  pinion  (that  is,  a  small  wheel),  is  regulated  by  the  pdncipley 
that  in  order  that  the  communication  of  motion  from  one  whed  to 
another  may  be  continuous,  at  least  one  pair  of  teeth  should  always 
be  in  action;  and  that  in  order  to  provide  for  the  contingency  of  a' 
tooth  breakmg,  a  aecond  pair,  at  least,  should  be  in  action  also. 
For  reasons  which  will  appear  when  the  forms  of  teeth  are  ctm- 
sidered,  this  principle  gives  the  following  as  the  least  numbers  of 
teeth  which  can  be  umloUi/  employed  in  pinions  having  teeth  of  the 
three  classes  of  figures  named  below,  whose  properties  will  be  ex- 
plained in  the  sequel : — 

I.  Involute  teeth, 25. 

11.  Epicycloidal  teeth, 12. 

IIL  Cylindrical  teeth,  or  staves, 6. 

448.  HsBtiHg  c«c- — ^When  the  ratio  of  the  angular  velocities  of 
two  wheels,  being  reduced  to  its  least  terms,  is  expressed  by  iann\\ 
numbers,  less  than  those  which  can  be  given  to  wheels  in  piactioe, 
and  it  becomes  necessary  to  employ  multiples  of  those  niunben  by 
a  common  multiplier,  which  becomes  a  common  divisor  of  tiie 
numbers  of  teeth  in  the  wheels,  millwrights  and  engine-makers 
avoid  the  evil  of  fi:^uent  contact  between  the  same  paira  of  teeth, 
by  giving  one  additional  tooth,  called  a  hunting  cog,  to  the  laiger 
of  the  two  wheels.  This  expedient  causes  the  velocity-ratio  to  be 
not  exactly  but  only  approximately  equal  to  that  which  was  at  first 
contemplated ;  and  therefore  it  cannot  be  used  where  the  exactness 
of  certain  velocity-ratios  amongst  the  wheels  ^  of  importance,  as 
in  clockwork. 

449.  A  Train  Af  whcelwOTk  consists  of  a  series  of  axes,  each 
having  upon  it  two  wheels,  one  of  which  is  driven  by  a  wheel  on 
ihe  preceding  axis,  while  the  other  chivm  a  wheel  on  the  following 
axi&  If  the  wheek  are  all  in  outside  gearing,  the  direction  of 
rotation  of  each  axis  is  contrary  to  that  of  the  adjoining  axes.  In 
some  cases,  a  single  wheel  upon  one  axis  answers  the  purpose  both 
of  receiving  motion  from  a  wheel  on  the  preoe^ag  axis  and  giving 
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motioiL  to  ft  wheel  on  the  following  axis.  Such  a  wheel  is  called 
an  idle  vshed :  it  affecta  the  direction  of  rotation  only,  and  not  the 
velocity-ratio. 

Let  the  series  of  axes  he  distinguished  by  numbers  1,  2,  3, 
kc  •  •  • .  9» ;  let  the  numbers  of  teeth  in  the  driomg  wheels  be 
denoted  by  N%  each  with  the  number  of  its  axis  affixed  j  thus, 
Niy  N;,  ^  .  • . .  K«».x;  and  let  the  numbers  of  teeth  in  the  driven 
or  following  wheels  be  denoted  by  n%  each  with  the  number  of  its 
axis  affixed ;  thus,  nj*  ^  ^  .  .  .  .  9»».  Then  the  ratio  of  the 
angular  velocity  a^  of  the  m^  axis  to  the  angular  velocity  o^  of  the 
first  axis  is  the  product  of  the  m— 1  velocity-ratios  of  the  succes* 
sive  elementary  combinations,  viz. : — 

a^  __  Ni .  y, .  Ac y,,^ 

that  is  to  say,  the  velocity-ratio  of  the  last  and  first  axes  is  the 
ratio  of  the  product  of  the  numbers  oi  teeth  in  the  drivers  to  the 
product  of  the  numbers  of  teeth  in  the  followers;  and  it  is  obvious, 
that  so  long  as  the  same  drivers  and  followers  constitute  the  train, 
the  order  in  which  they  succeed  each  other  does  not  affect  the 
resultant  velociiy-ratio. 

Supposing  all  the  wheels  to  be  in  outside  gearing,  then  as  each 
elementary  combination  reverses  the  direction  of  rotation,  and  as 
the  number  of  elementary  combinations,  m  -  1,  is  one  less  than 
the  number  of  axes,  m,  it  is  evident  that  if  m  is  odd,  the  direction 
of  rotation  is  preserved,  and  if  even,  reversed 

It  is  often  a  question  of  importance  to  determine  the  numbers  of 
teeth  in  a  train  of  wheels  best  suited  for  giving  a  determinate 
velocity-ratio  to  two  axes.  It  was  shown  by  Toung,  that  to  do 
this  with  the  least  total  ntmber  of  teeth,  the  velocity-ratio  of  each 
elementary  combination  should  approximate  as  nearly  as  possible 
3*59.  This  woidd  in  many  cases  give  too  many  axes;  and  as  a 
useful  practical  role  it  may  be  laid  down,  that  from  3  to  6  ought 
to  be  the  limit  of  the  velocity-ratio  of  an  elementaiy  ccHubination 
in  wheelwork. 

Let  ^  be  the  velocity-ratio  required,  reduced  to  its  least  terms, 

and  let  B  be  greater  than  C. 

If  r:^  is  not  greater  than  6,  and  0  lies  between  the  prescribed 

^niniinTiTn  number  of  teeth  (which  may  be  called  t)^  and  its  double 
2  ty  then  one  pair  of  wheels  wHl  answer  the  purpose,  and  B  and  C 
will  themselves  be  the  numbers  required.  Should  B  and  C  be 
inconveniently  large,  they  are  if  possible  to  be  resolved  into  fietctors, 
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ir  Dom,  ae  ac  once  icoon- 

;e,.(ind  prime,  tlieii  inatead  of  the  exact  ratio  ^ ,  some 

oating  to  that  ratio,  and  capable  of  resolution  into  con- 
3,  ie  to  be  found  by  the  method  of  continued  fractious. 

«  greater  than  6,  the  beet  number  of  elementaiy 
*»  -  1,  will  lie  between 
logB-logC  ^^ logB-logO 

log  6  l»)g3        ^'"' 

issible,  B  and  C  themBelves  are  to  be  reaolved  each 
factors  (counting  1  aa  a  factor),  which  factors,  or 
bem,  shall  be  not  leas  than  t,  nor  greater  than  6t;  or 
atain  inconveniently  large  prime  factors,  an  approxi- 
-ratio,  found  by  the  method  c^  continaed  factions,  is 

ted  for  -^  as  before. 

he  resultant  velocity-ratio  is  concerned,  tiie  order  of 

r  and  of  the  followers  n  is  immaterial ;  but  to  secure 

rf  tlie  teeth,  as  explained  in  Article  447,  Principle  V,, 

ght  to  be  so  arranged  that  for  each  elementaij  com- 

greatest  common  divisor  of  N  and 

as  possible. 

irie  ar  siuiHg  caaMcf. — The  line  «if 

I  case  of  sliditag  contact  of  two  moi 

endicular  to  their  surfaces  at  tlie  ] 

lie  principle  of  their  comparative  i 

hng  that  perpendicular,  of  the  veto 

d^  it,  are  equal. 

90  lifting  pieces,  in  sliding  contact, 

onal  to  the  secants  of  the  angles  whit 

te  with  their  line  of  actioiL 

00  rotating  pieeee,  in  sliding  conta 

ersely  proportional  to  the  perpen 

[es  of  rotation  to  their  line  of  actioi 

'  Hie  angle  which  the  line  of  action 

a  on  which  the  perpendicular  ia  let  I 

let  C„  Cb  represent  the  axes  of  re 
.„  two  portions  of  their  respective 
wints  in  those  surfaces,  which,  at  t 

are  in  contact  with  each  other, 
endicular  of  the  sur&ces  at  the  paii 


r 
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that  is,  the  line  of  actum;  aud  let  C|  P„  C,  P,,  be  the  common  per- 
pendiculars of  the  line  of  action  and  of  the  two  axes  respectively. 
Then  at  the  given  instant,  the  components 
along  the  line  P,  P)  of  the  velocities  of  the 
points  P],  P2,  are  equaL  Let  t|,  «^  be  the 
angles  which  that  line  makes  with  the  direc- 
tions of  the  axes  respectively.  Let  Oi,  a^  be 
the  respective  angular  velocities  of  the  moving 
pieces;  then 


Oi  *  Ci  Pi '  sin  «,  =  Oa  '  C,  P:i '  sin  t^; 


consequently, 


a,      Ci  Pt  Bin  ti .  ,, . 

«i      CaPssmis 


Fig.  197. 

which  is  the  principle  stated  above. 

When  the  line  of  action  is  perpendicular  in  direction  to  both 
axesy  then  sin  t|  =  sin  t^  =  1 ;  and  equation  1  becomes 


c,p; 


.(1    A.) 


YThen  the  cuoea  are  parcdld,  t,  =  t,.  Let  I  be  the  point  where 
the  line  of  action  cuts  the  plane  of  the  two  axes;  then  the  triangles 
Ti  C|  I,  Ps  Cg  I,  are  similar;  so  that  equation  1  a  is  equivalent  to 
the  following : — 

(1    B.) 


a, 


ic; 


Case  3.  A  rcMting  piece  and  a  shifting  piece,  in  sliding  contact, 
have  their  comparative  motion  regulated  by  the  following  prin- 
ciple : — ^Let  C  P  denote  the  perpendicular  distance  from  the  axis  of 
the  rotating  piece  to  the  line  of  action;  %  the  angle  which  the  direc- 
tion of  the  line  of  action  makes  witJi  that  axis;  a  the  angular 
velocity  of  the  rotating  piece;  v  the  linear  velocity  of  the  sliding 
piece;  j  the  angle  which  its  direction  of  motion  makes  with  the 
line  of  action;  then 

v  =  a  *  C  P  •  sin  » •  aecj (2.) 

When  the  line  of  action  is  perpendicular  in  direction  to  the  axis 
of  the  rotating  piece,  sin  t  =  1 ;  and 


t?  =  a  'CP  '8ec'j  =  a  -IC;. 


,(2  A.) 


where  I C  denotes  the  distance  from  the  axis  of  the  rotating  piece 
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ine  of  actdoa  cuts  a  perpendicalAT  &om  that 
motion  of  the  ahifting  piece. 

'bMla  ud  Backs.     Clfwl  Prtaetp^. — The 

irheels  are  r^olated  by  the  principle,  tiat 
vis  Aail  givt  tU  game  vdocit^^ratio  by  their 
ie  idtal  mootk  pitiA  tturfaoBt  vxjvid  give  bg 
et  B,,  B„  in  %  197,  be  parte  of  the  pitch 
sections  of  the  patch  snr&oes)  of  a  pair  of 
[:es,  and  I  the  piteh  point  (that  is,  a  section 
Then,  the  angular  velocities  which  vontd  be 
tbe  rolling  contact  of  those  pitch  lines  pre 
ts  I  C),  I  Cn  of  the  line  of  centres;  and  this 
if  the  angular  velocities  given  by  a  pair  of 
act  whoee  line  of  action  traverses  the  point 
,  equation  1  S).     Hence  the  condition  of 

teeth  of  wheels  with  parallel  axes  is,  Aat 
teeth  thaU  at  every  itulani  traverte  tke  Una 
ntrfacea;  and  the  same  condition  obvionslj' 
',  in  a  direction  perpendicular  to  that  of  the 
Fhich  it  works. 

hj  »«lliPB  Carre*. — From  the  principle  of 
'  follows,  that  at  every  instant,  ttie  position 
T,  in  the  cross  section  of  the  acting  BOifkce 
ine  A]  Tiin  fig.  197),  and  the  correBponding 
int  I  in  the  pitch  line  I B,  of  the  wheel  to 
igs,  are  so  related,  that  the  line  I T,  wludi 
-Uie  outline  of  the  tooth  A,  T,  at  the  point 
relation  which  exists  between  t^e  (racing 
tanemu  axie  or  liTie  ofcontael  I,  in  a  rolling 
bat  being  rolled  upon  the  pitch  sur&ce  Bu 
ea  the  outline  of  the  tooth.  (As  to  rolling 
,  387,  389,  390,  393,  396,  397,  and  Professor 
there  referred  to), 
of  teeth  may  work  correctly  togetlier,  it  is 

that  the  inOaataneiAU  radii  veetorte  bom 
points  of  contact  of  the  two  teetb  should 
■,  as  exjnressed  by  the  equation 

TT,  =TT,; (1.) 

■filled,  i/^  (m<2tne«i>/t^ 
ne  tracing-pmTii,  in  roUi; 
f  lAe  pitch  wrf  cues  of  the 
b  traced  while  the  foIUe 
JoM,  while  it  rolls  ou 
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evident  that  the  flaiiks  of  the  teeth  of  the  driying  wheel  drive  the 
faces  of  the  teetii  of  the  driven  wheel ;  and  that  the  ftuses  a£  the 
teeth  of  the  driving  wheel  drive  the  ficmks  of  the  teeth  of  the 
diiren  wheeL  The  former  takes  place  while  the  point  of  contact 
<^  the  teeth  is  approaching  the  pitdi  point,  as  in  fig.  197,  sapposiDg 
the  motion  to  be  from  Pi  towards  Ft;  the  latter,  after  the  point  of 
contact  has  passed,  and  while  it  is  receding  fran^  the  pitch  point 
The  pitch  point  divides  the  path  of  the  point  of  contact  of  the  teeth 
into  two  parts,  called  the  path  of  approach  and  the  path  of  recess; 
and  the  lengths  of  those  paths  must  be  so  adjusted,  that  two  pairs 
of  teeth  at  least  shall  be  in  action  at  each  instant. 

It  is  evidently  necessaiy  that  the  sur&ces  of  contact  of  a  pair  of 
teeth  should  either  be  both  convex,  or  that  if  one  is  convex  and  the 
other  concave,  the  concave  sui&ce  should  have  the  flatter  curvature. 

The  equations  of  Article  390  give  the  relations  which  exist 
between  the  radius  of  curvature  of  a  pitch  line  at  the  pitch  point 
(rj),  the  radius  of  curvature  of  the  rolling  curve  at  the  same  point 
(n),  the  radius  vector  of  the  tracing-point  {r\  =  I T),  the  angle  made 
by  that  line  with  the  line  of  centres  of  the  fixed  and  rolling  curves 
{6  zs.  ,^^  T I  C),  and  the  radius  of  curvature  of  the  curve  traced  bj 
the  point  T  (^),  all  at  a  given  instant. 

When  a  pair  of  tooth  surfaces  are  both  convex  absolutely,  that 
which  is  a  fieu^  is  concave,  and  that  which  is  a  flank  is  convex, 
towards  the  pitch  point;  and  this  is  indicated  by  the  values  of  ^ 
liaving  contraiy  signs  for  the  two  teeth,  bei^  positive  for  the  face 
and  negative  for  Uie  flauk.  The  face  of  a  tidoth  is  always  convex 
absolutely,  and  concave  towards  the  pitch  point,  ^  being  positive ; 
so  that  if  it  works  with  a  concave  flank,  the  value  of  f  for  that  flank 
is  positive  also,  and  greater  than  for  the  face  with  which  it  works. 

453.    The  SUdlBC  •€  a  Pair  of  TeeCb  •■  Each  Otker,  that  is,  their 

relative  motion  in  a  direction  perpendicular  to  their  line  of  action, 
is  found  by  supposing  one  of  the  wheels,  such  as  1,  to  be  fixed,  the 
line  of  centres  Ci  C,  to  rotate  backwards  round  C|  with  the  angular 
velocity  a^  and  the  wheel  2  to  rotate  round  Ct  as  before  with  the 
angular  velocity  Og  relatively  to  the  line  of  centres  C|  Cj,  so  as  to 
have  the  same  motion  as  if  its  pitch  surface  rolled  on  the  pitch 
Hur&ce  of  the  first  wheel.  Thus  the  relative  motion  of  the  wheels 
is  unchanged;  but  1  is  considered  as  fixed,  and  2  has  the  resultant 
motion  given  by  the  principles  of  Article  388 ;  that  is,  a  rotation 
about  the  instantaneous  axis  I  with  the  anguhir  velocity  Oi  +  Oj. 
Hence  the  velocity  of  sliding  is  that  due  to  this  rotation  about  I, 
with  the  radius  IT  =  r;  that  is  to  say,  its  value  is 

r{ai  +  aj); (1) 

80  that  it  is  greater,  the  farther  the  point  of  contact  is  fix)m  the 
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enb<M ;  and  at  the  instant  n 
coinddee  with,  the  piichpV: 
action  of  the  teeth  is,  for  th 
roots  of  the  teeth  slide  toi 
and  from  each  other  dunoj 
distance  through  which  tht 
capied  hy  the  ^pioach,  ai 
a  distance  of  sliding  is 

1  =  1  r{ai  +  tt,)dt 

lothar  form,  if  di  denote  at 
,tion  of  one  wheel  relatiT< 
^nge  during  the  approach,  i 

(a,  +  a.)dt  = 


•=/> 


e  45S.) 
Tka  An  »r  €■■)■«•  «>  tb« 

of  the  pitch  lines  which  j 
)f  one  pair  of  teeth ;  and  ii 
17  be  in  action  at  each  inst 

of  the  pitch.     It  ia  divide< ^ , ^ 

and  the  are  of  recess.     In  order  that  the  teetJi  may  be  of 

sufficient  to  give  the  required  darstion  of  c 

loved  over  b;  the  point  I  upon  the  pitch  1 

of  a  rolling  cnrre  to  describe  the  faoe  and  fl 

e  in  all  equal  to  the  length  of  the  required 

ual  to  make  the  arcs  of  approach  and  recess  < 

Tk*  iicagik  »r  a  TaMh  may  be  divided  1 

the  face  and  that  of  the  flfmk.  For  teeth 
he  length  of  the  flank  depends  on  the  arc  of  a 
ace,  on  the  arc  of  recess ;  for  those  in  the  fc 
^  of  the  flank  depends  on  the  arc  of  reccfl 

the  arc  of  approadL 

r,  be  the  arc  of  approach,  q,  that  of  reoeas ; 
k,  r,  the  length  of  the  &ce  of  a  tooth  in  the 
a  the  radius  of  curvatore  of  the  pitch  line,  ro  th 
'  the  radius  vector  of  the  tracing-point,  at  an; 

velodty  of  the  rolling  curve  relatively  to  th 


dt    \r„       r,J' 
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the  positive  sign  applying  to  rolling  outside,  or  describing  the  face, 
and  the  negative  sign  to  rolling  inside,  or  describing  the  flank. 
Hence  the  velocity  of  the  tracing-point  at  a  given  instant  is 


dt 


and  consequently 


(1) 


For  the  following  wheel,  qi  and  gr,  have  to  be  interchanged,  so  that, 
if  ra  be  the  radius  of  that  wheel, 


(2.) 


; 


The  eijaations  2  and  3  eridentlj  give  the  means  of  finding  the  dis- 
tance of  sliding  between  a  pair  of  teeth,  in  a  different  form  from 
that  given  in  Article  453 ;  for  that  distance  is 

«  =  (^.-?,)  +  (r._i,) 

456.  To  inaMe  Ocwriiig  all  the  preceding  principles  apply,  ob- 
serving that  the  radius  of  the  greater,  or  concave  pitch  surface,  is 
to  be  considered  as  negative,  and  that  in  Article  453,  the  diflerence 
of  the  angular  velocities  is  to  be  taken  instead  of  their  sum. 

457.  lMT«lBte  Teeth  iwe  Circular  Wheels,  being  the  flrst  of  the 

three  kinds  mentioned  in  Article  447,  are  of  the  form  of  the  in- 
volute of  a  circle,  of  a  radius  less  than  the  pitch  circle  in  a 
ratio  which  may  be  expressed  by  the  sine  of  a  certain  angle  ^, 
and  may  be  traced  by  the  pole  of  a  logarithmic  spiral  rolling  on 
the  pitch  circle,  the  angle  made  by  that  spiral  at  each  point  with 
its  own  radius  vector  being  the  complement  of  the  given  angle  0. 
But  this  mode  of  describing  involutes  of  circles,  being  more  com- 
plex than  the  ordinary  method,  is  mentioned  merely  to  show  that 
they  fidl  under  the  general  description  of  curves  described  by 
rolling. 
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t,  let  C„  C„  be  th« 
lircleB  are  Bi,  Bi. 
lit»e  qf  action  P,  P„ 
itres.     From  C„  C„ 


C,P,= 


I 


to  P,  P„  -with  wL 
■a  (called  base  drded^ 
Suppose 
circuhu'  pi 
cord  vho« 
P.IPr    -^ 
.    pulleys  is  1 
teeth,  the; 
velocity-ra 
Ttobefix 
along  the 
point  will 
tritfa  the  ' 
the  base, d 
I,  along  «dth 

jg  of  the  baa 

traced  wil] 
t  of  contact  T,  and 
LTticle  451. 
e  teeth  of  the  same  ] 
e  length  of  the  path 
,  it  ia  to  be  obsem 
Huccessive  teeth  as 
1  in  the  latio  ton  t  : 
B  than  the  pitch  x  aii 
and  P,  respectively, 
if  the  addendum  c 
id,  there  will  always 
I,  In  practice,  it  is  i 
igCF,  viz,,  about  2^ 
h  and  the  value  of 
mdom  is  about  -fa  of 
)f  a  rack,  to  work  cc 
)ald  have  plane  savt 
id  consequently  mak 
nglps  equal  to  the  be 
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458.  siMtec  •r  iBTointe  Tedh.^ — The  distance  ihioagli  wMch  a 
pair  of  involute  teeth  slide  on  each  other^  is  found  by  observing 
that  the  distance  from  the  point  of  contact  of  the  teeth  to  the  pitch 
point  is  given  by  the  equation 

r  =  q'^==qsmfi ; (1.) 

irliidi  rednoes  equation  3  of  Article  455  to  the  following  : — 

•-(?.4.)-^-' w 

This  distance  may  also  be  expressed  in  terms  of  the  extreme  dis- 
tances of  the  point  of  contact  from  the  pitch  point.  Let  these  be 
denoted  by  ^,  ^ ;  then 

(1       1  \     <*  +  <! 
-  +  -  I  •  o  .     ..(2A.) 

For  ynMe  gearing,  the  difference  of  the  reciprocals  <£  the  radii  of 

the  wheels  is  to  be  taken  instead  of  their  sum. 

The  preceding  formulse^  which  are  exact  for  involute  teeth,  are 

approximately  correct  for  all  teeth,  if  ^  be  taken  to  represent  the 

mean  value  of  the  angle  OIF  between  the  line  of  centres  and  the 

line  of  action. 

31 
The  usual  value  of  t  being  75^°,  sin  /  =  -^  nearly. 

459.  The  AdUteadBm  mt  iHT^ivte  Teeiii,  that  is,  their  projection 
beyond  the  pitch  circle,  is  found  by  considering,  that  for  one  of  the 
wheels  in  fig.  198,  such  as  the  wheel  1,  the  reid  rttdi/ua,  or  radius 
of  the  addendum  circle,  is  the  hypothenuse  of  a  right-angled  tri- 
angle, of  which  one  side  is  the  radius  of  the  base  circle  C  P,  and  the 
other  is  TT[  +  the  portion  of  the  path  of  contact  beyond  I.     Now 

CP  =  r|  -sin^j  PI  =  ri.  cos  ^.  Let  t^  be  the  portion  of  the  path 
of  contact  above  mentioned  (  =  ^3  *  sin  ^,  and  d^  the  addendum  of 
the  wheel  1  j  then 

(r, +  c?,)'=rj  -sin*  ^  +  (ri  cos  ^  +  ^)'; (1.) 

and  for  the  wheel  2  the  suffixes  1  and  2  are  to  be  interchanged. 

31  1 

The  usual  value  of  sin  ^  is  about  •^,  and  that  of  cos  ^  about  -. 

The  same  formuUe  apply  to  teeth  of  any  figure,  if  ^  be  taken  to 
represent  the  esd/reme  value  of  the  angle  0 1  P. 

460.  The  fiMwiifrt  PtetoM  with  lar^iaie  Teeth  of  a  given  pitch  />, 
has  its  size  fixed  by  the  consideration  that  the  path  of  contact  of 
the  fianks  of  its  teeth,  which  must  not  be  less  than  j»  *  sin  ^,  cannot 
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be  greater  than  the  distance  along  the  line  of  action  from  the  {utdi 
point  to  the  base  circle^  I P  =  r  *  cos  ^.     Hence  the  lectst  radius  is 

r  =  p  tan  4; (1.) 

which,  for  ^  =  75^%  gives  for  the  radius^  r  =  3-867  />,  and  for  tiie 
ciicomference  of  the  pitch  circle,  p  x  3'867  x  2  «•  =  24-3  p;  to 
which  the  next  greater  integer  multiple  o£p  ia25p;  and  therefore 
tioenty-five,  as  formerly  stated,  in  Article  447,  is  tlie  least  number 
of  involute  teeth  to  be  employed  in  a  pinion. 

461.  SplcycUMai  Teeih. — For  tracing  the  figures  of  teeth,  the 
most  convenient  rolling  curve  is  the  circle.  The  path  of  contact 
which  a  point  in  its  circumference  traces  is  identical  with  the  circle 
itself;  the  flanks  of  the  teeth  are  internal,  and  their  faces  external 
epicycloids,  for  wheels;  and  both  flanks  and  fioces  are  cydoids  for 
a  rack. 

Wheels  of  the  same  pitch,  with  epicydoidal  teeth  traced  by  the 
same  rolling  circle,  all  work  correctly  with  each  other,  whatsoever 
may  be  the  numbers  of  their  teeth;  and  they  are  said  to  belong  to 
thesameeeL 

For  a  pitch  circle  of  twice  the  radius  of  the  rolling  or  deecnbing 
circle  (as  it  is  called),  the  internal  epicycloid  is  a  straight  line,  being 
in  £act  a  diameter  of  the  pitch  circle ;  so  that  the  flanks  of  the  teeth 
for  such  a  pitch  circle  are  planes  rstdiating  from  the  axis.  For  a 
smaller  pitch  circle,  the  flsoiks  would  be  convex,  and  incurved  or 
under-cut,  which  would  be  inconvenient ;  therefore  the  smallest 
wheel  of  a  set  should  have  its  pitch  circle  of  twice  the  radius  of  the 
describing  circle,  so  that  the  flanks  may  be  either  straight  or  concave. 
In  &g,  199,  let  6  be  part  of  the  pitch  circle  of  a  wheel,  C  C  the 

line  of  centres,  I  the  pitch-point, 
B  the  internal,  and  R  the  equal 
external  describing  circles,  so  placed 
as  to  touch  the  pitch  circle  and  each 
other  at  I;  let  DID'  be  the  path 
of  contact,  consisting  of  the  path  of 
approach  D  I,  and  the  path  of  re- 
cess I D'.  In  order  that  there  may 
always  be  at  least  two  pairs  of  teeth 
in  action,  each  of  those  arcs  should 
be  equal  to  the  pitch. 

The  angle  B,  on  passing  the  line  of 
centres,  is  90^;  the  least  value  of  that 
angleis^=:-i::CID  =  .«s::aiD'. 
It  appears  from  experience  that 
^&  id^*  the  least  value  of  4  should  be  about 

60'';  therefore  the  arcs  D I  «  I D'  should  eadh  be  one-sixth  of  a  dr- 
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CTimferenoe;  therefore  the  circmnfereiioe  of  the  describing  circle 
should  be  six  times  the  pitch. 

It  follows  that  the  smallest  pinion  of  a  set,  in  which  pinion  the 
flanks  are  straight,  should  have  twelve  teeth,  as  has  already  been 
stated  in  Article  447. 

462.   The  Addcadnm  for  Eplcxcloldal  Teelh   is   found  from   the 

formula  already  given  in  Article  459,  equation  1,  by  putting  for 

i  the  angle  C I D,  and  for  ^  the  chord  I D'  =  2  ro  •  cos  ^,  Tq  being 
the  radius  of  the  rolling  circle.     Hence 

{ri  +  d^y  =  t\  8inM  +  (ri+2ro)'-cos»^ (1.) 

3  1 

For  the  usual  Talue  of  3,  60®,  sin*  ^  =  -r,  and  cos*  ^  =  y  :  whence 

4  4 

(r.  +  rfi)'  =  rJ  +  riro  +  rJ (2.) 

462  A.  The  simibc  or  Epicyctoidal  Tecih  is  deduced  from  equation 
3  of  Article  455,  by  observing,  that  the  radius  vector  of  the  point 
of  contact  is 

r=2ro-sin^^^, (1.) 

and  that  the  extreme  values  of  q  are  the  arcs  of  approach  and 
recess, 


9 
whence  we  have 


=  y.  =  2ro(f-<), (2.) 


8 


=^e.v)//^' 


=  8(l-am^^(l  +  i); (3.) 

which,  for  0  s=  60°,  has  the  value 

.=  1-07^.(1+1) (3  a.) 

463.   Appvoxlmaie  Bplcycloidal  Teetk, — ^Mr.   Willis    has    shown 

how  to  approximate  to  the  figure  of  an  epicydoidal  tooth  by  means 
of  two  circular  arcs,  one  concave,  for  the  flank,  the  other  convex,  for 
the  &.ce,  and  each  having  for  its  radius,  the  Tneom  radius  of  curva- 
ture of  the  epicydoidal  ara  Mr.  Willis's  formulie  are  deduced  in 
his  own  work  from  certain  propositions  respecting  the  transmission 
of  motion  by  linkwork.  In  the  present  treatise  they  will  be 
deduced  from  the  values  already  given  for  the  radii  of  curvature  of 
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epicycloids  in  Article  390,  case  1,  equation  4 :  viz.,  let  r,  be  the 
radius  of  the  pitch  circle,  Tq  that  of  the  rolling  ctrcle,  e  the  radius 
of  curvature  required;  then 


e  =  2  To  •  cos  ^ 


ri 


=  4  ro  •  cos  tf 


2 


==ro 


ri  =±:  3  ra 


.(L) 


the  sign  +  applying  to  an  eaiamal  epicydoid,  that  is,  to  the  /ctce  of 
a  tooth,  and  the  sign  —  to  an  intemal  epicydoidy  that  is,  to  ihe 
flank  of  a  tooth. 

To  find  the  distances  of  the  centres  of  curvature  of  the  given 
point  in  an  epicycloid  from  the  point  of  contact  I  of  the  pitch  circle 
and  rolling  circle,  there  is  to  be  subtracted  firom  the  radius  of  cur- 
vature, the  instantaneous  radius  vector,  r  =  2  Tq  cos  i;  that  is  to  say. 


e  —  r  =  2  To  cos  ^ ' 


n 


2rr 


(2.) 


The  value  to  be  assumed  for  ^  is  its  mean  value,  that  is,  75i^;  and 

1 
cos  ^  =  2  nearly :  ^ois  nearly  equal  to  the  pitch; |>;  and  if  n  be  the 

number  of  teeth  in  the  wheel, 

6  :  n  :  ;  To  :  rji 

Therefore,  for  the  proportions  approved  of  by  Mr.  Willis,  equation 
2  becomes 


n 


+  being  used  for  the  face,  and*—  for  the  flank ;  also 


(3.) 


»•  =  ^  nearly. 


.(4.) 


Hence  the  following  con- 
struction. In  fig.  200,  let 
B  C  be  part  of  the  pitch 
circle,  A  the  point  where  a 
tooth  is  to  cross  it.     Set  off 

AB  =  AC  =  f.  Diawiadii 

oi  the  pitch  circle,  D  B,  E  Q 
Draw  F  B,  C  G,  making  angles  of  75^°  with  those  radii,  in  which 
take 


Fig.  20^ 


BF=?. 


n 


.(S.) 


r 
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Bound  F,  with  the  radius  F  A,  draw  the  circular  arc  AH;  this 
will  be  the  &ce  of  the  tooth.  Kound  G,  with  the  radius  G  A, 
draw  the  circular  arc  G  K  j  this  will  be  the  flank  of  the  tooth. 

To  &cilitate  the  application  of  this  rule,  Mr.  Willis  has  published 
tables  of  the  values  of  c  *—  ^>  ai^d  invented  an  instrument  called  the 
"  odorUoffraph." 

464.   Teeth  ef  Wheel  aad  Tvaatfe. — ^A  trUffuUe,   aS  in  fig.    201^ 

has  cylindrical  pins  called  stcuvea  for  teetL  The  face  of  the  teeth 
of  a  wheel  suitable  for  driving  it,  in  outside  gearing,  are  described 
by  first  tracing  external  epi(r)rcloids  by  rolling  the  pitch  circle  B,  of 
the  trundle  on  the  pitch  oircle  Bi  of  the  dnving  wheel,  with  the 


Fig.  201.  fig.  20S. 

centre  of  a  stave  for  a  tracing-point,  as  shown  by  the  dotted  lines, 
and  then  drawing  curves  parallel  to  and  within  the  epicycloids,  at 
a  distance  from  them  equal  to  the  radius  of  a  stave.  Trundles 
having  only  six  staves  wiU  work  with  large  wheels. 

To  drive  a  trundle  in  inside  gearing,  the  outlines  of  the  teeth  of 
the  wheel  should  be  curves  parallel  to  internal  epicycloids.  A 
peculiar  case  of  this  is  represented  in  fig.  202,  where  the  radius  of 
the  pitch  circle  of  the  trundle  is  exactly  one-half  of  that  of  the 
pitch  Girde  of  the  wheel ;  the  trundle  has  three  equi-distant  staves ; 
a&d  the  internal  epicycloids  described  by  their  centres  while  the 
pitch  circle  of  the  trundle  is  rolling  within  that  of  the  wheel,  are 
tliree  straight  lines,  diameters  of  the  wheel,  making  angles  of  GO"" 
with  each  other.  Hence  the  surfaces  of  the  teeth  of  the  wheel 
form  three  straight  grooves  intersecting  each  other  at  the  centre, 
each  being  of  a  breadth  equal  to  the  diameter  of  a  stave  of  tho 
trundle. 

465.  iMBieaiiiMM  mt  Tmmik* — ^Toothed  wheels  being  in  general 
intended  to  rotate  either  way,  the  backs  of  the  teeth  are  made 
similar  to  the  fironts.  The  space  between  two  teeth,  measured  on 
the  pitch  circle,  is  made  about  one-fifbh  part  wider  than  the  thick- 
ness of  the  tooth  on  the  pitch  circle;  that  is  to  say, 

JhiclmeRH  of  tooth  =  —--  pitch, 


THEOBT  OP  MEC 


™  -  11  - 

nee  Allowed  between  the  points  of  teeth  and  the  bottoms 
a  between  the  teeth  of  the  other  wheel,  is  ftboat  one- 
pitch. 

wMofatoothisfizedaccording  to  the  principles  alreftdf 
rticle  326;  and  the  breast  \a  so  adjusted,  that  when 
J  the  pitch,  the  product  shall  contain  vm  aqua/n  mcA 
lbs.  of  force  transmitted  b^  the  teeth. 
■■■■'a  Pmmm. — Mr.  Sang  has  published  an  elaborate 
teeth  of  wheels,  in  whidi  a  process  is  followed  differing 
pects  from  any  of  thoae  before  described.  A  fonn  is 
the  path  of  the  point  of  contact  of  the  teeth,  and  from 
be  figures  of  the  teeth  are  deduced.  For  details,  the 
arred  to  Mr.  Bang's  work 

TeMh  mt  m  Beni-wkMi  have  acting  surboes  of  the 
,  generated  by  the  motion  of  a  line  traversing  ^e  apex 
1  pitch  surface,  while  a  point  in  it  is  carried  round  the 
le  cross  section  of  the  teeth  made  by  a  sphere  described 
pex. 

.tions  of  describing  the  exact  figures  of  the  teeth  of 
,  whether  by  involutes  or  by  rolli^  curves,  m«  in  everj- 
jgous  to  those  for  describing  the  figures  of  tlie  teeth  of 
except  that  in  the  case  of  bevel-wheels,  all  those 
re  to  be  performed  on  the  surface  of  a  sphere  deecribed 
«x,  inst^  of  on  a  plane,  substituting  jute  for  Qsnfr«t, 
c^  for  straight  lines. 

iiation  of  the  piacticsl  diScnity,  especially  in  the  case 
sis,  of  obtaining  an  accurate  spherical  sur&ce,  and  of 
a.  it  when  obtained,  the  following  approaanaU  method, 
ginally  by  Tredgold,  is  generally  used : — Let  O,  fig. 
203.  be  the  apex,  and  O  C  the  axis  of  the 
]>itch  cone  of  a  bevel-wheel;  and  let  the 
lai^est  pitch  circle  be  that  whose  radius  is 
CB.  Perpendicular  to  O B  draw B  A  cut- 
ting the  axis  produced  in  A,  let  Uie  outer 
rim  of  the  pattern  and  of  the  wheel  be  made 
a  portion  of  the  surface  of  the  cone  whose 
1  apex  is  A  and  side  A  B.  The  narrow  aone 
'  of  that  cone  thus  employed  will  appniach 
sufficiently  near  to  a  lone  of  the  sphere 
tut  0  with  the  radius  0  B,  to  be  used 
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ft  plane  surface,  with  the  radius  A  B,  draw  a  circular  arc  B  D ;  a 
sector  of  that  circle  will  represent  a  portion  of  the  surface  of  the 
cone  ABC  dewlopedy  or  spread  out  JlcU.  Describe  the  figures  of 
teeth  of  the  required  pitch,  suited  to  the  pitch  circle  B  D,  as  if  it 
were  that  of  a  spur-wheel  of  the  radius  A  B ;  those  figures  will  be 
the  required  cross  sections  of  the  teeth  of  the  bevel-wheel^  made  by 
the  conical  zone  whose  apex  is  A 

468.  Tcdk  •rskew»B«Tci  Wheels. — ^The  cross  sections  of  the  teeth 
of  a  skew-bevel  wheel  at  a  given  pitch  circle  are  similar  to  those  of 
a  bevel  wheel  whose  pitch  surface  is  a  cone  touching  the  hyperbo- 
loidal  pitch  surface  of  the  skew-bevel  wheel  at  the  given  pitch 
circle;  and  the  surfMMs  of  the  teeth  of  the  skew-^vel  wheel 
are  generated  by  a  straight  line  which  moves  round  the  outlines 
of  the  cross  section  and  at  the  same  time  is  kept  always  in  the 
position  of  the  generating  line  of  a  hyperboloidal  surface  similar  to 
the  pitch-sur£Bice  (see  Article  444,  pages  430,  431). 

469.  The  Teeth  ef  NoM-Clrcatar  WheeU  are  described  by  rolling 
drdes  or  other  curves  on  the  pitch  surfaces,  like  the  teeth  of  dr- 
cnlar  wheels;  and  when  they  are  small  compared  with  the  wheels 
to  which  they  belong,  each  tooth  is  nearly  similar  to  the  tooth  of  a 
circular  wheel  having  the  same  radius  of  curvature  with  the  pitch 
sur£Euse  of  the  actual  wheel  at  the  point  where  the  tooth  is  situated. 

470.  A  €>mm  or  wiper  is  a  single  tooth,  either  rotq,ting  continu- 
ously or  oscillating,  and  driving  a  sliding  or  turning  piece,  either 
constantly  or  at  intervals.  All  the  principles  which  have  been 
stated  in  Article  450,  as  being  applicable  to  sliding  contact,  are 
applicable  to  cams ;  but  in  designing  cams,  it  is  not  usual  to  deter- 
mine or  take  into  consideration  the  form  of  the  ideal  pitch  sur£Gu» 
which  would  give  the  same  comparative  motion  by  rolling  contact 
that  the  cato  gives  by  sliding  contact 

471.  Scvewik  Pitch. — ^The  figure  of  a  screw  is  that  of  a  convex 
or  concave  cylinder  with  one  or  more  helical  projections  called 
threads  winding  round  it.  Convex  and  concave  screws  are  dis- 
tiDgnished  technically  by  the  respective  names  of  male  And/emcUe, 
or  external  and  internal;  a  short  internal  screw  is  called  a  nut;  and 
when  a  screw  is  not  otherwise  specified,  external  is  understood. 

The  relation  between  the  advam4x  and  the  rotaHony  which  com- 
pose the  motion  of  a  screw  working  in  contact  with  a  fixed  nut  or 
helical  guide,  has  already  been  demonstrated  in  Article  382,  equa- 
tion 1 ;  and  the  same  relation  exists  between  the  rotation  of  a 
screw  about  an  axis  fixed  longitudinally  I'elatively  to  the  frame- 
-work,  and  the  advance  of  a  nut  in  which  that  screw  rotates,  the 
nut  being  free  to  shift  longitudinally,  but  not  to  turn.  The  advance 
of  the  nut  in  the  latter  case  is  in  the  direction  opposite  to  that  of 
the  advance  of  the  screw  in  the  former  case. 

2o 
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iy  the  obliquity  of  tlie  threads  to  the  pitch  cirdes,  and  of  tlie 
normal  helix  to  the  axis  ; 


*»  ) 

P.      "  i  the nonnal  i^^^h    ..  . 
—^'''Pn  (  I  divided  ptoh; 

n         J 


2' 

2rr 

—          • 

rr  *tant 

2 

n 

p^  the  dicolar  pitch ; 
Then 

p0  —  P»'  cotan  %  =s  p^'  oosec  % 

j>.  =  p,  •  sec  t  =  p,  •  tan  t  = 

473.  Screw  OcaviiiCri — ^A  pair  of  convex  screws,  each  rotating 
about  its  axis,  are  nsed  as  an  elementary  combination,  to  transmit 
motion  by  the  sliding  contact  of  their  threads.  Such  screws  are 
commonly  called  enaUsa  acrewa.  At  the  point  of  contact  of  the 
screws,  their  threads  must  be  parallel ;  and  their  line  of  connection 
IB  the  common  perpendicular  to  the  acting  sur&ces  of  the  threads 
at  their  point  of  contact     Hence  the  following  principles : — 

1.  If  the  screws  are  both  right-handed  or  both  left-handed,  the 
angle  between  the  directions  of  their  axes  is  the  sum  of  their  obli- 
quities:— ^if  one  is  right-handed  and  the  other  left-handed,  that 
angle  is  the  difference  of  their  obliquities. 

IL  The  normal  pitch,  for  a  screw  of  one  thread,  and  the  normal 
divided  pitch,  for  a  screw  of  more  than  one  thread,  must  be  the 
same  in  each  screw. 

TTT.  The  angular  velocities  of  the  screws  are  inversely  as  their 
number  of  threads. 

474.  H«ttfce*B  CkwriBg  is  a  case  of  screw  gearing,  in  which  the 
axes  of  the  screws  are  parallel,  one  screw  being  right-handed  and 
the  other  left-handed,  and  in  which,  from  the  shortness  and  great 
diameter  of  the  screws,  and  their  large  num« 
ber  of  threads,  they  are  in  fact  wheda,  with 
teeth  whose  crests,  instead  of  being  parallel 
to  the  line  of  contact  of  the  pitch  cylinders, 
croas  it  obliquely,  so  as  to  be  of  a  screw-like  ^  208. 
or  helical  form.    In  wheelwork  of  this  kind, 

the  contact  of  each  pair  of  teeth  commences  at  the  foremost  end  of 
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the  helical  front  and  termiiutte 

helix  is  of  such  a  pitch  that  the 

sot  tenninate  imtil  that  of  the  next  ptur  has  eommenoed.     The 

object  of  this  is  to  increase  the  smoothnesB  of  motion. 

With  the  same  object,  Dr.  Hooke  invented  the  nmViTig  of  tlie 
irontB  of  teeth  in  a  series  of  etepe.     A 
^  vheel  tboB  formed  resembles  in  shape  a 
r  aeries  of  equal  and  ^milar  toothed  discs 
placed  side  hy  side,  with  the  t«eth  of 
each  a  little  behind  i 
ing  disa     In  such  a 
**'  "'  ■  circular  pitch,  and  n  1 

Then  the  arc  of  contact,  the  addendum,  and  tb 

are  those  due  to  the  smidler  pitch  — ,  while  the  si 

is  that  due  to  the  thickness  corresponding  to  th 
that  the  smooth  action  of  small  teeth  and  tli 
teeth  are  combined.  Stepped  teeth  being  n 
difiScult  to  execute  than  common  teeth,  are  u 
poses  only. 

475.  Tke  iTbeel  and  Sercir  is  an  elementary 
screws,  whose  axes  are  at  right  angles  to  eac 
right-handed  or  both  left-handed.  As  the  usual 
bination  is  to  produce  a  change  of  angular 
greater  than  can  be  obtained  by  any  single  pair 
one  of  the  screws  is  commonly  wheel-like,  bdnj 
and  many-threaded,  while  the  other  is  ^ort  i 
and  the  angular  velocities  are  inversely  as  the  n 


Fig.  SOS. 

Fig.  SOS  represents  a  side  view  of  this  combi 
a  cross  section  at  right  angles  to  the  axis  of  the 
has  been  shown  by  Mr.  Willis,  that  if  each  seci 
be  made  by  a  plane  perpendicular  to  the  axis  of 
wheel,  the  outlines  of  the  threads  of  the  largra 
ahould  be  those  of  the  teeth  of  a  irheei  and  rack 
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in  £g.  208y  for  example,  being  the  pitch  caidLe  of  the  wheel,  and 
B,  B]  the  pitch  line  of  the  rack 

The  periphery  and  teeth  of  the  wheel  are  usually  hollowed  to 
fit  the  screw,  as  shown  at  T,  fig.  209. 

To  make  the  teeth  or  threads  of  a  pair  of  screws  fit  correctly  and 
work  smoothly,  a  hardened  steel  screw  is  made  of  the  figure  of  the 
smaller  screw,  with  its  thread  or  threads  notched  so  as  to  form  a 
cutting  tool ;  the  larger  screw,  or  wheel,  is  cast  approximately  of 
the  required  figure ;  the  larger  screw  and  the  steel  screw  are  fitted 
up  in  their  proper  relative  position,  and  made  to  rotate  in  contact 
with  each  other  by  turning  the  steel  screw,  which  cuts  the  threads 
of  the  huger  screw  to  their  true  figure. 

476.  The  SclBUTe  SUdlBg  •€  m,  Pair  ^  Screws  at  their  point  of 

contact  is  found  thus : — Let  rj,  r„  be  the  radii  of  their  pitdi  cylin- 
ders, and  ii,  t^  the  obliquities  of  their  threads  to  their  pitch  circles, 
one  of  which  is  to  be  considered  as  negative  if  the  screws  are  con- 
traiT-handed.  Let  u  be  the  common  component  of  the  velocities 
of  a  pair  of  points  of  contact  along  a  line  touching  the  pitch  sur- 
faces and  perpendicular  to  the  threads,  at  the  'pitch  pomt,  and  v 
the  velocity  of  sliding  of  the  threads  over  each  other.     Then 

u  =  Oiri'sinti  s=  Ogrs'sinh; 
so  that  K (1.) 


u  =  Oiri'smti  s=  a9rs*sinfsi\ 
^      rj'sinti'  ^      r,-smt,' 


v=:a^r^' COB  tj  +  a^r^ '  cos  i^=:u  (cotani^  +  cotan  tj) (2.) 

When  the  screws  are  contrary-handed,  the  difference  instead  of  tho 
sum  of  the  terms  in  equation  2  is  to  be  taken. 

477.  oidiMUB*ii  ceapUac* — A  cotiplmg  is  a  mode  of  oonnecting  a 
pair  of  shafts  so  that  they  shall  rotate  in 
the  same  direction,  with  the  same  mean 
angular  velocity.  If  the  axes  of  the  shafts 
are  in  the  same  straight  line,  the  coupling 
consists  in  so  connecting  their  contiguous 
ends  that  they  shall  rotate  as  one  piece; 
but  if  the  axes  are  not  in  the  same  straight 
line,  combinations  of  mechanism  are  re- 
quired. A  coupling  for  parallel  shafts 
-which  acts  by  diding  contact  was  invented 
by  Oldham,  and  is  represented  in  fig.  210.  ^    ^    ^ 

0„  0^  are  the  axes  of  the  two  pawdlel  shafts;  D^,  Dj,  two  cross- 
h^ud^  feeing  each  other,  fixed  on  the  ends  of  the  two  shafts  re- 
■pcctiv^TBp  Ej,  a  bar,  sliding  in  a  diametral  groove  in  the  fece  of 


Djj  Eg,%p»  bar,  sliding  in  a 
those  bars  ore  fixed  together  at 
angular  velociticB  of  the  two  shi 

evQiy  instant     The  middle  point  of  the  croe^  at  A,  lerolves  in 
the  dotted  Girde  deeoribed  upon  the  line  of  oentrea  C,   C^  M  a 
diameter,  twioe  for  each  tnm  of  the  shafts  and  crow;  tbe  instan- 
taneoos  axis  of  rotation  of  the  cross,  at.  any  instant,  is  at  I,  the 
point  in  the  circle  G^  C^,  diametrically  opposite  t£ 
Oldham's  cottpling  may  be  tued  with  advantage 
of  the  shaftB  are  intended  to  be  as  nearly  in  the  » 
as  is  poadblc^  but  vhere  there  is  some  doubt  u 
bility  or  permanency  of  their  exact  oontiaai:^. 

Sbctiom  3. — ConiMdicm  by  Bamdt. 

478.  B«^ ■ — Sands,  w  wrapping  conn 

raunioatiiig  motion  between  pulleys  or  drums  rota 
axes,  or  between  rotating  pallia  and  drums  and 
ais,j  be  thus  classed  ; — 

i.  BdU,  which  are  made  of  leather  at  of  gutta 
and  thin,  and  require  nearly  cylindrical  pulleys, 
move  towards  that  part  of  a  pulley  whose  radius  is  g 
for  belte,  therefore,  are  slightly  swelled  in  the  i 
that  the  belt  may  remain  on  the  pulley  unless  fore 
belt  when  in  motion  is  shifted  off  a  pnlley,  or  fto. 
to  another  of  equal  size  alongside  of  it,  by  preesi 
part  of  the  belt  which  is  moTing  tocoonfo  the  pulle; 

II.  Corde,  made  of  catgut,  hempen  or  other  fit 
nearly  cylindrioal  in  section,  and  inquire  eiUker  dri 
or  grooved  pulleys. 

III.  OAaMw,whichareoompQsedoflinkaorban, 
require  pulleys  or  drunui,  groored,  notched,  and  i 
fit  the  links  of  the  chains. 

Bands  for  communicating  oontinnous  motion  an 
Bands  for  conununioating  reciprocating  motion  hi 

ends  made  fast  to  the  pulleys  or  drums  which  tl 

which  in  this  case  may  be  sectors. 

479.  pvtMiFte  " c«>w«iM  »r  — ■*  -The  U 
of  a  pair  of  pulleys  or  drams  oonaected  by  means  i 
centnl  line  or  axis  of  that  pftrt  of  the  band  whose  t 
the  motion.  The  prindpla  of  Article  433  being 
case,  leads  to  the  following  consequences : — 

I.  For  a  pair  of  mta^iny  pi^xe,  let  r^  r^  be  thi 
let  fall  &om  their  axes  on  the  centre  line  of  the  b 
angular  velodtiea,  and  i,,  h,  the  angles  which  the  c 


band  makes  -with  the  tiro  axes  respectiYely.  Then  the  longitndi* 
nal  yelodly  of  the  band^  that  is,  its  component  YeLocitj  in  the 
direction  of  its  own  centre  line,  is 

ttssriOi  sinti=:riaa  sint,; (1.) 

whence  the  angular  Telocity-ratio  is 

*^=^j4^ (2.) 

Oi       ra  sin  ti  ^    ' 

When  the  aeoea  an  paraUd  (which  is  almost  always  the  case),  ig=si^ 
and 

■    %=?■ <'•) 

The  same  equation  holds  when  both  axes,  whether  paraUel  or  not, 
are  perpendicular  in  direotioo.  to  that  part  of  the  band  which  trans- 
mits the  motion ;  for  then  sin  t|  =  sin  t^  =  1. 

IL  For  a  rokUmg  piece  and  a  didmg  piece,  let  r  be  the  perpendi- 
colar  from  the  axis  of  the  rotating  piece  on  the  centre  line  of  the 
band,  a  the  angular  velocity,  i  the  angle  between  the  directions  of 
the  band  and  axis,  u  the  longitudinal  velocity  of  the  band,  j  the 
angle  between  the  direction  of  the  centre  line  of  the  band  and  that 
of  the  motion  of  the  sliding  piece,  and  v  the  velocity  of  the  sliding 
piece;  then 

u=ra  sin  i  =  v  coaj;  and (4.) 

ra  sin  i  /^  ^ 

V  =  r- (O.) 

COSJ 

When  the  centre  line  of  the  band  is  parallel  to  the  direction  of 
motion  of  the  sliding  piece,  and  perpendiciJar  to  the  direction  of 
the  axis  of  the  rotating  piece,  sin  i  =  ooaj=  1,  and 

v^u=zra (6.) 

480.  The    Pitch   Swrfiice  •£  m,  PnUcr  •r  IhrnM    is    a    SUT&Ce   tO 

which  the  line  of  connection  is  always  a  tangent ;  that  is  to  say, 
it  is  a  surface  parallel  to  the  acting  surface  of  the  pulley  or  drum, 
and  distant  from  it  by  half  the  thickness  of  the  band. 

481.  citcmIu  iPwBmjm  and  iftnuu  are  used  to  communicate  a 

Fig.  Sll.  Fig.  212. 

constant  velodiy-ratio.     In  each  of  them,  the  length  denoted  by  r 
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in  the  e^nati<mB  of  Article  479  ii 
fim  radtui,  being  eqnal  to  the  i 
added  to  luilf  the  tMckneu  of  tlu 

A  erotaad  hdt  connecting  &  pall 
Teverses  the  direction  of  rotation 
serves  that  direction. 

482.  Tka  ftoigth  mtmm  BmOam 
whoee  effective  radii  are  C,  T,  = 
-vhoes  distance  ^lart  is  CiC,  =  t 
equation  1  of  Article  403,  viz., — ! 
equal  straight  parts  of  the  bdt  ii 

r^  being  ilie  greater  radius,  and 
ladins  nnit;  of  the  greater  puU< 
with  vhich  the  belt  u  in  contad 

ii  =  it=  (x  +  San  '81 

and  for  an  open  belt, 

t;=/«-+3arc.ain!lzrM;  it 

and  tiie  introduction  of  those  val 
gives  the  following  resolts : — 
For  a  crossed  belt. 


and  for  an  open  belt, 

L  =  2^c'-(r,-r.)'  +  »{r.  +  r^4 

As  the  last  of  these  equations  w 
a  practical  application  to  be  mi 
approximatioii  to  it,  solficientl'j 
obtained  by  cosmdering,  that  if 

nearif ;  whence  for  an  open  belt 
Lnearif  ^2c+a 
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(figs.  213,  214^  215,  216)  are  a  oontriTanoe  for 


Fig.  218. 


?1g.  214. 


Fig.  21ft.  Fig.  216. 


▼arying  and  adjnstmg  the  velocity-ratio  oommunicated  between  a 
pair  of  parallel  shafts  by  means  of  a  belt,  and  may  be  either  conti- 
nnonB  cones  or  conoids,  as  in  figs.  213,  214,  whose  velocity-ratio 
can  be  varied  gradually  while  they  are  in  motion  by  shifting  the 
belt ;  or  sets  of  pnlleys  whose  radii  vary  by  steps,  as  in  figs.  215, 
216,  in  which  case  the  velocity-ratio  can  be  changed  by  aHifting 
the  belt  from  one  pair  of  pulleys  to  another. 

In  order  that  tiie  belt  may  be  equaUy  tight  in  every  possible 
position  on  a  pair  of  speed-cones,  the  quantity  L  in  the  equations 
of  Article  482  must  be  constant 

For  a  crossed  belt,  as  in  figs.  213  and  215,  L  depends  solely  on 
e  and  on  rj  +  r^  Now  c  is  constant,  because  the  axes  are  parallel^ 
therefore  tiie  mm  of  the  radii  of  the  pitch  circles  connected  in  every 
position  of  the  belt  is  to  be  constant.  That  condition  is  fulfilled 
by  a  pair  of  continuous  cones  generated  by  the  revolution  of  two 
straight  lines  inclined  opposite  ways  to  their  respective  axes  at 
equal  angles,  and  by  a  set  of  pairs  of  pulleys  in  which  the  sum  of 
the  radii  is  the  same  for  each  pair. 

For  an  open  belt,  the  following  practical  rule  is  deduced  from  the 
approximate  equation  3  A  of  Article  482  : — 

Let  the  speed-cones  be  equal  and  similar  conoids,  as  in  fig.  214, 
but  with  their  large  and  small  ends  turned  opposite  ways.  Let  r^ 
be  the  radius  of  the  large  end  of  each,  r.  that  of  the  small  end,  r<^ 
that  of  the  middle ;  and  let  y  be  the  etigiUa,  measured  perpendi- 
cular to  the  axis,  of  the  arc  by  whose  revolution  each  of  the  conoids 
is  generated,  or,  in  other  words,  the  bulging  of  the  conoids  in  the 
middle  of  their  length;  then 


^  =  ^•0- 


r,+ 


n  ^Cri-r,)* 


2  xc 


(1.) 


i9'=z  6*2832 ;  but  6  may  be  used  in  most  practical  cases  without 
sensible  error. 


^nie  ndii  at  the  middle  and 
the  generaiting  curve  an  arc  eith 

For  &  pair  of  etepped  coaee, 
ettcea  of  Uke  ntdii,  or  valaes  of ' 
pair  of  pnlleyB,  th«  lom  of  the 
difference  1^  tlie  formola 

2  r«  beiDg  that  gam  irhen  the  nt 

SEonotri 

484.  Pi— wi»—.— The  pieoM 
if  the^  rotate  or  oscillate,  an 
leoen.  The  Kni  by  which  they 
may  be  straight  or  of  any  uthei 
lihe  most  fiiTourable  to  stres^ 
reason  to  the  contrary.  The  lin] 
Tarions  ciroomBtanoeB,  Hoch  aa 
rod,  eoomiffio  rod,  &a.  It  is  attai 
by  tvo  pinB,  about  vhich  it  in  fi 
is  to  maintain  tbe  distance  beti 
Tariable ;  hence  the  line  joininf 
ofcotmeotMn;  and  those  centres 
In  a  turning  piece,  the  perpen 
point  npon  its  axis  of  rotation  is 

485.  rwtmat*im  •#  OMUMeMi 
already  given  in  Axtiole  479  for 
The  axes  of  rotation  of  a  pair  of 
are  aliooet  aJvaya  paiallel,  and  { 
tion ;  in  which  case  the  angular 
reciprocel  of  the  ratio  of  the  ooti 
'die  line  of  coiineoticm  upon  the  i 
479,  equation  3). 

486.  DoMi  rw^m, — If  at  any 
crank  arms  ooincddes  with  this 
peipeadlcnlar  of  llie  line  of  com 
arm  vanishes,  and  the  directiona 
indeterminate.  The  position  of 
arm  in  question  at  such  an  ins 
Telocity  of  the  other  connected 
unlees  it  also  reaohee  a  dead  poii 
line  of  connection  is  in  the  pla 
which  case  the  velocity-ratio  is  ii 
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487.  CMq^lii^f  mf  Parallel  Axca. — ^The  only  case  in  which  an  uni- 
form angular  velocitj-ratio  (being  that  of  equality)  is  communicated 
by  linkworky  is  that  in  which  two  or  more  parallel  shafts  (such  as 
those  of  the  dnving  wheeb  of  a  locomotiye  engine)  are  made  to 
rotate  with  constantly  equal  angular  velocities,  by  having  equal 
cranksy  which  are  maintained  pa^rallel  by  a  ooupHi:^  rod  of  such  a 
length  that  the  line  of  connection  is  equal  to  the  distance  between 
the  axes.  The  cranks  pass  their  dead  points  simultaneously.  To 
obviate  the  unsteadiness  of  motion  which  this  tends  to  cause,  the 
shafts  are  provided  with  a  second  set  of  cranks  at  right  angles  to 
the  first,  connected  by  means  of  a  similar  coupling  rod,  so  that  one 
set  of  cranks  pass  their  dead  points  at  the  instant  when  the  other 
set  are  fiuiihest  from  theirs. 

488.  The  CemparailTe  HetieB  ef  Che  Cenaected  Peteta  in  a  piece 

of  linkwork  at  a  given  instant  is  capable  of  determination  by  the 
method  explained  in  Article  384 ;  that  is,  by  finding  the  instanta- 
neous  axis  of  the  link ;  for  the  two  connected  points  move  in^the 
same  manner  with  two  points  in  the  link,  considered  as  a  rigid  body. 

If  a  connected  point  belongs  to  a  turning  piece,  the  direction  of 
its  motion  at  a  given  instant  is  perpendicular  to  the  plane  contain- 
ing the  axis  and  crank  aim  of  the  piece.  If  a  connected  point 
belongs  to  a  shifting  piece,  the  direction  of  its  motion  at  any 
instant  is  given,  and  a  plane  can  be  drawn  perpendicular  to  that 
direction* 

The  line  of  intersection  of  the  planes  perpendicular  to  the  paths 
of  the  two  connected  points  at  a  given  inlstant,  is  the  inskmUimeofis 
axis  qfthe  link  at  that  instant;  and  the  velocities  qftke  carmeded 
poinis  a/re  dmcdy  <m  thair  ditiaruseefram  that  axiB. 

In  drawing  on  a  plane  surface,  ^e  two  planes  perpendicular  to 
the  paths  of  the  connected  points  are  represented  by  two  lines 
(being  their  sections  by  a  plane  normal  to  them),  and  tibe  instanta- 
neous axis  by  a  point;  and  should  the  length  of  the  two  lines 
render  it  impracticable  to  produce  them  until  they  actually  inter- 
sect, the  velocity-ratio  of  the  connected  points  may  be  found  by 
the  principle,  that  it  is  equal  to  the  ratio  of  the  segments  which  a 
line  parallel  to  the  line  of  connection  cuts  off  from  any  two  lines 
drawn  from  a  given  point,  perpendicular  respectively  to  the  paths 
of  the  connected  points. 

Example  L  Two  RotaJtmg  Pieoee  with  ParaUd  Axes  (fig.  217>— 
Let  C„  0«  be  the  parallel  axes  of  the  pieces ;  T|,  T.,  their  con- 
nected points;  CTT,,  CJ^  their  crank  arms;  Ti  T„  the  link.  At 
a  given  instant,  let  v^  be  the  velocity  of  Ti ;  «« that  of  Tj. 

To  find  the  ratio  of  those  velocities,  produce  Cj  Ti,  C,  T,,  till 
they  intersect  in  K ;  K  is  the  instantaneous  axis  of  the  link  or 
connecting  rod,  and  the  velocity-ratio  is 
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be  inconvenieQtly  far 
ictiyel;  pexallel  to  Ci  T, 
ides  first  mentioiied  -wil 
ile^  draw  Ci  A  poiaUel  ti 


tv,  ::  C 


Flff.  317. 

e  IL  Rotating  Pteos  an 
Lxis  of  a  rotaiiiig  piece, : 
iding  piece  moves.  Let 
crank  arm  of  the  rotat 
;  rod  The  points  T„  T„ 
lie  plane,  perpendicular 
to  T,  E,  intersecting  C, 
e  link:  and  the  rest  cd 


lie  (%  219)  be 

shaft,  irith  whi 

indde,  and  iiBe< 

to  a  rod,  is  eqi 

^^^^ji.  nectod  point  is 

disc,  and  -whose 

of  IJiat  point  fi 

the  0OO9n^rim(y. 

ntrio  may  be  made  caj 

means  of  an  adjusting  . 

iprocating  motion  irhicl 

'Aroto,  or  travd,  or  len^. 

«  EicBgih  ar  Bti*ke  of  a 

«  between  the  two  ends 

Hien  it  is  connected  bj 
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tinnonaly  rotating  piece,  the  ends  of  the  stroke  of  the  reciprocating^ 
point  correspond  with  the  dead  points  of  the  continuooslj  revolying 
piece  (Article  486). 

Let  S  be  the  length  of  stroke  of  the  reciprocating  piece,  L  the 
length  of  the  line  of  connection,  and  It  the  crank  arm  of  the  con- 
tinuonalj  turning  piece.  Then  if  the  two  ends  of  the  stroke  be  in 
one  straight  line  with  the  axis  of  the  crank, 

S  =  2R;..: C1-) 

and  if  their  ends  bd  not  in  one  straight  line  with  that  axis,  then 
S,  L  — K,  and  L  +  B,  are  the  three  sides  of  a  triangle,  having  the 
angle  opposite  S  at  that  axis ;  so  that  if  ^  be  the  supplement  of  the 
arc  between  the  dead  points, 

S«=  2  (L'+R»)-2 (L»-R«)  cos  ^  n 

_  2L«  +  2R'-S«  j  (^•) 

'^^~      2(L'-R«)     •  ^ 

491.  H««ke*»  UaiTcnai  Joint  (fig.  220)  is  a  contrivance  for  coup- 
ling shafts  whose  axes  intersect  each  other  in  a  point. 

Let  O  be  the  point  of  intersection 
of  the  axes  O  Oi,  O  Ca,  and  %  their 
angle  of  inclination  to  each  other. 
The  pair  of  shafts  Ci,  Ct,  terminate 
in  a  pair  of  forks  Fj,  F,,  in  bearings 
at  the  extremities  of  which  turn  the 
gudgeons  at  the  ends  of  the  arms  of 
a  rectangular  cross  having  its  centre 
at  O.  This  cross  is  the  link;  the 
connected  points  are  the  centres  of 
the  bearings  Fi,  Ff.  At  each  instant 
«ach  of  those  points  moves  at  right  angles  to  the  central  plane  of 
its  shaft  and  fork,  therefore  the  line  of  intersection  of  the  central 
planes  of  the  two  forks,  at  any  instant,  is  the  instantaneous  axis  of 
the  cross,  and  the  vdocUy-ratio  of  the  points  Fi,  Fa  (which,  as  the 
forks  are  equal,  is  also  the  angtdar  vdocUy-ratio  of  the  shafts),  is 
equal  to  the  ratio  of  the  distances  of  those  points  from  that  instan- 
taneous axis.  The  mean  value  of  that  velocity-ratio  is  that  of 
equality ;  for  each  successive  qua/rter  twm  is  made  by  both  shafts  in 
the  same  time ;  but  its  actual  value  fluctuates  between  the  limits, 


_3  1 

—  = ;  when  Fi  is  in  the  plane  of  the  axes ; 

a\      cost 

—  =  cos  i  when  Fs  is  in  that  plane. 


I  ...(1.) 


402  .   THEOBT  OF  lOECHANISlL 

Its  value  at  intermediate  instantSy  as  well  as  the  relatioix  between 
the  positions  of  the  shafts,  are  given  by  the  following  eqnationB : — 
^^  ^19  ^99  be  the  angles  respectively  made  by  the  oenttal  planies  of 
the  forks  and  shafts  with  the  plane  of  the  two  axes  at  a  given 
instant^  then 

tan  ^i '  tan  ^t  =  cos  t ;  .  \ 

^^     d^9 _ tan ^i  +  cotan ^i  )- (2.) 

ai  ^     fl?  ^1 "~  tan  ^,  +  ootan  ^s  ) 

492.  The  i»mU«  HMk«'«  jr«iMt  (fig.  221)  is  used  to  obviate  the 
vibratory  and  unsteady  motion  caused  by  the  fluctuation  of  the 

velocity-ratio  indicated  in  the  equa- 
'/  tions  of  Article  491.  Between  the 
two  shafts  to  be  connected,  Cj,  C^, 
there  is  introduced  a  short  intenne- 
diate  shaft  C„  making  equal  angles 
with  Ci  and  G^  connected  with  each 
Fig.  221.  q£  them  by  a  Hooka's  joints  and 

having  both  its  own  forks  in  the  same  plane. 

Let  i  be  the  angle  of  inclination  of  Ci  and  C,,  and  also  that  of 
Og  and  C).  Let  ^i,  ^s,  ^s>  ^  ^be  angles  made  at  a  given  instant  by 
the  planes  of  the  forks  of  the  three  shafts  with  the  plane  of  Husar 
axes,  and  let  Oj^  Oa,  Os,  be  their  angular  velocities,     liien 

tan  ^9  *  tan  ^3  =  cos  »  =  tan  9|  *  tan  ^; 

whence  tan  ^  =  tan  ^ ;  and  03  =  01] 

so  that  the  angular  velocities  of  the  first  and  third  shafts  are  equal 
to  each  other  at  every  instant. 

493.  A  cuck,  being  a  reciprocating  bar,  acting  upon  a  ratchet 
wheel  or  rack,  which  it  pushes  or  pulls  throu^  a  certain  arc  afe 
each  forward  stroke,  and  leaves  at  rest  at  each  backward  stroket,  is 
an  example  of  intermittent  linkwork.  During  the  forward  stroke, 
the  action  of  the  click  is  governed  by  the  pdndples  of  linkwoik; 
during  the  backward  stroke,  that  action  ceases.  A  eatd^  orpaHf 
turning  on  a  fixed  axis,  prevents  the  ratchet  wheel  or  rack  from 
reversing  its  motion. 

Section  5, — Eeduplication  o/Cordi, 

494.  i»«iiiiitfoBs. — The  combination  of  pieces  connected  by  the 
several  plies  of  a  cord  or  rope  consists  of  a  pair  of  cases  or  frames 
called  blocks,  each  containing  one  or  more  pulleys  csUsd  sheaves. 
One  of  the  blocks  called  the  /aU-block,  B,,  is  fixed;  the  other,  or 
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rynmnff-ldo^yB^  is  moveable  to  or  from  the  fiiU-blook,  with  which 
It  IS  connected  by  means  of  a  rope  of  which  one  end  is  attached 
either  to  the  fall-block  or  to  «««'v«^ 

the  running-block,  while  the 
other  end,  T^,  called  ^be/all, 
or  tacHe-fall,  is  free;  while 
the  intennediate  portion  of 
the  Tope  passes  alternately 
ronnd  the  pulleys  in  the  fall- 
block  and  running-block.  The 
wiiole  combination  is  called  a 
tadde  cfr  purduue, 

495.  TheTdscHyOtottochief- 
ly  considered  in  a  tackle  is  that 
between  the  velocities  of  the 
nuuiing-bloek,  u,  and  of  the 
ta<^e-&]l,  V.  That  ratio  is 
given  by  equation  6  of  Article 
402  (which  see),  viz. : — 


fig.  222. 


Fig.  228. 


v  =  nu;. 


(1.) 

where  »  is  the  nwmher  of  plies  of  rope  by  which  the  running-block 
18  connected  with  the  fall-block.  Thus,  in  fig.  222.  w  =  7 :  and  iii 
fig.  223,  »  =  6.  '         &         y  'J 

496.  The  Tciocisr  of  Anj  piy  of  the  rope  is  found  in  the  follow- 
ing manner: — 

L  For  a  ply  on  the  side  of  the  fall-block  next  the  tackle-feU, 
Boch  as  2,  4,  6,  fig.  222,  and  3,  5,  ^g.  223,  it  is  to  be  considered 
what  would  be  the  velocity  of  that  ply  if  it  were  itself  the  tackle- 
£alL  Let  that  velocity  be  denoted  by  v\  and  let  nf  be  the  number 
of  plies  betnoeen  the  ply  in  question  and  the  point  of  attachment  by 
which  the  first  ply  (marked  1  in  the  figures)  is  fixed  to  one  or  other 
block.     Then 

v'  =  n'u (1.) 

n.  For  a  ,ply  on  the  side  of  the  fall-block  ferthest  from  the 
tackle-fftU,  the  velocity  is  equal  and  contrary  to  that  of  the  next 
succeeding  ply,  with  which  it  is  directly  connected  over  one  of  the 
sheaves  of  the  fall-block. 

ILL  If  the  first  ply,  as  in  fig.  223,  is  attached  to  the  fiOl-Uock, 
its  velocity  is  nothing  j  if  to  the  running-block^  its  velocity  is  equal 
to  that  of  the  block. 

497.  White's  Tackle*— The  sheaves  in  a  block  are  usually  made 
all  of  the  same  diameter,  and  turn  on  a  fixed  pin;  and  they  have^ 
consequently,  different  angular  velocitiea     But  by  making  tho 


diameter  of  eadi  slieaTe  pr 
the  block,  of  the  ply  of  rope 
dtiea  of  the  sheaTes  in  one 
the  sheares  may  be  mode  al 
turning  in  fixed  bearingB. 
inventor,  and  is  represented 

SscnoK  6.- 

498.  The  ctaMnl  phbb 

between  two  pistons  by  nu 
density  has  already  been  sb 
cities  of  the  pistons  are  inve 
normal  to  their  directions  o 
Should  the  density  of  the 
of  pure  mechanism  J  because 
of  motion  from  one  piston  to 

of  one  or  other,  or  both  pistons,  due  to  the  change  of  volume  of  the 
fluid. 

499.  Taim  are  used  to  r^ulate  the  commonication  d  motion 
through  a  fluid,  by  opening  and  shutting  passages  through  wbicfa 
the  fluid  flowB ;  for  example,  a  cylinder  may  be  provided  intii  valves 
which  shall  cause  the  fluid  to  flow  in  through 

out  through  another.     Of  this  use  of  valves,  tv 
distinguished. 

I.  tVTien  the  jn»to«  moves  the  JUad,  the  valvea 
cilled  s^-acting;  that  is,  moved  by  the  fluid. 
j)assagee  into  the  cylinder,  one  provided  with 
inwards,  and  the  other  with  a  valve  opening 
during  the  outward  stroke  of  the  piston  the  forme 
and  the  latter  shut  by  the  inward  pressure  of  the  1 
in  through  the  former  passage;  and  during  the 
the  piston,  the  former  valve  is  shut  and  the  latt 
nutmird  pressure  of  the  fluid,  which  flows  out  tl 
passage.  This  combination  of  cylinder,  piston,  ai 
tutes  a  pump. 

XL  WItvn  the  Jhad  movee  the  pielon,  the  valves 
and  shut  by  mechanism,  or  by  huid.  In  this  casi 
a  toorking  cylinder. 

fiOO.  In  the  BrdraHiie  i>tCT»,  the  rapid  motion 
in  a  pump  causes  the  slow  motion  of  a  laige  pis< 
^linder.  The  pump  diaws  water  from  a  reserv< 
int»  the  working  cylinder;  during  the  outward  str 
piston,  the  piston  of  the  working  cylinder  stands  : 
inward  stroke  of  the  pump  piston,  the  piston 
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cylinder  moveB  outward  with  a  Telocity  as  much  less  than  that  of 
the  pomp  piston  as  its  area  is  greater.  When  the  piston  of  the 
working  cylinder  has  finished  its  outward  stroke,  which  may  be  of 
any  length,  it  is  permitted  to  be  moved  inwards  again  by  opening 
a  valye  by  hand  and  allowing  the  water  to  escape. 

501.  In  the  HydniaUc  Hoirt*  the  slow  inward  motion  of  a  large 
piston  drives  water  from  a  large  cylinder  into  a  smaller  cylinder, 
and  causes  a  more  rapid  outward  motion  of  the  piston  of  the  smaller 
cylinder.  When  the  latter  piston  is  to  be  moved  inward,  a  valve 
between  the  two  cylinders  is  closed,  and  the  valve  of  an  outlet  fix>m 
the  smaller  cylinder  opened,  by  hand,  so  as  to  allow  the  water  to 
escape  from  the  smaller  cylinder.  The  laiger  cylinder  is  filled  and 
its  piston  moved  outward,  when  required,  by  means  of  a  pump,  in 
a  Buumer  resembling  the  action  of  a  hydrauHc  press. 

Section  7. — Trams  of  Mechanism, 

502.  TraiMi  9f  Bi«BieiiiM7  CombiBaciona  have  been  defined  in 
Article  435,  and  illustrated  in  the  case  of  wheelwork,  in  Article 
449,  and  in  the  case  of  a  double  Hooke*s  joint,  in  Article  492.  The 
general  principle  of  their  action  is  that  the  comparative  motion  of 
the  first  driver  and  last  follower  is  expressed  by  a  ratio,  which  is 
found  by  multiplying  together  the  several  velocity-ratios  of  tho 
series  of  elementafy  combinations  of  which  the  train  consists,  each 
with  the  sign  denoting  the  directional  relation. 

Two  or  more  trains  of  mechanism  may  converge  into  one ;  as  when 
the  two  pistons  of  a  pair  of  steam  engines,  each  through  its  own 
connecting  rod,  act  upon  one  crank  shaft.  One  train  of  mechanism 
may  diverge  into  two  or  more;  as  when  a  single  shaft,  driven  by  a 
prime  mover,  carries  several  ptdleys,  each  of  which  drives  a  different 
machine.  The  principles  of  comparative  motion  in  such  convei:g^)g 
and  divei^ng  trains  are  the  same  as  in  simple  traina 


2  H 
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eomiiMni  angular  veloGHy  a,  the  diTisioii  of  the  xope  wlddi  hangs 
from  the  larger  barrel  moyes  with  the  yeloeity  ar,^  and  the  divi- 
sian  which  hangs  ^m  the  smaJHer  barrel  moves  Ib  the  eantraty 
direction  with  the  veUxakj  —a  r,  (whose  dxreekion  is  denoted  by 
the  negative  sign).  These  are  also  the  velocities  of  the  two  points 
at  opposito  eztremitiea  of  a  diameter  of  the  -pfOLlley,  where  it  is 
touched  by  the  two  vertical  divisions  of  the  xopew  The  velocity  of 
the  centre  of  the  pulley  is  a  mean  between  those  two  velocities ; 
that  is,  their  half-difference,  because  their  signs  are  opposite ;  or 
denoting  it  by  r, 

1^  =  ^^ (1.) 

The  inaianianeoua  aona  of  the  pulley  may  be  found  by  the  method 
of  Article  384,  as  follows : — ^In  fig.  184  c,  let  A  and  B  be  the  two 

ends  of  the  horizontal  diameter  of  the  pulley,  and  let  A  Y^  =  a  ri, 

and  BVj  =:ara  represent  their  velocities ;  join  Y^  Y^  cutting  A  B 
in  O;  this  is  the  instantaneous  axis,  and  its  distance  from  the 
centre  or  moving  axis  of  the  pulley  is  obviously 


The  motion  of  the  centre  of  the  pulley  is  the  same  with  that  of  a 

point  in  a  rope  wound  on  a  barrel  of  the  radius  — -^ — •    The  use  of 

the  contrivance  is  to  obtain  a  slow  motion  of  the  pulley  without 
using  a  small,  and  therefore  a  weak,  barrel 

505.  CMMFMHd  Semri^— (Fig.  225.)     On  the  same  axis  let 
there  be  two  screws  8i  Si,  and  Si  S^  of  the  respective  pitches 


Kg.  226. 


Pi  and|^  pi  being  the  greater,  and  let  the  screws  in  the  first  in- 
stance be  both  right-huided  or  both  left-handecL  Let  Ni  and  Ni 
be  two  nuts,  fitted  on  the  two  screws  respectively.  When  the 
compound  screw  rotates  with  the  n-ngulftr  velocity  a>  the  nuts  ap- 
proach towards  or  recede  from  each  oSier  with  the  relative  velociiy> 


-       2t      ' ^^'f 
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The  lead  corresponds  to  90%  or  a  quarter  of  a  revolatioiL     The 

throw  is  nearly,  though  not  exactly^  =z2Ca,a  being  the  middle 
of  the  straight  line  /b. 

To  find  exactly  the  motions  of  the  slide  Yalve  for  different  posi- 
tions of  the  slider  S,  it  is  best  to  draw  a  diagram  to  a  scale,  repre- 
senting the  positions  of  the  eccentrics,  rods,  and  l*nk,  for  a  series 
of  angnlar  positions  of  the  crank  (usroally  dividing  a  revolution  into 
24  equal  angles) ;  and  the  corresponding  series  of  positions  of  S 
when  fixed  at  various  points  in  the  link.  Several  examples  of 
this  process  are  given  in  Mr.  D.  K.  Clark's  treatise  on  Bailway 
Machinery. 

A  useful  approximation  to  the  motions  of  the  valve,  when  the 
rods  are  long  compared  with  the  link,  is  got  by  dividing  the  line 
/b  at  •  in  the  same  proportion  in  which  8  divides  F  B,  and  con* 
sidering  the  motion  of  the  valve  aa  produced  by  the  crank  G  a ; 

so  that  the  throw  is  approximately  2  C «,  and  the  lead  approxi- 
mately .^^liCa. 

507,  Pwraiiei  MMimmm  are  jointed  combinations  of  linkwork, 
deagned  to  guide  the  motion  of  a  reciprocating  piece,  such  as  the 
piston  rod  of  a  steam  engine,  either  exactly  or  approximately  in  a 
straight  line,  in  order  to  avoid  the  friction  which  attends  the  use 
of  straight  guides.  Four  kinds  of  parallel  motion  will  now  be 
described: — 

L  An  BzactPanllflinieclMN  believed  to  have  been  first  proposed 
by  Mr.  Scott  Russell,  is  represented  in  fig.  228.  The  same  parts 
cf  the  mechanism  are  marked  with  the 
same  letters,  and  different  suooessive  ^* 
podtions  are  indicated  by  numerals 
affixed  The  lever  CT  turns  about 
the  fixed  centre  0,  and  carries,  jointed  :^^( 
to  its  other  end,  the  barer  link  P  T  Q, 
inwhichPT  =  TQ  =  CT.  The  point 
Q  is  jointed  to  a  slider  which  slides  in 
guides  along  the  straight  line  C  Q. 
From  Q  draw  Q D  J.  CQ,  cutting  OT 
produced  in  D;  then  by  Article  488,  D  is  the  instantaneous  axis 
of  the  link ;  and  because  D  P  ||  0  Q,  the  motion  of  P,  which  is 
-J-  D  P,  is  always  JL  0  Q  j  that  is  to  say,  the  point  P  moves  in  the 
straight  line  Pi  0  P^,  -i-  C  Q.  In  a  steam  engine,  a  pair  of  the 
combinations  here  shown  are  used,  one  at  each  side  of  the  cylinder; 
and  the  pair  of  bars  P  Q  are  jointed  at  their  extremities  P  to  the 
head  of  the  piston  rod     The  distance  through  which  Q  slides  at 

each  angle  stroke  of  the  piston^  of  the  length  Pj  P^  =  S^  is  given 
by  the  equation 


^♦rj 


Fig.  228. 
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Htraight  line  perpendicular  to  0  T,,  c  ^  and  so  to  place  the  axes  C,  e, 
on  ti^e  lines  C  Tf,  ct^  that  the  path  of  P,  between  the  positions 
Tjj  P|^  P|»  flluJl  be  as  near  as  possible  to  a  straight  line.  . 

The  axes  C,  c,  are  to  be  so  placed,  that  the  middle  M  of  the 
v'ersed  sine  Y  Tf,  and  the  middle  m  of  the  yersed  sine  vtf,of  the 

respectiye  aros  whose  equal  chords  Tt  T,  =  ^  ^  represent  the  stroke, 
may  each  be  in  the  line  of  stroke  M  m.  Then  T^  and  T^  will  be  as 
&r  to  one  side  of  that  line  as  T,  is  to  the  other,  and  ^  and  ^  will 
be  as  far  to  the  latter  side  of  the  same  line  aat^  is  to  the  former; 
consequently,  the  two  extreme  positions  of  the  link,  Tx  ^,  Tg  t^,  are 
parallel  to  each  other,  and  inclined  to  M  m  at  the  same  angle  in 
one  direction  that  the  middle  positiGn  of  the  link  T^  ^  is  inclined 
to  that  line  in  the  other  direction;  and  the  three  intersections 
Pi  Pg  P3,  are  at  the  same  point  on  the  link. 

The  position  of  the  point  P  on  the  link  is  found  by  the  following 
proportional  equation : — 


T  <  :  P  T  :  P  < 


.(2.) 


:  :TV-4-iv  :TV  :tv 
:C  M  +  em  :  cm  :  CM 


The  positions  of  the  point  P  in  th^  link,  intermediate  between  its 
middle  and  extreme  positions,  are  near  enough  to  a  straight  line 
for  practical  purposes.     When  there  are  given,  the  axes  C,  c,  the 

line  of  stroke  P^  Pj  P3,  the  length  of  stroke  P^Pg^  ^f  ^^^  ^^®  P^^ 
pendicular  distance  M  m  between  the  middle  positions  of  the  two 
lefTBTS,  the  following  equations  serre  to  compute  the  lengths  of  the 
levers  and  link : — 


TeiBed  sines,  TY=: 


8CM' 


ocm 


Ti 


-V{ 


M«^  + 


(TY  +  tvyX 


(3.) 


LeveEB, 


Link, 


IV.  w«ai*s  Pandtei  ■•■!•■  WMmSUktd  by  having  the  guided  point 
P  in  the  prolongation  of  the  link  T  t  beyond  its  connected  points, 
instead  of  between  those  points,  is  represented  by  fig.  230.  In  this 
ease,  the  centres  of  the  two  levers  are  at  the  same  side  of  the  link, 
instead  of  at  <^qposite  sides,  the  shorter  lever  being  the  fiurther  from 
the  guided  point  P;  and  the  equations  2  and  3  are  modified  as 
follows ; — 


ng.  MO.  Q  ^ 

brid 
Uni 
bint 

n  fig.  S29;  and  the  po 
Q  a  Tertdcal  line,  almost 
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P<  :  T«  :  :  C<  :  C  A; (6.) 

that  is,  <  A  is  yeiy  nearly  a  third  proportional  to  C  T  and  e  L  Draw 
A  B  II  T  ^  and  c  P  B  intersecting  it;  then  from  the  proportion  6  it 

foUoirs  that  ABs=T^.     ABis  the  main  link,  by  the  lower  end 

of  which,  B,  the  head  of  the  piston  rod  is  guided.  B  T  =  and  ||  fX 
is  the  paraUd  bar,  by  which  the  main  and  back  links  are  connected* 

cB      c  A 
P  mores  sensibly  in  a  straight  line;  '=^  =  -=r  is  a  constant  ratio; 

C  XT  C  V 

therefore  B  moves  sensibly  in  a  straight  line  parallel  to  that  in 
which  P  moves. 

A  paraUdogram  analogous  to  A  B  T  <  may  also  be  combined  with 
the  parallel  motion  lY . 

508.  KFicfcU«  TnOu. — ^The  term  epicydic  train  is  used  by  Mr. 
Willis  to  denote  a  train  of  wheels  carried  by  an  arm,  and  having 
certain  rotations  relatively  to  that  arm,  whidii  itself  rotates.  Tho 
aim  may  either  be  driven  by  the  wheels,  or  assist  in  driving  them. 
The  comparative  motions  of  the  wheels  and  of  the  arm  relatively  to 
each  other  and  to  the  frame,  and  the  aggregate  paths  traced  by 
points  in  the  wheels,  are  determined  by  the  principles  of  the  com- 
position of  rotations,  already  explained  in  Articles  385  to  3951 
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to  which  the  principles  of  dynamics  relate  will 
aed  in  the  following  manner: — 

form  Motion. 

ied  Translation  of  Points  and  Bigid  Bodiea. 

ktiona  of  Rigid  Bodie& 

ions  of  Pliable  Bodies. 

ions  of  Fluids. 


CHAPTER  L 

IFOBII  UOTIOK  UMSSK  BALANCED  rOKOK 

w  af  asatam. — A  kody  Wider  the  action  »/  no  fvna, 
roei,  it  eiiitr  at  rest,  or  mooet  vni/ormiy.  (Unifonit 
defined  in  Article  3fi4.) 

irst  lav  of  motion  as  osnally  stated ;  bat  in  that 
plied  something  more  than  tlie  litenl  meaning  of 
it  is  nnderstood,  that  the  rat  or  motion  of  the  body 
w  refers,  is  its  rest  or  motion  -tdaHndy  to  atot&er 
to  under  lAa  aeHon  of  no  force,  or  ofhaUmeaifortxi. 
;^ed  condition  be  fulfilled,  tlie  law  is  not  tnie^ 
[>mp]ete  and  explicit  statement  of  tlie  first  law  of 

hodia  he  aath  under  the  action  of  no  foree,  or  of 
the  motion  of  each  of  Uioae  bodiee  relativeljf  to  tie 
ne  orttn^orm. 

of  motion  has  been  learned  hy  experience  and 
it  directlj,  for  the  circumstances  supposed  in  it 
it  indirectly,  &om  Uie  fact  that  its  conaeqnences, 
I  in  conjunction  with  other  laws,  ai«  in  aooordanoe 
nomena  of  the  motions  of  bodies, 
of  motion  may  be  rc^pirded  as  a  consequence  of  the 
ree  and  of  balance  (Articles  13,  13} :  at  the  same 
observed,  that  the  framing  of  those  definitions  has 
experimental  knowledge. 

BaiMHr«|  i,M«rai  Vwnm. — Let  F  denote  a  force 
ring  point,  and  '  the  angle  made  hf  the  direction 
h.  Uie  direction  of  the  motion  of  the  point.  Then, 
s  of  Article  fi7,  the  force  F  may  be  resolved  into 

oomjpouentfl,  one  along,  and  the  other  acron^  the 
ion  (n  the  poin^  viz. ; — 
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The  direct  force,  F  cos  ^. 
The  latercU  force,  F  edn  A 

A  direct  force  ia  further  distinguished,  according  as  it  acts  icith  or 
agcdnst  the  motion  of  the  point  (that  is,  according  as  4  is  acute  or 
obtuse),  by  the  name  of  ^jffort,  or  of  resistance,  as  the  case  may  be. 
Hence  each  force  applied  to  a  moving  point  may  be  thus  decom- 
posed:— 

j?^ar«,P  =  Fco8^,  if  ^isacutej  ] 

Mesistcmce,  It  =  F  cos  (x  -  ^)  if  ^  iy  obtuse ;  > (1.) 

LatercU/orce,  Q  =  F  sin  ^.  j 

512.  The  €«BdJti*iis  ef  Vnirorm  iiioUob  of  a  pair  of  points  are, 
that  the  forces  applied  to  each  of  them  shall  bEdance  each  other ; 
that  is  to  say,  that  the  lateral  farces  applied  to  each  point  shall 
balance  each  other,  and  that  the  ^orts  dpplied  to  each  pomt  thaU 
bakmoe  the  resistances. 

The  direction  of  a  force  being,  as  stated  in  Article  20,  that  of 
the  motion  which  it  tends  to  produce,  it  ia  evident  that  the  balance 
of  lateral  forces  is  the  condition  of  uniformity  of  direction  of  motion, 
that  is,  of  motion  in  a  straight  line ;  and  that  the  balance  of  ejBTorts 
and  resistances  is  the  condition  of  uniformity  of  velocity, 

513.  w«ri£  consists  in  moving  against  resistance.  The  work  is 
said  to  be  performedy  and  the  resistance  overcome.  Work  is  mea- 
sured by  IJie  product  of  the  resistance  into  the  distance  through 
which  its  point  of  application  is  moved.  The  unit  of  work  com- 
monly used  in  Britain  is  a  resistance  of  one  pound  overcome  through 
a  distance  of  one  foot,  and  is  called  2^foot-povmd. 

514.  Bntirgj  means  capac^y  for  performing  worh.  The  energy  of 
an  ^ort,  or  potential  energy^  is  measured  by  the  product  of  the 
effort  into  the  distance  through  which  its  point  of  application  is 
capable  of  being  moved.  The  unit  of  energy  is  the  same  with  the 
unit  of  work. 

When  the  point  of  application  of  an  effort  has  been  mooed  through 
a  given  distance,  energy  is  said  to  have  been  exerted  to  an  amount 
expressed  by  the  product  of  the  effort  into  the  distance  through 
which  its  point  of  application  has  been  moved. 

515.  KaersT  mmA  Work  mt  Tarjlag  F«rcM. — ^If  an  effort  has  dif- 
ferent magnitudes  during  different  portions  of  the  motion  of  its 
point  of  application  through  a  given  distance,  let  each  different 
magnitude  of  the  effort  P  be  multiplied  by  the  length  a«  of  the 
corresponding  portion  of  the  path  of  the  point  of  application ;  the 
sum 

2    Pa* (1.) 

is  the  whole  energy  exerted.      If  the  effort  varies  by  insensible 
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i;  for  M  th«  effort  appKed  to  the  poinfc  balaiices  tlie 
Rsistaiice,  tibie  produets  of  these  forces  into  .the  distanoe  trayersed 
by  the  point  in  any  xaterral  must  be  equal;  that  is, 

P  •  A«=:  R     A 8. ^ ^1.) 

Casb  2.  For  the  farces  adtimg  on  amy  system  of  haUmced  poirUSy 
the  pEindple  must  be  true,  because  it  is  true  for  those  acting  on 
each  single  point  of  the  system.     This  is  expressed  as  follows  : — 

2  *  P  A9=:  2  •  R  Atf (2.) 

Cahb  3.  When  a  system  of  paints  axe  rigidly  connected,  so  that 
their  lelatiYe  positions  do  not  alter,  there  is  nel&er  energy  exerted 
nor  work  performed  by  the  forces  which  act  amongst  the  points  of 
ike  system  themsdves;  and  therefore,  from  case  2  it  foUows,  that  the 
principle  of  the  conservation  of  energy  is  true  of  the  forces  acting 
between  the  points  of  the  system  and  external  bodies. 

Symbolically,  let  the  efforts  acting  amongst  the  points  of  the 
system  be  denoted  by  Pj,  the  resistances  by  Rj ;  the  effi>rts  acting 
between  the  points  of  the  system  and  external  bodies  by  Pj,  and 
the  resistances  by  R^.     Then  by  case  2, 

bat  by  the  condition  of  rigidity, 

thevefore, 

1  •  Pg  A«  =  2  •  Rg  AS (3.) 

Casb  i.  The  same  principle  is  demonstrable  in  the  same  manner, 
for  the  forces  acting  between  external  bodies  and  the  points  of  a 
system  so  connected,  that  though  not  absolutely  rigid,  they  do  not 
vary  their  retatvve  positions  in  the  directions  in  w}mk  the  internal 
forces  of  the  system  act.  Such  is  the  ideal  condition  in  which  a 
train  of  medumism  wotdd  be,  if  no  resistance  arose  from  the  mode 
of  connection  of  the  pieces. 

519.  The  Pitecipto  #f  TirtMd  TetodiiM  is  the  name  given  to  the 
application  of  the  principle  of  the  conservation  of  energy  to  the 
determination  of  the  conditions  of  equHibiium  amongst  the  forces 
extemalty  applied  to  any  connected  system  of  points.  That  appli- 
cation is  effected  in  the  following  manner  : — ^Let  P  be  any  one  of 
the  externally  appHed  forces  in  question.  The  conditions  of  equili- 
brium are  those  of  uniform  motion.  Conceive  the  points  of  the 
system  to  be  moving  with  uniform  velocities  in  any  manner  which 
is  consistent  with  the  absence  of  all  exertion  of  energy  and  perfor- 
mance of  work  by  their  mutual  or  internal  forces.     Let  v  be  the 
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Theobbic  Tho  momenJtwn  of  a  system  of  bodies  is  the  same  as  if 
all  their  masses  were  concentrated  at  the  centre  ofgrtwity  qf  the  sys- 
tem»  Gonoeiye  the  Telocity  of  each  of  the  bodies  to  be  resolved 
into  three  rectangular  components.  Consider  all  the  component 
velocitiee  parallel  to  one  of  the  rectangular  directions.  These  are 
the  rates  of  Yariation  of  the  peipendicular  distances  of  the  bodies 
from  a  certain  plane.  If  the  mass  of  each  of  the  bodies  be  multi- 
plied by  its  distance  from  a  certain  plane,  the  products  added,  and 
the  sum  divided  by  the  sum  of  the  masses,  the  result  is  the  distance 
of  the  centre  of  gravity  of  the  whole  system  from  that  plane ;  there- 
fore, if  the  component  velocity  of  eadi  of  the  bodies  in  a  duection 
perpendicular  to  that  plane  be  multiplied  by  the  mass  of  the  body, 
the  sum  of  such  products  for  all  the  bodies  of  the  system  will  be 
the  product  of  the  entire  mass  of  the  system  into  the  velocity  of  its 
ceniare  of  gravity  in  a  direction  perpendicular  to  the  plane  in  quefr* 
tion;  so  that  this  product  is  one  of  the  three  rectangular  com- 
ponents of  the  resultant  momentum  of  the  system  of  bodies ;  and 
the  same  may  be  proved  for  the  other  rectangular  components 
Expressed  symbolic^y,  let  u,  v,  w,  be  the  three  rectangular  com* 
ponents  of  the  velocity  of  any  mass,  f»,  belonging  to  a  system  of 
bodies,  and  u^  v^  w^  the  rectangular  components  of  the  velocity 
of  the  centre  of  gravity  of  that  system  of  bodies ;  then 


«o'  3«»  =  2'mu; 
Vq  '  sm  =  ^*mvy 
w^'  nm  =  2  'mw. 


.(1.) 


CoBOUiARY.     TheresuUantmomeniwmof  a  system  of  bodies  rdor 
Uodyio  their  common  osntfre  ofgranAJty  is  nolhmg  ;  that  is  to  say, 


b^,   TariiUiMM  aad  ]»cTiall«B«  «f  HK^mentuft  are  the   products 

of  the  mass  of  a  body  into  the  rates  of  variation  of  its  velocity  and 
deviation  of  its  direction,  found  as  explained  in  Fart  IIL,  CSiapter 
L,  Sectum  3. 

536.  iMp^an  is  the  product  of  an  unbalanced  force  into  the  lime 
during  which  it  acts  unbalanced,  and  can  be  resolved  and  com- 
pounded exaotiy  like  force.  If  F  be  a  force,  and  dt  an  interval  of 
time  during  which  it  acts  unbalanced,  ^dih&  the  impulse  exerted 
l]j  the  force  during  that  time.  The  impulse  of  an  unbalanced 
£aroe  in  an  unit  of  time  is  the  magnitude  of  the  force  itsell 

527.  iBipvlae,  A«cel€ratlag,  Belardlng*  Defleetlns* — Correspond- 
ing to  the  resolution  of  a  force  applied  to  a  moving  body  into  effort 
or  resistance,  as  the  case  may  be,  and  lateral  stress,  as  explained  in 
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and  from  Articles  363  and  364^  that  the  rate  of  deYiation  of  its 
momentum  is 

m— . 
r 

Eqnatiiig  these  respectiYelj  to  the  direct  and  lateral  impulse  per 
unit  of  time^  exerted  by  an  unbalanced  force  F,  making  an  angle  # 
ivith  the  direction  of  the  body's  motion,  we  find  the  two  following 
equations : — 

Por  -R  =  Fcos^  =  m--i--  =  w»  3-5: (1.) 

at  dl,  ^   ' 

Q  =  P  sin  ^  =  — (2.) 

The  radius  of  curvature  r  is  in  the  direction  of  the  deviating  force  Q. 
Seamd  method.    As  in  Article  366,  let  the  velocity  of  the  body 

be  resolved  into  three  rectangular  components,  -^,  -^ ->  -j- ;  so  that 

€»  s     (it    fit 

the  three  component  rates  of  variation  of  its  momentum  are 

cPx       d*y       d*z 

Also  let  the  unbalanced  foi-ce  F,  making  the  angles  »,  fi,  y,  with 
the  axes  of  co-ordinates,  and  its  impulse  per  unit  of  time,  be 
lesolved  into  three  components,  F^  F,,  F^    tUien  we  obtain 

F«=Fcos«  =  m 


d^' 
F,  =  Fcosy  =«»  j^; 


(3.) 


three  equations,  which  are  substantially  identical  with  the  equa- 
tions 1  and  2. 

531.  wimm  im  Tcma  ^f  Weicht. — A  body's  own  weight,  acting 
unbalanced  on  the  body,  produces  velocity  towards  the  earth, 
increasing  at  a  rate  per  second  denoted  by  the  symbol  g,  whose 
numerical  value  is  as  follows : — ^Let  x  denote  the  latitude  of  the 
place,  A  its  elevation  above  the  mean  level  of  the  sea^ 

g^  =  32-1695  feet,  or  9-8051  mdtres,  per  second; 
being  the  value  of  gforX=:  45^  and  A  =  0,  and 

B  =  20900000  feet,  or  6370000  metres,  nearly, 
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V  s  Vo  +  ^  «, (1.) 

the  mean  Yelodiy  dnzing  that  time  is 

^  =  f,  +  ^. (3.) 

and  the  -vartioal  height  fidlea  thxongh  is 

A  =  »,<  +  S^ (3.) 

The  preceding  equations  give  the  final  velocity  of  the  body,  and  the 
height  fBillen  through,  each  in  teims  of  the  initial  velocity  and  the 
tim&  To  obtain  the  height  in  terms  of  the  initial  and  final  velo- 
citiesy  or  vice  versa,  equation  2  is  to  be  multiplied  hy  v  —  Vq^  gt, 
the  aooeleration,  and  oompared  with  equation  3;  giving  the  follow- 
ing resolts  :— 


*^  -  ^2  ^if^  r 


2    --^'-  •    2 


v'-ti 


.(4.) 


2g         ' 

When  the  body  £eJ1b  from  a  state  of  rest,  VqIB  to  he  made  =  0;  so 
that  the  following  equations  are  obtained : — 

«=^'>*=^=^ (5.) 

The  height  h  in  tiie  last  equation  is  called  the  height  or  fall  dfu»  to 
the  velocity  v;  and  that  velocity  is  called  the  vdocity  due  to  the  height 
or/aUh. 

Should  the  body  be  at  first  projected  vertically  upwards,  the 
initial  velocity  Vq  is  to  be  made  negative  To  find  the  height  to 
which  it  will  rise  before  reversing  its  motion  and  beginning  to  fall, 
17  is  to  be  made  =  0  in  the  last  ci  the  equations  4;  then 

'*— ^' («•) 

being  a  rise  equal  to  the  flail  due  to  the  initial  velocity  v^ 

SM.  An  iJavcaiM«d  vw^tiOm,  or  a  projectile  to  whose  motion 
there  is  no  sensible  resistance,  has  a  motion  compounded  of  the 
vertical  motion  of  a  faUing  body,  and  of  the  horizontal  motion  due 
to  the  horizontal  component  of  its  velocity  of  projection.  In  fig. 
232,  let  O  represent  the  point  from  which  the  projectile  is  originally 


n 
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projected  m  the  directioii  O  A,  ma&iiig  the  an^e  X  O  A  =  #  witib. 

a  horizontal  line  0  X  in  the  same  Tertdcal  fJaae  inth  O  A.    Let 

horizontal  distances  parallel  to 
O  X  bedenoted  by  x,  and  verti- 
cal ordinates  parallel  to  OZ  by  2, 
pofiitiYe  upwards,  and  negatiTO 
downvarda  In  the  equations  <£ 
vertical  motion^  the  symbol  h  of 
the  equations  of  Article  533  is  to 
be  replaced  by — js,  because  of  A 
''^'  ^  and  47  being  measured  in  opposite 

direolioQs. 

Let  Vo  be  the  velocity  of  projection.    Then  at  the  instant  of  pn>- 
jection^  the  components  of  that  velocity  are, 

horizontal.  .^--  =  i?©  cos  ^ :  vertical.  -7-  =  f^  sin  #j 
at  at 

and  after  the  lapse  of  a  given  time  t,  those  components  have  become 


•JY  =  ^0  <^<>8  ^  =  constant; 
d  z 


0) 


Hence  th^  co-ordinates  of  the  body  at  the  end  of  the  time  i  are 
horizontal^  a;  =  v^  cos  ^  *  ^; 

vertical,  z 


.    ,    ,      gf    } (5L) 


and  because  t  s 


-^  those  co-ordinates  are  thus  related^ 
Vocos  r  ^^ 

9 

'0 


«  =  «  •  tan  #  —  g^^>^  •  «•; (3.) 

an  equation  which  shows  the  path  O  B  C  of  the  projectile  to  be  a 
parabola  with  a  vertical  axis,  touching  O  A  in  O. 

The  total  velodiy  of  the  projectile  at  a  given  instant,  being  the 
resultant  of  the  components  given  by  equation  1,  has  for  the  vialue 
of  its  square 

t^  =  ^  +  ^=«J—  2voan4'gt  +  s^e  =  fi  —  2gz;...{L) 
from  the  last  form  of  which  is  obtained  the  equation 
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^=-27"' (^i 

which,  being  compared  with  equation  4  of  Article  533,  shows  that 
the  reiaUon  between  the  variatuyri  o/vertiieal  devcUiorij  amd  the  varior 
Han  of  the  square  qf  the  resitltcmt  velocity ^  ia  the  same,  v^ether  the 
vdocUy  is  in  a  vertical,  inclined,  or  horizontal  direction.  This  is  a 
particular  case  of  a  more  general  principle,  to  be  explained  in  the 
seqneL 

The  resistance  of  the  air  prevents  any  actual  projectile  near  the 
earth's  surfisu^  from  moving  exactly  as  an  unresisted  projectil& 
The  approximation  of  the  motion  of  an  actual  projectile  to  that  of 
an  unr^isted  projectile  is  the  closer,  the  slower  is  the  motion,  and 
the  heavier  the  body,  because  of  the  resistance  of  the  air  increasing 
with  the  velocity,  and  because  of  its  proportion  to  the  body's  weight 
being  d^ndent  upon  that  of  the  body's  surfeu^  to  its  weight. 

535.  The  Hottoa  of  s  Body  Along  an  IncUaed  Path,  under  the 

force  of  gravity  alone,  is  regulated  by  the  principle,  that  the  varia- 
tion of  momentum  in  each  interval  of  time  is  equid  to  the  impulse 
exerted  in  that  interval,  by  that  component  of  the  body's  weight 
which  acts  along-  the  direction  of  motion.  If  the  path  is  straight, 
the  other  rectai^ular  component  of  the  body's  weight  is  balanced 
by  the  resistance  of  the  smd&ce  or  other  guiding  body  which  causes 
the  inclined  path  to  be  described;  if  the  path  is  curved,  the  difference 
between  those  two  forces  which  act  across  it  is  employed  in  deviat- 
ing the  direction  of  motion  of  the  body. 

Let  V  be  the  velocity  of  the  body  at  any  instant,  -y-,  as  before^ 

(m  t 

the  rate  of  variation  of  that  velocity,  ^  the  inclination  of  the  body's 
path  to  the  horizon,  positive  upwards,  and  negative  downwards. 
Then  the  body  is  acted  upon  in  a  direction  along  its  path  by  a  force 
equal  to  its  weight  multiplied  by  sin  #,  which  is  a  resistamce  if  ^  is 
positive,  and  an  effort  if  ^  is  n^ative;  therefore 

37  =  -r^sm^ (1.) 

When  the  inclination  of  the  path  is  uniform,  this  i^te  of  varia- 
tion of  velocity  is  constant,  and  the  body  moves  in  the  same  manner 
with  an  unreasted  body  moving  vertically,  except  that  each  change 
of  velocity  occupies  an  interval  of  time  longer  in  the  ratio  of  1 :  sin  ^ 
for  the  inclined  path  than  for  the  vertical  path. 

The  motion  of  a  body  in  any  path  on  an  inclined  plane  being 
resolved  into  two  rectangular  components,  one  horizontal,  and  the 
other  in  the  direction  of  steepest  declivity, — the  horizontal  com- 
ponent (in  the  absence  of  friction)  is  uniform,  and  the  inclined 
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component  takes  place  accordmg  to  the  law  expressed  by  eqnalion 
1  of  this  Article.  Oonsequently,  the  resultant  motion  of  the  body 
is  that  of  an  nnresisted  projectilCi  as  described  in  Aztiide  534, 
except  that  ^  -  sin  ^  is  to  be  substituted  for  g. 

The  motions  of  bodies  on  inclined  planes  being  slower,  and  theie- 
f ore  more  easily  observed  than  their  vertical  motions,  were  used  by 
Gkdileo  to  ascertain  the  laws  of  dynamics,  which  he  discovered. 

For  a  body  sliding  on  an  inclined  plane  without  firiddon,  Hie 
equation  connecting  the  velocity  directly  with  the  position  of  «he 
body  is  the  following : — 

«S  —  t7*=2^sin^'«'; 

where  v^  is  the  velocily  at  the  origin  of  the  motion,  and  9  ^ 
velocity  which  the  body  has  when  it  reaches  a  position  whose 
indined  cthcrdinate  relatively  to  the  origin  of  the  motion  is  /, 
positive  upwarda  But  s^  mn  i  =  z,  the  d^erenee  ofvettuxd  den- 
turn  of  the  two  positions  of  the  body;  so  that  the  variation  of  the 
square  of  the  v^odty  bean  the  same  relation  to  the  differenoe  of 
vertical  elevation  in  ihe  present  case  as  in  the  case  of  an  unresistod 
projectile,  or  a  free  body  moving  vertically. 

536.  An  Uaifenn  B«wi  «r  Wfrtiwce,  unbalanoed,  causes  the 
velocity  of  a  body  to  vary  according  to  the  law  exprened  by  this 
equation, 

^=/^^ (1) 

where  /*  is  the  constant  ratio  which  the  unbalanced  force  bears  to 
the  weight  of  the  moving  body,  positive  or  negative  according  to 
the  direction  of  the  force;  so  that  by  substituluigy^  for  ^  in  the 
equations  of  Article  533,  t^ose  equations  are  transformed  into  the 
equations  of  motion  of  the  body  in  question,  h  being  taken  to 
represent  the  distance  traversed  by  it  in  a  positive  direction. 

In  the  apparatus  known  by  the  name  of  its  inventor,  Atwood, 
for  illustrating  the  effect  of  uniform  moving  forces,  this  prineiide 
is  appHed  in  order  to  produce  motions  following  the  same  law  ^rith 
those  of  flEdling  bodies,  but  slower^  by  a  method  less  liable  to  entHS 
caused  by  friction  than  that  of  Gkilileo.  Two  weights,  F  and  B,  of 
which  P  is  the  greater,  are  hung  to  the  opposite  ends  of  a  cord 
passing  over  a  finely  constructed  puUey.  Considering  the  masns 
of  the  cord  and  pulley  to  be  insensible,  the  weight  of  the  mass  to 
be  moved  is  P  +  B,  and  the  moving  force  P  —  B^  being  less  thsn 
the  weight  in  the  ratio, 
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GoBBeqiieiitly  the  two  weights  moye  according  to  the  same  law  with 
a  &lling  hodj,  but  slower  in  the  ratio  of /to  1. 

537.  A  Devkufas  Fotm,  which  acts  unbalanced  in  a  direction 
perpendicalar  to  that  of  a  body's  motion^  and  chaDges  that  direo- 
tion  without  changing  the  velocity  of  the  body,  is  equal  to  the  rate 
<if  deviation  of  the  body's  momentum  per  unit  of  time,  as  the  fol- 
lowing equation  expresses : — 


9^ 


(1.) 


Q  being  the  deviating  force,  W  the  weight  of  the  body,  W  ~  ^  its 
mass,  if  its  velocity,  and  r  the  radius  of  curvature  of  its  path. 

In  the  case  of  an  unresisted  projectile,  already  mentioned  in 
Article  534,  the  deviating  force  at  any  instant  is  that  component 
of  the  body's  weight  which  acts  perpendicular  to  its  direction  of 
motion;  that  is  to  say 


Q  =  W 


V( 


d  s^\       "W  «?rt  •  cos  ^ 


^-ip)  = 


V 


(2.) 


The  well  known  expression  for  the  radius  of  curvature  of  any  curve 
whose  co-ordinates  are  x  and  z  is 


=  ( 


x.~JS\ 


d^ 

do? 


^  (    ^    xyt^jj-coB*^ 

\Vq  '  COS  tf/  ff       ^   ' 


Wv 


Consequently  Q  r  =  ,  which  agrees  with  equation  1. 

y 
In  the  case  of  projectiles,  just  described,  and  of  the  heavenly 

bodies,  deviating  force  is  supplied  by  that  component  of  the  mutual 

attraction  of  two  masses  which  acts  perpendicular  to  the  direction 

of  their  relative  motioni     In  machines,  deviating  force  is  supplied 

by  the  strength  or  rigidify  of  some  body,  which  gwdes  the  deviating 

man,  tnalriTig  it  move  in  a  curva 

A  pair  of  fiee  bodies  attracting  eacn  other  have  both  deviated 
motions,  the  attraction  of  each  guiding  the  other;  and  their  deviar 
tiona  of  momentum  are  equal  in  equal  times;  that  is,  their  devia- 
tions of  motion  are  inversely  as  their  masses. 

In  a  machine,  each  revolving  body  tends  to  press  or  draw  the 
body  which  guides  it  away  fiN)m  its  position,  in  a  direction  from 
the  centre  of  curvature  of  the  path  of  the  revolving  body;  and  that 
tendency  is  resisted  by  the  sls^ngth  and  stiffness  of  the  guiding 
body,  and  of  the  frame  with  which  it  is  connected. 

538.  (TeairiAiflBl  Force  is  the  force  with  which  a  revolving  body 
reacts  on  the  body  that  guides  it,  and  is  equal  and  opposite  to  the 
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deviating  force  with  which  the  guiding  body  acts  on  the  revolving 
body. 

In  fact,  as  has  been  stated  in  Article  12,  every  force  is  an  action 
between  two  bodies;  and  deviating  f ores  and  eenirnfuqal  foireB  are 
but  two  different  names  for  the  same  force,  applied  to  it  according 
as  its  action  on  the  revolving  body  or  on  the  guiding  body  is  under 
consideration  at  the  time. 

t5d9.  A  B«r*lTtas  8taBFi«*  PiiMi«l«M  conidsts 
of  a  small  mass  A,  suspended  from  a  point  C  by 
a  rod  or  cord  C  A  of  iosensibly  small  weight  mb 
compared  with  the  mass  A,  and  revolving  in  & 
circle  about  a  vertical  axis  C  R  The  tension  of 
the  rod  is  the  resultant  of  the  weight  of  the 
mass  Aj  acting  vertically,  and  of  its  centrifugal 
force,  acting  horizontally;  and  therefore  the  rod 
Fig.  283.  will  assume  such  an  inclination  that 

height  B C  __  weight gr^  ^-  . 

radius  XS  "  centrifugal  force  "   «* ^  '' 

where  r  =  A  B.     Let  n  be  the  nwndMT  ofiuma  per  uamd  of  the 
pendulum;  then 

V  =  2  V  nr; 
and  therefore,  making  B  0  =  A, 


A=: 


-^^- 


t;*        4  «*  n* 


/•    ^v.  1  *•*  J     rr     J     V  0-8154  foot      9-7848  inches      ,„. 
=  (m  the  latitude  of  London) g = ^ (2.) 

When  the  speed  of  revolution  varies,  the  inclination  of  the  pendn* 
lum  varies,  so  as  to  adjust  the  height  to  the  varying  epeed. 

540.  l^erlaUn^  F«rce  ta  Terms  •f  AMgalar  Tgl^cliy      If  the  radioa 

of  curvature  of  the  path  of  a  revolving  body  be  r^parded  as  a  sort 
of  arm  of  constant  or  variable  length  at  the  end  of  which  the  body 
is  carried,  the  angular  velocity  of  that  aim  is  given  by  the  expre»- 


caon, 


« =  I (1.) 


Let  ar  be  substituted  for  v  in  the  value  of  deviating  force  of 
Article  537,  and  that  value  becomes 

Q  =  ^^ (2.) 
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In  the  case  of  a  body  revolving  with  uniform  velocity  in  a  circle, 
like  the  bob  A  of  the  revolving  pendulum  of  Article  5Z9,  a  =  2  v  n, 
where  n  is  the  number  of  revolutions  per  second,  so  that 


Q  = ' 

9 


(3.) 


ftom  which  equation  the  height  of  a  revolving  pendulum  might  be 
deduced  with  the  same  result  as  in  the  last  Articla 

541.  Bacfgwtor  Cmmwmvmtm  •f  Derlatiag  Force. — First  Demon' 

stratum*  Let  O  in  fig.  234  be  the  centre 
of  the  circular  path  E  F  G  H  of  a  body 
revolving  in  a  circle  with  an  imiform 
velocity,  through  which  centre  draw 
rectangular  axes,  O  X  and  O  T,  in  the 
plane  of  revolution.  Let  the  angle 
.^  XOA,  which  at  any  instant  the 
radius  vector  of  the  revolving  body 
makes  with  the  axis  of  x,  be  denoted 
by  i.    Let 


AD  —  a5  =  r'cos^,  and  \  /^\ 
AB  =  y=-.  r-sin^,         J  ^  '^ 


Fig.  284. 


be  the  rectangular  co-ordinates  of  the  revolving  body  at  any  in« 
stant.  Let  Q«9  Q^  be  the  components  of  the  deviating  force, 
parallel  to  O  X  and  O  Y  respectively.  Then  fi:om  the  obvious 
proportion  between  the  magnitudes  of  those  components, 

combined  with  the  equation  2  of  Article  540,  follow  the  values  of 
those  components. 


(3.) 


Q.  =  _:w^.  o  =  .n^ 

9  9 

Those  two  components  have  the  negative  sign  affixed,  because  they 
represent  foroes  tending  to  diminiflh  the  oo-ordioates  x  and  y,  to 
which  they  are  proportional. 

Second  DemoTistrcUion, — The  same  result  may  be  obtained,  though 
less  simply,  by  the  second  method  described  in  Article  530,  as  fol- 
lows : — ^Let  intervals  of  time,  t,  be  reckoned  fiN)m  an  instant  when 
the  revolving  body  is  at  E.  Then  0  =  at,  and  the  values  of  the 
co-ordinates  x  and  y,  in  terms  of  the  time,  are 


X  =  rcosa^;  y  ^  r  mi  at 
The  components  of  the  velocity  of  the  body  are, 


,(4.) 
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being  performed  in  the  same  time  with  a  revolution  of  A ;  that  is 
in  the  time 

2,Y  (4.) 


n 


a 


where  r  is  the  aend-cunpliUude  of  the  oscillation,  O  E  s:  O  G,  Q  is 
the  corresponding  greatest  magmtude  of  the  force  urging  the  body 
towards  O,  being  the  same  with  the  entire  deyiatLDg  fbrce  of  A, 
and  n  is  the  number  of  double  oscillations  in  a  second.  (The 
angle  ^  =  a  ^  is  called  the  phase  of  the  oscillation.) 

The  greatest  value  Q  of  the  force  which  must  act  on  B  to  pro- 
duce n  double  oscillations  of  the  semi-amplitude  r  in  a  second,  is 
given  by  the  equation 

^      Wa«r      4^»Wn'r 

*^=^-=— ^— ' ^^•) 

behig  similar  to  equation  3  of  Article  540. 

Revolution  in  a  circle  may  be  regarded  as  compounded  of  two 
oscillations  of  equal  amplitude,  in  directions  at  right  angles  to  each 
other. 

543.    JBIIIptlml  OMttlaiiMW  mf  WUtwimtimm   compounded    of  two 

straight  oscillations  of  equal  periods,  but  un- 
equal amplitudes,  may  be  performed  by  a  body 
u]qged  towards  a  central  point  by  a  force  pro- 
portional to  its  distance  £rom  that  point.  In 
fig.  235,  let  A  be  the  positLon  of  the  body  at 
any  instant ;  let  O  A  =  ^,  and  let  the  force 
niging  the  body  towards  O  be 


F  = 


W6»e 


(1.) 


h  being  a  constant.    Then  the  rectangular  com- 
ponents of  that  force  are 

;  F,= ^  ' 

9  9 


r.=  - 


;...(2.) 


Hg.  286. 


the  former  force  being  suited  to  maintain  a  straight  oscillation 
parallel  to  O  X,  and  the  latter,  a  straight  oscillation  parallel  to 
O  T,  the  period  of  a  double  oscillation  in  either  case  being  thq 
same;,  viz.:— 

1       2«- 


n 


(3.) 


according  to  eqnation  4  of  Article  542.    Hence  let  o^  =  OE  =  OG 
be  the  semi-amplitude  of  the  former  straight  oscillation,  and  y^  =: 
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OF  =  OH  that  of  the  latter;  then  at  any  instant  the  co-ordinates 
of  the  body  will  be 

x  =  XiCOsbt;  y  =  yi  sin 6*; (4.) 

which  equations  being  respectively  divideil  by  asi  and  yj,  the  results 
squared,  and  the  squares  added  together,  give 

^g='= ■ <'•> 

the  well  known  equation  of  an  ellipse  described  about  O  as  a  centre 
with  iie  semi-axes  «„  y„  The  components  of  the  velocity  of  the 
body  at  any  instant  are 

dx  -  •     »^  r^i 

-=-  =  ^bxiBmot=  — 6  —  y; 

^'  y»        »  (6.) 


-^  =zhyx  cos 6«  =  5—01 
at        ^ 


5iL  A  simple  OMUlatteg  Pcadtaim  consists  of  an  indefinitely 
small  weight  A,  fig.  236,  hung  by  a  cord  or  rod  of  in* 
sensible  weight  A  C  from  a  point  C,  and  swinging  in  a 
vertical  plane  to  and  fro  on  either  side  of  a  central  point 
D  vertically  below  C.  The  path  of  the  weight  or  Jxh 
is  a  ciicular  arc,  ADR 

The  weight  W  of  the  bob,  acting  vertically,  may  be 
resolved  at  any  instant  into  two  components,  viz.: — 

W  •  cos .^  D 0  A  =  W  •^, 

CA* 

acting  along  C  A,  and  balanced  by  the  tension  of  the 
Fig.  236.      rod  or  cord,  and 

AB 
W-sin-*-:DOA  =  W*  ,==, 

CA' 

acting  in  the  direction  of  a  tangent  to  the  arc,  towards  D,  and  un- 
balanced.    The  motion  of  A  depends  on  the  latter  force. 

When  the  arc  A  D  E  is  small  compared  with  the  length  of  the 
pendulumAC,it  very  nearly  coincides  with  the  chord  ABE;  and 
the  horizontal  distance  A  B,  to  which  the  moving  force  is  propor- 
tional, is  veiy  nearly  equal  to  the  distance  of  the  bob  from  D,  the 
central  point  of  its  oscillations.  Hence  the  bob  is  very  nearly  in 
the  condition  of  straight  oscillation  described  in  Article  542 ;  and 
the  time  which  it  occupies  in  making  a  doiMe  oecUlaUon  is  tiiere- 
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fore  found  approximately  by  means  of  equation  4  of  that  Article, 


VIZ.:- 


i-w^- 


where  r  denotes  the  semi-amplitude,  and  Q  the  maTimum  yalue  of 

W  -  -^='    But  if  the  length  of  the  pendulum,  G  A,  be  made  =  l, 
G  A 

we  hare 


^  s max.  -;«==-  =  79  nearly; 
W      ^^  (JA      I  ^ ' 

I 

rhence^  approximately,  for  small  arcs  of  oscillation^ 

-=s2»a/-;  and 


1  = 


9 


4T«n«' 


.(1.) 


whidi  being  compared  with  equation  2  of  Article  539,  shows,  ihaZ 
iha  length  of  a  simple  oaciUcUvng  pendulumy  making  a  given  ntmber 
of  small  double  oeciUaUons  in  a  eecond,  ia  sensibly  equal  to  the  height 
of  a  revolving  penckUvm,  making  the  same  mimber  of  revohcUans  in 
a  second. 

When  the  amplitude  of  oscillation  becomes  of  considerable  mag- 
nitude, the  period  of  oscillation  is  no  longer  sensibly  independent 
of  the  length  of  the  arc,  but  becomes  longer  for  greater  amplitudes, 
according  to  a  law  which  can  be  expressed  by  an  elliptic  Unction, 
but  which  it  is  unnecessaiy  to  explain  in  this  treatise.  (See  Le- 
gendre,  Traite  des  Fonctions  eUiptiques^  toL  L,  chap.  viiL) 

545.  CfcloMai  p«Bd«inB« — ^In  order  that  the  oscillations  of  a 
simple  pendulum  may  be  exactly  isochronous  (or  of  equal  duration) 
for  all  amplitudes,  the  bob  must  oscillate  in  a  cuire,  the  lengths  of 
whose  arcs,  measured  from  its  lowest  point,  are  proportional  to  the 
sinea  of  their  angles  of  declivity  at  their  upper  ends,  to  which  sines 
the  moving  forces  at  those  upper  ends  are  proportional  That  this 
may  be  the  case,  the  radius  of  curvature  at  each  point  of  the  curve 
must  be  proportional  to  the  cosine  of  the  dedivily:  the  greatest 
xadiiis  of  curvature,  at  the  lowest  point  of  the  curve,  being  equal  to 
ly  as  given  by  equation  1  of  Article  544 ;  and  from  Article  890, 
case  3,  equation  6,  it  appears  that  such  a  curve  is  a  (peloid,  traced 
by  a  rolling  circle  whose  radius  is 

I 


2k 


(1.) 


n 
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It  18  well  known  that  a  cycloid  is  the  in^ute  of  an  eqaJ  and 
Bimilar  cycloid.     Hence,  in  fig.  237,  let  C  F,  C  G,  be  a  pair  of 

cydoidal  cheeks,  described  by  Tolling  a 
^  cizde  of  the  radius  r^  on  a  horiscintal 

line  tiaveising  C ;  let  C  A  be  a  flex- 
ible line,  fixed  at  C,  and  having  a  bob 

at  A,  its  leogtiL  being  Z  =  4r,  =  CD 
=  the  lengUi  of  each  of  the  semi- 
cycloids  OF,  0  G.  Then  as  the 
pendulum.  C  A  swings  between  the 
Fiff  287  cydoidal    dieeks,  the  bob  oflcilktos 

in  an  arc  of  the  cydoid  FDG;  its 
double  osdllatioiiB,  finr  all  amplitodes,  have  ezacdy  t^  peiiodic 
time  given  by  equation  1  of  Artide  544,  being  that  of  a  revo- 
lution of  a  revolving  pendulum  of  the  height  CD;  and  the 
motion  of  the  bob  in  its  cydoidal  path  follows  the  law  of  straight 
oscillations  described  in  Article  542. 

546.  BeaMaai  Fmms. — K  two  bodies  be  acted  upon  at  evoy 
instant  by  unbalanced  forces  which  are  paialld  in  direction,  and 
proportional  to  the  masses  of  the  bodies  in  magnitude,  the  vaziar 
tions  of  the  motions  of  those  two  bodies,  relativdy  to  a  fixed  body, 
whether  by  change  of  vdocity  or  by  deviation,  are  simultaneoas 
and  equal;  so  that  their  motion,  relativdy  to  each  other,  is  Ihe 
same  with  that  of  a  pair  of  bodies  acted  upon  by  no  force  or  by 
balanced  forces ;  that  is,  according  to  the  first  law  of  motum.  Article 
510,  that  motion  is  none  or  uniform. 

If  two  bodies,  A  and  B,  be  acted  upon  by  any  unbalanced  fbroes 
whatsoever,  and  if  firom  the  force  acting  on  B  there  be  taken  auaif  a 
force  parallel  to  that  acting  on  A,  and  proportional  to  the  masB  of 
B  (in  other  words,  if  with  the  actual  force  acting  on  B  there  be 
combined  a  force  equal  and  opposite  to  that  which  would  make  the 
motion  of  B  change  in  the  same  manner  with  that  of  A),  then  the 
resultant  or  residual  unbalanced  force  acting  on  B  is  that  cone- 
spending  to  the  variations  of  the  Tnotion  ofB  reUUiiody  to  A. 

This  is  the  exact  statement  of  the  case  of  a  body  near  the  earth's 
surface.  From  the  total  attraction  between  the  body  and  the  earth 
is  to  be  taken  away  the  deviating  force  necessary  to  make  the  bod|y 
aoeompany  the  earth's  sur&ce  in  its  motion,  by  revolving  in  a  arde 
round  the  earth's  axis  once  in  a  sidereal  day  (Artide  352).  The 
residiud  force  is  the  weight  of  the  body,  W  =  g  m,  which  rc||daleK 
its  motions  reUiti/vdy  to  the  earth's  surface,  ThoB  the  vaiiatioos  of 
the  co-effident  g  in  different  localities  of  the  earth's  sur&oe,  at 
different  elevations,  expressed  by  the  formulse  of  Artide  531,  are 
due  partly  to  variations  of  attraction,  and  partly  to  variations  of 
deviating  force. 
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When  bodi«B  «re  caxried  in  a  ship  or  Tehicle,  and  are  free  to 
noye  with  lespect  to  it,  then  when,  the  ship  or  vehicle  varies  its 
notiony  the  hodies  in  question  perform  motions  relatiyely  to  the 
Axp  or  Tehiele,  sack  as  woold,  in  the  cue  of  the  xmilorm  motion  of 
^a»  ship  or  vehicle^  be  pcodooed  by  the  application  to  the  bodies  of 
forces  eqnal  and  omtEaiy  to  those  which  wonld  make  them  aooom- 
pany  the  ship  or  vehicle  in  the  variatums  of  its  motion. 

SBonoir  3. —  TrvMformati4)n  of  Energy, 


547.  The  AdHd  BMi«aj  of  a  moving  body  relatively  to  a  fixed 
point  is  the  product  of  ^e  maas  of  the  body  into  ona-half  of  the 
square  of  its  vdocUy,  or,  as  Artide  533  shows,  the  product  of  the 
wdght  of  the  body  into  the  height  due  to  its  velocity;  that  is  to  say, 
it  is  represented  by 

mtj'^Wf?"  ... 

"2~-"27 ^^'^ 

The  product  m  v^,  the  double  of  the  actual  enei^  of  a  body,  was 
formerly  called  its  vis-viva.  Actual  energy,  being  the  product  of 
a  weight  into  a  height,  is  expressed,  like  potential  energy  and  work, 
ia  foot-pounds  (Article  513,  514). 

548.  c«Mp«a«Bts  m€  Adaal  Eaongy. — The  actual  energy  of  a  body 
(unlike  its  momentum)  is  essentially  positive,  and  irrespective  of 
direction.  Let  the  velocity  v  be  resolved  into  three  components, 
dx  dy  d z 

Ti'  Af^  'dt*  P'^''^^^  ^  three  rectangular  axes;  then  the  quantities 

of  actual  energy  due  to  those  three  components  respectively  are 

W^    d^    W^    dy"     W     d^ 

2g'  df'  2g'  T?'  2g'  df 

But  the  square  of  the  resultant  velocity  is  the  sum  of  the  squares  of 
its  three  components,  or 

rf^      JK-      d^. 

dP"^  dt^^  df 

therefore  the  actual  energy  of  the  body  is  simply  the  jma  of  the 
actual  enesgies  due  to  the  rectangular  camponents  of  its  velocity. 

549.  XM«f7  «f  TaHMi  mmkmm, — Thbosem  L  A  demoting  force 
produces  no  change  in  a  hody^s  <uAual  energy ^  because  such  force 
produces  change  of  direction  only,  and  not  of  velocity;  and  actual 
energy  is  irrespective  of  direction,  and  depends  on  velocity  only. 

TBEOBEii  II.  The  increase  of  adbual  energy  produced  by  an  wir 
balanced  effort  is  equal  to  the  potential  energy  eooerted.  This  theorem 
is  a  consequence  of  the  second  law  of  motion,  deduced  as  follows  ^— 


W  ■>■  ff,  be  the 
emdk  a  resistau 
LD  unbtdaneed  t 
ed  effort  be  co 
and  if  its  velo 
is  v„  and  its  ' 
sf  the  body's  n: 

W 


if  the  mtiibrmi 
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2g     '^  =  (R-P)^^; (5.) 


and  equation  3  and  3  A  become 


-27"  = —  =  (R-^)ds (6.) 

2g         =  /,  (R-I*)^*- (6  A.) 


550.  EBcrgy  Stored  aad  Bcmomml— A  body  alternately  accelerated 
and  retarded,  so  as  to  be  brought  back  to  its  original  speed,  per- 
forms work  by  means  of  its  retardation  exactly  equied  in  amount  to 
the  potential  energy  exerted  in  producing  its  acceleration;  and  that 
amoimt  of  energy  may  be  considered  as  stored  during  the  accelera- 
tion, and  restored  during  the  retardation. 

551.  The  TnuMf«nuaioa  •f  iBmergr  IB  a  term  applied  to  such 
processes  as  the  expenditure  of  potential  energy  in  the  production 
of  an  equal  amount  of  actual  energy,  and  vice  versa, 

552.  The  eomterwrnamn  of  Baergr  ia  Tarlc4  Oloclon  is  a  fact  or 

principle  expressed  by  combining  the  Theorems  IL  and  ILL  of 
Article  549  with  the  definition  of  stored  and  restored  energy  of 
Article  550,  and  may  be  stated  as  follows : — in  amy  interval  o/Hme 
during  a  bodies  motion,  the  potenticd  energy  exerted,  added  to  the 
energy  restored,  is  equal  to  the  energy  stored  added  to  the  work  per- 
fwfMd,  This  principle,  expressed  in  the  form  of  a  differential 
equation,  is  as  follows : — 

rds Ec;«  =  0; (1.) 

which  includes  equations  3  and  6  of  Article  549;  and  in  the  fona 
of  an  integral  equation, 

/P^,_2^M=^_|K^,=0 (2.) 

553.  Periodical  iiiotioa. — If  a  body  moves  in  such  a  maimer  that 
it  periodically  returns  to  its  original  velocity,  then  at  the  end  of 
each  period,  the  entire  variation  of  its  actual  energy  is  nothing; 
and  in  each  such  period  the  whole  potential  energy  exerted  is  equal 
to  the  whole  work  performed,  exactly  as  in  the  case  of  a  body 
moving  uniformly  (Article  518). 

554.  ncawn«i  of  iTaiMaAaeed  Force — From  Articles  530  and  531, 
and  from  Article  549,  it  appears  that  the  magnitude  of  an  un- 
balanced force  may  be  computed  in  two  ways,— either  from  the 
change  of  momentum  which  it  produces  by  acting  for  a  given  time, 


I 
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or  by  the  change  of  energy  which  it  prodnoeB  by  acting  along  a 
given  distance.  Both  those  ways  of  computing  are  ezprened  in  the 
following  equation : — 

p_W  ch?_W  vdv 
"  g    dt^  g  '  da' 

and  each  is  a  necessary  consequence  of  the  other ;  yet  in  former 
times  a  &llacy  prevailed  that  they  were  inconsistent  and  oontra- 
dictoiy,  and  a  bitter  controveisy  long  raged  between  their  respeo- 
tive  partizan& 

555,  Mmmrgr  dbw  tm  omi^m  F«rce. — ^It  has  already  been  stated 
in  Chapter  L  of  this  Part,  and  especially  in.  Article  520,  that  if  an 
unbalanced  force  F  acts  on  a  body  while  it  moves  through  the  dis- 
tance ds,  making  the  angle  4  with  the  directioii  of  the  foroe^  the 
product 

F  COS  0'd8 

represents  the  energy  exerted,  if  #  is  acute,  or  the  work  perfomed, 
if  tf  is  obtuse,  during  that  motion.  Kow  that  product  may  be 
treated  mathematically  in  two  ways :  eitiier  as  the  product  of  F 
cos  ^= P  (or,  as  the  case  may  be,  F  cos  («-  —  ^  =  R),  the  component 
of  the  force  along  the  direction  of  motion,  into  dsy  the  motion  j  or 
as  the  product  of  F,  the  entire  force,  into  cosi'dsy  the  component 
of  the  motion  in  the  direction  of  the  force.  The  former  method  is 
that  pursued  in  the  preceding  Articles ;  but  occasionally  the  latter 
may  be  the  more  convenient  For  example,  when  the  force  F  is 
either  directed  towards  or  from  a  central  point,  or  is  always  pe^ 
pendicular  to  a  given  sur&ce;  let  z  d^iote  the  distance  of  the  Wy 
at  any  instant  from  the  central  pointy  or  its  normal  distance  from 
the  given  snrfaca,  as  the  case  may  be ;  then 

dz:=oosB*d8 (1.) 

is  the  componenb  of  the  motion  of  the  body  in  the  direction  of  & 

The  force  F  is  to  be  treated  as  positive  or  negative  according  as 
it  tends  to  increase  or  diminish  z.  Then  if  v^,  v^  be  the  velocities 
of  the  body,  and  z^,  z^  its  distances  from  the  given  point  or  sni^ 
at  the  beginning  and  end  of  a  given  interval,  the  change  of  its 
actual  energy  in  that  interval  is 

5^=/>  «.*...=/>.., (1) 

and  if  F  is  either  constant,  or  a  function  of  z  only,  the  velocity  of 
V  varies  with  z  alone. 

This  principle,  as  applied  to  the  force  of  gravity  near  the  earth's 
surface,  has  already  been  illustrated  in  Articles  533,  534,  and  535; 
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for  in.  Hm^  case,  z  denotes  the  elevation  of  the  body  above  a  giYen 
kfvd,  Fs  — W  (beeauae  it  tends  to  dimiTiiah  a),  and  thereloTe 

-^— =  «,-;^ (3.) 

as  was  formerly  proved  by  another  process. 

556,  A  MecipPiirBriwg  Fmtm  IS  a  force  which  acts  alternately  as 
an  effort  and  as  an  eqnal  and  opposite  resistance,  according  to  the 
direction  of  motion  of  the  body.  Such  a  force  is  the  weight  of  a 
body  which  alternately  rises  and  falls ;  or  the  attraction  of  a  body 
towards  a  point  from  which  its  distance  periodicsJly  changes.  Such 
a  force  is  the  force  F  in  the  last  Article,  when  it  is  constant,  or  a 
function  of  z  only ;  and  such  is  the  elasticity  of  a  perfectly  elastic 
body.  The  work  which  a  body  performs  in  moving  against  a  reci- 
procating force  is  employed  in  increasing  its  own  potential  ^energy, 
and  is  not  lost  by  the  body. 

557.  The  T«iai  Bncvgr  of  a  body  is  the  sum  of  its  potential  and 
actual  energies.  It  is  evident,  that  if  at  each  point  of  the  course 
of  a  moving  body  its  total  energy,  or  capacity  for  performing  work, 
be  added  to  the  work  which  it  has  tdready  peiformed,  the  sum 
must  be  a  constant  quantity,  and  equal  to  the  initial  energy  which 
the  body  possessed  before  beginning  to  perform  work.  If  a  body 
performs  no  work,  its  total  energy  is  constant ;  and  the  same  is  the 
case  if  its  work  consists  only  in  moving  itself  to  a  place  wltere  its 
poienticU  energy  is  greater,  that  is,  moving  against  a  reciprocating 
force ;  and  the  increase  of  potential  energy  so  obtained  being  taken 
into  account,  balances  the  work  performed  in  obtaining  it. 

Exaarnple  1.  If  a  body  whose  weight  is  W  be  at  a  height  z^  above 
the  ground,  and  be  moving  with  the  velocity  v^  in  any  diroctioiiy 
its  initial  total  energy  relatively  to  the  ground  is 


W 


(^'+S^ (^•) 


IT* 

of  wUch  W^a^i  is  potential  axidW  ^aetuaL     Suf^weii^  the  body 

to  have  moved  without  any  resistance  except  such  as  may  arise 
fix>m  a  component  of  its  own  weight,  which  is  a  reciprocating  force, 
to  a  different  height  z^  above  the  ground,  its  total  energy  lelatrvely 
to  ili^  ground  is  now 

W 

being  the  same  in  amount  as  before,  but  differently  divided  between 
the  actual  and  potential  forms. 
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le  bodj  ia  in  tiie  act  of  paasmg  the  central  pointy  lis  poten- 
^  is  nothing,  and  ite  total  energy,  Trhich  is  now  all  actual, 
luiit  the  Bame  as  before.  Tiz. : — 


it  the  same  as  before^  Tiz. : — 

3j    "     2     ' 

the  mftTimiiTn  veloci^.  At  any  inl 
»g7,  partly  actual  and  pai-tly  potenti 

5— +  5— - -5-^  ■  on*  o* + -^  «»' 
Ig       2xi       2g  2 

s  before,  a=2rnj  n  being  tlie  nnml 
a  second.  For  the  elliptic  oacillatioii 
irgy  of  the  body  ia  at  each  instant  th 
metgy  dne  to  the  two  straight  osciU 
iscillation  is  compounded ;  and  for  a 
id  niged  towards  the  centre  by  a  de 
the  nidiuB  vector,  the  total  energy  re 
ilf  actual  and  one-half  potential,  vu. :- 
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SEcnoK  4. —  Vcmed  TrcmdcUion  of  a  System  of  Bodies, 

558.  C*mamrwwMmm0€mLmm9mmm^ — ^ThEOBBIL    The  mut/uol  OcUonS 

o/asystemqf  bodies  cannot  choTiffethdr  resultant  mom^  (Be- 

raltant  momentum  has  been  de^ed  in  Article  524.)  Eveiy  force 
IB  a  pair  of  equal  and  opposite  actions  between  a  pair  of  bodies ;  in 
any  given  interval  of  time  it  constitutes  a  pair  of  equal  and  oppo- 
site impulses  on  those  bodies,  and  produces  equal  and  opposite 
momenta.  Therefore  the  momenta  produced  in  a  system  of  bodies 
by  their  mutual  actions  neutralize  each  other,  and  have  no  result- 
ant, and  cannot  change  the  resultant  momentum  of  the  system. 

559.  noetoB  9f  Centre  ef  GwmrUf. — CoROLLART.  The  variations 
of  the  motion  of  the  centre  of  gravity  of  a  system  of  bodies  are  tohoUy 
produced  by  forces  exerted  by  bodies  external  to  ike  system;  for  the 
motion  of  the  centre  of  gravity  is  that  which,  being  multiplied  by 
the  total  mass  of  the  system,  gives  the  resultant  momentum^  and 
this  can  be  varied  by  external  forces  only. 

It  follows  that  in  all  dynamical  questions  in  which  the  mutual 
actions  of  a  certain  system  of  bodies  are  alone  considered,  the  centre 
of  gravity  of  that  system  of  bodies  may  be  correctly  treated  as  a 
point  whose  motion  is  none  or  uniform ;  because  its  motion  cannot 
be  changed  by  the  forces  under  consideration. 

560.  The  Aagalar  BionMntani,  relatively  to  a  fixed  point,  of  a 
body  having  a  motion  of  translation,  is  the  product  of  the  momen- 
tum of  the  body  into  the  perpendicular  distance  of  the  fixed  point 
from  the  line  of  direction  of  the  motion  of  the  body's  centre  of 
gravity  at  the  instant  in  question  \  and  is  obviously  equal  to  the 
product  of  the  mass  of  the  body  into  double  the  area  swept  by  the 
radius  vector  drawn  from  the  given  point  to  its  centre  of  gravity 
in  an  unit  of  time.  Let  m  be  the  mass  of  the  body,  v  its  velocity, 
I  the  length  of  the  before-mentioned  perpendicular  j  then 

mvl  = 

9 

is  the  angular  momentum  relatively  to  the  given  point. 

Angular  momenta  are  compounded  and  resolved  like  forces, 

each  angular  momentum  being  represented  by  a  line  whose  length 

is  proportional  to  the  magnitude  of  the  angular  momentum,  and 

whose  direction  is  perpendicular  to  the  plane  of  the  motion  of  the 

body  and  of  the  fixed  point,  and  such,  that  when  the  motion  of  the 

body  is  viewed  from  the  extremity  of  the  line,  the  radius  vector  of 

the  body  seems  to  have  right-handed  rotation-     The  direction  of 

such  a  line  is  called  the  aais  of  the  angular  momentum  which  it 

represents.     Hie  reiSMJiJtanl  angvlarr  TnomerUvm  of  a  system  of  bodies 

is  the  resultant  of  all  their  angular  momenta  relatively  to  their 
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resnltant  of  their  angnlar  impulses  is  nothing;  theiefoie,  the  residi- 
ant  of  the  several  variations  of  angular  momentum  produced  bj 
those  angular  impulses  is  nothing;  therefore,  the  resultant  angular 
momentmn  of  the  ^stem  is  invariable  in  amount  and  in  the  Erec- 
tion of  its  axis. — Q.  E.  D. 

This  theorem  is  sometimes  called  the  principU  of  the  conBervaium 
of  anas.  When  applied  to  a  system  consisting  of  two  bodies  only, 
it  forms  one  of  the  laws  discovered  by  Kepler,  by  observation  of 
the  motions  of  the  planets. 

In  considering  the  relative  motions  of  a  system  of  bodies  as 
depending  on  their  mutual  actions  only,  the  axis  of  angular  momen- 
tum may  be  treated  as  Sk  fixed  d/vrectionj  as  already  stated  in  Article 
348.  A  plane  perpendicular  to  the  axis  of  angular  momentom  is 
called  by  some  writers  the  iiwairiable  plcme.  The  nearest  approach 
to  an  absolutely  fixed  direction  yet  known  is  the  invariable  axis  of 
the  discovered  bodies  of  the  soliur  cfystem. 

564.  A«iMi  KMiF«y  •# a  sratm  •rBwiflK — ^Thedbek.  Theoctuol 
energy  of  a  system  o/bodies  reUsUfody  to  a  point  external  to  the  systemy 
is  the  sum  of  the  (tetual  energies  o/^  bodies  rdcUivdy  to  their  common 
centre  qfgramty,  added  to  the  actual  energy  due  to  the  motion  of  the 
mass  cfA/e  whole  system  loith  a  vdocity  equal  to  thai  ti^ich  its  centre 
(tf  gravity  hcu  relatively  to  the  extemed  point. 

Let  the  motion  of  each  of  the  bodies,  and  of  their  common  centre 
of  gravity,  relatively  to  the  external  point,  be  resolved  into  three 
rectangular  components.  Let  m  be  any  one  of  the  masses,  and  u, 
V,  w,  the  components  of  its  velocity  relatively  to  the  external  point; 
let  2  -  m  be  the  mass  of  the  whole  system,  and  Uq,  v^  Wq,  the  com- 
ponents of  the  velocity  of  its  centre  of  gravity  relatively  to  the 
external  point. 

Conceive  the  motion  of  each  of  the  bodies  to  be  resolved  into  two 
parts;  that  which  it  has  in  common  with  the  centre  of  gravity  rela- 
tively to  the  external  point,  and  that  which  it  has  rdativdy  to  the 
centre  qf  gravity.    The  component  velocities  of  the  first  part  are 

and  those  of  the  second  part 

«  —  «o  =  ^';  V  —  i7o  =  t/;  w  —  «?o  ^  «/; 

so  that  the  components  of  the  whole  motion  of  the  body  may  be 
represented  by 

u  =  fto  +  vf;  v  =  Vo  + 1/;  w  =:Wo  +  tif. 

Then  the  actual  energy  of  the  system  relatively  to  the  external 
point  is 

i  2  •  m  [(tte  +  «0*  +  («o  +  tO"  +  K  +  «0l ; 
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tbeii*  velocities  after  the  coUisioD.  The  two  bodies  form  a  system 
whose  resultant  momentum  and  internal  energy  are  each  unaltered 
by  the  collision;  but  a  certain  fraction  of  the  internal  energy 
disappears  as  yisible  motion,  and  appears  as  vibration  and  hent. 
If  the  bodies  are  equal,  similar,  and  perfectly  elastic,  that  fraction 
is  nothing. 

Let  m,,  ma,  be  the  masses  of  the  two  bodies,  and  Ui,  tit,  their 
velocities  before  the  collision,  whose  directions  should  be  indicated 
by  their  signs.  Then  the  velocity  of  their  common  centre  of  gra- 
vity is 

""""Ttr"- (1) 

nil  +  w*s 

and  this  is  not  altered  by  the  collidon;  neither  is  the  external 
energy,  whose  amoimt  is 

(«».  +  »».)  ^ (2.) 

The  iniemal  eivergy  of  the  system  of  two  bodies  is 

2 ■*■ 2 ^'^ 

When  the  bodies  strike  together,  this  actual  internal  energy  is 
expended  in  altering  the  figures  of  the  bodies  at  and  near  their 
sarfaoe  of  contact,  in  opposition  to  their  elastic  force.  So  soon  as 
the  relative  motion  of  the  bodies  has  been  thus  stopped,  the  elastic 
force  b^;ins  to  restore  their  figures,  and  drive  them  asunder;  and 
if  they  were  equal,  similar,  and  perfectly  elastic,  it  would  reproduce 
all  the  energy  of  relative  motion  given  by  the  formula  3,  so 
that  the  bodies  would  separate  with  velocities  relatively  to  their 
common  centre  of  gravity,  equal  and  opposite  to  their  original 
velocities  relatively  to  that  point ;  that  is  to  say,  with  the  velocities 

relatively  to  the  common  centre  of  gravity,  and  the  velocities 

«4  =  2u,-tti,  v,=  2wo-««, (4.) 

relatively  to  the  earth.  But  as  a  certain  proportion,  which  may  be 
denoted  by  1  —  i^,  of  the  internal  actuiu  eneigy  takes  the  forms 
of  internal  vibration  and  of  heat,  the  internal  actual  eneigy  due  to 
visible  motion  after  the  collision  is 

2  .  2  ' ^^'^ 

the  velocities  of  the  bodies,  relatively  to  their  common  centre  of 
gravity,  afl»r  the  collision,  are 
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Lei  F^  Fyy  F^  be  the  oompcMieaitB  cf  the  foxce  eztonally  applied 
to  a  point  whose  ooordinateB  are  a;,  y^  «:  Then  by  the  equality  of 
iJie  reBoltant  impulse  to  the  Tanation  of  resultant  momentain^ 


(--&}=«- {-.-0}= 


0; 


X 


{F.-»-}=0; 


...  (4.) 


and  by  the  equality  of  the  resultant  a-ngiilAr  impulse  to  the  vaiiar 
tion  of  the  r^ultant  angular  momentum. 


y(F.- 


de 


{,(,.-„^)-.(p.-„g)} 


0; 
0; 
0; 


-..(5.) 


The  use  of  those  equations  is  to  determine  the  effect  of  a  given 
system  of  external  forces  on  a  system  of  bodies  when  the  relations 
amongst  the  motions  of  those  bodies  are  known,  without  taking  into 
consideiation  the  internal  forces  acting  between  the  bodies,  which 
latter  forces  it  is  sometimes  difficult  or  impossible  to  determine  until 
the  efifects  of  the  external  forces  have  first  been  found. 

568.  DctcvmtaatiMi  •€  the  laienua  v«tcm. — ^When  the  relations 
which  exist  between  the  motion  of  the  system  as  a  whole, — that  is, 
its  resultant  momentum  and  angular  momentum, — and  the  motions 
of  the  several  bodies  of  which  it  consists,  are  fixed  by  dnematical 
principles,  then  the  motion  of  each  body  can  be  determined  when 
the  externally  applied  forces  are  known.  Then  if,  from  the  force 
externally  ctpflied  to  each  body  at  each  inetami,  there  ia  taken  aioay 
the  force  required  to  produce  the  chcmge  of  motion  of  the  body  whu^ 
tahee  place  at  that  instant,  the  remainder  nvust  he  bcUcmced  by,  and 
equal  and  opposite  to,  the  imtenud  force  acting  on  the  body  in  ques- 
tion; and  this,  which  is  the  pbtnciple  of  D'Alembebt,  serves  to 
detmnine  the  internal  forces.  Using  the  notation  of  the  last 
Article,  the  components  of  the  intermd  force  applied  to  a  given 
body  of  the  system  are 


^^^      ^ 

^^5?-^- 
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d^ 


F. 


ty 


fa 


d^ 
dt 


r-F. 


569.  BcoMhuii  Bactcnud  Forces. — K  the  resultant  external  force 
acting  through  the  centre  of  gravity  of  a  system  of  bodies  be  sup- 
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instant  in  oonunon  with  their  centre  of  graTity.  Then  if 
ces  BO  detennined  be  taken  away  from  the  forces  actnally 

to  the  several  bodies,  the  teddiutl  external  forces,  being 
ad  vith  tho  internal  foroes,  will  constitute  those  forces 
rc^iulate  the  motions  of  the  bodies  relatively  to  thdr  cotu- 
Qtro  of  gravity  considered  as  a  fixed  point 

Addekduh  to  Akticle  SGG,  pagx  £10. 

■!•>. — It  was  formerly  sapposed  that  the  disappestance  of 
after  collision  was  wholly  due  to  imperfect  elaatici^,  and 
y  two  perfectly  elastic  bodies  would  fly  asunder  after  eol- 
ith a  relative  Telocity  equal  to  their  relative  velocity  of 
:h  before  coUinon.  But  M.  de  St  Yenant  showed  that, 
(rhen  the  bodies  are  similar  and  equal,  a  certain  quantity  of 
disappears,  even  in  perfectly  elastic  boilies,  in  producing 

1  vibrntiona  of  each  body.  The  value  of  the  co-efficient  t, 
10  ratio  of  the  relative  velocity  of  the  recoil  to  that  of  the 
b,  in  the  case  of  a  pair  of  perfectly  elastic  prismatic  bars, 
;  each  other  endwise,  b  given  as  follows :  let  a^  and  a,  be 
^ths  of  the  bars ;  pj^  and  p^  their  weights  per  nnit  of  length ; 

Sj  the  velocities  of  the  transmission  of  sound  (that  is, 

itudinal  vibrations)  along  them;  let  - 
;  SjPjj  in  other  words,  let  -*  .^s::  —  am 

Ojft         *  Pi  »i  +  ] 

9  the  velooi^  of  sound,  see  Article 
fM.  de  St  Yenant  is  published  in  fui 
iOtiquM  paret  et  appliquea,  1S67 ;  and : 
Qore  dmple  of  its  results  in  The  Bagii 
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CHAPTER  nL 


BOTATIONS  OF  BIOID  BODIES. 


570.  The  MmOmm  mf  m  WUffid  Mrndft  or  of  a  body  which  sensibly 
preserves  the  same  figure,  has  already  been  shown  in  Part  III., 
Chapter  II.,  to  be  always  capable  of  being  resolved  at  each  instant 
into  a  translation  and  a  rotation;  and  by  the  aid  of  the  principles 
explained  in  Section  3  of  that  chapter,  the  component  rotiation  can 
always  be  conceived  to  take  place  about  an  axis  traversing  the 
centre  of  gravity  of  the  body,  and  to  be  combined,  if  necessary, 
with  a  translation  of  the  whole  body  in  a  curved  or  straight  path 
along  with  its  centre  of  gravity.  The  variations  of  the  momen- 
twm  of  the  translation,  whether  in  amount  or  in  direction,  are 
due  to  the  resultant  force  acting"  through  the  centre  of  gravity 
of  the  body,  and  are  exactly  the  same  with  those  of  the  momen- 
tum of  the  entire  mass  if  it  were  concentrated  at  that  centre; 
the  variations  of  the  angtdar  momentttm  of  the  rotation  are 
due  to  the  resultant  couple  which  is  combined  with  that  re- 
sultant force.  The  variations  of  actual  enerfft/  are  due  to  both 
causea 

When  the  translation  of  the  centre  of  gravity  of  a  rotating  body, 
and  its  rotation  about  an  axis  traversing  that  centre,  are  known, 
the  motion  of  every  point  in  the  body  is  determined  by  cinematical 
principles,  which  have  been  explained  in  Part  IIL,  Chapter  II., 
Section  3 ;  so  that  by  the  aid  of  D*Alembert's  principle  (Article 
568)  the  internal  forces  acting  amongst  the  parts  of  the  body  can 
be  completely  determined. 

In  the  investigations  of  questions  respecting  the  motions  of 
rigid  bodies,  there  are  certain  quantities,  lines,  and  points,  de- 
pending on  the  figures  of  the  bodies,  the  mode  of  mstribution 
of  their  masses,  and  the  way  in  which  their  motions  are  guided, 
whose  use  facilitates  the  understanding  of  the  subject  and 
the  computation  of  results,  and  which  are  related  to  each  other 
by  geometrical  principles.  These  are,  momenta  of  imartia^  radii 
of  gyraUony  momenta  of  deviation^  and  ceniree  of  percueeiori. 
Their  geometrical  relations  are  considered  in  the  rollowing  sec- 
tion. 


6li  FRINCIPLES  OF  DYNAMICS. 

Section  1. — On  Moments  o/Inertiay  Radii  ofGyraJtion^  Momaii»  of 

DevicUion,  and  Centres  of  Percussion. 

571.  The  nioHieiit  of  inotia  of  an  indefinitely  small  body,  or 
*'  physical  point,"  relatively  to  a  given  axis,  is  the  product  of  the 
mass  of  the  body,  or  of  some  quantity  proportional  to  the  maa^ 
such  as  the  weight,  into  the  square  of  its  perpendicular  distancs 
from  the  axis  :  thus  in  the  following  equation : — 

I  Wr* 

-  =  wr»  =  -^^^^, (1.) 

g  <J 

r  is  the  perpendicular  distance  of  the  mass  m,  whose  weight  is  W, 
from  a  given  axis;  and  the  moment  of  inertia,  accordi^  to  the 
unit  employed,  is  either  I,  or  I  -4-  ^;  the  former,  when  the  ujiit  is 
the  moment  of  inertia  of  an  unit  of  weight  at  the  end  of  an  arm 
whose  length  is  unity;  and  the  latter,  when  the  unit  is  the  moment 
of  inertia  of  an  unit  of  mass  at  the  end  of  the  same  arm.  For  the 
purposes  of  applied  mechanics,  the  former  is  the  more  convenieni 
unit)  and  will  be  employed  in  this  treatiae. 

By  an  extension  of  the  term  '^  moment  of  inertia^**  it  is  applied 
to  the  product  of  any  quantity,  such  as  a  volume,  or  an  area,  into 
the  square  of  the  distance  of  the  point  to  which  that  quantity 
relates  from  a  given  axis,  as  has  already  been  exemplified  in  Artide 
95,  and  in  the  theory  of  resistance  to  bending ;  but  in  the  remainder 
of  this  treatise  the  term  will  be  used  in  its  strict  sense,  and  accoid- 
ing  to  the  unit  of  measure  already  specified;  that  is»  in  Biitiah 
measures,  moment  of  inertia  wiU  be  expressed  by  the  product  of  a 
certain  number  of  foumda  (wovrdupois  into  the  square  of  a  certain 
number  oifeeL 

The  geometrical  relations  amongst  moments  of  inertia^  to  whidi 
the  present  section  refers,  are  independent  of  the  unit  of  measnrei 

d72.   The  aiMMcat  ^r  ImmIr  •£  «  nrumm  mt  Physical  P^tetn  rdft- 

iively  to  a  given  axis,  is  the  sum  of  the  moments  of  inertia  of  tbe 
several  points  ^  that  is, 

I  =  a»  •  W  r" (1.) 


£f7&  The  Mmmmm  of  laeviia  of  a  Blgld  Badf  is  the  sum  of  ifo 

moments  of  inertia  of  all  its  parts,  and  is  found  by  integration;  that 
is,  by  conceiving  the  body  to  be  divided  into  small  parts  of  regular 
figure,  multiplying  the  mass  of  each  of  those  parts  into  the  sqoaie 
of  the  distance  of  its  centre  of  gravity  from  the  axis,  adding  tbe 
products  together,  and  finding  the  value  towards  which  their  sun 
converges  when  the  size  of  the  small  parts  is  indefinitely  diminished. 
For  example,  let  the  body  be  conceived  to  be  built  up  of  rectangular 
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moleonlesy  whose  dimenaioiis  are  dx,  dy,  and  d  z,  the  volume  of 
each  dxdydz,  and  the  mass  of  muty  of  Tolnme  10.     Then 


l=ffff^w'dmdydz (1.) 


Hence  follows  the  general  principle  which  will  afiterwaids  be 
illustrated  in  special  cases,  that  propositions  relative  to  the  geome- 
trical relations  amongst  the  moments  of  inertia  of  systems  of  points 
are  made  applicable  to  contrnuons  bodies  by  sabstitating  integration 

for  ordinary  snmmation;  that  iS|  for  eocampley  by  patting  /  /  / 

for  2,  and  to  *  dxdy  dzforW. 

574.  The  BadfaM  •TCiyntiMiQf  abodyabontagiTenaadsisthat 
length  whose  sqnaie  is  the  mean  o/aU  the  tipuurm  of  the  distances 
of  &e  indefinitely  small  equal  particles  of  the  body  from  the  axis^ 
and  is  found  by  dividing  the  moment  of  inertia  by  the  mass,  thus. 


.(1.) 


When  symbols  of  integratioin  are  used,  this  becomes 

I  I  I  f^w  dxdy  dz 

e = -i-i-r W 

/  /  /  to  ' dxdydz 

C7B,  Cmmpmumtm  mf  nvmtmi  mf  laeitte. — Let  the  positions  of  the 

particles  of  a  body  be  refeired  to  three  rectangular  axes,  one  of 
which,  0  X,  is  that  about  which  the  moment  of  inertia  is  to  be 
taken.     Then  the  square  of  the  radius  vector  of  any  particle  is 

f^^f^  +  S?; 

so  that  the  moment  of  inertia  round  the  axis  of  « is 

I,=:arWy>+aW  «^; (1.) 

ihat  is  to  say,  the  fnomerU  of  inertia  of  a  body  round  a  given  axis 
may  hefourid  by  adding  together  the  sum  of  the  products  of  the  maeses 
qfihepartideSj  each  muUtpUed  by  the  eqaofre  of  each  of  its  distances 
from  a  pair  of  planes  cttUing  eadi  other  at  right  cmgUs  in  Hye  given 
axis. 

In  the  same  manner  it  may  be  shown  that  the  moments  of 
inertia  of  the  same  body  round  the  other  two  axes  are  given  by  the 
equations 

I,=siWa^+aW»«;  !,=  x  •  Wa^+ 1  •  Wy"...(a) 


I 


6  momaU  <if  iner^ 
tomnU  qf  iitatia  a 
tlltl  to  ^  given  aa 
aasia  due  to  ihewhi 

yen  axis  for  1^  a 
ight  aogles  to  eacl 
n  tiie  preceding  Ai 
I,  =  1  •  W  s 
le  perpendicular  di 
the  two  co-ordica' 
is  to  traverse  that 
t  two  co-ordinate 
ines  traverse  th&t 
distances  of  a  gii 
!.     Then 

y  =  y<,  +  ^; 


3- Wy  +  Sajj' 

'  and  s!  are  the  d 
centre  of  gravity  ol 
3-Ws«'  =  0; 
Ing  equation  is  redi 
I,  =  (yS  +  aJ)3-W 

8  the  tiieorem  to  bi 
n  may  be  more  bi 
mt  of  inertia  of  a 
ity  in  any  given  i 
ame  body  about  an 
listance  r^;  then 

propoEdtion  for  sd 

9orem  T. 

L  The  radius  of  g 
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axis  is  equ&l  to  the  hypotenuse  of  a  right-angled  triangle,  of  "which 
the  two  legs  are  respectively  equal  to  the  radius  of  gyration  of  the 
body  about  an  axis  traversing  the  centre  of  gravity  parallel  to  the 
given  axis  {^^,  and  to  the  perpendicular  distance  between  these  two 
axes  (r^.     That  is  to  say, 

e'  =  rj  +  e! (3.) 

CoBOLLABY  II.  The  moment  of  inertia  of  a  bodv  about  an  axis 
traversing  its  centre  of  gravity  in  a  given  direction,  is  less  than  the 
moment  of  inertia  of  the  same  body  about  any  other  axis  parallel 
to  the  first 

OoBOLLABT  IIL  The  moments  of  inertia  of  a  body  about  all 
axes  parallel  to  each  other,  which  lie  at  equal  distances  from  its 
centre  of  gravity,  are  equal. 

577.  GoBibtaed  Hanents  of  laertla. — ThEOBEH.     The  Combined 

moTnent  of  inertia  of  a  rigidly  connected  system  of  bodies  about  a 
gvoen  asds,  is  eqwd  to  the  combined  moment  qfinertia  which  the  sys- 
tem tootdd  have  about  the  gw>en  cuds,  ifecuh  body  were  concentrated 
at  its  oum  cen^e  o/gramtyy  added  to  ^  sum  of  the  several  moments 
qfinertia  of  the  bodies,  about  axes  tra/versing  their  respective  centres 
o/ gravity,  paraUd  to  the  given  aads. 

Let  W  now  denote  the  mass  of  one  ofihe  bodies,  \  its  moment 
of  inertia  about  an  axis  traversing  its  own  centre  of  gravity  parallel 
to  the  given  common  axis;,  and  r^  the  distance  of  its  centre  of  gravity 
from  that  common  axis.  Then  the  moment  of  inertia  of  that  body 
about  the  common  axis,  according  to  Article  576,  equation  2,  is 

I  =  WrJ  +  I^ 

Consequently,  the  combined  moment  of  inertia  of  the  Efystem  of 
bodies  is 

2l  =  2-WrJ+2l,; (1.) 

— Q.E.D. 

578.  Exaniples  of  TIKmmemiM  •€  Inertia  ud  RadU  of  OymtiaB  of 

Homogeneous  bodies  of  some  of  the  more  simple  and  ordinary 
figures,  are  given  in  the  following  tablea  In  each  case,  the  axis  is 
supposed  to  traverse  the  centre  of  grcmty  of  the  body;  for  the 
principles  of  Article  576  enable  any  other  case  to  be  easily  solved 
The  axes  are  also  supposed,  in  each  case,  to  be  axes  of  symmetry  of 
the  figure  of  the  body.  In  subsequent  Articles,  it  will  be  shown 
what  relations  exist  between  the  moments  of  inertia  of  the  same 
body  about  axes  traversing  it  in  different  directiona 

The  column  headed  W  gives  the  mass  of  the  body;  that 
beaded  I^  gives  the  moment  of  inertia;  that  headed  (J,  the  square 
of  the  radius  of  gyration.  The  mass  of  an  unit  of  volimie  is  in 
each  case  denoted  by  w. 


1  of  nrolntlon — 
ein[-4xi>  0,  eqiu- 

d — nmi-axce,  a, 

il  ihen— cxtanul 


■  cylinder— lengtli 
ajnodM--lengUi 


ciTcnlai  (^Uadsr— 
.  So,  sxlarMl  ~~ 
,  intemil  f',  ..i 


1  cyllndBT— length 


rdrenlMCTllndBf- 
1  2a,  externel  r» 
■,  tntenudr',..^.. 


Azli,Sa 
Asia,  3a 
DUgoiul,  3h 


8n<r'-t^    |ifi*-^l 


2rwie 
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579.    MiMMf  •r  lB«Mia  JiMHid  IbT  ^iTialMi   wmA 

Efcffh  of  the  solids  mentioiied  in  tlie  table  of  the  preceding  ArtiGle 
can  be  divided  into  two  equal  and  symmetrical  halves  by  a  plane 
perpendicular  to  the  axis.  Tbe  radius  of  gyration  of  each  of  those 
lialves  is  the  same  with  that  of  the  original  solid.  Each  of  the 
solids  can  also  be  divided  into  four  equal  and  symmetrical  wedges 
or  sectors  by  planes  traversing  the  axis;  and  those  which  are  solids 
of  revolution  can  be  divided  into  an  unlimited  number  of  such 
wedges  or  sectors.  Tlie  radius  of  gyration  of  each  such  sector  about 
ilie  original  axis,  which  forms  its  edge,  is  the  same  with  that  of 
liie  original  solid. 

To  find  the  radius  of  gyration  of  any  such  sector  about  an  axis 
puaUel  to  its  edge,  the  original  axis,  and  traversing  the  centre  of 
gravity  of  the  sector,  let  9*0  be  the  distance  of  that  centre  of  gravity 
from  ^e  original  axis,  <o  the  radius  of  gyration  of  the  original  solid, 
and  /o  ^o  radius  of  gyration  of  the  sector  about  the  new  axis  in 
question;  then  from  Article  576,  equation  3,  it  follows  that 

<'o  =  eo""^ (^0 

Example,  In  case  15  of  Article  578,  the  square  of  the  radius  of 

gyration  of  a  rhombic  prism  about  its 

.  6'  +  c 

longitudinal  axis  is  found  to  be  — ^ , 

h  and  e  being  the  two  semi-diagonala 
Let  Gg.  238  represent  such  a  prism, 
and  let  A  be  one  end  of  its  longitu- 
dinal axis,  and  BAB  =  26,  UXC=  ^*  ^^ 
2  c,  its  two  diagonals.  Divide  the  piism  into  four  equal  right- 
angled  triangular  prisms  by  two  planes  traversing  the  diagonals 
and  the  longitudinal  axis ;  the  radius  of  gyration  of  each  of  those 
podsms  about  that  axis  is  the  same  with  that  of  the  original  prism. 
Bisect  BC  in  D,  and  join  AD,  in  which  take  ro  =  AE  =  |  AD  = 

J  BC=  ^^-5 — ;  then  E  is  the  extremity  of  a  longitudinal  axis 
3 

tBaversing  the  centre  of  gravity  of  the  triangular  prism  ABC,  and 
the  radius  of  gyration  of  that  prism  about  that  new  axis  is  given 
Iff  the  equation 

..«.    ^Jl±l_^±^^E±l        (2.) 

560.  TIf wii  mf  laertia  l^mid  l»7  TraasformatloB* — The  moment 

of  inertia  and  radius  of  gyra^tion  of  a  body  about  a  given  axis  are 
not  changed  by  any  transformation  of  its  figure  which  can  be 
effected  by  shifting  its  particles  parallel  to  the  given  axis;  imd  the 


620 


PBOrCIPIiES  OF  DTNAJaCS. 


radius  of  gyration  is  not  altered  hj  altering  the  dimensions  of  tlie 
body  parallel  to  the  axis  in  a  constant  ratio ;  for  example,  in  cases 
1  and  2  of  Article  578,  the  radius  of  gyration  of  a  spheroid  about 
its  polar  axis  is  the  same  with  that  of  a  sphere  of  the  same  equi^ 
torial  radius. 

If  the  dimensions  of  a  body  in  all  directions  transverse  to  the 
axis  are  altered  in  a  constant  ratio^  the  radius  of  gyration  is  altored 
in  the  same  ratio. 

If  the  dimensions  of  a  body  transverse  to  its  axis,  in  two  direc- 
tions perpendicular  to  each  other,  are  altered  in  difierent  ratios ; 
for  example,  if  the  dimensions  denoted  by  y  are  altered  in  the  ratio 
m,  and  the  dimensions  denoted  by  « in  the  ratio  n,  then  the  radius 
of  gyration  e  of  the  original  body  is  to  be  conceived  as  the  hypo- 
tenuse of  a  right-angled  triangle  whose  sides  are^  v  parallel  to  y, 
and  ^  parallel  to  z,  and  are  given  by  the  equations 


f  = 


Ws" 


W 


.(I.) 


and  the  radius  of  gyration  /  of  the  transformed  body  nill  be  the 
hypotenuse  of  a  new  right-angled  tiiangle  whose  sides  are  m  «  and 
n  (;  that  is  to  say, 


e'«  =  m»ii«  +  nV. 


(2.) 

This  method  may  be  exemplified  by  deducing  the  radius  of  gyration 
of  an  ellipsoid  about  any  one  of  its  axes  (Article  578,  case  3)  from 
that  of  a  sphere  (ib,,  case  1). 

581.  The  centre  of  p«rc«Mt«M  of  a  body,  for  a  given  axis^  ia  a 
point  so  situated,  that  if  part  of  the  mass  of  the  t)ody  were  concen- 
trated at  that  point,  and  the  remainder  at  the  point  directly  oppo- 
site in  the  given  axis^  the  statical  moment  of  ihe  weight  so  distri- 
buted (Article  42),  and  its  moment  of 
inertia  about  the  given  axis,  would  be 
the  same  as  those  of  the  actual  body 
in  every  position  of  the  body. 

In  f^.  239  let  XX  be  the  givoi 
axis,  and  G  the  centre  of  gravity  of 
the  body.  It  is  evident,  in  the  first 
place,  that  the  centre  of  percussion 
must  be  somewhere  in  the  perpendi- 
cular C  G  B  let  fall  from  the  centre  of 
gravity  on  the  given  axis.  Secondly, 
in  order  that  the  statical  moment  of 
the  whole  mass,  concentrated  partly  at 
C,  and  partly  at  the  centre  of  percos- 


ng.  239. 


sion  B  (still  unknown),  may  be  the  same  with  that  of  the  actual 
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hodjf  the  centre  of  gravity  must  be  unaltered  by  that  concen- 
tration of  mass ;  that  is  to  say^  the  masses  concentrated  at  B  and 
C  must  be  inversely  as  the  distances  of  those  points  from  G. 
Hence  denoting  the  weights  of  those  masses  by  the  letters  B  and 
C  respectively^  and  the  weight  of  the  whole  body  by  W,  we  have 
the  proportion 

W  :  C  :  B  :  :  BO  :  GB  :  GO (1.) 

Lastly,  in  order  that  the  moment  of  inertia  of  the  mass  as  supposed 
to  be  concentrated  at  B  and  0,  about  the  axis  X  X,  may  be  the 
same  with  that  of  the  actual  body,  we  must  have 

B-B^  =  We'  =  W(e!  +  »-J) (2.) 

where  ro=:  G  0,  and  ^o  ^  the  radius  of  gyration  of  the  body  about 
an  axis  parallel  to  X  X  and  traversing  G ;  and  substituting  for  B 

its  value  from  equation  1,  viz.,  B  =  Wr©  -r-  B  C,  we  find,  for  the  dis- 
tance of  the  centre  of  percussion  from  the  axis, 

BC  =  -?-'  =  -^'+ro; (3.) 

and  for  its  distance  from  the  centre  of  gravity, 

GB  =  BO  —  ro  =  ^ (4.) 

The  last  equation  may  also  be  expressed  in  the  form 

GB  •  GO  =  eJ; (5.) 

which  preserves  the  same  value  when  GB  and  GO  are  inter- 
changed ;  thus  showing,  that  if  a  new  axis  parallel  to  the  original 
axis  XX  be  made  to  traverse  the  original  centre  of  percussion,  the 
new  centre  of  percussion  is  the  point  0  in  the  original  axis. 

The  proportion  in  which  the  mass  of  the  body  is  to  be  considered 
as  distributed  between  B  and  0  takes  the  following  form,  when 
each  of  the  last  three  terms  of  the  proportion  1  is  multiplied  by 

ro  =  GO:— 

W  :  0  :  B  :  :  eJ  +  rJ  :  «J  :  ^ .(6.) 

The  preceding  solution  is  represented  by  the  following  geometrical 
construction: — Draw  GD  J- 0 G  and  =eoi  i^^  CD,  perpendicu- 
lar to  which  draw  D  B  cutting  0  G  produced  in  B ;  this  point  ia 
the  centre  of  percussion. 

Also,  0  D  =  e>  the  radiufi  of  gyration  about  X  X ;  and  I)  B  is  the 
radius  of  gyration  about  an  axis  traversing  B  parallel  to  XX 


?^    ^    ^  ' 


!E  be  taken: 
ON  of  the  bod^ 

TC  CMtFn  aT  rerrmmtajt  esisU  when  the  axts  tr»v«ne9  tiw 
centre  of  gravity  of  the  body.     Ic  tiiat  case, 
i    the  Btatictd  moment  of  the  body  is  nothing ; 
and  an  equal  masa,  concentrated  and  ani- 
I     S»^  I  formly  diatribnted  round  the  circle  BBB, 

1^"^       J  whose  radius  is  ^  the  radius  of  gyration,  or 

\,^jC  at  a  Bet  of  Hymmetrically  arranged  points  in 

fte.  !iO  ''^^^  circle,  has  the  same  moment  o(  inertia 

with  the  actual  body. 

HmmtM*  mt  laenlB  abnU  IxIfaMd  Ai«. — The  object  of  the 

:  Article  and  the  remaining  Articles  of  this  section  is  to 
be  relations  which  exist  amongst  the  momenta  of  inertia  of 
about  axes  txavendng  a  fixed  point  in  it  in  different  direo- 
The  mathematical  processes  which  it  is  necessary  to  emplof 
t  purpose,  though  not  very  abstruse,  are  somewhat  complex; 
3  reaaer  who  wisheB  to  study  the  more  simple  parts  id  the 
only,  may  take  the  conclusions  for  granted. 
as  already  been  shown  in  Article  575  tltat  the  moment  of 
of  a  body  about  a  given  axis  denoted  hy  x,a  ^ven  by  the 

I,  =  Sy'4.Sj?; (1.) 

:h,  for  the  sake  of  brevity,  i  -  W  has  been  replaced  by  the 
mnbol  8,     The  fixed  point  being  the  origin  of  eo-ordinates, 

be  the  sum  of  the  products  of  the  weigl  '     '       '        '^"'" 
e  square  of  its  distance  &om  that  poinl 
ident  of  the  directions  of  the  axis.     Then 

the  moments  of  inei-tia  of  the  body  reUt 
X  axes  may  be  expressed  as  follows : — 

I,  =  SR»-Sa!';  I^^SE'-Sy';  t  =  SB 

r,  let  the  three  sums  of  the  weights  of  tl 
ach  multiplied  by  the  product  of  a  pair  i 
expressed: — 

Sya;  Sax;  8xy , 

will  be  called  mOTitenls  of  deviation. 
,  let  three  new  rectangoUr  axes  of  coh 
/,  «*,  traverse  the  same  fixed  point  in 
vhioh  Qiey  make  with  the  original  axes  bt 


" 
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.'^.  .V.  /^. 


(*•) 


Then  for  any  given  particle,  the  new  co-ordinates  are  thus  expressed 
in  terms  of  the  oiigmal  co-ordinates : — 

al  =i»'O08xaf  +  y  •cosya/  +  «  -cos^x', (o.) 

and  analogous  equations  for  1/  and  2^;  and  the  original  co-ordinates 
are  thus  expressed  in  terms  of  the  new  co-ordinates  : — 

a5  =  iB''C08aja^  +  y*cosa:3/  +  a''cos«a';  &c. (6.) 

The  nine  angles  of  equation  4  are  connected  by  the  relations  : — ^that 
the  sum  of  the  squares  of  the  cosines  of  any  three  angles  in  one 
line,  or  in  one  column,  is  unity ;  for  example, 

cos'osay +  cos*a;y'  +  cos'rc*'  =  1; (7.) 

and  that  the  sum  of  the  three  products  of  the  pairs  of  cosines  of 
the  angles  in  a  pair  of  lines,  or  a  pair  of  colunms,  is  nothing ;  for 
example, 

eos  ya/  'COS  «aj'  +  co8  yy'*cos  «y'+cos  yz  •  cos  zz'  =  0....(8.) 

A  relation  deduced  from  the  preceding  is  this,  that  the  cosine  of 
each  angle  is  eqiial  to  the  difference  between  the  binary  products 
of  the  cosines  of  the  four  angles,  which  are  neither  in  the  same  line 
nor  in  the  same  column  with  the  first,  these  binary  products  being 
taOasD.  diagonally ;  for  example, 

A  A  A  A  A  ,^. 

COS  a;a^  =  ooayy^  'co^zai  —  cosy  2^  *cos2;yf (9.) 

and  similarly  for  the  other  cosines. 

Now,  if  for  the  new  co-ordinates  of,  y',  sf,  in  the  six  integrals, 

SaT*,  Sy^,  S«^,  Sy^aT,  S*'*',  So^'y', 

there  are  substituted  their  values  in  terms  of  the  original  co-ordi- 
nates, as  given  by  equation  5  for  (c",  and  analogous  equations  for 
y'  and  s^,  there  are  obtained  the  six  expressions  for  those  integrals 
relatively  to  the  new  axes,  in  terms  of  the  integrals  relatively  to  the 
original  axes,  and  of  th^  cosines  of  the  nine  angles  between  the 
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«  A  A  ^« 

^ Xi  y  =  C08  X  Xi '  G  xy  +  COB  y  Xi '  o  y  +  COB z  Xi '  B  y  z; 

S  jTi «  =  COS  a?  a^  •  S  «  «  +  cob  yxi'Syz  +  cos  «  a^^  •  S  ar. 

Subtractiiig  the  equations  2  and  2  A  from  these,  we  find  the  fol- 
lowing equations : — 

cos  xXi{Ba?-'Bos[)  +  coByXi'Sxy-^coBZXi'Bzx  =  0; 
coBxXi  •Sa;y  +  cosyai"(S^  — Sa:J)  +  cos;&a5i  •Sy«  =  0;  }-(3.) 

cos  a?  Xi  •  S  «  «  +  cos  y  aJi  •  S  y  «  +  cos  «  «i  (S  «"  —  S  aj)  =  0. 

The  elimination  of  the  three  cosines  from  these  three  equations 
leads  to  the  following  cubic  equation  : — 

(S«J)'--^(SO'  +  B-Sa^-C  =  0> (1) 

in  which  the  co-efficients  have  the  following  values  : — 

A  =  Sa^+Sy«+S«'  =  SR»; 
B  =  Sy«-S«^  +  S*«-Saj'+Sa:»-Sy» 

—  {Qyzy  —  {Qzxy-(Sxyy;  \{5.) 

C  =  Saj'-S3r-Sa»  +  2Sy«-S«aj-S«y 
—  S  aj»  •  (S  y  «y  —  S  y«  •  (S  2  a)"  —  S  ««  (S  a;  y)l 

It  is  evident  that  A  is  always  positive.   By  considering  the  terms 
of  which  B  is  composed,  it  can  be  shown  that  it  is  equivalent  to 

S(ya^-«yO"  +  S(«aJ'-a:«0*+  S  {xtZ-yaTf; 

^3  tfy  ^9  ^f  Vy  ^9  l)oing  the  co-ordinates  of  a  pawr  of  different  particles, 
and  the  particles  being  taken  in  pairs  in  every  possible  way;  and 
by  considering  the  terms  of  which  C  is  made  up,  it  can  be  dbowu 
to  be  equivalent  to 

S(a;y«"  +  a^y«  +  a;"ya'  —  ay"*'  —  a'y'aj  —  a/y  sTf; 

in  which  the  letters  without  accents,  with  one  accent,  and  with 
two  accents,  denote  the  co-ordinates  of  a  set  of  three  different 
particles,  and  the  particles  are  taken  in  triplets  in  every  possible 
way.  Hence  B  and  C,  being  both  sums  of  squares,  are  positive,  as 
well  as  A ;  and  the  cubic  equation  4  has  three  real  positive  roots, 
corresponding  to  the  three  rectangular  axes  which  satisfy  the  con- 
ditions of  equation  1.    These  roots  are  the  values  of  S  a^  S  yj,  S  2$; 
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Let  ctyh,  Cjhe  the  three  semi-axes  of  an  ellipsoid,  and  a  its  semi* 
diameter  in  any  direction  which  makes  the  angles  »,  fi,  y,  with 
those  semi-axes.     Then  it  is  well  known  that 

1   cos* »    ,    cos'  /8         cos'  y  .    ^ 

7  "■  IT  "^  ~~^  ■*"  ~?~' ' ^^^ 

and  by  comparing  this  with  equation  3  it  is  made  evident,  that  if 
an  ellipsoid  be  constructed  whose  semi-axes  are  in  direction  the 
principal  axes  of  the'  body  at  a  given  point,  and  represent  in  magni- 
tude the  reciprocals  of  the  square  roots  of  the  moments  of  inertia 
about  those  axes  respectively,  as  shown  by  the  equations 

then  will  the  reciprocal  of  the  square  of  the  semidiameter  of  that 
ellipsoid  in  any  direction  represent  the  moment  of  inertia  about  an 
axis  traversing  the  origin  in  that  direction^  as  expressed  by  the 
equation 

^=? («•) 

Suoii  an  eDipeoid,  when  described  about  the  centre  of  gravity  of  the 
body  as  a  centre,  is  called  by  M.  Poinsot  the  central  Mipaoid. 

Jf  Ii,  Ij,  Is,  be  ranged  in  their  order  of  magnitude,  it  is  evident 
that  the  greatest  of  them,  I^,  is  the  greatest  moment  of  inertia  of 
the  body  about  any  axis  traversing  the  fixed  point ;  that  the  least, 
I^  is  the  least  moment  of  inertia  about  any  such  axis;  and  that  the 
intermediate  principal  moment  of  inertia,  I^  is  the  least  moment 
of  inertia  about  any  axis  traversing  the  fixed  point  perpendicular 
to  the  axis  of  Ig,  and  the  greatest  moment  of  inertia  about  any  axis 
traversing  the  fixed  point  perpendicular  to  the  axis  of  Ii. 

Should  two  of  the  principal  moments  of  inertia  be  equal,  as 
Is  =  I|,  the  ellipsoid  becomes  a  spheroid  of  revolution :  all  the  mo- 
ments of  inertia  about  axes  traversing  the  fixed  point  in  the  plane 
of  the  axes  of  I9  and  Is  are  equal;  and  the  moments  of  inertia  about 
all  axes  traversing  the  fixed  point  and  equally  inclined  to  the  axis 
of  Ii  are  equal     In  this  case  equation  3  becomes 

I  =  Ii  oofiZ*  »  -I-  1. 8in«  » (7.) 

If  all  three  piindiial  moments  of  inertia  are  equal,  the  ellipsoid 
becomes  a  sphere,  and  the  moments  of  inertia  are  equal  about  all 
axes  traversing  the  fixed  point. 

Suppose  the  fixed  point  in  the  fixst  place  to  be  the  centre  of 
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and  siinilar  equations,  mtUalia  m/utcmdia,  for  Bzqd,  Bxy;  from 
which,  by  the  aid  of  relations  amongst  the  direction  cosines 
already  stated  in  Article  583,  the  following  Talue  is  found  for  the 
resultant  moment  of  deviation  about  one  of  the  new  axes,  such 
as  x: — 


K,  =  ^ [ij  cos'  aa?!  + 11  cos" ayj  +  II  cos*  xzi 
—  (Ii  COS*  xxi  +  lf  cos"  a;  yi  +  Ij  cos"  x  «i)'j ; 

=  ^{iJcos'aari  +  IJ  •  co8"ayi  +  I|cos'a?«x-Il} 


.-.(3.) 


This  equation,  expressed  in  terms  of  the  axes  of  the  ellipsoid  of 
inertia,  becomes  as  foUows : — 

Via  5*  c*  **  J 

but  the  positive  part  of  this  expression  is  well  known  to  be  the 

value  of  -J— ^  where  n  represents  the  normal  let  fJeJl  from  the  centre 

of  the  ellipsoid  of  inertia  upon  a  plane  which  touches  the  ellipsoid 
at  the  point  where  it  is  cut  by  the  new  axis  x.     Hence 


in  which  it  is  to  be  observed,  that  J^  —  n*  represents  the  length  of 
ike  Umgeni  to  the  ellipsoid,  from  the  point  of  contact  to  the  foot  of 
the  normal     Also^  let  ^  be  the  angle  between  the  noimal  n  and 

the  semidiameter  s;  then  Js^^n* :  n  =  tan  ^,  and 

K.  =  I,tan^ (6.) 

Sectiok  2. — On  Uniform  Hotation, 


587.  The  HmaeBum  of  a  body  rotating  about  its  centre  of  gravity 
is  nothing,  according  to  the  principle  of  Article  524.  As  every 
moidon  <^  a  rigid  body  can  be  resolved  into  a  translation,  and  a 
rotation  about  its  centre  of  gravity,  the  rotation  will  be  supposed 
to  take  place  about  the  centre  of  gravity  of  the  body  throughout 
this  section. 

588.  The  Aagaiar  JOLmmMmtmrn  is  foimd  in  the  following  manner : — 
Let  X  denote  the  axis  of  rotation,  and  y  and  z  any  two  axes  fixed 
in  the  body,  perpendicular  to  it  and  to  each  other.     Let  a  be  the 

2m 
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inH  represent  in  direction  the  axisy  and  in  length  the  magnitude^ 
of  the  resultant  angular  momentum. 

It  follows  that  die  cueis  qfcmffular  momenium  of  a  rotcUing  body 
da»  no^  coincide  with  the  axis  o/rotaiiony  wrden  thai  axis  is  an  axia 
qftnertia/  in  which  case  the  moments  of  deviation  are  each  equal  to 
nothing,  and  the  resultant  angular  momentum  is  simply  the  produei 
cfthe  moment  of  inertia  aibout  the  oxw  o/rotaUon  into  the  a/ngular 
vetodty,  divided  by  g. 

Now  let  the  axes  of  inertia  he  taken  for  axes  of  oo-ordinatesy  and 
let  the  axis  of  rotation  make  with  them  the  angles  »,  fi,  y.  Besolve 
the  angular  velocity  a  about  that  axis  into  three  components  about 
the  axes  of  inertia 

a  cos  « ;  a  cos  jS ;  a  cos  y ; 

then  the  angular  momenta  due  to  those  three  components  are 
respectively 

a.  a  -  a. 

-  L  COB  «  :  -  L  cos  /8;  -  la  cos  y  : 

9  9  9 

the  resultant  angular  momentum  is 

A=--  ^/[IJ  cos*  *  +  IJ  cos"  /3  +  II  cos*  y]; (2.) 

if 

and  the  axis  of  angular  momentum  makes  with  the  axes  of  inertia 
the  angles  whose  cosines  are 

a  Ii  cos  »    a  1,008/8    a  Igcoe  y  ,^ . 

9^      '       9^     '       9^     ^   -^ 

Now,  as  already  shown  in  Article  586^  the  quantity  whose  square 
root  is  extracted  in  equation  2  is  the  reciprocal  of  the  product  of 
the  squares  of  the  semidiameter  and  normal  of  the  ellipsoid  of 
inertia;  and  by  inspecting  the  equations  of  Article  586,  it  is 
evident,  that  the  square  root  itself,  in  equation  2  of  this  Article,  is 
the  residtant  of  the  moment  of  inertia  and  moment  of  deviation 
proper  to  the  axis  of  rotation;  so  that  equation  2  may  be  expressed 
in  the  following  form : — 

A  =  -^=?V(i'  +  K"); • (^') 

gna      g*^  ^  ^'  ^  ^ 

n  being,  as  before,  the  normal,  and  8  the  semidiameter  of  the 
elHpsoid  of  inertia  at  the  point  cut  by  the  axis  of  rotation;  for 
which  the  moments  of  inertia  and  of  deviation  are  I  and  £L 

Further,  the  direction  cosines  of  the  axis  of  angular  momentum, 
in  the  formula  3,  which  may  otherwise  be  expressed  as  follows : — 
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centre  of  giayity,  being  the  sum  of  the  masses  of  its  particles^  each 
multiplied  into  one-half  of  the  square  of  its  velocily,  is  fonnd  as 
foUows : — a  being  the  angular  velocity  of  rotation,  the  linear  velo- 
city of  any  partide  whose  distance  from  the  axis  of  rotation  is  r,  is 

V  =  ar; 


(1) 


and  the  actual  energy  of  that  partide,  its  weight  being  W,  is 

W^  _  WaV 
2g    "     2g    ' 

being  the  mameni  of  inertia  of  the  partide  multiplied  by  ^.    Hence 
for  the  whole  body  the  actual  energy  of  rotation  is 

E  =  i^' <2.) 

that  is  to  say,  cictual  energy  bears  the  same  rdoHon  to  cmgular  vdo- 
city  cmd  moment  ofinertiia  that  it  does  to  linetvr  vdocity  cmd  toeight 

Befening  again  to  fig.  241,  it  appears  that  the  actual  energy  of 
rotation  is  proportional  to 

'^  (3.) 


2g'0R* 

Conceive,  as  in  the  last  Article,  the  angular  vdodty  a  to  be  re- 
solved into  three  components  about  the  three  axes  of  inertia 
respectivdy,  viz. : — 

a  cos  «,  a  cos  /9,  a  coe  y; 

then  the  quantities  of  actual  energy  due  to  those  three  component 
rotations  are 

g* I,  cos*  »    a^ Ig cos* /3    o'ljcos'y  ..  v 

2g       '        2g       ''        2g       ^ '"'^^'^ 

which  being  added  together,  reproduce  the  amount  of  actual  eneigy 
given  in  formula  2;  showing  thistt  the  actual  energy  of  rotation  about 
a  given  axis  is  the  srnn  of  the  actual  energies  due  to  the  oom^ponents  of 
that  rotation  about  the  ih/ree  aaces  ofim/ertia, 

590.  Free  Boiati«M  is  that  of  a  body  turning  about  its  centre  of 
gravity  under  no  force.  The  prindples  of  the  conservation  of 
angular  momentum  (Article  563),  and  of  the  conservation  of  in- 
ternal energy  (Article  565),  oeing  applied  to  free  rotation,  show 
that  it  is  governed  by  the  following  laws :— > 
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and  t^  kDgi^  and  diieotion  of  tlie  fixed  noraud  ON,  are  ako 


OoDOOYe  a  curve  to  be  drawn  on  the  ellipaoid  of  inertia  thiougli 
a&  the  points  irhose  taaif^t  planes  are  at  the  same  perpendionlar 

difltanoe  O  N  from  the  centre  *  then  the  inBtantaneona  axis  O  R 
will  always  traverse  that  carve,  and  will  always  be  fouDd  in  the 
sm^Bboe  of  a  cone  of  the  second  order  Jiaed  rdaiwd^  to  ike  ae»  of 
wMrtio^  whose  equaticm  is 

(«-^)  «>^-+(«-^)  «»^^+  («-^)  cobV  =  0...(5.) 

Lei  this  be  called  ih€  roUing  cone.  Then  the  motion  of  the  body 
will  be  sach  as  wonld  be  produced  by  the  rolling  of  the  rolling 

cone  npon  a  fixed  cone  generated  by  the  motion  of  OB  relatirely 

to  ON. 

As  free  rotation  is  of  nnnsoal  occurrence  in  practical  mechanics, 
I  shall  refrain  from  applying  its  principles  to  special  examples  here, 
and  shall  refer  the  reader  to  the  work  of  M.  Poinsot  on  Kotation, 
and  to  a  paper  by  Professor  Clerk  Maxwell  in  The  TranacusHona  of 
Ike  Royal  JSociety  of  Edvnbwrghy  voL  xxL 

591.  VMifoni  RoiiiUoB  about  a  Fixed  Axl*. — When  a  body  ro- 
tates about  a  fixed  axid  traversing  its  centre  of  gravity,  with  an 
uniform  angular  velocity,  its  actual  energy  is  still  represented,  as 
in  the  case  of  free  rotation,  by 

E  =  —  s=  constant;  • (1.) 

and  its  angular  momentum  by 

A=r-V(r  +  K')  =  constant; (2.) 

but  uidoM  Ihe  axis  ofrotcUixm  is  an  axis  ofinertiay  the  axis  of  angu- 
lar momentum  O  N  is  no  longer  fixed,  but  revolves  about  the  fixed 
axis  of  rotation  O  R  with  the  angular  velocity  a.  In  order  to 
produce  that  continual  change  in  the  direction  of  the  axis  of  angu- 
lar momentum,  a  continual  angular  impulse,  or  continuously  acting 
couple,  must  be  applied  to  the  body ;  and  unless  that  couple  be 
applied,  the  axis  of  rotation  will  not  remain  fixed. 

592.  The  Deriatina  Couple,  as  the  couple  required  for  tbe  above 
pnrpoee  is  called,  must  have  its  axis  always  perpendicular  to  the 
axis  of  angular  momentum,  otherwise  it  would  alter  the  amount  of 
the  angular  momentum,  conti*ary  to  the  condition  of  uniform  rota- 
iicm.    The  axis  of  the  deviating  couple  must  also  be  alwa^  per- 
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game  relation  to  the  angular  velociiy  a,  the  moment  ofdeviatum  K, 
and  the  aim  I,  which  a  simple  deviating  force  bears  to  the  linear 
velocity  v,  the  weight  W,  and  the  rsidiiis  vector  r. 

To  represent  these  principles  graphically,  it  is  to  be  observed 
that  in  fig.  241,  the  ratio  of  moment  of  deviation  to  the  moment  of 
inertia  is  

K  :  I  : :  RN  :  ON; (3.) 

and  that  this  also  expresses  the  ratio  of  the  demoting  couple  to 
double  the  ctc^ual  energy,  viz. : — 

^  =  J-  =  tan  0 (4.) 

The  reaction  of  the  axis  of  the  rotating  body  on  its  bearings,  equal 
and  opposite  to  the  deviating  couple, — ^that  is,  tending  to  turn  the 
axis  of  those  bearings  towards  the  axis  of  angular  momentum  O  N, 
— ^is  called  the  centrifugal  couple.  It  is  balanced,  in  machines, 
by  the  strength  and  rigidity  of  the  framework. 

The  amount  and  direction  of  the  deviating  couple  might  have 
been  determined  by  finding  the  resultant  couple  of  the  deviating 
forces  required  to  make  each  particle  of  the  body  revolve  in  a  circle 
about  O  It  with  the  common  angular  velociiy;  and  the  result  wotdd 
have  been  exactly  the  same. 

59d.  Knevsr  •«'  Work  ot  ConpUa* — The  energy  eoserted  by  a 
couple  is  the  product  of  the  common  magnitude  of  its  pair  of  forces 
into  the  sum  of  the  distances  through  which  their  points  of  appli- 
cation move  in  the  interval  of  time  under  consideration;  and  as 
that  sum  is  the  product  of  the  length  of  the  arm  of  the  couple  into 
the  angle  through  which  it  rotates  about  its  axis  in  that  time,  the 
eneigy  exerted  may  be  expressed  by 

EZdft  =  Mrft  =  Marf«, ^ (1.) 

di  being  the  angle  of  rotation  about  the  axis  of  the  couple  in  the 
interval  dt,  witibi  the  angular  velocity  a.  When  the  couple  acts 
agairut  the  direction  of  rotation,  the  above  expression  becomes 
negative,  and  represents  toork  performed. 

If  a  couple  be  applied  to  a  rotating  body  whose  axis  of  rotation 
makes  an  angle  9  with  the  axis  of  the  couple,  then  the  energy 
exerted  may  be  found  either  by  resolving  the  couple  into  two  com- 
ponents, one  about  the  axis  of  rotation,  which  is  either  an  accele- 
rating or  a  resisting  couple,  gives  rise  to  energy  exerted  or  work 
performed,  as  the  case  may  be,  and  may  be  called  the  direct  couple, 
and  the  other  about  an  axis  perpendicular  to  the  axis  of  rotation, 
which  may  be  called  the  kUercd  couple,— or  by  resolving  the  iota- 
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Those  three  equations  express  the  relations  between  the  unbalanced 
couple  and  the  rate  of  change  of  the  angular  momentum.  Those 
relations  may  otherwise  bo  expressed  as  follows : — ^let  yj/  be  the 
angle  made  by  the  axis  of  the  unbalanced  couple  with  the  axis  of 
angular  momentum;  then  the  couple  may  be  resolved  into  two 
componentB^ 

TticoBy]/  and  M  sin  ^'^ 

of  which  the  former  produces  varuUion  in  the  amount  of  angular 
momentum,  and  the  latter^  clevUUum  of  the  axis  of  angular  momen- 
tum, according  to  the  following  laws : — 

^  =  Moo8i^;A^^  =  M8in  ^; (2.) 

in  the  Isttar  of  which  equations^  d  x  denotes  the  angle  through 
which  the  axis  of  angular  momentum  deviates  in  the  indefinitely 
amall  interval  c^^,  in  the  plane  which  contains  that  axis  and  the 
axis  of  the  couple  M,  and  in  a  direction  towards  the  latter  axi& 
This  equation  of  deviation  of  angular  momentum  has  in  fact  been 
already  employed  in  Article  592^  to  find  the  deviating  couple 
required  in  order  to  fix  the  axis  of  rotation^  when  that  difTeis  from 
the  axis  of  angular  momentum. 

The  equations  1,  or  their  equivalents  2,  are  not  of  themselves 
■nfficient  to  determine  the  variations  of  motion  of  a  body  rotating 
without  a  fixed  axis;  for  in  such  a  body,  the  angular  momentum 
may  change  by  a  change  of  the  direction  of  its  axis  relatively  to  the 
body,  as  well  as  by  a  variation  of  amount,  or  a  deviation  of  its  axis 
in  absolute  direction.  This  is  expressed  by  putting  for  the  angular 
momentum  its  value  in  terms  of  the  moments  of  inertia  and  devia- 

aJlF+W 
tion  relatively  to  the  instantaneous  axis,  viz.,  A  =  — ^ — ; 

when  the  equations  1  take  the  following  form  : — 

yM,=  --  *{  <*  cos  X  •  JjF+K?  >  ;  and  analogous  equations  for 

^M,and^l^; (3.) 

while  the  equations  2  become 
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^bok  hy  tKaxoifonning  ecpialiozi  4  of  Article  542,  it  appears  that  the 
nmnbmr  qf  AmUe  gyraUanB  per  second  is 

«=9^J (3) 


wUidL  is  independent  of  the  semi-amplitade  %i  so  long  as  Mi  is  pro- 
portional to  ii,  and  I  is  constant  This  constitntes  ieockronism,  and 
is  the  property  aimed  at  in  the  balance  wheels  of  watches,  where  I 
is  ^the  moment  of  inertia  of  the  wheel,  and  the  couple  is  derived 
horn  the  elasticity  of  the  balance  spring. 

The  equations  2  and  3  being  transformed,  give  for  the  angle  and 
angular  velocity  of  displacement  at  any  instant^ 

t  =  H  cos  kt;  I 

di  ,.    .    ,^       I (4.) 

a  =  -r-=  —  a;»i  sin  AJ<;  ^   ' 

anct  the  maTiTnnTn  couple  Mi,  in  terms  of  the  number  of  double 
oscillations  per  second  n,  is  given  by  the  equation 

M,=^ili  =i^!!^I (5.) 

9  9  ^   ' 

599.  A  aiBBle  Vsvce  applied  to  a  body  with  a  £xed  axis  causes 
the  bearings  of  the  axis  to  exert  a  pressure  equal,  opposite,  and 
parallel ;  so  that  if  the  line  of  action  of  the  force  traverses  the  fixed 
axis,  it  is  balanced  j  and  if  not,  a  couple  is  formed  whose  moment 
is  the  product  of  the  force  into  its  perpendicular  distance  from  the 
axis,  and  whose  effects  are  such  as  have  been  already  described. 

SRcnoN  4. — Varied  EotaHon  and  Trandaiiion  Combined^ 

600.  ci«ncnii  Principles. — All  rotation  of  a  body  about  an  axis^ 
fixed  or  instantaneous,  which  does  not  traverse  the  centre  of  gravity 
of  the  body,  is  to  be  considered  as  compounded  of  rotation  about  a 
parallel  axis  traversing  the  centre  of  gravity,  and  translation  of  the 
centre  of  gravity  with  a  velocity  equal  to  the  product  of  the  angu- 
lar velocity  into  the  distance  of  the  centre  of  gravity  &om  the 
actual  axis  of  rotation. 

Consequently,  every  variation  of  the  motion  of  a  body,  which 
consists  in  a  variation  of  the  angular  velocity  about  an  axis,  fixed 
or  instantaneous,  and  not  traversing  the  centre  of  gravity,  is  to  be 
considered  as  producing  a  change  of  the' moTnerUvany  which  is  the 
product  of  the  mass  of  the  entire  body  into  the  velocity  of  its  centre 
of  gravity,  and  a  simultaneous  change  of  the  angidar  fnomenham 
due  to  the  rotation  of  the  body  with  the  given  angular  velocity 
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(See  Article  581,  equation  4.) 

Now  suppose,  as  in  Article  fiSl,  that 
distributed  in  two  rigidly  connected  mae 
and  the  other  at  B,  and  having  their  < 
still  at  O.  Then  in  producing  the  sail 
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BBC— =  Wi 
9 

being  the  exact  change  of  momentum  aL.<~j  ^'-^  -^  ^ 
9  consequence,  indeed  of  the  feet,  that  the  ceutni  <rf  gia* 
changed  by  the  concentration  of  the  masses  at  B  ai  ' 
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produce  this  change  of  momentum  in  the  interval  d  t,  there  is  re- 
quired the  same  force  F  applied  at  B^  which  has  already  been 
found;  which  proves  the  foUowing 

Theorem  I.  If  the  mass  of  a  body  be  concewed  to  be  concentrated 
at  two  rigidly  connected  points,  one  at  a  given  cueis,  and  the  other  at 
the  corresponding  cerUre  of  perciissiony  so  as  not  to  alter  the  position  of 
the  cenj^  of  gravity  of  the  body,  the  force  required  to  produce  a  giveti 
change  of  a/ng^ulafr  velocity  in  the  body  about  the  given  cuds  is  t/ie 
same,  in  magnitude,  direction,  and  line  of  action,  inth  that  required 
to  produce  the  corresponding  change  of  motion  in  that  part  of  tlie 
mass  which  is  conceived  to  be  coTicentrated  at  the  cen^e  of  percussion. 

This  proposition  might  also  have  been  arrived  at  by  considering 

Theoreic  II.  If  a  body  rotates  about  a  given  axis  not  tra/oersing 
iis  centre  of  gravity,  and  Uie  mass  oftJuxt  body  be  conceived  to  be  con- 
centrated cU  the  cusis  of  rotation  and  centre  qf  percussion  so  as  not  to 
alter  the  centre  of  gravity,  the  momenimn,  the  cmgular  momentum, 
cmd  the  adtfual  energy  of  the  body  a/re  not  changed  by  that  concentra- 
tion of  mass. 

For  the  centre  of  gravity  being  unchanged,  the  momentum  is 
unchanged;  and  because  (by  the  definition  of  the  centre  of  percus- 
sion) the  moment  of  inertm  about  the  axis  of  rotation  is  unchanged, 
the  angular  momentum  and  actual  energy  are  unchanged. — Q.  E.  D. 

Corollary.  From  Theorem  L,  and  from  equation  5  of  Article 
581^  it  follows^  that  the  action  of  an  impulse  upon  a  free  body  at 
either  of  the  points  B  or  C,  produces  a  rotation  about  an  axis  tra- 
versing the  odier  point 

602.  Vix0d  Ax!*. — ^When  the  axis  of  rotation  X  X  is  fixed,  an 
impulse  applied  to  the  centre  of  percussion  B,  in  a  direction  per- 
pendicular to  the  plane  B  X  X,  simply  alters  the  angular  velocity 
according  to  the  principles  explained  in  the  last  Article,  without 
causing  any  additional  pressure  between  the  axis  and  its  bearings. 
But  shoxdd  the  force  giving  the  impulse  not  traverse  the  centre  of 
percussion^  or  traverse  it  in  a  different  direction,  it  is  to  be  resolved 
by  the  principles  of  statics  into  two  components,  one  traversing  the 
centre  of  percussion  in  the  required  direction,  and  the  other  tra- 
versing the  axis  of  rotation ;  when  the  former  will  produce  chcuige 
of  motion,  and  the  latter  will  be  balanced  by  the  resistance  of  the 
bearings  of  the  axis. 

603.  The  Deriatiac  Force  of  a  body  rotating  about  a  fixed  axis 
not  traversing  its  centre  of  gravity  is  the  resultant  of  the  deviating 
force  due  to  me  revolution  of  the  whole  mass  conceived  as  concen- 
trated at  its  centre  of  gravity,  found  as  in  Article  540,  combined 
with  the  deviating  couple  due  to  the  rotation  of  the  body  with  the 
same  angular  velocity  about  a  parallel  axis  traversing  the  centre  of 
gravity,  found  as  in  Article  592.     This  resultant  deviating  force  is 

2n 
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Bupplied  hy  the  resistanoe  of  the  bearings  of  the  azu,  and  an  eqiial 
and  opposite  oentbifuoal  fobce  is  exerted  by  the  axis  against  the 
bearings. 

604.  A  Cmmifmmd  OacUlaiiBs  PaiAitaDM  is  a  body  sappotted  by 
a  horizontal  fixed  axis,  about  which  it  is  free  to  swing  under  the 
action  of  its  own  weight,  its  centre  of  gravity  not  being  in  the 


Now,  by  Article  601,  Theorem  IL,  the  momentom  and  <mgnUr 
momentum  of  the  body  are  at  every  instant  the  same  as  if  its  mass 
were  (x>noentrated  at  the  axis  and  at  the  centre  of  oeciUation  in  tiie 
proportions  given  by  Article  581,  equations  1  and  6 ;  and  by  the 
definition  of  the  centre  of  oscillation,  the  statical  moment  of  the 
weight  of  the  body  with  respect  to  the  axis,  being  the  couple  which 
causes  the  motion,  is  in  every  position  the  same  as  if  the  nuws 
were  concentrated  in  these  proportions ;  therefore,  the  motion  of 
the  body  is  exactly  the  same  as  if  it  were  so  cmoentrated  j  that  is 
to  say,  it  oscillates  in  the  same  time  and  according  to  the  same 
laws,  with  a  simple  oscillating  pendulum  as  defined  in  Article  544, 
whose  length  is  the  distance  from  the  axis  X  C  X  to  the  centre  of 
oscillation  B,  as  given  by  equation  3  of  Article  581,  viz. : — 

BC  =  ^  +  r, (1.) 

Such  a  simple  pendulum  is  called  the  eguivahni  simple  penAdumk 

It  is  obvious  that,  for  a  given  body  swinging  about  all  possible 
axes  parallel  to  a  given  direction  in  the  body,  tiie  shortest  equiva- 
lent simple  pendulum  is  that  whose  length  is  the  minimum  value 

of  So  as  given  by  the  above  equation.  That  minimum  hngth 
oorresponds  to  the  condition, 

whence  V (%) 

min.BX!  =  2co;i 

that  is  to  say,  the  least  period  of  oscillation  of  a  pendulous  body 
takes  place  when  the  distance  of  its  centre  of  gravity  fixnn  its  axis 
is  equal  to  the  radius  of  gyration  about  a  parallel  axis  traveiBing 
the  centre  of  gravity;  and  the  length  of  the  equivalent  simple  pen- 
dulum is  double  of  that  radius  of  gyration. 

If  for  a  given  direction  of  axis,  a  pair  of  points  be  so  related  tibat 
each  is  the  centre  of  percussion  for  an  axis  ra  the  given  direction 
traversing  the  other  {aa  shown  by  Article  581,  equation  5),  Hien 
the  period  of  oscillation  about  either  axis  is  the  sama 

From  the  properties  of  the  centre  of  percussion  explained  in 
Article,  it  is  sometimes  called  the  centre  of  osciLLATioir. 
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60d.  CsHHpMuia  Vev^dhriim  Fiwiwiw — To  avoid  mmecessaiy 
eomplexity  in  the  theoiy  of  a  oompoimd  revolving  pendnltim,  let 
the  body  of  which  it  consists  be  of  such  a  figure  and  so  suspended, 
that  the  straight  line  C  G  B  (fig.  239),  traversing  the  point  of  sus- 
pension 0  and  the  centre  of  gravity  G,  shall  be  one  of  the  axes  of 
inertia,  and  that  the  moments  of  inertia  about  the  other  two  axes 
shall  be  equal  Then  for  every  axis  traversing  the  centre  of  gravity 
at  light  angles  to  0  G  B,  the  radius  of  gyration  is  the  same ;  and 
consequently,  for  eveiy  axis  traversing  the  point  of  suspension  C  at 
right  angles  to  C  G  B,  the  centre  of  percussion  B  is  the  same ;  and 
the  body  moves  exactly  like  a  simple  revolving  pendulum  of  the 

length  0  B,  and  height  C  B  *  cos  ^,  if  ^  is  the  angle  which  it  makes 
wi^  the  vertical 

It  is  to  be  borne  in  mind,  that  in  order  that  a  pendxQum  may 
revolve  according  to  the  above  law,  it  must  have 
910  rokUian  about  its  longitudinal  axis  B  G  0, 
but  must  swing  as  if  hiing  by  a  double  universal 
joint  at  C  (Article  492). 

606.  A  wutmiim^  podiaiBM  (fig.  242)  is  a  body  ^ 
C  G  suspended  by  a  point  C  not  in  the  centre  of 
gravity  G,  and  rotating  about  a  veiidcal  axis 
C  X  traversing  the  point  of  suspension.  To 
avoid  needless  complexity,  as  before,  let  C  G, 
and  E  G  perpendicular  to  it  in  the  vertical 
plane  of  0  G  and  C  X,  be  two  of  the  axes  of 
inertia  of  the  pendulum.  Let  Ii  be  its  moment 
of  inertia  about  G  E,  and  !«  its  moment  of 
inertia  about  G  C,  and  ^i,  ^19  the  corresponding  radii  of  gyration* 
Let  the  angle  X  C  G  =  «;  let  0  G  =  ro;  and  let  the  weight  of  the 
pendidnm  be  W.  Then,  a  being  the  angular  velocity  of  rotation 
about  the  vertical  axis,  it  appears  &om  Articles  592  and  586  that 
the  deviating  couple  due  to  rotation  about  a  vertical  axis  traversing 
Gis 

—  (Ii  —  lo)  COS  «  sm  «  = («i  —  fl)  cos  «  sm  »; 

9  9 

to  which  has  to  be  added,  the  couple  due  to  the  deviating  force  of 
W  revolving  along  with  the  centre  of  gravity  G,  and  to  the  leverage 
To  cos  »,  being  the  height  of  C  above  G ;  that  is  to  say, 

*r{cos«sui«; 

9 

making  for  the  entire  deviating  couple 

— ^(^I  — d  +  rS)cos«ain«; 


Fig.  242. 
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couple  hu  to  be  supplied  hj  nteane 
L  (utmg  with  the  leverage  r,  dn  « 


Wf.ai 


ng  for  a*  its  value,  4  *"  I",  where  T  L 
d,  this  leads  to  the  equation 


('^+-) 


;Iie  height  dfOie  equieaient  simple  re 
Article  539,  equation  3. 

(^  the  ladiuB  of  gyration  about  C 
I  frith  r„  the  radius  of  gTistion  a 
Uio  height  of  the  simple  pendulum  ' 
I  the  figure,  when  maide  to  revolve  v 
in  the  last  Article.  When  tt  ^  <\ 
,  ooa  <■,  being  the  same  as  if  the  whc 

the  centre  of  gravity.    This  is  very 

pendulums  used  as  oovsbnob3  for 
neral  large  heavy  spheres  hung  by  si 
rhe  BaUIKlc  PmdBlaai  is  uBed  to  m 
itiles,  and  the  impulse  of  Qie  explosi' 

tbe  momentum  of  a  projectile,  em 
n  muflt  consist  of  a  mass  of  material 
eh  as  a  block  of  wood,  or  a  box  fall  • 
n  a  horizontal  axis.  Suppose  the  b 
I  move  with  the  velocity  v  in  a  line  i 
listance  from  the  axis  of  suspension  i 
iim  of  the  bcJl  relatively  to  the  axis 

bvf' 


huse  the  ball  lodges  in  the  pendulum 
wholly  communicated  to  the  joint  i 
.  the  pendulum,  which  swings  forw 
lat  remains,  and  points  out  on  a  seal 
nent.  Let  this  be  denoted  by  t.  L 
ample  pendulum  equivalent  to  tha 
y  means  of  Article  5ii,  equation  I 
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oscillatioiis  in  a  given  time;  let  W  be  the  joint  weight  of  the  pen- 
dulum and  ball,  and  ro  the  distance  of  their  common  centre  of 
giayitj  from  the  axis;  then 

B  =  ^*, (2.) 

is  the  portion  of  the  joint  weight  to  be  treated  as  if  concentrated 
at  the  centre  of  oscillation. 

Let  Y  be  the  velocity  of  the  centre  of  oscillation  at  the  lowest 
point  of  its  arc  of  motion ;  this  is  the  velocity  due  to  the  height, 
I '  versin  t;  that  is  to  say, 

• 

Y  =:  J{2gl-  versin  t)  =  2  sin  2  *  Jffl', (3.) 

and  the  corresponding  angular  momentum  of  the  combined  mass  is 

;  which,  being  equated  to  the  angular  momentum  of  the  ball 

before  the  collision  (1),  gives  the  equation 

hvr'  =  BYl', (4.) 

giving  for  the  velocity,  momentum,  and  actual  energy  of  the  ball, 
respectively, 

BYl 


6/  ' 

hv       BYl    bv" _  B^yZ* 
g  "    gr'  '  fig—  2gbf''' 


(5.) 


BV* 

The  energy  of  the  combined  mass  after  the  collision  being  -^ — , 

if 

and  less  than  that  of  the  ball  before  the  collision  in  the  proportion 
of  6  r'*  :  B  ^,  shows,  that  an  amount  of  energy  denoted  by 

I?  0-19 •• («■> 

disappears  in  producing  heat  and  molecular  changes  in  the  ball  and 
in  the  soft  mass  in  which  it  is  lodged. 

To  measure  the  impulse  produced  by  the  explosion  of  gunpowder, 
the  gun  to  be  experimented  on  is  to  be  fixed  to  and  form  part  of 
the  pendulum,  and  a  ball  is  to  be  fired  from  it.  The  gas  produced  by 
the  explosion  exerts  equal  pressures  during  the  same  time, — that  is, 
equal  impulses, — ^forwards  against  the  ball,  and  backwards  against 
the  gun,  and  the  penduliun  swings  back  through  a  certain  angle, 
whidi  is  registered  by  an  index  as  before,  and  from  which  the 


elooity  of  the  centre  of  percc 
)d  as  before  by  eqo&tdon  3 
m  the  axis  of  suspensioii  to 
)  exerted  by  the  e:g>lofliTe  ga 
irted  Isy  the  gas  is  /  F  dt^ 
•  which  being  equated  to  thi 
3  pendulum,  gives 


r'fPdt  = 


U  to  be  observed,  that  B 
,e  ball.   The  impulse  exerted 


city  of  the  ball  b  on  leaving 


gj-ed 


b     "  i 

exerted  bj  tlie  ezplodjug  po' 

/-  =  l|  + 

)  portionB  oommiuiicated  to  tl 
d  by  the  tvo  terms,  being  in 

6ii':BV::BP; 

receding  calculations,  the  n 
e  ezploaivo  gases  tbemselvef 
btful  whether  any  attempt  t 
1  as  it  must  be,  adds  to  the  ; 
a  probable  approximation, 
let  w  be  the  weight  of  powdi 
roportional  to  &  and  £,  viz.  : 

&W    -J    B* 


B  miAUeF  part  to  move  with 
rith  half  the  velocity  tA  h; 
put, 


ioBtead  of  B,  B  + 

and  instead  o(b,  &  -j- 

The  equation  10,  in  its  origii 
enei^ee  of  the  pendulum  aud  • 
sum  will  be  exdimv*  of  the  en< 
explosive  &»^  themBelvee. 

The  balmtio  pendulum  was 
Ids  iaTestigatioDB  on  guuneiy. 


CHAPTER  IV. 

XOnONB  OF  FUABLB   BODlEa 

e  cf  Ike  s>ti)«ei|  TibfMiaB.— The  motion  of  each  par- 
)le  body  may  always  be  resolved  into  Uiree  oomponentB ; 
has  in  common  nitb  iite  centre  of  gravity  of  the  body, 
tion  due  to  tfanalation  of  the  whole  body;  that  which 
Jie  centre  of  gravity  of  the  body,  being  the  motion  due 
f  the  whole  body;  and  a  third  component,  being  the 
y  alteiEtioas  of  the  volume  and  figure  of  the  body  and 
This  third  component  is  alone  to  be  considered  in  t^e 
er. 

itical  branch  of  the  present  subject,-~-that  is  to  say, 
hich  comprehends  the  relations  amongst  the  di^1ac«- 
porticles  in  a  strained  solid  from  their  free  positions,  . 
ns  or  disfigurements  of  its  parts  accompanying  andh 
I, — has  alKady  been  treated  of  generally  in  Articles 
I,  360,  and  261 ;  with  reference  to  bending,  in  part  of 
100,  301,  part  of  303,  part  of  304,  part  of  307,  part  oi 
312,  and  part  of  319;  with  reference  to  twisting,  in 
id  part  of  322; — -and  again  with  reference  to  bendm^ 
tide  340. 

ieal  branch  of  the  subject  has  been,  to  a  certain  extent 
1  Article  2i4,  where  renttsnee  is  defined ;  in  Article 
•teniial  energy  o/daelicily  is  defined  ;•  in  Articles  266 
ch  relate  to  the  Tesilience  of  a  slretehed  bar  and  tJie 
'denpttU;  in  Article305,  which  relates  to  the  retUUnee 
.  Article  306,  which  relates  to  the  effect  of  a  gudderdy 
vene  load;  and  in  Article  333,  which  relates  to  the 
xaait. 

IS  due  to  strains  amongst  the  particles  of  pliable  bodies 
imited  extent,  and  oonaisting  in  changes  of  the  dis- 
each  particle  from  the  position  which  it  would  occupy 
iquilibrium,  which  displacement  is  limited  and  gene- 
re  of  the  kind  called  tibrationb,  and  are  more  or  less 
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analogous  to  tiie  osiallationB  already  treated  of  in  Aitic 
543. 

The  complete  theory  of  vibration  embraces  all  the  pb 
the  prodaction  and  transmission  of  sound,  and  all  those 
pogation  of  light,  as  well  aa  those  of  the  yisible  and  tan 
tions  of  bodies.  Many  of  its  branches  are  foreign  to  th 
this  treatise ;  and  therefore  in  the  present  cliapter  th 
given  only  an' outline  of  the  general  principles  of  th 
vibration,  and  an  explanation  of  such  of  ita  applicatio] 
importance  in  praeti<il  mechanics. 

609.  iMchraBaai  Tibraii*B>  of  au  elastic  body  are  the 
each  particle  of  the  body  performs  a  complete  osdllal 
same  period  of  time,  so  that  all  the  particles  return  t 
relative  mtuations  at  the  end  of  each  equal  period  of  tin 
vhether  the  oscillations  are  of  greater  or  of  less  ampli 
chronous  vibrations  being  communicated  to  the  ear  { 
sensation  of  a  sound  of  uniform  pitch,  or  musical  tone, 
that  oscillations  of  different  amplitudes  may  be  performi 
masses  in  the  same  time,  it  is  evidently  necessary  that 
under  which  they  are  performed  should  be  proportional,  < 
oj^poatd,  to  the  ditplacemenlt  at  each  iitetant.  This  is  tht 
-  OP  isocHRONiSH,  and  has  already  been  illustrated  in  A 
543,  644,  fi45,  and  657,  Example  III.,  for  the  case  of  a 
ticlo  acted  on  by  a  single  force,  and  in  Article  598  for  th 
caee  of  a  gyrating  rigid  body,  where  angular  is  substitute 
displacement,  and  a  couple  for  a  force.  To  express  tha 
by  an  equation  suited  to  the  present  class  of  questions 
b«  the  mass  of  a  particle,  1  its  displacement  jrom  its 
equilibriiun  at  any  given  instant,  F  an  unbalanced  fore 
it  is  urged  directly  towards  that  position,  and  a'  a  nui 
slant,  expressed  as  a  square  for  reasons  which  will  preser 
ttiea  the  condition  of  isochronism  is  expressed  as  followi 


an  equation  identical  with  equation  I  of  Article  543 ; 
equation  4  of  the  same  Article  it  appears  that  the  numb* 
oscillations  per  second  is  expressed  by 


and  the  period  of  a  double  oscillation  by 


I 
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JJl  the  equations  of  Article  542  and  Article  557,  Example  HL, 
are  made  applicable  to  the  present  case,  by  substitating  respectivel j 
lor 

QorQ,y    Q^    rcfrxi,    X, 

F|,         Fy        d,,         ij  respectively^ 

where  F|  represents  the  maximum  force,  corresponding  to  ^  the 
maxinrnm  displacement,  or  semi-amplitude  j  consequently,  if  in 
order  to  make  the  formula  more  general  we  represent  by  ^  any 
instant  of  time  at  which  the  particle  reaches  the  extremity  of  an 
oscillation,  we  have 


—  =  -  ajjsma^*-'^    '  ^  ' 

When  the  restoring  force  corresponding  to  a  given  diBplaoemeat 
is  known,  the  constant  a'  is  competed  by  the  formula 

a^^ml.  /4\ 

in  which  the  negative  sign  denotes,  that  althou^  F  being  contrary 
to  ^  in  direction,  their  quotient  is  implicitly  negative,  it  la  to  have 
that  negativity  reversed  and  to  be  treated  as  positive. 

The  equations  2  and  4  show,  that  the  square  of  the  wumiber  of 
caciUationa  made  hy  a  partide  m  a  second,  is  inversdy  as  the  man  (^ 
the  particle^  a/nd  dvrectly  as  the  ratiio  of  ihe  retAofisng  force  to  the  di* 
placement 

610.  TilmMtoM  •€  a  RiaM  keid  hj  u  ughs  Bpriag—The  deflection 
of  a  straight  spring  or  elastic  beam  under  any  load  is  given  by  the 
equations  of  Article  303  for  those  cases  in  which  it  is  sensibly  pro- 
portional to  the  load. 

The  position  of  equilibrium  of  the  spring,  if  not  affected  by  a 
lateral  transverse  load  (for  example,  if  it  is  placed  vertically),  may 
be  straight ;  or  if  there  be  a  permanent  transverse  load,  that  posi- 
tion may  be  more  or  less  deflected.  In  either  case,  the  production 
of  an  independent  deflection,  ),  of  the  point  for  which  deflections 
are  computed  by  the  fonnulsB,  to  one  side  or  to  the  other  of  the 
position  of  equilibrium,  provided  the  limits  of  perfect  elasticity  are 
not  exceeded,  causes  the  spiing  to  exert  a  restoring  force  F,  whose 
value  is  found  by  applying  to  this  case  equation  4  of  Artide  303; 
that  is  to  say, 

n'Ebh^  '  '  «'V         '  \ (L) 

=  —  y>  for  brevity^s  sake ; 
in  which /may  be  called  the  stiffness  of  the  spring. 
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oae  that  there  ia  attached  to  the  point  of  the  a 
Jculated,  a  masa  W  -^  ^,  in  comparison  with  v 
apring  is  inappreciabtj  small.  Then  if  that 
i  side  or  to  the  other  of  the  poeition  of  eqnilibi 
ibrate,  the  apring  ivill  make  it  vibrate  accordii 
e^lamed  in  Aiticle  609 .  putting  for  the  co 


V  w 


w 

tee  gjrates  about  a  fixed  axis  trayersing  its  i 
'  denote  the  distance  &om  that  axis  to  uie  po 
[ning  acts ;  then  in  tiie  equations  of  motion, 
be  made  aooording  to  the  prindpleB  of  Art 
ore  eqnation  becomes 


-Vf- 


IB  oocillatee  about  a  fixed  axin  not  traTendng  i 
he  above  equation  is  still  applicaUe,  when  it 
for  the  moment  of  inertia  I. 
mg  couple  F  2  for  a  gyrating  body  mar  be  sai 
ie  of  a  rod  or  wire  to  torsion ;  in  which  caae/ 
iresent  the  ratio  of  the  moment  of  toimon  to 
irhicb,  for  a  cylindrical  rod  or  wire,  is  given  i 
equation  4,  viz. : — 


/l  = 


lengUi,  and  A  the  diameter  of  the  rod  or  wi 
int  of  transverse  elasticily  of  the  materiaL 
d  of  the  prindples  here  explained,  experimei 
vibrations  per  second  made  by  springs  and  wii 
I  great  in  proportion  to  the  masses  of  the  spi 
be  nsed  to  determine  the  co-efficiente  of  dt 

rrfltlM  af  BmbU  UMIrniB. — If  the  restoring 
)r  vibrations  in  a  given  direction  be  opposite 
I  the  displacement,  and  if  the  same  be  zLe  cat 
her  directions  of  vibration,  then  for  a  dis] 
B  resultant  of  two  or  more  displacements  in 
the  force  acting  on  the  partide  will  evident 
f  the  sepamte  forces  correapondmg  to  the  o 
kta,  and  the  velodty  the  lesultant  of  the  o 
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This  is  called  tlie  principle  of  the  superpositioh  of  small 

MOTION& 

If  the  co-efficient  a  of  Article  609  is  the  same  for  the  dififerent 
directions  of  the  component  displacements,  the  component  vibra- 
tions will  not  only  be  isochronous  in  themselves,  but  isochronous 
with  each  other,  or  simultaneous,  and  so  also  will  be  the  resultant 
vibration.  This  has  already  been  sufficiently  illustrated  in  Articles 
542  and  543,  where  circular  and  elliptic  oscillations  are  treated  as 
compounded  of  a  pair  of  straight  os(nllations  in  directions  perpen- 
dicular to  each  other.  Such,  for  example,  is  the  oscillation  of  a 
mass  placed  at  the  end  of  a  spring  whose  stiffiiess  is  the  same  for 
all  directions  of  deflection. 

If  the  co-efficient  a  has  different  values  for  the  different  direc- 
tions of  the  component  vibrations,  they  will  no  longer  be  isochronous 
with  each  other;  the  resultant  restoring  force  will  not  at  eveiy 
instant  act  directly  towards  the  position  of  equilibrium,  and  the 
resultant  vibration  will  take  place  in  a  complex  curve  which  may 
have  a  great  variety  of  figures.  For  example,  let  a  mass  W  -=-  ^  be 
fixed  at  the  end  of  a  spring  whose  cross  section  is  a  rectan^e  of 
unequal  dimensions,  so  that  its  stiffness  is  different  for  displace- 
ments in  the  directions  of  two  rectangular  axes,  denoted  by  x  and 
y.  Let  ^  /,,  be  the  two  values  of  the  stiffness  of  the  spring  for 
those  two  du^ctions  of  displacement ;  and  let  i  and  «  denote  com- 
ponent displacements  in  tJiose  two  directions  respectively,  and  ^ 
and  Hi  their  maximum  values  or  semi-amplitudes.  Then  Ui»  eqoa* 
tions  of  motion  of  the  mass  are  the  following : — 


g  =  Sicosa,  («-<^); 
n  =  Uj  cos 


where 


«,  =  ^y^■,  a,  =  ^y^; (2.) 


and  t^^,  and  t^^  are  two  arbitraiy  constants.     Thus  the  numbers  in 
a  second  of  the  two  series  of  component  vibrations,  viz., 

'»'  =  ft'  «*  =  t (^) 

are  proportional  to  the  square  roots  of  the  stiffiieaaes  of  the  spring 
in  the  directions  of  the  two  rectangular  axes;  that  is,  they  are 
proportional  to  its  thicknesses  in  these  two  directions  respectively. 
If  n,  and  n,  are  commensurable,  the  path  of  the  vibrating  mass 
is  a  closed  curve ;  for  example,  to  take  the  simplest  case,  if  n,  = 
2  fig,  that  path  is  such  a  curve  as  is  represented  in  fig.  243.     If  n« 
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and  fi^  are  incommensm'able,  the  path  is  of  indefinite  length ;  but 
in  every  case  it  is  wholly  inscribed  within  the  rectangle  whose 
sides  are  the  amplitudes  2  ii,  2  ni,  of  the  component  vibrations. 

612.  TJteaUsBS  BOC  iMcbroneH*  can  only 
be  expressed  mathematically  by  conceiving 
them  to  be  compounded  of  a  number  of 
superposed  vibrations,  each  isochronous  in 
itself,  but  not  isochronous  with  each  other, 
as  in  the  last  example  of  the  preceding 
Article;  and  the  forces  under  which  such 
vibrations  take  place  are  in  like  manner  to 
be  conceived  to  be  resolved  into  component  «.  2^g 
forces,  each  proportional  to  a  parallel  com- 

ponent  of  the  displacement.  The  art  of  resolving  displacements  of 
any  kind  whatsoever  into  components,  each  of  which  separately 
satisfies  the  conditions  of  isochronism,  is  a  mathematical  process 
which  it  will  not  be  necessary  to  exemplify  in  this  treatise. 

613.  TlbnUl«MS  •€  »■  Blaatic  Body  la  GeneniL — The  general 

equations  of  the  vibration  of  an  elastic  body  are  found  by  the  aid 
of  D'Alembert's  principle  (Article  568),  by  conceiving  the  body  to 
be  divided  into  indefinitely  small  rectangular  or  other  regularly 
shaped  molecules,  and  equating  the  components  of  the  rate  of  varia- 
tion of  momentum  of  each  molecule  to  the  corresponding  com- 
ponents of  the  restoring  force  caused  by  the  internal  stresses, 
ichich  restoring  force,  for  each  molecule^  is  at  ea^h  instant  equal  and 
opposite  to  the  shwre  belonging  to  thai  molecule^  of  a  distributed  ex- 
ternal load  that  tooiUd,  in  a  state  of  equilibriumy  produce  the  actual 
state  of  disfigurement  of  the  body  at  tive  instant.  The  condition  of 
isochronism  is  expressed  by  making  each  restoring  force  propor- 
tional and  opposite  to  the  displacement  of  the  molecule  to  which  it 
is  applied ;  and  the  displacements,  velocities,  and  forces  for  vibra- 
tions not  isochronous  are  expressed  by  sums  of  series  of  corre- 
sponding quantities  for  isochronous  vibrations. 

By  the  application  of  D'Alembert's  principle  as  stated  above, 
every  equation  concerning  the  equilibrium  of  an  elastic  body  under 
external  forces  distributed  amongst  its  molecules  can  be  converted 
into  a  corresponding  equation  concerning  its  vibration. 

Example  I.  General  DiffererUial  Equations,  —  In  Article  116, 
illustrated  by  fig.  58,  are  given  the  equations  of  internal  equili- 
brium (2.)  of  an  elastic  solid  for  a  rectaiigular  molecule  dxdydz, 
expressing  the  three  components  of  the  external  force  per  unit  of 
volume  of  that  molecule,  in  terms  of  the  equal  and  opposite  com- 
ponents of  the  internal  forces  arising  from  the  variations  of  the 
six  elementary  stresses,  pulls  being  considered  as  positive,  and 
thrusts  as  negative,     lliose  equations  are  converted  into  general 
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ocputioiu  of  yibratioQ  of  the  same  molecule  bj  salietatatuig,  «t  the 
rij^t-hand  sides  of  the  three  equatums  reapectiTely, 


g    de'  g    df  g    de' 
iriere  —  is  the  mate  per  vnit  qfvolume,  uid  g,  n,  ^,  ara  tJie  three 
components  of  the  displacement  of  the  molecule yrotn  iiapotitim  of 

To  make  nse  of  the  three  eqnationB  thus  obbuned,  eadi  of  the 
six  elementoiy  stresses  is  to  be  expressed  in  terms  of  the  six  elo- 
mentaiy  strains  mnltiplied  hy  the  proper  co-e£Gciente  of  elftsticitj  of 
the  substance  (Article  253);  then  each  of  the  six  elementary  strains 
is  to  be  expressed  as  in  Article  250,  by  means  of  the  differentia] 
co-efficients  of  the  three  component  disphkcements  £,  «,  ^ ;  and  tiina 
the  three  original  equations  are  conTCrted  into  Uuree  linair  difftnn- 
fial  e^uaiiona  ofths  Bee&nd  order  in  E,  n,  and  {,  by  the  int^ratiion 
of  which,  with  due  r^ard  to  the  drcumstances  of  each  paiticnjur 
problem,  all  questions  respecting  vibration  are  solved.  It  is  un- 
necessary here  to  enter  into  details  respecting  those  integtatiouB. 
The  most  complete  compendium  of  the  proce&aes  which  tbey  in- 
volve and  the  results  to  which  they  lead,  is  contained  in  M.  Xiatet 
ZegoiiB  «ur  VElagUciti  dea  Corpt  solidea. 

ExamplelL  Cam  of  an  Axis  c/ ViireUion.— la  &ffL  2ii  taid  24S, 


let  S  S  axd  the  lines  parallel  to  it  reprwent  »  s 


B  of  pIuM* 
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tch.  other,  and  let  the  mode  of  vibration  of  the 
of  the  body  be  snoh,  tiat  all  the  particleB  in  any  one  of  tht 
have  equal  displacemente  in  parallel  directions  at  the  sam 
A  straight  line  O  X,  perpendicular  to  all  those  Burfaoes 
called  an  (txis  o/vih-alim.  Let  the  displacement  of  etM;l 
denoted  at  any  instant  by  i,  take  place  in  a  direction  n: 
angle  9  with  O  X,  in  the  plane  of  x  y;  bo  tliat  its  compo 
placemente  are 

In  the  condition  of  equilibrium,  conceive  a  square  prism  i 
along  the  axis  0  X,  aa  in  6g.  244,  and  to  be  divided  int 

molecules,  eadi  of  the  volume  dxdydz,  and  mass  —  d 

9 
At  a  given  mstant  in  the  state  of  vibration,  let  those  mo. 
displaced  In  the  manner  shown  in  fig.  245,  the  displacemei 
point  in  each  molecule  depending,  according  to  some  law 
determined,  upon  the  lapse  of  time  and  upon  the  distance 
a  state  of  equilibrium,  of  the  plane  of  equid  displacement  o 
it  from  0,  which  distance  is  denoted  by  x;  that  is,  let 

1  =  function  of  (t,  x) 

Then  It  is  evident,  that  each  molecule,  originally  cnbioal 
directly  strained  and  distorted ;  the  direct  strain  along  x  (a 
tion  if  positive)  being  represented  at  any  instant  by 

.=^=^009*- 

dx      dx        ' 

and  the  distortion,  in  the  plane  of  x  y,  by 


The  vibratinff  sabstance  will  be  saj^Hwed  to  be  wo^ 
dasticity,  according  to  the  definition  given  in  Article  256 
its  direct  and  C  its  transverse  elasticity.  Then  at  a  givei 
equal  displacement,  and  at  a  given  instant,  there  is  a  dir 
(tension  being  positive)  of  the  intensity 


and  a  tangential  stress  of  the  intensity 
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and  applying  to  these  data  the  reasoning  of  the  preceding  example, 
we  find  that  the  components  of  the  moving  force,  per  unit  of  volume, 
acting  on  a  given  molecule,  at  a  given  instant,  are  as  follows : — 


Longitudinal, 


transveiBC,  Q,  =  C  -j-^  =  C  "^^  sin  *; 

ao  that  if  we  mi^e 


da^  d^ 


(8) 


=  a 


w  to 

we  find  for  the  equations  of  vibration, 


=  0*; 


.(9.) 


longitudinal, 


transverse, 


=  Or  —  • 


df^     da? 


(10.) 
(11.) 


The  general  integral  of  those  two  equations  is  given  by  the  pair  of 
equations, 


i  =  (p{at  +  x)  +  yKat  —  x);)  ^^^^ 

jj=:x(c^  +  a)+ «  (c«  —  x);f 


where  0,  yf/y  Xj  "9  represent  (my/unctions  wfuUsoever.  But  to  obtain 
definite  results,  which  can  be  used  in  calculation,  the  conditions  of 
isochronism  are  to  be  applied ;  and  they  lead  to  the  following  con- 
sequences : — 

First,  in  order  that  vibrations  may  be  isochronous,  the  restorio*; 
force  must  act  along  the  direction  of  vibration ;  that  is,  we  must 
have 

Q. :  Q, : :  cos  /  :  sin  #; (13.) 

and  because  for  every  known  substance,  A  and  C  are  unequal,  this 
condition  can  only  be  fulfilled  when  eitJier  cos  ^  or  sin  ^ is  nothing; 
that  is  to  say,  in  an  isotropic  substance,  isochronous  vibnUions  are 
either  wlioUy  lomgiiudinai,  or  wholly  transverse. 

Secondly,  the  moving  force  acting  on  a  particle  must  be  propor- 
tional and  opposite  to  its  displacement;  a  condition  exproBsedfor 
longitudinal  and  transverse  vibrations  respectively,  by 


d'i         ,^| 


da 

d?  -  ^ 


ds^ 
da? 


Vi; 


=  —  6^ 


.(U.) 
.(15.) 


where  6*  and  6'  are  two  arbitrarj'  positive  coi 
conTenient  way  of  ezptessing  those  constantB, 
will  afterwards  appeal-,  is  the  following : — 


X  and  X'  being  arbitrary  lengUu.  Then  it  is  < 
satisfy  the  eqviationB  14  and  15,  the  dispUcementi 
as  follows : — 

e={,-«.l:(._^).c»,^(, 


iu  "i>  ^>  '''i  '^  o^t,  t»<  and  in  being  arbitraiy  const 

depending  on  the  circumstances  of  each  particuls 

constants  have  the  following  meanings  : — 

{,  and  Hi  are  the  moxunum  »emi-amplitudtt  of 

^ and  - — ■,  ate  the  periodic  Uma  of  a  com 

X  and  x'  are  the  distances  (for  the  loi^tndi 
vibrations  respectively)  between  a  pwr  of  pla 
particles  are  in  the  same  pluue  of  vibration  at 
such  as  the  planes  A  and  E  in  figs.  244,  245. 

Nodal  planes  are  planes  in  which  the  particla 

meut,  X  —  a^  or  a!  —  x'^,  being  an  odd  multiple 

distance  apart  is  -  or  ~  (A,  C,  and  E,  in  the  figi 
Ventral  planet  are  those  of  inaxitn'am  displa< 

se  —  a/j,  being  a  multiple  of  5  °^  5  (^  *•"*  ^  ™ 

lie  midway  between  the  nodal  planes. 

The  fallowing  quantities  for  isochronous  vibn 

from  equations  16  and  17  : — For  longitudinal  vi] 

velocity  of  1(ZS         2«a  2«-  .    2» 

ft  particle, /di- ^e.-cos— (*_;«.) -sm— 


For  transvHTse  vibrations. 
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-velocity of )  cif IT         2*c  2w.  .    ^we .     yx    1 

DiBtoition,-T-  =  —  -rr  'i  •  aui -r-  (« — *o) *C08  —-7-  \f  -  f o> 

ad$  A  A  A 

Yibratioiis  may  exist  in  which  the  displaoementB,  strains^  velocities, 
and  foices,  are  the  resultants  of  combinadons  of  iaochronoas  idbEar 
tions,  having  any  number  of  different  sets  of  arbitrary  constants,  aad 
haviiMj  only  in  common  the  oo^cienta  «  and  a 

The  results  of  the  preceding  investigation,  so  far  as  they  relate  to 
longitudinal  vibrations,  are  applicable  to  fluids  as  well  as  to  8olid& 
Transverse  vibrations  are  impossible  in  fluids,  because  in  them  tha% 
is  no  transverse  elasticity. 

614.  Wares  of  vibnrtiMfi  consist  in  the  transmission  of  a  vibra- 
tory state  fix>m  particle  to  particle  through  a  body.  Let  OX  denote 
the  direction  in  which  the  vibratory  state  is  transmitted,  beings  as 
in  the  last  Article  and  its  figures,  an  coda  of  vibraiion^  or  line  per- 
pendicular to  a  series  of  surfaces  of  simultaneous  and  equal  displace- 
ment, which  surfaces  do  not  now  remain  stationary,  but  advance 
from  particle  to  particle  with  a  velocity  called  the  vdodty  of  trana- 
nUasion  or  of  propagation.  With  respect  to  wave  motion  in  general, 
it  has  already  been  explained  in  Article  416,  that  the  conditiaB  of 
motion  of  any  particle,  whose  distance  from  the  origin  is  o^  is 
expressed  by  a  function  a£  at^x,  where  t  is  the  time  ^paed  from 
a  given  instant,  and  a  the  velocity  of  tranamiggum.  Applying  tbis 
to  the  displacements  in  longituoUnal  and  transverse  vilwations 
spectively,  we  find  the  equations 


i  =  ^{at-x);)  . 


where  a  and  c  ore  the  velocities  of  transmission  of  longitudinal  and 
transverse  vibrations  respectively.  Now  the  equations  1  have 
already  been  shown  in  Article  613  to  be  forms  of  the  integrals  of 
the  general  equations  of  vibratory  motion,  a  and  c  having  the  vahMs 
there  given,  viz, : — 


•=V^^;  -  V'l? W 


which  accordingly  are  the  respective  velocities  of  transnuaskm  ef 
waves  of  longitudinal  and  transverse  vibration  in  a  medium  whose 
weight  per  unit  of  volume  is  to,  and  its  direct  and  transverse  elas- 
ticities A  and  C.  In  a  fluid,  for  which  0  =  0,  the  transnussion  of 
waves  of  transverse  vibration  is  impossible. 

It  may  here  be  observed,  that  it  is  essejitial  to  the  exactness  of 
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{he  Tallies  giren  above  for  the  velocities  of  the  tmEumiiflsioii  ef 
waves,  that  the  sur/acea  of  nmuUenuous  (HtpUteemeiU  (called  somis- 
times  toave-sur/aees)  should  also  be  surfaces  of  eqtud  amplitude  of 
vibriaiion.  If  the  amplitude  varies  at  different  points  of  the  same 
wave-surface,  the  velocity  of  transmission  becomes  less  than  that 
given  by  the  equations  2,  according  to  a  law  which  it  is  unnecessary 
heane  to  explain  in  detaU. 

615.  Tci«cif7  mi  BMmdU — Longita<£nal  vibratioiis,  being  those 
which  can  be  transmitted  through  all  substances,  solid  and  fluid, 
are  the  ordinary  means  of  transmitting  sound ;  so  that  the  velocity 
of  sound  in  a  given  medium  is  the  co-efficient  a  in  the  equations  2 
of  Article  614 ;  being  the  velocity  which  a  body  would  acquire  in 
falling  from  the  height  A  -f-  2w;  that  is,  a  height  equal  to  half  the 
length  of  a  prism  of  the  substance  of  the  base  unity,  whose  weight 
is  equal  to  IJie  co-efficient  of  longitudinal  elasticity. 

The  velocity  of  sounds  as  determined  by  experiment,  is, 

In  water,  at  61°  Fahr..... 4,708  feet  per  second ; 
In  dry  air,  at  32°  Fahr....l,092 


•  •  •  •  ■  • 


In  air  and  other  gases,  the  velocity  of  sound  depends  on  the  pres- 
sure, density,  and  temperature  in  the  following  manner : — When  a 
nearly  perfect  gas  has  its  density  dianged,  and  is  kept  at  a  constant 
t^nperature,  the  pressure  varies  nearly  in  proportion  to  the  density 
simply.  But  with  every  change  of  density  which  takes  place  under 
circumstances  such  that  the  gas  cannot  gain  or  lose  heat  by  con- 
duction, a  variation  of  temperature  occurs  depending  on  the  change 
of  density  in  such  a  manner,  that  the  pressure,  inrtead  of  varying 
simply  as  the  density,  varies  as  a  power  of  the  density  higher  than 
the  first.  Let  y  denote  the  index  of  that  power,  p  the  presERue^ 
and  to  the  density  of  the  gas ;  then 

pccyfi"; (1) 

so  that  the  co-efficient  of  elasticity  A  has  the  £>Dowing  valae: — 

^"dw^    u> ^^> 

The  value  of  the  index  y  for  air  is 

y  =  1-408; (3.) 

it  is  nearly  the  same  for  oxygen,  hydrogeai,  carbonic  oodde,  and 
other  nearly  perfect  gases;  but  has  smaller  values  for  carbonic  acid, 
sulphurous  acid,  and  other  gases  whieb  cbviate  consideKahly  from 
the  perfectly  gaseous  condition. 

Now,  if  p  he  taken  in  poimdr  on  Hke  wqmKn  fbot^  and  w  m 
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er  cubic  foot,  and  if  T  be  tbe  tempentoie  of  the  ait  is 
r  Fahrenheit  (see  ArUcle  122), 


BSM  nearly  perfect  in  general,  if  ;>,  represent  one  atmo- 
hat  is,  2116'4  lbs.  per  square  foot, — and  to,  thev^ght  of  a 
of  the  gas  at  ZT  Fahnnheit,  and  under  tliat  pKssui^ 


p,    T  +  461°-2  , 


e  Telocity  of  sound  in  a  nearly  perfect  gas  is 


:    1092 


V    \     4S3-2     ) C) 


vtmiet  mmt  f  ■■■■■■  1 1  Pile  DfItIbs. — The  impact  or  blow 
which  bas  acquired  momentmn  by  the  action  of  a  certain 
ng  a  greater  time,  is  used  to  overcome  a  greater  force 
less  time ;  as  when  the  ram  of  a  pile  engine,  having 
aomentum  by  the  action  of  its  weight  during  a  short  bat 
.terval  of  time,  overcomee  the  resistance  of  a  |ale  to  being 
my  times  greater  Uian  the  weight  of  the  ram,  and  during 
1  too  short  to  be  measured. 

ratio  of  the  times  could  be  ascertained,  the  ratio  of  tlte 
d  be  inferred  from  it ;  but  as  one  of  the  times  is  always 
short,  the  ratio  of  the  forces  has  to  be  computed  from 
through  which  they  act,  by  cousideriiig  how  the  vnicrgy 
7  is  distributed. 
be  the  weight  of  the  ram ;  k,  the  height  from  whir^  it 

WA 
gy  of  the  blow. 
3rgy  is  employed — 
mpreusing  the  ram ; 
mpressing  the  pile ; 

ring  act^  enei^  of  motioa  to  the  ram  and  pile; 
iving  the  pile  against  the  remstance  of  the  ground, 
.pression  of  the  lam  is  inappreciable  in  practice  ;  and  so 
3  velocities  of  the  ram  and  pile  after  the  collision,     Tbe 
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second  imd  fourth  waya  of  expending  the  enei 
alone  to  be  conaidered. 

Let  R  be  the  ^ectim  resistance  of  the  graunt 
Te&istance  less  the  weights  of  the  pile  and  ram.  1 
the  head  of  iJie  pile,  and  F  the  pressore  exer 
between  it  and  the  ram.  At  first,  P  is  nothing  j 
pile  becomes  compressed,  ontj)  at  length  it  be 
dien  the  compression  of  Uie  pile  ceases ;  it  begii 
tlie  gronnd,  and  coatinnes  to  do  so  nntil  the  eni 

all  expended.     The  mean  value  of  P  is  ■^.     Hii 

which  it  is  overcome  in  oompressing  the  pile  is  tl 

to  its  maximum  value,  vit,  -.g-^,  where  E  ia  the 

atj  of  the  pile,  and  L  the  length  of  a  post,  i 
compressed  throughout  its  length,  would  oe  as 
the  pila  Consideriiig  that  the  pile  is  held  in 
fiictiou  against  iU  aides,  L  may  be  made  equal  t 

Then  the  work  performed  in  compressing  the 

the  work  performed  in  driving  it  deeper  is  It 
depth  through  which  it  is  driven  by  a  blow ;  ani 
the  energy  of  the  blow,  we  find 

■  2ff8  *  *" 


W4  . 


'-\/{ 


When  X  has  been  ascertained  by  observation,  B 
a  quadratic  equation,  via,, 

2ESWA       E'S'k'I 

les  are  in  general  driven  till  It  amounts  to 
,000  lbs.  per  square  inch  of  the  area  of  head 
with  from  200  to  1,000  lbs.  per  square  inch  ;  so 
safety  is  from  10  to  3. 

The  overcoming  of  any  resistance  by  blows  i 
example  here  given,  which  is  extracted,  and  si 
irom  a  section  by  Mr.  Aiiy  in  Dr.  Wliewell's  tret 
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CHAPTER  Y. 

1101X0398  OF  IXUnSBL 

617.  lMKrlal«K  vf  th«  Sai^eet. — ^The  principles  of  dynsTnicSy  «s 
applied  to  fluids,  so  far  as  small  and  rapid  changes  of  density  ate 
concerned,  have  already  been  discussed  under  the  head  of  vibratoiy 
motions.  Now  the  only  changes  of  density  which  occur  duxing 
the  motions  of  liquids  are  small  and  rapid ;  so  that  in  the  present 
chapter  those  motions  of  liquids  are  alone  to  be  considered  in  which 
the  density  is  constant^  and  whose  duematical  principles  have  been 
treated  of  in  Part  III.,  Chapter  IIL,  Section  2.  In  the  motions  of 
gtuesy  great  and  continuous  changes  of  density  occur,  such  as  those 
whose  cinematical  principles  have  been  treated  of  in  section  3  of 
the  chapter  already  referred  to ;  and  the  dynamici^  laws  of  motions 
affected  by  such  changes  have  still  to  be  considered.  One  mode  of 
division,  therefore,  of  hydrodynamics,  is  founded  on  the  distinction 
between  the  motions  of  liquids,  regarded  as  of  constant  densitj,  and 
those  of  gases. 

Another  mode  of  division  is  founded  on  the  distinction  between 
motions  not  sensibly  affected  by  friction,  and  those  which  are  so 
affected.  The  motions  of  fluids  not  sensibly  affected  by  friction, 
and  therefore  governed  by  pressure  and  weight  only,  take  place 
according  to  laws  which  are  exactly  known ;  so  that  any  difficulty 
which  exists  in  tracing  their  consequences,  in  particular  cases,  arises 
from  mathematical  intricacy  alone.  The  laws  of  the  friction  of 
fluids,  on  the  other  hand,  are  only  known  approximately  and 
empirically;  and  the  mode  of  operation  of  that  force  amongst  the 
particles  of  a  fluid  is  not  yet  thoroughly  understood ;  so  that  the 
solution  of  a  particular  problem  has  often  to  be  deduced,  not  from 
flrst  principles  representing  the  condensed  results  of  all  experience, 
but  from  experiments  of  a  special  class,  suited  to  the  problem  under 
consideration. 

The  laws  of  the  mutual  impulses  exei  ^  between  masses  of  fluid 
and  solid  surfaces  require  to  be  considered  sepamtely. 

The  following  is  the  division  of  the  subject  of  this  chapter : — 
I.  Motions  of  Liquids  under  Gravity  and  Pressure  alone. 
II.  Motions  of  Grases  under  Gravity  and  Pressure  alone. 

III.  Motions  of  Liquids  affected  by  Friction. 

IV.  Motions  of  Gases  affected  by  Friction. 

Y.  Mutual  Impulses  of  Fluid  Masses  and  Solid  SurfacesL 


r 
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Sicnos  I. — Molumt  ofLiqvidt  mAout  Frietion. 

618.  Oeacni  B^mtiou^ — In  Articles  4U  (uid  415  Ii 
gireiL  the  three  general  equations,  bj  which  the  nt«s  of 
of  l&e  components  of  the  velocity  of  an  individual  particle 
are  expressed  in  terms  of  those  of  the  velocity  at  a  point 
position;  and  in  Article  412  haa  been  given  the  t^uati 
ftnuity  wMch  connects  the  compouenta  of  the  latter  veil 
each  other.  To  obtain  the  general  dynamical  equatioi 
motion  of  a  liquid,  the  first  three  equations  are  to  be  convi 
•xpresuons  for  the  rates  of  variation  of  the  components  < 
WMtfwn  of  a  particle,  and  the  results  equated  to  tha  lu 
fiuOM  which  act  upon  it. 

Let  dxdydz  denote  the  volume  of  a  rectangnlar  mob 
p  the  intensity  of  the  pressure  of  the  liquid  at  a  point  ' 
ordinates  are  x,y,z.  Let  z  be  vertical,  and  positive  do 
w  being  used  to  denote  one  of  tho  components  of  the  vel 
point,  the  symbcl  ^  will  now  be  employed  to  denote  the 
«»  Witt  <if  volume.  Then  the  forces  by  which  the  mcdeou] 
nponare 


aloi^a^  —  -T^.  dxdy  dz;  along  y,  — -^'dxdydl 


along 


,.(,-g)  ...... 


Let  the  rates  of  variation  of  the  componente  of  the  mon 
the  molecule  be  found  by  multiplying  the  three  rat«s  of 
of  thscomponentsof  the  velocity  in  Article  415,  equation! 

' ^ —  J  then  equating  these  respectively  to  the  threi 

equation  I  above,  dividing  byi2iB(}t/c2«,  Boasto  reduce 
tkoL  to  the  unit  of  volume,  and  then  by  ;,  so  as  to  rcduo) 
tlie  unit  of  weight,  iba  foUuwing  results  are  obtained  : — 

dp    1  d'e_i;i^j.„l^j.«^+„^l. 

^tdx'g    de~ gXdt^    dx^    dy^     dz]' 
(dy     ff    dl'     g  I  dt         dx         dy  dz) 

edz     g     dl'     g{  dl  dx         dy  de) 

Combining  with  Uiose  three  equations  of  motion  the  ct 
eontinnity,  via  ;— 
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du  .  dv  .  dw    ^ 

j^+5^+— =0; 


dz 


(3.) 


to  liquida 
ofgisady 


•%  have  the  data  for  solving  all  dynamical  qnGsdons 
inihont  fHction.    These  equations  are  adapted  to  the 
moUonhj  making 

du     dv     dw    ^  ,,  V 

d7  =  57=d7  =  ^' <*•> 

as  in  Article  413. 

619.  JDymmic  Head. — ^The  quotient  ~  is  what  is  called  the  heighl, 

or  hMd,  due  to  the  preaswrs;  that  is,  the  height  of  a  column  of  tlie 
liquid,  of  the  uniform  spedfic  gravity  f ,  whose  weight  per  unit  of 
base  would  be  equal  to  the  pressure  p.  Now  as  the  vertical  ordinate 
«  is  measured  positively  cUwmwards  from  a  datum  horizontal  plane, 
fzis  the  weight  of  a  column  of  liquid  per  unit  of  base  extending 
down  from  that  plane  to  a  particle  under  consideration;  p  —  e ^  ia 
the  difference  between  the  intensity  of  the  actual  pressure  at  that 
particle  and  the  pressure  due  to  its  depth  below  the  datum  hori- 
zontal plane;  and 


£-«  =  A. 


.(1.) 


is  the  height  or  head  due  to  thai  difference  qfinleneityy  being  what 
will  be  termed  the  dynamic  Iteoui.  When  z  is  measured  ponUvely 
upwards  from  a  datum  horizontal  plane,  its  sign  is  to  be  changed  ; 
so  that  the  expression  for  the  dynamic  head  in  that  caae  becomes 


(2.) 


^+z  =  h 

e 

620.  Ocnenil  ]»7»«Bic  B^vatlMS  !■  Tenss  vf  Wfwmm^kt 

If  instead  of  the  rates  of  variation  of  the  pressure  in  the  equations 
2  of  Article  618,  there  are  substituted  their  values  in  terms  of  the 
dynamic  head,  those  equations  take  the  following  fonns : — 


dh     1    cf6     \{du,      du,      du  . 

dx     g   dt*     g  {  dt        dx        dy  d 

dv  ,  dv 

dy  dz 


dv"  a'  df     gXdt'^^da'^ 


}■■ 


(!•) 


dh     1    d^i     Ifdw.     dw,     dw         dw) 
dz     g    dl^     g\dt         dx         dy  dz  )     J 

621.    I^aw   of  Drniimle   Head   for   Steady  Mti— . — From  these 

equations  is  deduced  the  following  consequence,  in  the  case  of 


DTNAKtC  READ— T( 

steady  motion,  in  which  there  ia  no 
at  a  porticl^  except  that  arisiDg  froi 
particle. 

Let  V  be  the  velocity  of  a  given  p 
its  rectangular  components,  is  given 

which,  being  divided  by  2  g,  gives  tl 
so  that  the  variation  of  that  height 
interval  of  time,  is 


2g    g\dl 


=-c-* 


dt  ^ dy    dt^ 

This  principle  might  otherwise  be  si 
Ma  aufn  of  the  height  due  to  the  v« 
dynamie  Itead  is  eomlant,  or  symboIi< 

This  equation  applies  to  the  particles 

same  fixed  point,  as  well  as  to  each  i 

622.  The  Ta«al  Energr  of  a  partic 

fiiction  is  expressed  by  moltiplying  \ 

the  last  Article  by  the  weight  of  the 

WV* 

2if    ^ 

in  which  ~r, —  is  the  aetual  energy 

ig 
p(^eniial  energy;  because,  from  the  1 

W  V 
the  dimiantion  of  W  h,  —^ —  may  be 

2g 
and  viee  versa;  so  that  tiie  dynamie  i 
energy  per  unit  of  weight.  In  the  c 
energy  of  each  particle  is  constant;  i 
the  eqnal  particles  which  successive 
the  same. 

In  the  case  of  unsteady  motion  of  I 
energy  of  ^e  entire  mass  is  consti 
gravity  of  the  miiss,  or  a  point  eithe 


rt  to  that  centre  of  gravity,  is  takon  •■  the  fixod  poiat  t* 
ntotions  of  all  Uie  particles  are  Kfecred,  tl>e  faUowii^ 
Q  is  fulfilled  :— 

TIte  ViH  SmAce  of  a.  moving  liquid  mass,  being  that  wMch 
intact  with  the  air  only,  is  chaJiicterized  hj  the  pressucs 
nifonn  all  over  it,  and  equal  to  that  of  the  atmoephen;. 
be  the  atmoepheric  pressure,  a,  the  vertical  ordinate,  mea- 
■mlivdy  v^noarda  from  a  given  horizontal  plane,  of  any  point 
iee  surfikce  of  the  liquid,  and  h,  the  dynamic  head  at  the 
lint ;  then  it  appears  from  Article  619,  equation  "i,  that  tor 
■&tce, 

A,-*,  =  ~  =  consta&t (1.) 

A.  EmiikiM  ur  ■«■>!  Priiffe  is  characterized  b^  an  analo- 

A -»  =  -=  constant : _ (1-1 

t 
BUT&cee  of  equal  pressure  fulfil  the  difi'erential  eqnatkm, 
dh  =  dz; {2.) 


dK  =  dh=~d-  —  - fS.) 

ng  tbat  tbe  variationB  of  actual  energy  are  ttiooe  duo  to  tiie 
ns  of  level  simply 

mmIsb  !■  PUae  idTcm  IB  a  state  ivhich  is  either  exactly 
iximatelj  realized  in  many  ordinary  cases  of  liquid  motion ; 


Hg.  E46.  ng,  SIT. 

assumption  of  which  ia  often  used  as  a  fint  aj^iroximation 
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£71 


Fig.  ?48, 


ntion  of  variona  qnestiomi  in  hydra 

m>  of  all  the  porticlos  ia  one 

Qg  parallel  to  each  other,  per-  j 
pendicular  to  the  plane,  and  equal  in 
veloci^.  It  is  illustrated  by  the  three 
figures  246,  247,  and  248,  each  of  which 
represents  a  reservoir  containing  liquid  ^i  - 
up  to  the  elevation  0Z,  =  s,  aboveagiven 
datum,  and  dischar^ng  the  liquid  from  . 
aaorifice  Ag&t  the  emaller  elevation  OZg 
=«!,.  The  liquid  moves  exactly  or  nearly 
in  plane  layers  at  the  upper  surface  A|  and  at  the  orifice  A^ 
Let  these  symbob  denote  the  areas  of  the  npper  surface  and  of  the 
issning  atream  respectively. 

Let  Q  denote  the  rate  of  flow  per  second,  v,  the  velocity  of  descent 

of  the  liquid  at  the  upper  surface,  v^  its  velocity  of  outflow  from  the 

igr^  orifice ;  uien,  according  to  Article  405,  the  equation  of  continuity  is 

1  ..A,  =  ..,A,  =  Q; 

i  ort.=9.«-5       <^-* 

\n  '  A.'  °  A«\ 

$^  Hm  pujMMiw  at  the  upper  surface  and  at  the  orifice  respectively 
are  estch  equal  to  the  atmospheric  pressure ;  hence  the  difference  of 
dyiwiiMio  liead  is  simply  the  difference  of  elevation ;  that  is  to  say, ' 

A, -Att  =  «,-«,; 

tiieitfoR^  according  to  Article  G21,  equations  2  and  3, 

if 

m  bx  the  velocity  of  outflow. 


wity  of  outflow. 


-w 


..(S.) 


froTO  which  can  be  computed  the  rate  of  flow  or  discharge  by  means 
of  equation  1. 

The  general  equation  of  motion,  for  evciy  part  of  the  vessel  or 
channel  at  which  the  motion  takes  place  in  plane  layeis,  is,  accord- 
log  to  Article  C2],  equation  3, 


3  2j  t 


..(4.) 


J 


tion  may  be  conmdered  to  take  place  ii 
the  ohannel  whose  aides  are  nearly  s 
A,  in  fig.  24S,  whose  elevation  above  t 
I  dynamic  head,  and  thence  the  pressure 
of  the  ohannel,  the  velocity  through  it : 

_Q  _r^A, 
**~A,~    A,  ' 

the  dyuamlc  head  relatively  to  the  dat 


inoe  the  pressure  by  the  formula 

Pt=t{ht-e^ 

%  large  vessel  discharges  liquid  througl 
^  is  often  so  small  a  fraction,  that  it 

ns  2  and  3. 

The  CvBiraeied  Tela  IS  tile  name  gives 
1  at  a  short  distance  from  an  orifice  i 
'  in  diameter  and  in  area  than  the  orific 
nntraction  which  the  j^t  undergoes  aft< 
area  of  the  narro  ved  part  of  the  contra 

be  considered  as  the  virtual  or  effietit 

he  equations  of  the  last  Articlo. 

ratio  of  the  area  of  the  contracted  vei 

of  the  Botoal  orifice,  is  called  tiie  eo^ 
Eirp  edged  orifices  in  thin  plates,  it  hai 
it  figures  and  proportions  of  the  orifice 

0-7,  and  being  on  an  average  about  g. 
or  great  pressures,  and  for  dynamic  b 
Is  may  be  taken  at  about  0'6.  The  mi 
t^efficiente  is  that  of  Poncelet  and  Lesb 
orifices  with  edges  that  are  not  sharp  ai 
fied  sensibly  by  friction. 

TttticBi  Oriama  of  discharge,  whose  ve 
eJI  in  comparison  with  their  depths  beli 
reservoir,  are  treated  as  having  a  mean 
\x  their  contracted  veins  due  to  the  tma 

the  dynamie  head  for  the  several  parte 
e,  let  ^  be  the  horizontal  breadth  of  ai 
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a  z  abore  the  datum,  «^  the  elevation  of  the  lower,  and  ^ 
the  upper  edge  of  the  orifice,  bo  that 


(1) 

rective  area,  e  being  the  co-efficient  of  contiaction.     Then 
See  is  to  be  treated  as  if  its  depth  below  the  upper  surface 


..(2.) 


formnbe  of  Article  625  applied  accordingly.  For  a  rectan- 
i£oe  for  which  y  is  constant,  this  gives 

t  is  a  vMA,  or  a  rectangular  orifice  extending  to  the  upper 
so  that  V  =  Si, 

^3,  — So=g  .  ..'Si  — ~  (4-) 

B«Hsc»  af  e^bbI  Head,  which  for  steady  motion  are  also 

B  OF  EQUAL  VELOCITY,  are  ideal  surfaces  traversing  a  fluid 

t  each  of  which  the  dynamic  head  is  uniform.     Their  poai- 

e  related  to  Uie  direction,  velocity,  curvature,  and  variation 

ity  of  the  fluid  motion,  in  the  following  manner  ; — 

t.  2i9,  let  H,  Hi,  H,  H„  represent  a  pair  of  such  surfaces, 

ar  each  otlier;  their  normal  diatance 

eing  dn,  measured  forwards  from  Hi   ' 

(  n^  and  the  diflference  of  dynamic 

;  them  being  d  A.     Let  A  B  be  part  of  * 

iving    fluid,    forming    an    elementary 

whose  velocity   is  V,  its    radius  of  '^sg.U'i 

ire  T,  ita  thickness  dr,  and  the  varia-  ** 

its  velocity  dV;  velocities  from  A  towards  B  being  posi- 
id  curvature  concave  towards  H,  being  positiva  Then  the 
ns  2  and  3  of  Article  621  give,  as  before, 

X^  =  — dA;    or  Jl  +  A  =  constant; (1.) 

order  that  the  variation  of  head  may  supply  the  devwting 
ecessary  to  produce  the  curvature  of  the  stream  A  B,  the 
rf  curvature  must  be  in  a  plane  petpendicular  to  the  surihcea 
1  Lead,  and  the  following  equation  must  bo  fulfilled :- 


J 
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..(a.) 


629.   In  a  mmatrnttm^  Cmimi.  flitwiiq; 

towards  or  from  &u  axis,  as  desenbed  in 
Article  107,  the  sur&ces  of  equal  dyna- 
mic head  and  equal  velocity  are  cylinden 
described  about  the  axis.  The  eqoatioii 
of  coatinuity,  1  of  Article  407,  putting  & 
instead  of  A  to  denote  the  depth,  pandlel 
to  the  axis,  of  the  cylindrical  space  in 
irhich  the  current  flows,  gives  for  the 
velocity  the  formula 


_'^>«'«. 


..(1) 


1g.  SSD.  2'br 

is  tlie  radius  of  the  cylindrical  sarface  B^  fig.  250,  at 
3  radiating  part  of  the  current  begins  or  ends,  aooording 
?  outwards  or  inwards.  The  radiating  current  may  ex- 
£nitety  in  all  directions  beyond  this  aur&ce,  the  veloci^ 
my  point  inversely  as  the  distance  from  the  axis  0.  Lot 
dynamic  head  at  B^;  then  at  any  other  cylindrical  snr- 
a  radius  OR  =  r,we  have  the  dynamic  head, 


*-*.  +  ?■ 


3g- 


ft('-S- 


2, 


w 


bs  tbe  limit  towards  which  the  dynamieliead  upproA 
bhe  distance  from  the  axis  b  indefinitdy  incieaaed ;  thai 


2j" 


"  2}r' 


..(1) 


ne  circniar  Vmwm. — In  the  cylindrical  space  of  flg.  350, 
lide  of  the  surface  R«  let  the  particles  of  the  fluid  revolve 
lar  current  round  the  axis  O  ;  and  let  the  velocity  of  eac^ 
urrent  be  mich,  that  if^  owing  to  a  slow  nuUal  movement, 
ihould  find  tlicir  WHy  from  one  circular  current  to  anotlin'. 
Id  assume  irecly  the  velocities  proper  to  the  several  cur> 


rans  mtcrad  by  «iani,  wimotct  thd  ftction  of  uiy  foi 
a&d  flaid  preSBore.  This  last  ooaditioa  is  what  con 
vortex,  and  ia  a  condition  towarda  which  every  voi 
«t  by  Qztemal  forces  tends,  because  of  the  tendenc; 
xftixture  of  the  particles  of  adjoining  circular  onrrei 
pifiBBed  mathematically  by 


2ff 
h,  tnU  be  called  the  tnascimv/m  head. 

ConceiTe  a  portion  of  a  thin  circular  current  of  tl 
r,  contained  between  two  cylindi-ical  surfaces  at  t 
amall  distance  &V^  dr,  and  of  the  area  unii^,  the  ' 
tlie  velocity  v.  Then  th«  centrifugal  force  of  that 
current  ia 


\  ia  equal  and  opposite  to  the  deviating  forae 
tdh; 

dr       gr 


Bat  l^  the  condition  of  freedom  in  equation  1, 
S  (A,  —  A),  which  being  substituted  in  equation  2,  gir 
dk  ^  2 (A, -A) 


<^-„  =  ^«^^ 

or,  (Ad  vdcdiy  t*  invendy  as  the  dUtanee  from  the  > 
in  a  radiating  current.  Then  let  v,  be  the  velocity 
and  A,  the  dynamic  head,  at  the  inner  boundaiy  it, 
'we  hare  for  the  general  equationa  amon^t  the  dyni 
▼elocitLes  at  all  pointe. 
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631.  Vtm  Bpirsi  Tertcsu — ^As  the  equations  of  the  motion  of  a 
free  circuhir  vortex  are  exactly  the  same  with  those  of  a  ladiatiug 
eorrent,  it  follows  that  they  also  apply  to  a  vortex  in  which  the 
motion  is  compounded  of  those  two  motions  in  any  proportions^ 
so  long  OS  the  velocUy  is  inverady  as  Vie  distance  from  the  aads.  To 
fulfil  this  condition,  the  currents  of  liquid  must  have  a  form  that 
is  at  every  point  equally  inclined  to  the  radius  drawn  fix)m  the 
axis ;  a  property  of  the  logarithmic  spiraL  Let  v  be  the  velocity 
of  the  current  in  a  free  spiral  vortex  at  any  point,  and  i  the  con- 
stant inclination  of  the  current  to  the  radius  vector ;  then  the  com- 
ponent of  the  motion  whose  velocity  is  v  cos  ^,  is  analogous  to  the 
motion  of  a  radiating  current,  and  that  whose  velocity  is  v  sin  I  is 
analogous  to  the  motion  of  a  free  circular  vortex. 

632.  A  FMTced  v«rtc3K  is  one  in  which  the  velocity  of  revolution 
of  the  particles  follows  any  law  different  from  that  of  a  free  vor- 
tex ;  but  the  kind  of  forced  vortex  which  it  is  most  useful  to  con- 
sider, is  one  in  which  the  particles  revolve  with  equal  Angnliir 
velocities  of  revolution,  as  if  they  belonged  to  a  rotating  solid 
body ;  so  that  if  r»  be  the  radius  of  the  otUer  boundary  of  the  vor- 
tex, where  the  velocity  is  ««, 

r  =  -  - (1.) 

The  equation  of  deviating  force,  2  of  Article  630,  ib  applicable  to 
all  voi-tices,  forced  as  well  as  fi*ee.  Introducing  into  it  the  Taluo 
of  V  from  equation  1,  above,  we  find, 

d"r-J?, W 

which  being  integrated,  with  the  understanding  that  the  dynamic 
head  is  to  be  reckoned  relatively  to  the  axis  of  the  vortex,  gives 

^-~27^  =  2^>^  =  2^' <^> 

£rom  which  it  appears,  that  in  a  rotating  vortex,  the  dyruxmio  head 
at  any  point  is  tlie  IieiglU  due  to  the  velocily,  and  the  energy  of  any 
particle  is  hal/ actual  and  ludf  potential, 

633.  A  Combined  Voricz  consists  of  a  free  vortex  without  and  a 
forced  vortex  within  a  given  cylindrical  surface,  such  as  Kq  in  fig. 
250.  In  order  that  such  a  combined  vortex  may  exist,  the  velo- 
city v^  and  the  dynamic  head  /^  at  the  surface  of  junction  must  be 
the  same  for  the  two  vortices ;  consequently,  as  the  dynamic  head 
of  the  forced  vortex  is  equal  to  the  height  due  to  its  velocity,  and 
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im  of  those  heights  for  the  suriiice  of  junction  ia  equal  to  the 
rwim  head  k,  of  the  free  Tortex,  we  have  thia  principle : — In  a 
ltd  vorUx,  the  maximum  dynamic  head  m  dcnilU  o/the  dyita- 

mic  head  at  Iha  ntrfaee  of  junction^  each  heing  meanired  r^atively  to 

the  amt  of  t/td  vori^t ;  or  syinboIi(»lly, 

*.-s*.=^ (1) 

To  illustrate  this  geometrically,  let  a  combined  TOTtex  revolve 
about  a  vertical  axis,  O  Z^  Z,,  fig. 
351,  the  upper  sorface  of  the  . 
liquid  being  free,  and  represented 
in  section  by  D  B  O  B  D.  Let 
A  B,  A  B,  be  the  cylindrical  sur- 
&ce  of  junction  between  the  free 
and  the    forced    vorticefl.       Let  Fig.  351. 

A  O  A  be    a   horizontal  plane, 

toncfaing  the  upper  surface  at  its  lowest  point,  which  is  at  the 
ftxi?,  and  let  vertical  ordinatee  be  measured  from  this  plane.  The 
pressure  of  the  atmosphere  being  equal  at  all  points,  may  be  left 
out  of  consideration ;  so  that  if  xbe  the  height  of  any  point  in  the 
surface  of  the  vortex  above  A  0  A,  we  shall  have  mmply 

•  =  '» (2.) 

Then  frar  the  forced  vortex, 

'-^J w 

BO  that  B  O  B  is  a  paraboloid  of  revolution  with  its  vertex  at  0. 

Uake  A€  =  2 AS  =  2 x^ ;  this  will  repreeent  A,,  the  n 
dynamic  head ;  and  for  the  free  vort«x, 


..(i.) 


'  =  "       277-"-      1^'- 

and  D  B)  I*  B,  is  a  hyperboloid  of  the  second  order,  described  by 
the  rotatioD  round  the  vertical  ajds  of  a  hyperbola  of  the  second 
order,  whose  ordinate  h,  —z,  measured  downvarda  from  G  Z,  C,  is 
inversely  as  the  square  of  the  distance  &om  the  axis.  The  two 
ear&ces  have  a  common  tangent  at  B  B,  where  they  join. 

The  velod^  of  any  particle  in  the  free  vortex  b  tiiat  due  to  its 
depth  below  C  C ;  that  of  any  particle  in  the  forced  vortex  is  that 
due  to  ite  height  above  A  A ;  and  B,  where  those  velocities  are 
equal,  is  midway  between  C  C  and  A  A. 


578 
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The  theory  of  the  combined  Toztez  ^was  made,  hj  ^rotoBaar 
James  Thomson  of  Belfast^  the  principle  of  the  action  of  his  tor- 
bine  or  vortex  water-wheel 

634.  Tonicsi  Bcrrtrti— « — ^When  a  mass  of  liquid  revolves  in  a 
vertical  plane  about  a  horizontal  axis  (like  the  water  in  a  backet  of 
an  overshot  wheel),  its  upper  surface  is  not  horizontal,  but  assumes 
a  &gaie  depending  on  tiie  deviating  force  required  hj  its  revo- 
lution. 

In  fig.  252,  let  C  represent  a  horizontal  axis, 
and  B  a  bucket  of  liquid  revolving  round  it  in  a 

vertical  circle  of  the  radius  B  C,  with  the  angular 
velocity  of  revolution  a.  Let  W  be  the  weight  oi 
liquid  in  the  bucket. 

Then  the  deviating  force  required  is  given  by 
the  formula 


Wa" 


BO. 


Fig.  25t 


Take  tiie  xadios  B  0  itself  to  lepreeeat  the  de^ 
ating  fotioe,  and  0  A  vertically  upwards  from  the  axis  to 
the  weight ;  the  height  0  A  is  given  by  the  proportion 


CA:BC::W:-^^^BO, 


that  is, 


CA=^  = 


4»'n' 


»  jm^ 


(1) 


where  n  is  the  number  of  revolutions  per  second. 

Now  A  C  representing  the  weight,  and  0  B  the  centrifogal  fbtce^ 
equal  and  opposite  to  the  deviating  force,  the  internal  condition  of  tiw 
liquid  in  the  bucket,  according  to  D'Alembert's  principle,  is  the 

same  as  if  it  were  under  a  force  represented  by  A  B,  the  resultant 
of  these  two  forces ;  therefore  the  surface  of  the  liquid  is  perpendi- 

eolar  to  AB. 

Now  it  appears  from  equation  1,  that  the  height  of  A  abovs  C 
is  independent  of  the  radius  of  the  wheel,  and  of  every  drcumstapee 
3xcept  the  time  of  revolution;  being,  in  &ct,  the  height  of  a  levolvw 
ing  pendulum  which  revolves  in  the  same  time  with  the  whedL 
(See  Article  539.)  Therefore  the  point  A  is  the  same  for  all 
buckets  carried  by  the  same  wheel  with  the  same  angular  velodij^ 
and  for  all  points  in  the  surface  of  the  liquid  in  t}ie  same  bucket 
whether  nearer  to  or  farther  from  the  axis  C ;  therefore  the  upper 
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snr&ce  of  the  liquid  in  each  booket  ia  part  of  f 
ubout  a  horizoatal  axis  pasdng  through  A  and 
The  theory  of  rolling  waves  may  be  dedui 
liropoaition.  For  a  brief  eketch  of  that  theo 
I«geiT. 

SEcnon  2. — Motions  o/OaieM  wUJioui 

635.  nrmuBiB  H«d  i»  CIum. — The  dyna 

motion  of  a  gas  are  the  eaiae  with  those  alrei 
618,  equation  2;  and  in  their  integration,  it 
that  f,  the  denai^,  is  no  longer  constant,  but  c 
fnu«.  The  equations  of  continuity  have  been  gi 
to  423. 

In  fiTtj^iTig  the  DYKAMic  TTirA'n  fc^  a  particle 

—  there  is  to  be  taken  /   -?,  ae  is  evident  firon 

f  J  0     ( 

tiona  of  fluid  motion  already  referred  to.  Com 
mic  head  for  a  gaseous  particle,  at  a  given  eleva 
horizontal  plane,  is,  relatively  to  ihaX  pUiM^ 


=/:?+• 


and  the  putting  of  this  value  for  A  in  all  ths  i 
relating  to  liquids,  tranafonna  tlieiii  into  tba  * 
tkiua  for  gasea 

In  moat  practical  problems  respecting  the  fl( 
fermoes  of  level  of  different  pointa  of  ^e  gase 
or  no  senaible  effect  on  the  moti(»i ;  bo  that  z  m 
from  the  preceding  formula. 

In  detenaining  the  value  of  the  integral  in  t 
he  observed  that  almost  all  changea  of  velocity 
BO  rapidly,  that  the  particles  have  no  time  to 
heat  to  any  sensible  amount ;  and  therefore  thi 
sity-  of  eadi  particle  are  related  to  each  other  a 
already  explained  in  treating  of  the  veloci^ 
to  say, 

p<=^e; 

the  exponent  y  having  the  values  therein  stated 
important  is  1-408  for  aic  This  gives  for  tbs  i 
in  equaticm.  1, 

1,,         r-l      ,' 

in  which,  for  tiir, 
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Let 

T  =  T  +  461*-2  Fahr. (5.) 

denote  the  absolute  temperaiure  of  the  gas^  T  being  its  temperature 
on  the  ordinary  Fahrenheit's  scale ;  and  let 

T^  =  493^-2  Fahr. (6.) 

be  the  absolute  temperature  of  melting  ice.  Then  for  gases  aen« 
sibly  perfect, 

f=ff; ('•) 

irom  which  we  have  the  following  Yalue  of  the  integral  in  terms  of 
the  temperature : — 

A-^  =  /'^  =  -^_-.^•.-^ (a) 

so  that  it  is  simply  proporiicmal  to  the  absolute  temperature. 

It  is  known  by  the  science  of  thermodynamics,  that  the  above 
expression  is  equivalent  to 

JcTt; (9.) 

where  <f  is  the  specifio  heat  of  the  gas  at  constant  pressure,  and  J  is 
*'Jouie*s  equivatenty*  or  the  height  &om  which  a  given  weight  must 
fall,  in  order  to  produce  by  friction  as  much  heat  as  will  raise  the 
temperature  of  an  equal  weight  of  water  by  one  degree.  For 
Falu-enheit's  scale, 

J  =  772  feet (10.) 

The  following  are  the  Talues  of  —  and  (f  for  certain  gases  and 
vapours : — 

^  feet  tf. 

Air, 26,214     0*238 

Oxygen, 33»7io 

Hydrogen, 378,819 

Steam, 42,141*  0*480 

^thervapour, 10,110     0*481 

Bisulphuret  of  carbon  vapour,. . .       9,902     0*^575 

Carbonic  acid,  if  a  perfect  gas,. . .  1 7,264 

Do.,  actually, 179I45     0*217 

*  This  IB  an  ideal  result,  arrived  at  not  by  direct  ezperimeot,  bat  by  calcolatiaa 
from  fbe  cfaemical  composition  of  steam. 


rLow  or  A  ou. 


The  TariatioDB  of  pressure,  Tolome,  and  absolute  U 
a  gas  daring  rapid  cluingea  of  motion,  are  connected  \ 
tional  equation 


The  equations  in  this  Article  are  all  adapted  to 
Actual  gases  deviate  from  the  perfectly  gaseous  Condi 
less ;  but  in  moat  practical  questions  of  hydrodjnam 
tions  for  perfect  gases  may  be  applied  to  them  'witi 
error. 

636.    Tb«  ffiWIliB  m€  Cmmtlmmm  far  ■  Bf  *r  Mi^ih 

the  following  form,  when  the  laws  stated  in  the  ht 
taken  into  accotmt^  The  original  equation,  as  give 
121,  being  equivalent  to 

Q  f  =  A  v  f  =  constant, 

we  have  to  consider  that,  by  the  equations  of  the  lai 
have 

1         _L                _1_ 
,  a  ^  oc  t^'  ce  (A-.)*-' 

the  exponents  having,  for  air,  the  values 

^  =0-71:  -^  =2-451 

Hence  the  equation  of  continuity,  in  terms  of  the  pr 
absolute  temperature,  and  of  the  dynamic  head  respe 
the  following  forms  : — 

Qp*  =  A  rp'' =  constant ; 

I                  _i_ 
Q  T^^  =  At»  »*-'  =  constant ; 

Q{h-zf^  =  At>(A-s)'^^  =  constant ; 

637>    n*w  •#  €>••  fr*ai  a>  OrMee. — Let  the  press 
within  a  receiver  be  p,,  and  without,  p, ;  let  A  be  the 
of  an  orifice  with  thin  edges ;  that  is,  the  product  of  tl 
hj  a  co-^ffi^ent  ^contractum,  whose  value  is 
0'6,  nearly. 

Let  the  receiver  be  so  large  that  the  velocity  within  it 
Let  the  absolute  temperature  and  density  of  the  ga 
receiver  be  t„  ;„  and  Uiose  of  the  issuing  jet  r„  ^     "] 
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act  ih»  same  with  iboae  of  the  stiU  gas  oatade,  for  reasons  to  be 
•Med  afterwards.     Then 

y-l  1 


T;=C^)^rT=©'^ • *•■> 


and  by  eqaatioii  8  of  Article  635,  and  equation  3  of  Article  62 1^ 
we  have  for  the  height  due  to  the  velodtj  of  outflow, 

2g  y—l    Co         '^Q 

r^       ^  (2.) 

from  which  the  Telocity  itself,  and  the  Jlow  of  volume  Q  ^  v  A  at 
the  contracted  vein,  are  easily  computed.  To  find  the  ^fiaw  qf 
weighty  the  last  qoantiify  is  to  be  multiplied  by 

^=,..(f)'=iL!^'.(f)'; (a.) 

\pi/  Po  Ti        \p^/ 

giving  the  following  results  : — 


y-i 


(4.) 


For  small  differences  of  pressure,  such  that^  is  nearly  =  1,  the 

following  approximate  formula  may  be  used  where  great  accuracy 
is  not  required  : — 

^9       «o     To         Pi     ^  '^ 

When  the  motion  of  the  jet  is  finally  extinguished  by  friction, 
heat  is  reproduced  sufficient  to  raise  the  absolute  temperature  xumdy 
to  its  original  value,  ti. 

637  A.  naximmn  Flow  of  Om. — ^When  —  is  indefinitely  dimin- 
ished, the  Telocity  of  outflow  given  by  equation  2  of  Article  637 
increases  towards  the  limit 


vi^m ^> 
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being  greater  than  the  velocity  of  sonnd  in  the  ratio 

whose  value  for  air  is  221,  ginng  for  the  limiting  i 
of  air 

2,413  feet  per  second  x  aZ-I!-..., 

The  ,fiow  of  leaght,  however,  as  given  by  eqnatio 
637,  does  not  continuoual;  increase  as  —  is  indefinit 
but  leadbes  a  wiaTinniin  for  the  valae 

«oin^oiidiiig  to 

The  valnes  of  these  ratios  for  air  are 

?!  =  0537  J  ft  =  0-6345 : -  =  Oi 
Pi  ei  '' 

and  tike  oorrecipoiiding  velocity  <^  fiow  is 

-vim^} 

bcang  less  than  the  velocity  of  sound  in  the  ratio 

whose  value  for  air  is  0-912 ;  giving  for  the  velooit; 
owresponding  to  the  greatest  flow  of  weight  throng 
from  a  receiver  whea«  tJte  pressure  and  tempraaturo 

V  =  997  feet  per  seocmd  x  a/  ~ 

It  is  often  oonvenient  to  express  the  flow  of  ireight : 

,,Q  =  ^-A„; 

in  which  —  is  what  is  called  the  reduoed  veloaiy, 

fi 
city  of  a  cnrrent  of  a  density  equal  to  that  of  the  gas 
whose  flow  of  weight  would  be  equfd  to  that  of  the 
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The  TnAximum  reduced  velocity  corresponds  to  the  nmYimnTn  flow; 
and  its  value  is 

— ^  =  velocity  of  sound  x  (     .  ,  )        (8.) 

whose  value  for  air  is 

velocity  of  sound  x  0*579  =  632  feet  per  sea  x  a/ -...(9. 

The  investigations  in  this  and  the  preceding  Article  are  substan- 
tially the  same  with  those  originally  communicated  to  the  Royal 
Society  in  May,  1856,  by  Dr.  Joule  and  Dr.  Thomson;  and  the 
results  differ  by  small  quantities  arising  mainly  from  those  gentle- 
men having  taken  y  =  1*41,  instead  of  1*408. 

Messrs.  Joule  and  Thomson  tested  the  theoretical  result  as  to 
the  maacimum  reduced  vdocUy  given  in  equation  9,  by  experim^its 
on  the  flow  of  air  through  onfices  in  plates  of  copper  of  0*029, 
0'053,  and  0*084  of  an  inch  in  diameter,  at  the  temperature  of  57° 

Fahrenheit,  for  which  —  =      ^  ^,  and  the  calculated  mft^riiniiTn 

reduced  velocity  is  647  feet  per  second. 

The  maximum  reduced  velocity  found  by  experiment  was  550 
feet  per  second,  or  0*84  of  that  found  by  theory;  but  in  calculating 
the  velocity  from  the  experiments,  the  actual  area  of  the  orifice  was 
employed;  so  that  the  difference  probably  arises  from  contraction. 
The  corresponding  value  of  the  ratio  p^ip^^SA  found  by  experiment^ 
was  0*375  instead  of  0*527 ;  a  difference  produced  by  friction. 

Section  3. — Motions  of  Liquids  with  Friction, 

638.  cteBcnd  Ijaws  •f  Fiaid  Frtcttoa.^ — It  is  known  by  experi- 
ment, that  between  a  fluid,  and  a  solid  surfiBu»  over  which  it  glides, 
there  is  exerted  a  resistance  to  their  relative  motion  which  is  ^/to- 
portional  to  their  surface  of  contact,  and  to  the  density  of  the  fluid, 
and  is  approximately  proportional  to  the  square  of  the  velocity  of 
the  relative  motion ;  that  is,  the  resistance  is  approximately  pro- 
portional to  the  weight  of  a  prism  of  the  Jlvidy  whose  btue  is  the 
suaface  of  contact,  and  its  height  the  height  due  to  the  relatioe  vdodty. 

Let  S  be  the  surface  of  contact,  v  the  velocity,  ^  the  weight  of  an 
unit  of  volume  of  the  fluid,  and  /a  factor  called  the  co-tffident  qf 
friction;  then 

is  the  amount  of  the  friction  at  the  sur&ce  SL 
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EO-efficient^is  not  absolutely  constaut  at  different  velocities. 
>de  of  calculation  employed  in  practice,  where  the  velocity  is 

the  -ouknowii  quantities  to  be  determined,  is  to  find  an 
[mate  value  of  the  velocity  from  the  m»m  value  of /;  then 
ipate  the  value  of  /  corresponding  to  that  approximate 
7,  and  use  it  to  compute  the  velocity  more  exactly, 
following  are  some  of  the  valaes  of  the  co-efGcieuts  of  friction, 
ug  to  different  authorities,  for  streams  of  wateb,  gliding  over 

surfaces;  v  being  the  mean  vdocUy  of  the  stream,  in  feet  pei 

pipes  (Darcy).     I/std^  diameterof  pipe  in  feet;  then, 

relocitiea  that  are  not  very  small, 

/=0-005(n.-ji-^). 
on  pipes,  valaeof/forfintapproximation,  0-0064 
wis  of  rivets  {Wei8b«ch),,../=  a  +  -;  o  =  0-0074. 

6  =  0-00023  *^>*t 

eds  of  rivers,   value  of  /  for  first  t  n-ooirt 

approximation, f  '   ' 

iction  of  numerous  fbrmulM  for  fluid  fnction,  proposed  by 
it  authors,  together  with  tables  of  the  results  of  the  best 
e,  is  contained  in  Mr.  Neville's  work  on  hydraulics.  The 
B  of  many  authors,  though  differing  in  appearance,  are 
1  on  the  same,  or  nearly  the  same,  experimental  data,  being 
those  of  Du  Buat,  with  additions  by  subsequent  inquirers; 
eir  practical  results  do  not  materially  d^er.  The  two 
B  given  above,  on  the  authority  of  Dorcy,  for  iron  pipes^ 
Bed  on  his  experiments  as  recorded  in  his  treatise  du 
ntnt  de  I'Sau  dcxna  lea  Tuyaux. 

laienMl  viaM  vrieUMi.— Although  the  particles  of  fluids 
a  transverse  elasticity— that  is,  no  tendency  to  recover  a 
figure  afler  having  been  distorted — it  is  certain  that  they 
eing  made  to  slide  over  each  other,  and  that  there  is  a  lateral 
nication  of  motion  amongst  them ;  that  is,  that  there  is  a 
•sy  of  particles  which  move  ude  by  side  in  parallel  lines  to 
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assume  the  same  velocity.  The  laws  of  this  lateral  oommtuiiGatioii 
of  motion^  or  inteniAl  Motion,  of  fluids,  are  not  known  exactly; 
but  its  effects  are  known  thus  £ur : — that  the  eaergy  due  to  differ- 
ences of  Yelocitj,  which  it  causes  to  disappear,  is  replaced  hj  heat 
in  the  prc^rtion  of  one  thermal  unit  of  Fahrenheit's  scale  for  773 
foot  pounds  of  energy,  and  that  it  causes  the  Mction  of  a  stream 
against  its  channel  to  take  effect,  not  merely  in  retarding  the  film 
of  fluid  which  is  immediately  in  contact  with  ike  sides  of  the  channel, 
but  in  retarding  the  whole  stream,  so  as  to  reduce  its  motion  to  one 
approximating  to  a  motion  in  plane  hj&cB  perpendicular  to  the  axis 
of  the  channel  (Article  625). 

640.  FHctloa  In  u  Vnlf«nB  Stream. — ^It  is  this  last  &ct  which 

renders  possible  the  existence  of  an  open  stream  of  uniform  section, 
velocity,  and  declivity.  In  hydraulic  calculations  respecting  the 
resistance  of  this,  or  any  other  stream,  the  value  given  to  the 
velocity  is  its  mean  value  throughout  a  given  eross-aection  of  the 
stream  A, 

"=1 ^^) 

The  greatest  velocity  in  each  cross-section  of  a  stream  takes  place 
at  the  point  most  distant  from  the  rubbing  surface  of  the  channeL 
Its  ratio  to  the  mean  velocity  is  given  by  the  following  empirical 
formula  of  Prony,  where  V  is  fiie  greatest  velocity  in  feet  per 
second: — 

t^_   7-71  +  Y  ,^. 

V  ■"  10-25  +  V ^"^ 

In  an  uniform  stream,  the  dynamic  head  which  would  otherwise 
have  been  expended  in  producing  increase  of  actual  energy,  is 
wholly  expended  in  overcoming  friction.  Consider  a  pcotion  of  tibie 
stream  whose  length  is  I,  and  fall  z.  The  loss  of  heeA  is  equal  to 
the  &11  of  the  suilice  of  the  stream,  according  to  Article  633 ;  and 
the  expenditure  of  potential  energy  in  a  second  is  acoordix^ly 

Equating  this  to  the  work  performed  in  a  second  in  oyeroomiiig 
friction,  via,  v  E,  we  find 

ztvA=fcBYzi 

or  dividing  by  common  factors,  and  by  the  area  of  section  A,  we 
find  for  the  vvdue  of  the  fall  in  terms  cf  the  velodty 

"^■z-f,- - w 


STREAMS — HTDBAI 


Let  a  be  what  is  called  the  loett 
the  streamj  that  is,  the  c 
fltzeam  and  chtuuiel :  then 


and  diTiding  both  sidee  of  equati 
between  the  rate  of  decliTity  and 


—  is  what  is  called  tlie  "  htsrai] 

and  OS  the  friction  is  inversely  p 
the  figure  of  orosa-section  of  chac 
is  that  whose  hydianlio  mean  d 
When  the  stability  of  the  mat 
channel  to  a  certain  angle,  Mr.  ] 
of  leant  friction  conBista  of  a  pair 
inclination  connected  at  the  bo 
radius  is  the  depth  of  liquid  in 
if  a  flat  bottom  be  necessaiy,  by  i 
For  snch  a  channel,  the  hydraul 
of  liquid  in  the  middle  of  the  cb 
641.  TuriBB  flircBB. — In  a  s 
▼ariee,  and  in  which,  oonsequei 
different  cross-sectionH,  the  loss  ( 
expended  in  overcoming  friction, 
increased  velocity,  when  the  vel 
thoee  two  quantitiea  when  the  vi 
may  be  positive  or  negative,  an 
gain  of  head.  The  following  mt 
^mbolically  is  the  most  con- 
venient for  practical  purpoees. 
Zn  fig.  253,  let  the  origin  of  co- 
ordinates be  taken  at  a  point  0 
mmpl^dy  hdow  the  part  of  the 
stream  to  be  couaideied;  let  ho- 
rizontal abscissffi  x  be  measured 
againat  the  direction  of  flow, 
and  vertical  ordinates  to  the 
sor&ce  of  the  stream,  z,  up- 
waida  Connder  any  indefinite); 
horizontal  length  is  ^x;  in  prac 
aidered  as  equal  to  the  actual  Ic 
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the  stream  la  d  z,  and  the  acceleration  —  dv,  becaose  of  v  being 
opposite  to  SB.  Then  modifying  the  expression  for  the  loss  of  head 
due  to  friction  in  equation  3  of  Article  640  to  meet  the  present 
case^  and  adding  the  loss  of  head  due  to  acceleration,  we  find 

-  vdv  .    -  sdx     1^  ,_  . 

rf,=___+/._^_._ (1.) 

In  applying  this  differential  equation  to  the  solution  of  any  parti- 
cular problem,  for  t^  is  to  be  put  Q  -r-  A,  and  for  A  and  s  are  to  be 
put  their  values  in  terms  of  x  and  z.  Thus  is  obtained  a  difi^rential 
equation  between  x  and  z,  and  the  constant  quantity  Q,  the  flow 
per  second.  If  Q  is  known,  then  it  is  sufficient  to  know  the  value 
of  z  for  one  pai'ticular  value  of  x,  in  order  to  be  able  to  determine 
the  int^;ral  equation  between  z  and  x.     If  Q  is  unknown,  the 

d  z 
values  of  z  for  two  particular  values  of  x,  or  of  z  and  -v—  (the 

Cv  X 

declivity^  for  one  particular  value  of  x,  are  required  for  the  solu- 
tion, which  comprehends  the  determination  of  the  value  of  Q. 

642.    The    FricUMi   In  a  Plp«  Bnnnla^  FaU    produces    loBS    of 

dynamic  head  according  to  the  same  law  with  the  friction  in  a 
channel,  except  that  the  dynamic  head  is  now  the  sum  of  the  ele- 
vation of  the  pipe  above  a  given  level,  and  of  the  height  due  to  the 
pressure  within  it.  The  differential  equation  which  expresses  this 
is  as  follows : — Let  dlhe  the  length  of  an  indefinitely  short  portion 
of  a  pipe  measured  in  the  direction  of  flow,  s  its  internal  circumfer- 
ence, A  its  area  of  section,  z  its  elevation  above  a  given  level,  p  the 
pressure  within  it,  h  the  dynamic  head.     Then  the  loss  of  head  is 

J,  ,       dp      vdv       ^  %dl     ^  y,  V 

e  g       -^     A     2g  ^  ' 

The  ratio  ;^  is  called  the  vvrtv^  or  hydraulic  dedivUy,  being  the 

rate  of  declivity  of  an  open  channel  of  the  same  flow,  area,  and 

hydi*aulic  mean  depth.     This  may  differ  to  any  extent  from  the 

dz 
actual  dedivity  of  the  pipe,  -yj. 

When  the  pipe  is  of  uniform  section,  dv  ^  Oj  and  the  first  term 
of  the  right-hand  side  of  equation  1  vanishes. 

When  the  section  of  the  pipe  varies,  8  and  A  are  given  functions 
of  I,  If  Q  is  given,  t;  =  Q  -r  A  is  also  a  given  function  of  I ;  and 
to  solve  the  equation  completely,  there  is  only  required  in  addition 
the  value  of  h  for  one  particular  value  of  Z.     If  Q  is  unknown,  Hie 

dh 

values  of  h  for  two  particular  values  of  /,  or  of  h  and  -yj  for  one 
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raiticnlar  value  of  I,  are  required  for  the 
bends  the  determiuatioa  of  Q. 

643.  BMlMBBca  at  HaMbplveM. — A.  mo 

channel  or  pipe  immediatelj  adjoimng  a 
fiictdon  of  tae  fluid  on  entering  a  mouthpi 
equal  to  the  height  due  to  the  velocity  i 
depending  on  the  figure  of  the  mouthpiece, 
figures  have  been  found  empirically ;  that  i 
loss  of  head ;  then 

/*  being  a  constant 

For  the  moatbpiece  of  a  cylindrical  p. 
aide  of  a  reservoir,  and  making  the  angli 
mde  of  the  reservoir,  according  to  Weisbac 

/  =  0-505  +  0-303  ain  t  +  I 

644.  Tba  BmImbbm  f  Cutm  ud  Knc 

4^  bead  equal  to  the  height  due  to  the  vel 
efficient,  whose  values,  according  to  Wei 
following  formulte ; — For  cunies,  let  »  be  1 
the  radius  of  curvature  of  the  centre  liu 
diameter. 

Then  for  a  circular  pipe, 

/"  =  ~  I  0131  +  1-847  (j 

and  for  &  rectangular  pipe, 

/■  =  -  1 0124  +  3104  (; 

Tat  kmeg,  or  sudden  bends,  let  i  be  the  an| 
tions  of  the  pipe  at  either  side  of  the  knee 

f  =  0-9457  Bin"  I  +  20^ 

645.  A  ««Mea  EBiMivcmcM  of  the  cbs 
of  liqnid  flows,  causes  a  sudden  diminutioii 
the  same  poportion  as  that  in  which  th 
creased.  Thus,  let  v,  be  the  veloci^  ii 
the  channel,  and  let  m  be  the  number 
the  channel  is  suddenly  enlarged:  ikt 


eipi 
veloi 
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is  -.     Now  it  appears  from  experiment,  that  the  actual  energy 

due  to  the  velocity  of  the  narrow  stream  relaH/ody  to  the  wide 

stream^  that  is,  to  the  difSarenoe  Vi  (l V  is  expended  in  orer- 

coming  the  internal  fluid  Motion  of  eddies,  and  so  prodadng  heat; 
so  that  there  is  a  loss  of  total  head,  represented  by 


S('-i)' w 


2? 

646.  The  G«H«nii  Prebiem  of  the  flow  of  a  stream  with  friction 
is  thus  expressed : — Let  h^  +  ^  and  At  +  o4>  ^  ^^  ^^'^  heads 

at  the  beginning  and  end  of  the  stream  respectiyely ;  then  the  ioas 
of  total  head  is  represented  by 

where  the  right-hand  side  of  the  equation  r^Hresents  tiie  som  of 
all  the  losses  of  head  due  to  the  Motion  in  vazious  ports  ci  the 
channel 

Section  4. — Flow  o/Gcues  tmth  Friction. 

647.  Tk«  csenerai  Iaw  of  the  Mction  of  gases  is  the  same  with 

that  of  the  friction  of  liquids  as  expressed  by  equation  1,  AitLcle 
638,  the  value  of  the  co-eificient/ being 

0*006,  nearly, 

for  Mction  against  the  sides  of  the  pipe  or  channeL  For  a  cylin- 
drical mouthpiece,  the  co-efficient  of  resistance  is  0*83  j  for  a 
conical  mouthpiece  diminishing  from  the  reservoir,  0'38. 

When  the  pressures  at  the  beginning  and  end  of  a  stream  of  gas 

1 
do  not  differ  by  more  than  r^  of  their  mean  axnount,  problems 

respecting  its  flow  may  be  solved  approximately  by  means  of  the 
above  data,  treating  it  as  if  it  were  a  liquid  of  the  density  due  to 
the  lesser  pressure,  as  in  the  approximate  equation  of  Article  637. 
In  seeking  the  exact  solution  of  the  flow  of  a  gas  with  Motion, 
it  is  necessaiy  to  take  into  account  the  effect  of  the  Mction  in  pro- 
ducing heat,  and  so  raising  the  temperature  of  the  gas  above  what 
it  would  be  if  there  were  no  Mction,  as  supposed  in  Section  2.  In 
the  flow  of  a  perfect  gas  with  Mction,  if  tiie  heat  produced  by  the 
friction  is  not  lost  by  conduction,  the  Mction  causes  no  loss  of  total 
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head ;  so  that  if  at  the  beginning  and  end  of  a  stream  the  velodtieflr 
of  a  perfect  gas  are  the  same,  its  temperatures  must  also  be  the 
same.  In  an  imperfect  gas,  there  is  a  small  depression  of  tempera- 
ture, which  has  been  employed  by  Dr.  Joule  and  Dr.  Thomson  as 
a  means  of  determining  or  verifying  the  laws  of  the  deviation  of 
different  gases  from  the  condition  of  perfect  gas. 

SEcnoN  5. — Mukud  Impulse  ttfFlmda  cmd  Solids. 

648.   Premnre  of  a  Jet  agmlaat  a  Fixed  SarfiMe. — ^A  jet  of  fluid 

A,  fig.  254,  striking  a  smooth  surface,  is  deflected  so  as  to  glide 


Fig.  266. 


Fig.  254. 


along  the  sur&ce  in  that  path  B  E  which  makes 
the  smallest  angle  with  its  original  direction 
of  motion  A  B,  and  at  length  glances  off  at  the 
edge  E  in  a  direction  tangent  to  the  surface. 
To  simplify  the  question,  the  sur&ce  is  sup- 
posed to  be  curved  in  such  a  manner  aa  to 
guide  the  jet  to  glance  off  it  in  one  definite  direction.  The  fno- 
tioii  between  the  jet  and  the  surface  is  supposed  insensible.  This 
being  the  case,  as  the  particles  of  fluid  in  contact  with  the  sur* 
&oe  move  along  it,  and  the  only  sensible  force  exerted  between 
them  and  the  surface  is  perpendicular  to  their  direction  of  motion, 
that  force  cannot  accel^^rate  or  retard  the  motion  of  the  particles, 
but  c^  only  deviate  iw  Let  v,  then,  be  the  velocily  of  the  par- 
ticles of  fluid,  Q  the  volume  discharged  per  second,  p  the  densily, 
and  /9  the  angle  by  which  the  direction  of  motion  ia  deflected;  then 

pQv 
9 

18  the  momentum  of  the  quantity  of  fluid  whose  motion  is  deflected 
per  second.    Also  conceive  an  isosceles  triangle  whose  legs  are  each 
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equal  to  the  velocily  v,  and  make  with  each  oiher  the  ang^  /3 ; 
then  the  base  of  that  triangle,  whose  value  is 

2  V  sin  ;t, 

represents  the  change  of  velocity  undergone  by  each  particle  of 
fluid ;  so  that  the  change  of  momentum  per  second  is 

F  ^  -y-  •  sin  2 ; (1.) 

and  this  also  is  the  amount  of  the  total  pressure  acting  between  the 
fluid  and  the  surface,  in  the  direction  of  a  line  which  is  parallel  to 
the  base  of  the  isosceles  triangle  before  mentioned ;  that  is,  which 
makes  equal  angles  in  opposite  directions  with  the  original  and  new 
directions  of  motion  of  the  jet 

The  force  reraesented  by  F  may  be  resolved  into  two  compo- 
nents, F«  and  F„  respectively  parallel  and  perpendicular  to  the 
original  direction  of  the  jet.  The  values  of  the  resultant  and  its 
two  components  evidently  bear  to  each  other  the  proportions, 

F  :r,  :F,  ::  2sin|  :  1  -  cos /8  :  sin /8 (2.) 

whence  the  components  have  the  values, 

F,  =  l^(l-cos/3);  F,  =  ^-^ain/3 (3.) 

If  the  surface  struck  by  the  jet  is  of  a  sjrmmetrical  figure  about 
the  original  direction  of  the  jet  as  an  axis,  the  quantity  of  fluid  Q 
which  strikes  the  surface  in  each  second  spreads  and  glides  off  in 
various  directions  distributed  symmetrically  round  the  axis,  and 
making  equal  angles  ^  with  it ;  so  that  the  forces  exerted  perpen- 
dicular to  the  axis  by  the  different  parts  of  the  spread  and  diverted 
jet  balance  each  other^  and  nothing  remains  but  the  sum  of  the 
components  parallel  to  the  axis,  whose  value  is  F„  as  given  in  the 
first  of  the  equations  3. 

By  substituting  A  v  for  Q,  the  forces  may  be  expressed  in  terms 
of  the  sectional  area  of  the  jet 

As  a  particular  case,  let  the  surface  be  a  plane,  as  in  fig.  255. 
The  jet^  on  striking  the  surfiEtce,  spreads  and  glances  off  in  all  direc- 
tions Srt  right  angles  to  its  original  direction,  so  that  /9  b  90^, 
cos  /9  =  0,  and 

e^  ,  eA*' 

9  9  ' 
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being  equal  to  the  weight  of  a  colimm  of  fluid  whose  base  is  the 
sectional  area  of  the  jet,  and  its  height  double  of  the  height  due  to 
the  velocity.     This  result  is  confirmed  by  experiment. 

As  another  case,  let  the  suiface  be  a  hollow  hemisphere  (fig.  256), 
80  that  the  jet  in  spreading  is  turned  directly  backwards.  Then 
fi  «  180o,  -cos /J  =    +1,  and 

'^     g     "      g     ' ^'^ 

being  equal  to  the  weight  of  a  column  of  fluid  whose  base  is  the 
sectional  area  of  the  jet,  and  its  height  four  times  the  height  due 
to  the  velocity. 

649.   Tke  Vwmmmf  mi  a  J^et  agalaat  a  Having  8«rlkc«  is  found  by 

substituting  in  the  equations  of  the  preceding  Article,  the  motion 
of  the  jet  rdaJtxcdy  to  the  eurfcice  for  its  motion  relatively  to  the 
earth.  In  this  case  there  is  energy  transmitted  from  the  jet  to  the 
solid  surface  or  from  the  solid  sur&ce  to  the  jet;  and  the  deter- 
mination of  the  amount  of  energy  so  transmitted  per  second  forms 
an  important  part  of  the  problem. 

Case  1.  When  the  ewrjace  haa  a  motion  of  tranaUUion  parallel  to 
the  original  direction  of  the  jet,  let  u  be  the  velocity  of  that  motion, 
positive  if  it  is  along  with  the  motion  of  the  jet,  and  negative  if 
against  it ;  let  Vi  be  ^e  original  velocity  of  the  jet ;  then  Vi  —  u  is 
the  velocity  of  the  jet  relatively  to  the  surface.  Consequently,  the 
component  force  acting  between  the  fluid  and  the  solid  surface,  in 
the  direction  of  motion  of  the  latter,  is 

F.  =  ^^<P^(l-ooe<8); (1.) 

representing  also  the  equal  and  opposite  force  which  must  be  ap- 
plied to  the  solid  to  make  its  motion  uniform;  and  the  energy 
transmitted  per  second  is 

F,«  =  iLQii^«J(l_eoe,S); (2.) 

which,  if  u  is  positive,  is  transmitted  firom  the  fluid  to  the  solid, 
and  if  t»  is  negative,  from  the  solid  to  the  fluid. 

The  energy  thus  transmitted  per  second  is  equal  to  the  diflerenco 
of  the  actual  energies  of  the  volume  Q  of  fluid  before  and  after 
acting  on  the  solid.  Let  v^  be  the  velocity  of  the  fluid  after  the 
collision ;  this  being  the  resultant  of  Uy  and  of  Vi  —  u  in  the  devi- 
ated direction,  its  square  is  given  by  the  equation 

t7j  =  w*  +  (t?i  —  w)'  +  2  w  {vi  —  u)  •  cos  fi 

=  1-1-2^(17,-1*)  (l-cos/3); (3.) 

3q 
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by  oomparixig  wbich  with  equation  2  it  is  evident  that 

F.«=^^^, ...(4) 

as  has  been  stated. 

The  TOft-yiTnirm  transmission  of  eneigy  from  the  fluid  to  the  solid, 
for  a  giyen  yelodty  of  jet^  is  obvionslj  given  by  the  velociiyy 


which  gives 


...(5.) 


.If  fi  =  90^,  as  in  fig.  255,  the  tnaTimTiTn  enei^gy  transmitted  is 
e  Q 1^  -f-  4  ^9  or  half  of  the  original  actual  energy  of  the  flnid  If 
fi  =  180%  as  in  fig.  256,  the  maitimum  energy  transmitted  is 
^  Q  «!  -h  2  ^,  or  ^  whole  of  the  original  actnal  energy  of  the  ftaid, 
which,  after  the  oollision,  is  left  at  rest 

Oasb  2.  TF%0»  the  surface  has  a  nwUon  of  traneiatUm  w  any 
direction,  with  the  velocity  u,  let  BD,  fig.  254,  represent  that 
direction  and  velocity^  and  B  C  the  direction  and  original  velocity 
Vi  of  the  jet.  Then  D  C  represents  the  direction  and  velocity  of 
the  original  motion  of  the  jet  relatively  to  the  soiiaoe.  Ihaw 
E  F  =  D  C  tangent  to  the  emhce  at  E,  where  the  jet  glances  ofiT; 
this  represents  the  relative  velocity  and  direction  with  which 
the  jet  leaves  the  sur&ce.  Draw  F  G  ||  and  =  B  D,  and  join  EG; 
this  last  line  represents  the  direction  and  velocity  relatively  to  the 
earthy  with  which  the  jet  leaves  the  snr&ce,  being  the  resultant  of 
EEandFG. 

The  total  force  exerted  between  the  fltdd  and  the  sor&oe  mi^t 
be  determined  by  finding  the  change  of  the  momentum  of  the 
volume  of  fluid  Q,  due  either  to  the  change  of  direction  and  velo- 
city relatively  to  the  earth,  viz.,  from  BC  to  EG;  or  to  that 
relatively  to  the  surfiioe,  viz.,  from  D  0  to  E  F.  But  the  foroe 
which  it  is  most  important  to  determine  is  that  to  which  the  trans- 
mission of  energy  is  due,  viz.,  the  force  parallel  to  B  D,  which  will 
be  denoted  by  F^  This  force  is  equal  to  the  change  in  one  second 
of  the  component  momentum  of  the  fluid  in  the  direction  B  D. 
Let  «  =  .^  D  B  C,  denote  the  angle  between  the  direction  of  the 
jet  and  that  of  the  body's  translation;  then  the  component,  in  the 
direction  B  D,  of  the  original  velocity  of  the  jet  is 

1^  cos  ' «. 
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Let  10  =  D  0  be  the  velocity  of  tiie  jefe  lektiTelj  to  the  maa&co ; 

tc^  =  t^  +  «J— 2«ri  •  coe  « (6.) 

liBt  y  =  supplement  of  .^^r::  E  F  G,  denote  the  angle  which  a  tan- 
gent to  the  surface  at  the  edge  where  the  fluid  leaves  it  makes  with 
the  direction  of  translation.  Then  the  oompooifint^  in  the  direction 
B  D^  of  the  new  velocity  of  the  jet  is 

u  +  wooBy; 
and  the  change  of  momentum  in  that  direction  in  one  second  is 

P,  =  5-2  (Vl00B«— «ft— tO-OOSy) (7.) 

y 
which  gives  for  the  energy  tramfexTed  per  seeond, 

eQ 

F,u  =  = —  n{vi  cos  «— u— ti>  •  cos  y) (8.) 

jf 
Let  Va  be  the  resultant  velocity  of  the  fluid  after  the  collision;  then 

tj  =  t»"  +  M^  +  2uwG09y (9.) 

and  it  is  easily  verifled  that 

F.«  =  *-^^ .....(10.) 


650.   Puj— 111  •€  m  FOTC«d  TMrtnc  AflBtauft  m  WheeL — In  a  free 

vortex  (Article  630,  631),  because  the  velocity  of  each  particle  is 
inversely  as  its  distance  from  the  axis,  the  angular  TnomerUiun  of 
every  particle  of  equal  weight  is  the  same;  and  a  particle  in  mov- 
ing nearer  to  or  farther  from  the  axis  of  the  vortex,  preserving  its 
angular  momentum,  requires  no  external  force  to  be  applied  to  it 
in  order  to  make  it  assume  the  motion  proper  to  each  part  of  the 
vortex  at  which  it  arrives. 

If,  in  a  forced  vortex,  there  is  at  the  same  time  a  radiating 
current  by  which  the  fluid  moves  towards  or  from  the  axis,  then  by 
means  of  solid  surfaces,  such  as  those  of  the  vanes  of  a  wheel,  there 
must  be  applied  to  the  fluid  in  the  vortex  a  couple  sufficient  in  each 
second  to  produce  the  requisite  change  of  angular  momentum  in  the 
quantity  of  flxiid  which  flows  radiaUy  through  the  vortex  in  a 
second,  and  the  fluid  will  react  upon  the  wheel  with  an  equal  and 
opposite  couple. 

SymbolicsJly,  let  ro,  r,,  be  the  radii  of  the  cylindrical  surfeuses  at 
which  a  forced  vortex  begins  and  endis;  Vq^  Vj,  the  velocities  of  the 
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reyolYing  motion  at  theRe  two  snifaces;  Q,  tlie  flow  of  the  radial 
current ;  then  the  moment  of  the  couple  exerted  between  the  vortex 
and  the  wheel  is 

M  =  ^  (t;oro -  v,r,) (1.) 

A  vortex- wheel,  or  turbine,  when  working  in  the  most  &YOurable 
manner,  receives  tiie  fluid  at  ends  of  its  vanes  which  have  a  velocity 
of  revolution  equal  to  that  of  the  particles  of  fluid  in  contact  wit^ 
them ;  so  that  rdativelf/  to  the  whed,  the  motion  of  the  fluid  is  at 
first  radial  The  fluid  glances  off  from  the  vanes  at  their  other 
ends,  which  are  of  such  a  figure  and  position  that  they  leave  the 
fluid  behind  them  with  only  a  radial  motion  relatively  to  the  earth ; 
so  that  the  whole  of  the  energy  due  to  the  revolution  of  the  fluid  is 
transmitted  to  the  wheel  That  is  to  say,  let  a  be  the  angular 
velocity  of  the  wheel;  then  we  must  have 

t?o  =  aro;  Vi  =  0;  1 

9      '  9  9 

The  last  quantity,  M  a,  is  the  energy  transmitted  in  each  second 
from  the  fluid  to  the  wheel,  which,  in  the  case  supposed,  is  the 
whole  energy  due  to  the  motion  of  revolution  and  centrifugal 
pressure  of  the  weight  e  Q  of  fluid  in  a  rotating  forced  vortex,  as 
already  shown  in  Article  632. 

The  ends  of  the  vanes  which  receive  the  fluid  should  be  radial, 
because  the  motion  of  the  fluid  relatively  to  them  is  radiaL  The 
ends  of  the  vanes  where  the  fluid  glances  off  should  be  inclined 
backwards  so  as  to  make  with  the  radii  intersecting  them,  an  angle 

Q 

6  given  by  the  following  equation : — Let  u  =  r r  be  the  velocity 

2  TT  Tib 

of  the  radial  current  at  the  ends  of  the  vanes  now  in  question;  then 

tau.  =  ^^  =  il5!l^; (3.) 

parallel 


Fig.  257  represents  part  of  Thomson's  vortex  water-wheel, 
designed  on  these  principles.  The  water  is  supplied  to  the  wheel 
from  a  large  external  casing,  in  which  it  forms  a  free  spiral  vortex; 
it  is  directed  by  guide  blades,  C,  against  the  outer  circumference  of 
the  wheel,  where  the  vanes  are  radial,  and  is  dischaiged  at  the 
central  orifice  of  the  wheel,  the  inner  ends  of  the  vanes  being 
directed  backwards  at  the  angle  B  above  described.     The  gidde 
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.  PUIEP — FAK. 


blades  are  moTcable  about  pivots  at  A,  in  order  to  adjust 
■if  obliquity  of  the  extenuil  freu  spiral  vortex  at  pleasure, : 
lulapt  the  BOW  Q  of  the  radial  current  to  the  work  to  be  pt 


Fig.  !67. 


Fig.  2S8. 


A  TOTtex-wheel  haa  been  applied  to  steam  by  Mr. 
Oorman  of  Glasgow. 

651.  A.  CvmtrH^gmS  Faap  consiBts  munly  of  a  vort 
which  communicates  mottou  to  the  water,  so  as  to  make 
forced  vortex  of  the  radius  CK  =  rg,fig.  258.  The  water  ie 
by  a  ladiating  current  pnxieeding  outuMtrda  from  the  cent 
towards  the  circumference.  The  inner  ends  of  the  van 
make  with  the  radii  traversing  them  the  angle  already  d< 
/,  Article  650,  equation  3,  that  they  may  cleave  the  fluid  at 
radially  outwsrds,  without  atriimg  it,  which  would  cause  i 
and  waste  of  enei^  in  friction.  Tlie  outer  ends  of  the  vut 
be  radial  Beyond  the  wheel,  the  water  forms  a  free  spii 
in  a  casing,  frrtm  which  it  is  dischaived  at  A  through  a  pi 
snrfoce  velocity  ar^^  v^  of  the  wheS  is  regulated  by  the  t 
required,  consisting  of  Uie  elevation  at  which  the  water 
delivered,  tiie  height  due  to  its  velocity  of  deliveiy,  and 
lost  in  overcoming  friction  j  that  is  to  say,  according  to 
ciples  of  Article  630  to  633, 


?=».--+ir„  <'  +  =  •/)■" 


where  z  is  the  elevation  of  &e  point  of  delivery,  Y  the  v 
the  discharge  pipe,  and  Z  -/the  sum  of  the  various  qua 
which  the  height  due  to  that  velocity  is  to  be  multipli^  t 
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I0B8  of  head  from  Tarioiis  causes  of  MctaozL  l^eratioofO  AtoCR 
=  To  is  regulated  bj  the  law  tibat  in  a  &ee  vortex  the  yelocity  ia 
inyeraelj  as  the  ladiiis;  that  is  to  saj, 

CA:  =  ^" (2.) 

Guide  blades  in  the  free  Tortex  are  here  unnecessary. 
A  blowing  fan  is  a  centrifugal  pump  applied  to  air. 

652.  The  PKMara  •r  a  Cnvntt  upon  a  solid  body  floating  or 
immersed  in  it  would  be  equal  in  opposite  directions^  and  have 
nothing  for  its  resultant,  if  fluids  moved  without  friction.  But 
because  of  the  energy  of  the  diverted  streams  which  glance  from  the 
body  being  to  a  greater  or  less  extent  expended  in  fluid  friction, 
the  pressure  on  tiie  back  of  the  solid  body  becomes  less  intense 
than  the  pressure  on  the  front;  and  to  the  resultant  pressure  in  the 
direction  of  the  current  thus  arising^  has  to  be  added  the  resultant 
of  the  direct  friction  of  the  fluid  against  the  surface  of  the  solid  body. 

Our  knowledge  of  the  laws  of  the  force  exerted  by  a  current 
against  a  solid  body  is  almost  wholly  empirical 

It  is  known  that  that  force  can  be  approximately  represented  by 
a  formula  of  this  kind : — 

'■=*'^*^; 0) 

being  the  product  of  the  height  due  to  the  velocity  of  the  current^ 
the  area  A  of  the  greatest  Gross-section  of  the  solid  body;  tiie 
weight  e  of  an  unit  of  volume  of  the  fluid,  and  a  co-efficient  k 
depending  on  the  figure  of  the  body.  The  values  of  this  co-efficient 
have  been  found  experimentally  for  a  few  figures.  The  following, 
according  to  Duchemin,  are  some  of  its  values  for  rectangular  prisms 
and  cylinders,  placed  with  their  axes  along  the  current : — 
Let  L  be  the  length  of  the  prism  or  cylinder,  A  its  transverse  area, 
h  and  d  its  laransverse  dimensions,  if  a  rectangular  prism,  or  its 
axes,  if  a  cylinder.     Then  for 

L-^jTd^     0,        1,        2,         3. 
^=1-864, 1477, 1-347,  1-328. 

The  value  headed  0  is  applicable  to  very  thin  plates. 

653,  The  Reaiatwice  mf  Fivids  to  the  motion  of  bodies  floating  or 
immersed  in  them  is  subject  to  the  same  remarks  which  have  been 
made  respecting  the  pressure  of  currents  against  solid  bodies.  It  is 
also  capable  in  many  cases  of  being  approximately, represented  by 
the  formula 
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v" 


The  oo-efficient  k  is  less  for  a  solid  moving  in  a  fluid,  than  for  • 
fluid  moving  past  the  same  solid  The  following  values  are  given 
chiefly  on  l£e  authority  of  Buchemin.  For  prisms  and  cylinders^ 
moving  in  the  direction  of  their  axes,  the  synubols  having  ike  aama 
meaning  as  in  the  last  Article : — 

L  -f-  jTd^     0,         1,         2,         8;  average  above  3. 
ifc  =  1  -254, 1  -282,  1  -306, 1  -330 ;         1  -4. 
Theee  results  are  also  given  by  the  empirical  foimula, 

— O^^Stx) <^' 

k  for  a  cylinder,  moving  sideways,  about  0*77 ; 

for  a  sphere,  „  „        „     0*51; 

for  a  thin  hollow  hemisphere  moving  with 

the  hollow  foremost, about  2*0; 

for  a  prism  with  wedge-formed  ends  =  k  for 

same  prism  with  flat  ends,  x  (1  —  oos  /3), 
where  fi=^i  angle  of  wedge  (doubtful). 

The  following  are  results  deduced  from  Mr.  Bashforth's  experi- 
ments on  elongated  projectiles  at  velocities  of  from  1,300  to  1,500 
feet  per  second  (see  Prooeedings  of  the  Royal  Society ,  Feb.,  1868): 

9 
where  A  is  in  square  feet,  and  v  in  feet  per  second;  and  c  has  the 
following  values,  according  to  the  shape  of  the  head  of  the  projectile, 
—hemispherical,  00000245;  oval  and  pointed,  from  0*0000191  to 
0*0000204. 

From  the  results  of  observations  of  the  engine  power  required  to 
propel  various  steam  vessels  of  difierent  sizes  and  figures  at  diffisrent 
velocities,  there  is  reason  to  think  it  probable,  that  when  ships  are 
built  of  such  figures  that  the  water  glides  round  their  surfia-ces 
without  forming  surge  or  large  eddies,  the  principal  part,  if  not  the 
only  appreciable  part,  of  the  resistance,  is  due  to  the  direct  firiction 
between  the  water  and  the  bottom  of  the  ship.  The  opinion  that 
the  resistance  to  the  motion  of  ships  which  are  not  very  bluff 
consists  almost  wholly  of  friction,  has  been  confirmed  by  subsequent 
experiments.  The  co-efficient  of  the  friction  between  water  and 
the  bottom  of  an  iron  ship  is  nearly  the  same  with  that  of  water  in 
iron  pipes.     The  friction  varies  nearly  as  the  square  of  the  velocity 
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of  rubbing  between  the  water  and  the  ship's  bottom.  That  velocity 
is  different  at  different  points  of  the  ship's  bottom,  and  bears  to  the 
speed  of  the  ship  a  ratio  at  each  point  depending  on  the  ship's 
figure  and  on  the  (losition  of  the  point  in  question.  The  average 
velocity  of  rubbing  exceeds  the  speed  of  the  ship;  and  the  excess 
is  the  greater  the  bluffer  her  shape.  Thus,  though  a  long  and 
sharp  vessel  presents  a  greater  rubbing  surface  than  a  short  and 
bluff  vessel  of  the  same  size,  the  average  velocity  of  rubbing  is  less 
in  the  longer  vessel  at  the  same  speed;  so  that  there  is  a  certain 
degree  of  sharpness  which  gives  the  least  resistance  for  a  given  siae 
and  speed  What  that  desree  of  sharpness  is  cannot  yet  be  fixed 
with  ^great  precision  ;l>at  in  gene^  it  does  not  ^j  diffia- 
from  that  which  is  given  by  making  the  sum  of  the  lengths  of  the 
bow  and  stem  equal  to  about  seven  times  the  greatest  breadth. 

The  following  formula  has  been  found  to  agree  well  with  experi- 
ments on  the  resistance  of  ships : — Let  G  be  the  mean  immersed 
girth;  L,  the  length  on  the  water  line;  <^,  the  mean  of  the  squares 
of  the  sines  of  the  angles  of  obliquity  of  the  stream  linea,  or  lines 
which  the  particles  of  water  follow  in  gliding  over  the  ship's 
bottom ;  let  v  be  the  velocity  of  the  ship  in  feet  per  second,  andy 
a  co-efficient,  whose  value  for  a  clean  painted  iron  bottom  is  about 
0*004;  then  the  resistance  is  nearly 

R  ='^~  L  G  (1  +  4  ^  +  s*) (3.) 

The  factor,  L  G  (1  +  4  «2  +  «*),  is  called  the  ''augmented  surfiu^e." 
See  Civil  Engineer  and  Architect's  Journal,  October,  1861;  FhiL 
Trans.,  1862,  1863;  Trans,  of  the  Institution  of  Naval  ArehiiecU, 
1864;  also  Shipbuilding,  Theoretical  and  PrcbcticcU,  by  Watts, 
Bankine,  Napier,  and  I^mes. 

Mr.  Scott  Bussell  has  proved  that,  when  the  length  of  a  ship 
bears  less  than  a  certain  proportion  to  that  of  the  wave  which 
naturally  travels  with  the  same  speed,  there  is  a  rapidly  increasing 
additional  resistance.  The  least  proper  length  in  feet  suitable  for 
a  given  speed  is  about  fifteen-sixteenths  of  the  square  of  the  speed 
in  knots.     (As  to  Waves,  see  page  xv^ 

654.  Siabiuiy  •£  Floatiag  B«diM_ln  Artide  120  it  has  been 
shown,  that  in  order  that  a  body  floating  in  a  liquid  may  be  in 
equilibrio,  the  weight  of  liquid  displaced  must  be  equal  to  the 
weight  of  the  floating  body,  and  the  centre  of  buoyancy  must  be 
in  the  same  vertical  line  with  the  centre  of  gravity  of  the  floating 
body. 

In  order  that  the  equilibrium  of  a  floating  body  may  be  stable, 
every  angular  displacement  of  the  body  from  the  position  of  eqnili- 
orium  must  cause  a  demotion  of  the  centre  ofhaoycmcy,  rdaJUxdy  to  a 
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vertical  line  traversing  the  centre  of  gravity,  in  tfte  direction  towards 
which  ike  floating  body  heels;  so  that  the  weight  of  the  body  acting 
through  its  centre  of  gravity,  and  the  equal  and  opposite  pressure 
of  the  liquid  acting  through  the  centre  of  buoyancy,  may  constitute 
a  restoring  or  righting  couple,  tending  to  bring  the  body  back  to  the 
position  of  equilibrium.  Should  the  relative  deviation  of  the  centre 
of  buoyancy  take  place  in  the  opposite  direction,  a  couple  is  pro- 
duced tending  to  upset  the  body,  which  is  accordingly  unstable; 
should  the  centre  of  buoyancy  continue  to  be  in  the  same  vertical 
line  with  the  centre  of  gravity,  the  body  continues  to  be  in  equili- 
brio  in  its  new  position,  and  its  equilibrium  is  indifferent. 

Let  fig.  259  represent  a  cross-section  of  a  ship,  G  her  centre  of 
gravity,  A  B  the  water  line, 
and  0  the  centre  of  buoyancy 
in  the  position  of  equilibiium. 
Let  the  ship  heel  through  an 
angle  i,  and  let  E  F  be  the 
new  water  line,  and  D  the 
new  centre  of  buoyancy;  and 
let  the  ship  be  kept  in  this 
position  by  a  couple  whose 
moment  is  known.  Let  W 
be  the  weight  of  the  ship, 
and  S  the  volume  of  water 
displaced  by  her,  so  that  W  =  e  S  (e  being  the  weight  of  a  cubic 
foot  of  water).  Through  D  draw  a  vertical  line  D  M,  cutting  the 
line  C  G,  which  was  originally  vertical,  in  M.  The  force  of  the 
righting  couple  is  W,  and  its  arm  is  the  horizontal  distance  from 

G  to  the  line  D  M;  that  is,  G  M  *  sin  S;  coDsequently,  the  moment 
of  the  righting  couple,  equal  and  opposite  to  the  moment  of  the 
heeling  couple,  is 


Fig.  259. 


W  •  G  M  •  sin  fi. 


(1.) 

The  comparative  stability  of  a  ship  is  proportional  to  the  arm  of  the 
righting  couple  for  the  same  angle  of  heel ;  and  that  arm  is  propor- 
tional to  G  M,  which  length  thus  becomes  a  measure  of  the  stability 
of  the  ship.  The  point  M,  when  determined  for  an  indefinitely 
small  angle  of  heel,  is  called  the  hetacentre  ;  it  may  be  the  same, 
or  it  may  be  different  for  finite  angles.  When  the  position  of  M 
is  variable,  the  angle  of  heel  to  be  adopted  in  findQng  it  should 
be  the  greatest  which  under  ordinary  circumstances  is  likely  to 
occur;  for  different  ships  this  varies  from  6°  to  20°. 

If  the  metacentre  is  above  the  centre  of  gravity,  the  equilibrium 
is  stable;  if  it  coincides  with  the  centre  of  gravity,  the  equilibrium 
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is  indifferKit;  if  it  is  below  the  centre  of  giavilyy  the  eqvilibnam 
is  unstable. 

Let  H  be  the  line  of  intersection  of  the  planes  of  the  two  water 
lines  A  B^  E  F.  The  deviation  C  D  of  the  oentre  of  bnoyanc^  is 
the  same  with  the  deviation  of  the  centre  of  gravity  of  i^e  maas 
of  water  displaced,  which  would  aiise  from  removing  ih»  wedge 
A  H  E  into  the  position  F  H  R  Let  s  be  the  volume  of  that 
wedge,  e  its  density,  and  let  I  denote  the  distance  between  the 
centres  of  gravity  of  its  two  positions,  A  H  E  and  F  H  B.  I>raw 
C  D  parallel  to  the  line  joining  those  two  centres  of  gravity ;  and, 
according  to  Article  77,  make 

^^  =  W=-E' <2-) 

then  is  D  the  new  centre  of  buoyancy. 

The  angle  which  0  D  makes  with  the  horuson  is  in  general  either 

i  i 

exactly  or  very  nearly  =  5 ;  so  that  CD  =  MO*2sino9  approxi- 
mately. Also,  the  volume  «  is  in  general  either  exactly  or  nearly 
proportional  to  2  sin  n ;  so  that  if  c  be  a  constant  volume  depend- 
ing  on  the  figure  of  the  water  line,  «  =  c  *  2  sin  5,  approximately. 


Consequently,  to  find  the  height  M  C  ofthapoirU  M  abaoe  M0 

of  hwt/ancyf  and  its  height  M  G  above  the  centre  o/gravify,  we  have 
the  approximate  formulae, — 

MC  =  CD  -  2sin^=^; 

_      ,e  '      h  (3) 

M  G  =  g  =+:  G  C. 


The  sign  =7:  denotes  that  G  C  is  to  be  subtracted  or  added  according 
as  G  is  above  or  below  0.  The  product  ^  c  is  found  approximately 
in  the  following  manner,  for  those  cases  in  which  the  water  lines 
A  B  and  E  F  are  sensibly  equal  and  similar  figures,  so  that  the 
line  H,  where  their  planes  intersect,  traverses  the  centre  of  gravity 
of  each  of  those  figures,  and  the  wedges  A  H  E,  F  K  B,  are 
similar  as  well  as  equal 

The  product  2«  =  Zc'2sin^is  the  double  of  the  statical 

moment  of  one  of  the  wedges  relatively  to  the  line  H,  supposing 
the  density  equal  to  unity.  Let  distances  measured  lengthways 
on  the  line  H  be  denoted  by  x;  let  the  perpendicular  distance 
of  any  point  in  a  water  line  plane  bisecting  the  angle  A  H  £  firom 
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the  line  H  be  denoted  hj  y,  and  let  the  thickness  of  the  wedge  at 

the  point  whose  co-ordinates  are  x  and  yhe  z=:if  •  2  sin  o.     Then 
we  have 

8=z28hi2'jjy'dydx;c==ijjy'dydx; 
Z  «  =  4  sin  2  *  f  J  y^'dy  dx; 


and  therefore 


I  cz=i2  I  I  y^  '  d  y  d  Xy 


■  (*•) 


being  the  vw/Mni  oftneriia  of  the  vxUer  line  plane  about  the  axis 
H.  To  express  this  in  a  convenient  form,  let  h  be  the  breadth  of 
the  ship  at  the  water  line,  at  a  given  distance  x,  measured  length- 
ways from  an  assumed  origin.     Then 

2J'y*dy=^;and?c  =  l/6»da:. (5.) 

As  to  the  moments  of  inertia  of  different  plane  figures,  see  Article 
95;    Thus^  equation  3  becomes 


_/ 


l^  '  d  X 


The  theory  of  the  stability  of  ships  was  first  investigated  by 
Bossut^  and  was  further  developed  by  Atwood.  The  most  impor- 
tant contributions  to  that  theory,  of  later  date,  have  been,  the 
memoir  of  Dupin,  Sur  la  Stabiliie  dea  Corps  FUMans,  a  paper  by 
Canon  Moseley  in  the  Philosophical  TransacHons  for  1850,  and 
various  papers  by  Rawson,  Froude,  Merrifield^  Barnes,  and  others. 

655.  €lMiiiati*Ba  •€  Floattng  Bodies. — The  theory  of  the  oscilla- 
tions of  ships  was  investigated  in  an  approximate  manner  by  Bossut 
and  other  mathematicians,  and  was  first  brought  into  a  complete 
state  by  Moseley,  in  the  paper  already  referred  to.  Its  details 
are  of  much  complexity;  and  an  outline  of  its  leading  principles, 
and  of  their  results  in  the  most  simple  cases,  is  all  that  needs  be 
given  in  this  treatise. 

The  oscillation  of  a  ship  may  be  resolved  into  rolling,  or  gyration 
about  a  longitudinal  axis,  pitching,  or  gyration  about  a  transverse 
axis,  and  vertical  oscillation,  consisting  in  an  alternate  rising  above 
and  sinking  below  the  position  of  equilibrium.  The  point  of  chief 
importance  in  practice  is  the  time  occupied  by  a  rolling  osdUation. 
If  that  time  is  too  loDg,  the  ship  is  deficient  in  stability;  if  too 
short,  her  movements  are  abrupt,  and  tend  to  overstrain  her. 

If  a  ship  is  of  such  a  figure  that,  when  she  rolls  into  a  new  posi- 
tion of  equilibrium  under  the  action  of  a  couple,  her  centre  of 
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gravity  does  not  alter  its  level,  then  her  rolling  gyrations  are  per- 
formed about  a  permanent  longitudinal  axis  traversing  her  oentiie 
of  gravity,  and  are  not  accompanied  by  vertical  oscillations,  and  her 
moment  of  inertia  is  constant  while  she  rolls.  That  condition  is 
fulfilled  if  all  the  water  line  planes,  such  as  AB  and  EF,  are 
tangents  to  one  sphere  described  about  G.  In  what  follows  it  will 
be  supposed  that  this  condition  is  fulfilled,  and  also  that  the  position 
in  the  ship  of  the  point  M  is  sensibly  constant. 

According  to  Article  654,  equation  1,  the  righting  couple  for  a 
given  angle  of  heel  B  is 

W  •  GM  •  sin  S; 

but  in  an  approximate  solution  we  may  substitute  4  for  sin  i.  Let 
I  be  the  moment  of  inertia  of  the  ship  about  her  axis  of  rolling; 
then  equations  2  and  3  of  Article  598  give  the  following  value  for 
the  time  of  a  double  gyration : — 

2ir      ^         //        I       \  _      2yR 

k  =  ^  '  V  Vw-GMV  =  y  ^~M' ^^'^ 

where  H  is  the  radius  of  gyration  of  the  ship.  This  is  the  same 
with  the  time  of  a  double  oscillation  of  a  simple  pendulum  whose 

length  is  R«  -?-  GTil. 

The  researches  of  Mr.  William  Froude,  first  described  to  the 
British  Association  in  July,  1860,  and  afterwards  laid  more  fully 
before  the  Institute  of  Naval  Architects,  have  shown,  ^rs^,  that 
the  same  forces  which  tend  to  keep  a  ship  upright  in  still  water 
tend  to  place  her  perpendicular  to  the  sur&ce  of  the  water  amongst 
waves,  and  thus  to  increase  rolling;  secondly ,  that  the  chief  cause 
of  excessive  rolling  is  too  near  a  coincidence  between  the  periodic 
time  of  the  vessel's  rolling  and  that  of  her  being  acted  upon  by 
successive  waves;  and  tfdrdlyj  that  the  most  efficient  method  of 
preventing  excessive  rolling  is  to  adjust  the  moment  of  inertia 
and  the  stability  of  a  vessel,  so  that  her  periodic  time  of  rolling 
shall  be  longer  than  the  period  of  any  waves  she  is  likely  to  eu- 
counter,  taking  care  at  the  same  time  to  leave  sufficient  stability 
to  prevent  the  risk  of  upsetting,  or  of  heeling  too  far  over  with 
a  side  wind. 

See  Trane,  of  the  Institution  of  Naval  Architects,  passim;  also 
Shijibuilding,  by  Watts,  Bankine,  Napier,  and*  Barnes.  (As  to 
Waves,  see  page  xv.) 

Q5Q.   The  Action  bcfwcca  a  Fluid  nad  a  Pistan,  consisting  in  the 

transmission  of  energy  from  the  one  to  the  other,  has  already 
been  considered  in  a  general  way  in  Article  517.  In  the  present 
Article  it  will  be  treated  more  in  detail. 

In  figs.  260  and  261,  let  abscissae  measured  parallel  to  the 
line  O  S  represent  the  spaces  successively  occupied  by  a  fluid  in  » 
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cylinder  provided  with  a  piston,  any  such  space  being  denoted  by 
s ;  and  let  ordinates  measured  parallel  to  the  line  O  P,  peix>endi« 


Si\ 

B            J 

A 

o 


Fig.  260. 


Fig.  261. 


cular  to  O  S,  represent  the  intensities  of  the  pressure  exerted  by 
the  fluid  against  the  piston,  any  such  intensity  being  denoted  hj  p. 

Let  a  given  weight  of  a  gaseous  substance  go  through  a  succes- 
sion of  arbitrary  changes  of  pressure  and  volume,  so  as  to  return 
in  the  end  to  the  condition  from  which  it  set  out.  Such  a  succes- 
sion of  changes  is  called  a  c7/cle  of  changes ;  it  is  represented  by  a 
dosed  curve,  such  as  D  C  E  B  in  fig.  260,  and  the  area  of  that 
curve  represents  the  energy  trane/erred  during  the  cycle  of  changes. 
If  the  changes  take  place  in  the  order  D  C  £  B,  that  is,  if  greater 
pressures  are  exerted  during  the  expansion  of  the  substance  than 
during  its  compression,  energy  is  transferred  from  the  gas  to  the 
piston;  if  the  changes  take  place  in  the  order  D  B  E  C,  that  is,  if 
greater  pressures  are  exerted  by  the  substance  during  its  compres- 
fdon  than  during  its  expansion,  energy  is  transferred  from  the  pis- 
ton to  the  gas. 

The  amount  of  energy  transferred  may  be  expressed  in  two 

ways.     First,  for  any  given  volume  O  A  =  8,  let  A  C  =  |>i  and 

AB  =  p2  be  the  greater  and  the  less  intensities  of  the  pressure ; 
then 


energy  transferred  =  /  {pi — p^da. 


.(1.) 


Secondly,  for  any  given  pressure  O  F  =  j»,  let  F  E  =  «i  and  F  D 
=  «j  be  the  greater  and  the  less  of  the  spaces  occupied ;  then 

energy  transferred  =  /  {si — 8^  dp (2.)  . 

which  is  another  expression  for  the  same  quantity. 

Fig.  261  represents  the  case  in  which  a  given  weight  of  an  elastic 

substance  occupying  the  space  O  E  =-  ^i  at  the  pressure  O  B  =  jt>j, 
is  introduced  into  a  cylinder  and  made  to  drive  a  piston, — is  then 
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allowed  to  ezpanc[y  its  volmne increaamg to  OP  r=  <^  and  its  pica- 

sore  falling  to  ¥T>  =  jp^y  according  to  a  law  represented  hy  the 
curve  C  D, — and  is  laatlj  expelled  firom  the  cylinder  at  the  final 
pressure.  In  this  case  the  energy  transferred  from  the  elastic  snb- 
stance  to  the  piston  is  represented  by 

area  ABC  D=  f"  8dp  =  W  P  ^ ;.../.... .(3.) 

being,  in  fact,  as  the  last  expression  shows,  equal  to  the  weight  of 
the  elastic  substance  employed,  W,  multiplied  by  its  loss  of  (fynor 
fnic  head. 

The  same  equation  gives  the  energy  transferred  from  the  piston 
to  the  elastic  substance,  when  the  latter  is  introduced  into  the 
cylinder  at  the  lower  pressure  and  expelled  at  the  higher. 

For  a  perfect  gas  (Article  635)  this  expression  becomes 

\     «rfp  =  — ?1_ -^^  J  1— Lij       I .,...(4.) 

If  the  fluid  is  discharged  from  the  cylinder  under  a  pressure  p^ 
less  than  that  at  which  the  expansion  terminates,  there  is  to  be 
added  to  the  preceding  formida  tiie  term 

»t{p^—Pi) (5.) 

If  the  fluid  which  acts  on  the  piston  is  introduced  in  the  state 
of  saturated  vapour,  it  is  discharged  as  a  mixture  of  saturated 
vapour  at  a  lower  pressure  with  more  or  less  of  liquid.  In  this 
case,  the  following  equations  belonging  to  the  science  of  thermo- 
dynamics are  to  be  used.  Let  p  be  the  pressure  of  saturation  of  a 
vapour,  and  r  the  corresponding  boiling  point  of  its  liquid,  in 
degrees  reckoned  from  the  absolute  zero,  274°  Centigrade  or  493^-2 
Fahrenheit  below  the  melting  point  of  ice.     Then 


T  A  ^         C 

Log;;  =  A  — -— ^, 


l=V{^^+^}- 


(6.) 


(See  Edin,  FkUos.  Jour,,  July,  1849 ;  Edin,  Transac,  xx ;  PhUos, 
Mag,f  Dec.,  1854;  NichoVa  Cydopctdia,  art  ''Heat,  Mechanical 
Action  of.")  The  following  ai-e  the  values  of  some  of  the  constants 
in  the  above  formula,  selected  from  a  table  in  the  PhUosopkical 
Jfagaai/ne  for  Dec.,  1854,  p  being  in  lbs.  per  square  Jbot,  and  t-  in 
degrees  of  Fahrenheit : — 


(7.) 
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B  B» 

A  LogB  I^C  j^  4C5 

.Water,...  8*2591     3*43642     5*59873     0*003441     0*00001184 
^ther,...7'5732     3*31492     5*21706    0*006264    0*00003924 

Let  L  be  the  value,  in  foot  pounds  of  energy,  of  tlie  latent  heat 
of  evaporation,  at  the  absolute  temperature  r,  of  so  mudi  fluid  as 
fills  a  cubic  foot  more  in  the  state  of  vapour  than  it  does  in  the 
state  of  liquid ;  D  the  weight  of  that  fluid ;  H  the  value,  in  foot 
pounds  of  energy,  of  the  latent  heat  of  evaporation  of  one  pound 
of  the  fluid  at  the  absolute  temperature  r ;  and  J  the  equivalent 
in  foot  pounds  of  a  British  thermal  unit,  or  772 ;  then 

(hyp.  log.  10  =  2*3026); 
H  =  Ho~J  (o-5)  (t—to) 

(for  water,  c — h  =  0*7)  ; 

(for  water  at  the  temperature  of 

melting  ice,  H^  =  842872.) 

3  e  denotes  the  value  in  foot  pounds  of  the  specific  heat  of  the 
liquid,  which  for  water  is  772,  and  for  sether,  399. 

Let  the  suffixes  1,  2,  and  3,  denote  the  pressures  and  tempera- 
tures respectively,  of  the  introduction  of  the  vapour,  the  end  of  its 
expansion,  and  its  final  discharge,  and  quantities  corresponding  to 
them;  81  and  s^  being,  as  before,  the  spaces  filled  by  it  at  the  begio- 
ning  and  end  of  its  expansion.      Then 

ratio  of  expansion,  -  =  -^  -{  --  +  J  c  Di  *  hyp  log  -  \ ; (8.) 

energy  transferred, IT  =  /     sdp-\-a^{jp^  —p^ 
=«.(p.-i',)+a  {  ^^^^^+ JcDi(n-r,(l+hyplog  ^))  } 

Lt<r^S}H-.{l.  +  JcI>,(.-.,)} (10.) 

These  formula  are  demonstrated  in  a  paper  on  Thermodynamics 
in  the  Philosophical  Trcmsactvma  for  1854. 

The  complexity  of  the  preceding  formulsB  renders  their  use  incon- 
venient, except  with  the  aid  of  tables  of  the  quantities  p,  L,  and  D, 
for  difierent  boiling  points.     In  the  absence  of  such  tables,  the 
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following  formultt  give  approxiinate  Yesults  for  steamy  wlieit^  tlie 
pressure  of  its  admission  pi  is  from  one  to  twelve  atmospheres  : — 


(I  I.) 


8  d  p '\' 8i  {p2  "  Pz) 

«  p»  *,  •  10 1 1  —(2)5  }  +  B,  (p,  — />,)   j^  ...(12.) 

.,..,(l0(^JU9-«}. 

The  expenditure  of  heat  in  foot  pounds  may  be  computed  roughly 
to  about  T;r7rf  when  the  feed  water  is  supplied  to  the  boiler  at  about 


(13.) 


100 
lOO*"  Fahrenheit,  by  the  formula 

H  =  /     adp -^  np^s^'j 

where  nis  a  co-efficient  whose  value  is,  for  condensing  engines,  16; 
for  non-condensing  engines,  15. 

Equations  11  and  12  are  applicable  to  non-conducting  cylinders 
without  steam-jackets.  For  cylinders  with  steam-jackets,  acting 
so  as  to  keep  the  steam  dry,  it  is  more  accurate  to  substitute  16 
for  9,  17  for  10,  and  ilj  ii,  and  iV,  respectively,  for  iv,  V*,  and  |, 
throughout  the  equations  11  and  12. 

For  the  exact  theory  of  this  case,  see  A  Mantud  of  the  Steam 
JSngine  and  oUier  Prime  Movers ;  also.  Philosophical  TramaUions, 
1859,  Part  I. 

The  following  are  the  ordinary  formulse,  which  give  a  good 
approxiniation  when  the  steam  is  slightly  moist :— 


s, 


(14.) 


XT  =pi *i  hyp.  log.  -^  +  «2  (P2  - Pz) (15.) 


s 


The  approximate  formula  (13)  is  applicable  in  all  case?. 
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PART  VI. 

THEORY  OF  MACHINES. 


657.   Natne  aad  IMvlston  ef  the  Baljeec — In  the  present  Part 

of  this  work,  maohines  are  to  be  considered  not  merely  as  modify- 
ing motion,  but  also  as  modifying  force,  and  transmitting  energy 
from  one  body  to  another.  The  theory  of  machines  consists  chiefly 
in  the  application  of  the  principles  of  dynamics  to  trains  of  me- 
chanism ;  and  therefore  a  large  portion  of  the  present  part  of  this 
treatise  will  consist  of  references  back  to  Part  I Y.  and  Part  Y. 

There  are  two  fundamentally  different  ways  of  considering  a 
machine,  each  of  which  must  be  employed  in  succession,  in  order 
to  obtain  a  complete  knowledge  of  its  working. 

I.  In  the  fiivt  place  is  considered  the  action  of  the  machine 
during  a  certain  period  of  time,  with  a  view  to  the  determination 
of  its  BFEldENOT ;  that  is,  the  ratio  which  the  luefid  part  of  its 
work  bears  to  the  whole  expenditure  of  energy.  The  motion  of 
every  ordinary  machine  iB  either  nniform  or  periodical  Hence,  as 
has  been  shown  in  Article  553,  the  principle  of  the  equality  of: 
eneigy  and  work,  as  expressed  in  Article  518,  is  fulfilled  either 
constantly  or  periodically  at  the  end  of  each  period  or  cycle  of 
changes  in  the  motion  of  the  machine. 

II.  In  the  second  place  is  to  be  considered  the  action  of  the 
machine  during  intei'vals  of  time  less  than  its  period  or  cycle,  if 
its  motion  is  periodic,  in  order  to  determine  the  law  of  the  periodic 
changes  in  the  motions  of  the  pieces  of  which  the  machine  con- 
sists, and  of  the  periodic  or  reciprocating  forces  by  which  such 
changes  are  produced  (Article  556), 

The  first  chapter  of  the  present  Part  relates  to  the  work  of 
machines  moving  uniformly  or  periodically,  and  the  second  chapter 
to  variations  of  motion  and  force  in  machinea  In  a  third  chapter 
will  be  stated  briefly  the  general  principles  of  the  action  of  the 
more  important  prime  movers.  With  respect  to  those  machines,  it 
is  impossible  to  enter  fully  into  details  within  the  limits  of  such  a 
treatise  as  the  present,  especially  as  the  most  important  of  them  all, 
the  steam  engine,  depends  on  ike  laws  of  the  phenomena  of  heat, 
which  could  not  be  completely  explained  except  in  a  special  treatise. 

2ft 
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CHAPTER  L 

WORK  OF  MAGHIKES  WTTH  UNIFOBH  OB  FEBIODIC  XOnOS. 

Section  1. — Oeneral  FrincijpUs. 

658.  wkM  ud^iiMt  w«rtb — The  whole  work  perfomied  by  a 
machine  is  diBtingoished  into  us^kd  worky  being  tiuLt  perfonned  in 
producing  the  effect  for  which  the  machine  is  designed,  and  lott 
noorky  bemg  that  performed  in  producing  other  efieda 

659.  ITMAd  aad  P»«Ki«l«tei  iiMiitBac«  are  oTesTOOme  in  peifoim- 
ing  useful  work  and  lost  work  respectively. 

660.  The  BflcieMr  of  a  maclune  is  a  fiaction  ezpresBing  the 
ratio  of  the  useful  work  to  the  whole  work  performed,  winch  is 
equal  to  the  energy  expended.  The  limit  to  the  effideacy  of  a 
machine  is  myUy,  denoting  the  efficiency  of  a  perfSsct  machine  in 
which  no  work  is  lost  The  object  of  improTements  in  machines 
is  to  bring  their  efficiency  as  near  to  unity  as  possibla 

661.  Vewer  aad  Bffcct;  Motm  p^won — ^The  pouMT  of  a  machine 
is  the  energy  exerted^  and  the  effedj  the  useful  work  pexformed,  in 
some  interval  of  time  of  definite  length. 

The  unit  of  power  called  conventionally  a  hoT»  fxawtrfy  is  550 
foot  pounds  per  second,  or  33,000  foot  pounds  per  minute,  or 
1,980,000  foot  pounds  per  hour.  The  effect  is  equal  to  the  power 
multiplied  by  tiie  efficiency. 

662.  l^rtTii^r  Potat)  VralH;  ik'wktac  IP^iaiw-— The  diiving  point 
is  that  through  whi<di  the  resultant  effort  of  the  prime  mover 
acta  The  train  is  the  series  of  pieces  which  transmit  motion  and 
force  from  the  driving  point  to  the  working  point,  throu^^  which 
itots  the  resultant  of  the  resistance  of  the  usefol  work. 

663.  Points  'of  Bmiflttuice  are  points  in  the  train  of  mechaniam 
through  which  the  resultants  of  prejudicial  resistances  act 

664.  vadcnclMi  •€  PleeiM  mt  a  nrata. — The  useful  work  of  an 
intermediate  piece  in  a  train  of  mechanism  consistB  in  driving  the 
piece  which  follows  it,  and  is  leas  than  the  energy  exerted  upon  it 
by  the  amount  of  the  work  lost  in  overcoming  its  own  £riction. 
Hence  the  efficiency  of  such  an  intermediate  piece  is  the  ratio  of 
the  work  performed  by  it  in  driving  the  following  piece,  to  the 
enerffT  exerted  on  it  by  the  preceding  piece ;  and  it  is  evident  tiliat 
ihe  ^icimey  of  a  THoeMneis  the  product  of  the  eficvMem  of  the  eenet 
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of  moving  pieces  which  trcmsmiJt  enargy  from  the  driving  poinJt  to  the 
working  point.  The  same  principle  applies  to  a  train  of  eucceasive 
fnachvnes^  each  driving  that  which  follows  it 

Q^,  Houi  BtfMto  and  licatoiMicc«« — ^In  Article  515  is  given  the 
expression  IV  da  for  the  energy  exerted  by  a  varying  effort  whose 
magnitude  at  any  instant  is  P ;  and  a  oozxesponding  expression 
j'Rds  denotes  the  work  performed  in  overoomizig  a  variable  re- 
sistance. In  a  machine  moving  uniformly,  let  these  expressions 
have  reference  to  any  interval  of  time,  and  in  a  machine  moving 
periodically,  to  one  or  any  whole  number  of  periods ;  let  «  be  the 
space  described  by  the  point  of  application  of  the  effort  or  resistr- 

anoe  in  the  interval  in  question ;  then  I  'P da  -i-  sot  jTida  -i-  a 

is  the  mean  effort  or  Tnecm  resiatcmee  as  tiie  case  may  be.  The  fiuc- 
iiuaticna  of  the  efforts  and  resistances  above  and  below  their  mean 
values  concern  only  the  variations  of  velocity  in  a  machine ;  and 
therefore,  in  the  remainder  of  the  present  chapter,  P  and  It  will  be 
used  to  denote  such  mean  values  only;  so  that  eneigy  exerted  and 
work  performed,  whether  the  forces  are  constant  or  vaiying,  wiU 
be  respectively  denoted  by  P  «  and  R  *.  By  referring  to  Articles 
517  and  593,  it  appears,  that  besides  a  force  and  a  length,  as 
expressed  above,  the  two  factors  of  a  quantity  of  energy  may  be  a 
stress  and  a  cubic  space,  or  a  couple  and  an  angle,  as  shown  in 
the  following  table : — 


£nergy 

or 

work 

in, 

foot  pounds 


Force  in  pounds  x  distance  in  feet ; 

Couple  in  foot  pounds  x  angnlar  motion  to 

raidius  imity :  or 
Freasoie  in  ^nnds  per  sqoaie  foot  x  (rpece 

described  by  a  piston  in  cubic  feet. 


666.  The  Ctoacnd  B^aattoas  of  the  uniform  Or  periodical  working 
of  a  machine  are  obtained  by  introducing  the  distinction  between 
use^  and  lost  work  into  the  equations  of  the  conservation  of 
energy.  Thus,  let  P  denote  the  mean  effort  at  the  diiviog  point, 
8  the  space  described  by  it  in  a  given  interval  of  time,  being  a 
whole  number  of  periods  or  revolutions,  Bi  the  mean  useful  reast- 
ance,  ^i  the  space  through  which  it  is  overcome  in  the  same  inter- 
val, B,  any  one  of  the  prejudioiai  xesifltaDoes,  s^  the  space  thzough 
which  it  is  overcome ;  tiien 

Ta  =  Ej^i  +  s-Rg^j (!•) 

The  efficiency  of  the  machine  is  expressed  by 
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Ri  8i  Ri  8i 


(2.) 


P«        B,i8i  +  s-R,«j 

667.  B«««a«m  l«  ieraui  ^f  Cwm^mgmMin  HoctoM. — Let  «i  : «  =:  n„ 

0i :  9  ss  n^  iic,  be  the  ro^uw  of  the  spaces  described  in  a  whole  nmn- 
ber  of  periods  bj  the  working  point  and  the  seyeral  points  of 
resistance^  to  the  space  described,  in  the  same  interval  of  time,  hy 
the  driving  point ;  then  equation  1  of  Article  666  takes  the  follow- 
ing form,  which  expresses  the  '^Principle  of  Yirtual  Velocities'* 
(Article  519)  as  applied  to  machines : — 

P  =  »iRi  +  a«,R» (1.) 

Thus  the  mean  effort  at  the  driving  point  is  expressed  in  terms  of 
the  several  mean  resistances,  and  of  the  comparaHve  motions  alone, 
which  last  set  of  quantities  are  deduced  £x>m  the  conatmction  of 
the  machine  by  the  principles  of  the  theoiy  of  mechanism ;  so  that 
eveiy  proposition  in  Part  lY.,  respecting  the  comparative  motions 
of  the  points  of  a  machine,  can  at  once  be  converted  into  a  proposi- 
tion respecting  the  relation  between  the  mean  effort  and  resistanoes ; 
and  the  mean  effort  required  to  drive  the  machine  can  be  deter- 
mined if  the  resistances  are  known. 

668.  Bedactton  of  Fmpcm  amd  Cwaples.  —  In    calculation    it   IS 

often  convenient  to  substitute  for  a  force  applied  to  a  given  point, 
or  a  couple  applied  to  a  given  piece,  the  equivalerU  force  or  couple 
applied  to  some  other  point  or  piece ;  that  is  to  say,  the  force  or 
couple,  which,  if  applied  to  the  other  point  or  piece,  would  exert 
equal  energy,  or  employ  equal  wcNrk.  The  principles  of  this 
r^uction  are,  that  the  ratio  of  the  given  to  the  equivalent  force  is 
the  reciprocal  of  the  ratio  of  the  velocities  of  their  points  of  appli- 
cation ;  and  the  ratio  of  the  given  to  the  equivalent  couple  is  the 
reciprocal  of  the  ratio  of  the  angular  velocities  of  the  pieces  to  which 
they  are  applied. 

Section  2. — On  the  Friction  of  Machines. 

669.  Co-eflcteBt«  of  FHctioH. — The  nature  and  laws  of  the  fric- 
tion of  solid  surfaces,  and  the  meanings  of  co-efficients  of  friction 
and  angles  of  repose,  have  been  explained  in  Articles  189,  190, 
191,  and  192.  The  following  is  a  table  of  the  angle  of  repose 
0,  the  co-efficient  of  friction  /=  tan  ^,  and  its  reciprocal  1  \f^ 
for  the  materials  of  mechanism,  condensed  from  the  tables  oi 
General  Morin,  and  other  sources,  and  arranged  in  a  few  com- 
prehensive classes.  The  values  of  those  constants  which  are 
given  in  the  table  have  reference  to  the.^*u;^ton  of  motion.  Ab 
to  the  difference  between  that  and  the  friction  of  rest,  see  Article 
204. 


FBICTIOV — CITGUEIITS. 


Kol 

1. 

S. 

S. 

i- 

8. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
IS. 
14. 
16. 
16. 
17. 
18. 

14"  to  284" 
1U°' 

-26  to  -E 

■2 
-5  to -6 
-24  U  '36 

•2 
•2to-!6 
■63 
-88 
•27  to  88 
■88 
■86 
-28 
-16 

■16  to -a 
■3 

■0710-08 

■05 
■OS  to  ■086 

4wa 

6 

2  to  1-67 

4^17  to  3  86 

6 

Eto4 

i-89 

8 

8-7  to  2-86 

1-79 

2-78 

i-a& 

667 
6-87  to  6 

333 
14-3  to  136 

20 
83-8  to  37-6 

M^ooeiii.  ^f'.:::;:':::::::::;:; 

18» 
8i- 

8^.114" 

..Mr 
irt.,2- 

„  .,  ^.••■.— 

—The  last  three  results  in  the  preceding  table,  Nos. 
16,  17,  and  18,  have  reference  to  amooth  firm  sur&cesof  any  kind, 
greased  or  lubricated  to  such  an  extent  that  the  friction  depends 
chiefly  on  the  continual  8ap[dy  of  unguent,  and  not  sensibly  on  the 
nature  of  the  solid  surfaces;  and  ttus  ought  almost  always  to  be 
the  case  in  machinery.  Ungnente  should  be  thick  for  heavy  pres- 
sures, that  they  may  resist  being  forced  oat,  and  thin  for  light  pres- 
Burea,  that  their  viscidity  may  not  add  to  the  resistance. 

671.    T.IhIi  sf  Prnnn  kUwesM  BabklHC  BufbcM. — ^The    law   of 

the  simple  proportionality  of  friction  to  pressure  (Article  190)  is 
only  true  for  dry  surfaces,  when  the  pressure  is  not  sufficiently 
intense  to  indent  or  grind  the  surfaces ;  and  for  greased  surfaces, 
when  the  pressure  is  not  sufficiently  intense  to  force  out  the  unguent 
from  between  the  surfaces,  where  it  is  held  by  capillaiy  attraction. 
If  the  proper  limit  of  intei)sit;r  of  pressure  be  exceeded,  the  friction 
increases  more  rapidly  than  in  the  simple  ratio  of  ^e  pressure. 
That  limit  diminiuics  as  the  velocity  of  rubbing  increases,  according 
to  some  law  not  yet  exactly  determined.  The  following  are  some 
of  its  values  deduced  from  experience : — 

I,.il..,C.rt,„A..»  ^"Si^S 


Velocity  o 

Timber  ways  for  launching  ships,  about 


if  rubbing  1  foot  per  second, 

n      „  . 
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The  inclination  given  to  these  ways  Taries  from  about  1  in  10 
for  the  smallest  yessels^  to  about  1  in  20  for  the  largest  The 
oo-efficient  of  Mctioni  when  the  ways  are  well  lubricated  with, 
tallow  or  soft  soap,  is  probably  between  *03  and  '04. 

672'  iMcti«H  9t  »  audiiic  Pi0eo« — In  fig.  262,  let  A  represent  a 
>  ^^       sliding  piece,  which  moves  uniformly  along 
^^  /  the  steedght  guide  B  B  in  the  direction  indi- 


"^=^^ 


cated  by  the  arrow,  under  two  forces  which 
may  be  direct  or  oblique,  but  which  are  re- 
presented as  oblique,  to  make  the  solution 
general.  The  force  F,  opposed  to  the  motion, 
is  the  resultant  of  the  useful  resistance  or 
Fig.  262 .  force  which  A  exerts  on  the  next  piece  in 

the  train,  and  of  the  weight  of  A  itself,  and  will  be  called  the  given 
farce.  Let  the  angle  whidi  it  makes  with  the  guide  B  B  be  denoted 
by  ig.  The  force  F^  is  that  which  drives  the  piece ;  the  angle  ii 
which  its  direction  makes  with  the  guide  B  B  is  supposed  to  be 
known ;  but  its  magnitude  remains  to  be  determined,  as  well  as 
the  £riction,  which  it  has  to  overcome  in  addition  to  the  useful 
lesifltanca  Let  Q  denote  the  normal  pressure  of  A  against  B  B^ 
so  that/Q  is  the  ftiction.  Then  we  have  the  two  eqaations  of 
equilibrium : — 

Q  :=  F|  sin  ti  +  Fs  sin  i} ; 
Fi  cos  I,  =  F,  cos  ia  +  /Q  >  ., 

=  Fi/sin  ii  +  F,  (cos  tj  +  /sin  h)  ;   J 

from  which  are  easily  deduced  the  following  equations,  solving  the 
problem : — 

cost. -h /ami.  . /^i*._t.^„.(2.) 

cost,— /Sin  tj    •'  ^  oos*i— /sm.!,      ^   ' 


.(1.) 


673.  The  n&mmmit  of  FHctfoa  of  a  rotating  piece  is  the  statical 
moment  of  the  Motion  relatively  to  the  axis  of  rotation  of  the  pieo^ 
and  is  the  moment  of  a  couple  consisting  of  the  Mction,  and  of  an 
equal  and  opposite  component  of  the  pressure  exerted  by  the 
bearings  of  the  piece  against  its  axle.  The  moment  of  Miction, 
being  multiplied  by  the  angular  motion  in  a  given  time,  gives  the 
work  lost  in  fricion  in  that  time. 

674.  FricciMi  of  mm  Axle. — ^Afber  a  cylindrical  axle  has  run  for 
some  time  in  contact  with  its  bearing,  the  bearing  becomes  slightly 
larger  than  the  axle,  so  that  the  point  of  most  intense  pressure, 
which  is  also  the  point  of  resistance,  traversed  by  the  resultant 
of  the  Miction,  adapts  its  position  to  the  direction  of  the  lateral 
pressure. 
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In  £g.  263,  let  A  A  A  be  a  transveise  section  of  the  cylindrical 
axle  of  a  rotating  piece,  and  C  its  axis  of  rotation;  let  It  repreeent 
the  direction  and  magnitude  of  what  wiU  be  . 

called  the  given,  forcey  being  the  resultant  y^ 

of  the  useful  resistance,  and  of  the  weight  /\\ 

of  the  piece  under  consideration.     Let  P  /    \   \ 

represent  the  effort  required  to  drive  the 
piece,  whose  line  of  action  is  known,  but  its 
magnitude  remains  to  be  determined.     Let     -- 1      ^ 


D  be  the  point  where  the  directions  of  P     /     /^^o^^ 
and  R  intersect,  and  D  Q  the  line  of  action  [     (cTl^ 

of  their  resultant,  which  resultant  is  equal         ^V      ^--^     /a. 
and  opposite  to  Q,  the  pressure  exerted  by  \^ 

the  baring  against  the  axle,  and  is  there-  O^jjpy^ 

fore  inclined  to  the  radius  C  Q  by  an  angle 
C  QD  =  ^,  being  the  angle  of  repose,  in  such  ^'  ^^®' 

.  a  manner  as  to  resist  the  rotation,  whose  direc;tion  is  indicated  by 
the  arrow. 

Then  to  find  the  line  of  pressure  D  Q,  it  is  obviously  sufficient  to 
describe  about  the  centre  0  a  circle  B  B  whose  radius  is 

CT  =  r-Bm?  =  -j^== (1.) 

r  =  C  Q  being  the  radius  of  the  axle,  and  to  draw  from  the  known 
point  D  a  Ime  D  T  Q  touching  that  circle  in  T,  which  point  of 
contact  is  at  that  side  of  the  circle  which  makes  a  force  acting  from 
Q  towards  T  oppose  the  rotation. 

From  T  draw  T R  -L  R,  and  T P-LP.  Then  the  magnitude  of 
the  effort  P  is  given  by  the  equat^   .    _ 

P  =  BTR  -r  TP (2.) 

and  that  of  the  pressure  Q  by  the  equation 

Q»  =  F  +  R*+2PR-coB^PDR (3.) 

(the  last  term  of  which  becomes  negative  when  .^  P  D  R  ig 
obtuse);  while  the  Mction  is 

^^^^^TtIt^' ^*'> 

and  its  moment 

Q  r  sin  <P  =  Q  •  CT (5.) 

When  P  and  R  are  parallel  to  each  other,  Q  is  their  difference 
or  their  sum,  according  as  they  act  at  the  same  or  at  opposite  aides 
of  the  axle,  and  Q  T  is  to  be  drawn  parallel  to  them  both,  so  that 
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l£  Ty  T  P,  and  C  T,  lie  in  one  straight  line,  when  ecprntions  2,  4, 
and  5  will  still  hold 

In  order  to  diminish  the  lateral  pressure  Q,  and  the  fiiction 
arising  from  it,  to  the  least  possible  amount^  the  mechanism  should 
be  so  arranged  as  to  make  P  and  It  act  parallel  to  each  other  at  the 
same  side  of  the  axla  

In  most  actual  cases,  sin  0  =/ :  J 1  +/"  differo  from  tan  ^  =/ 
in  a  proportion  too  small  to  be  of  any  practical  importance. 

The  bearings  of  axles  should  be  made  of  materials  which,  though 
hard  enough  to  resist  the  rubbing  without  abrasion,  are  not  so  hard 
as  the  axle.  Hence  for  wrought  iron  axles,  bronze  bearings  are 
commonly  used.  !6earings  of  cast  iron,  millboard,  and  hardwood, 
such  as  elm,  with  the  grain  set  radially,  have  also  been  used  with 
advantage. 

675.  VHcOmm  of  m  PiT«t. — ^A  pivot  is  the  termination  of  an  axle, 
which  presses  endways  against  a  bearing  called  a  step,  or  footstep. 
Pivots  require  great  hardness,  and  are  usually  made  of  steeL 

A  JlOft  pivot  is  a  short  cylinder  of  steel,  having  a  plane  circular 
end  for  a  rubbing  surface.  If  the  pressure  Q  be  equally  distributed 
over  that  sur&ce  whose  radius  is  r,  the  moment  of  friction  is  easily 
found  by  integration  to  be 

gAQ (1) 

In  flat  pivots,  the  intensity  of  the  pressure,  which  is  given  by  the 
equation 

i»=i^, (2.) 

is  nsually  limited  to  2,240  lbs.  per  square  incL 

In  the  cup  cmd  hail  pivot,  the  end  of  the  shaft,  and  the  step, 
present  two  recesses  facing  each  other,  into  which  axe  fitted  two 
shallow  cups  of  steel  or  hard  bronze.  Between  the  concave  spherical 
surfaces  of  those  cups  is  placed  a  steel  ball,  being  either  a  complete 
sphere,  or  a  lens  having  convex  sur&ces  of  a  somewhat  less  radius 
than  the  concave  surfaces  of  the  cups.  The  moment  of  friction  of 
this  pivot  is  at  first  almost  inappreciable,  from  the  extreme  small- 
ness  of  the  radius  of  the  circles  of  contact  of  the  ball  and  cups; 
but  as  they  wear,  that  radius  and  the  moment  of  friction  increase. 

676.  Friction  of  »  Collar. — When  it  is  impracticable  or  inoon- 
venient  to  sustain  the  pressure  which  acts  along  a  shaft  by  means 
of  a  pivot  at  its  end,  that  pressure  is  borne  by  means  of  one  or  more 
collars,  or  rings  projecting  from  the  shaft,  and  pressing  against 
corresponding  ring-shaped  bearings,  for  which,  in  the  case  of  shafts 
of  screw  propellers,  hardwood  set  with  the  grain  endways  has  been 
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found  a  good  material  amongst  others.  Let  r  be  the  eztemaly  and 
9^  the  internal  radius  of  a  collar;  its  moment  of  Motion  for  the 
pressure  Q  is  given  by  the  formula 

3/Q-^ 0) 

677.  FrictioM  •€  Teeth. — ^When  a  pair  of  wheels  work  together, 
let  P  be  the  pressure  exerted  between  each  pair  of  their  teeth  which 
comes  into  action,  s  the  distance  through  which  each  pair  of  teeth, 
slide  over  each  other,  as  found  in  .^jtides  453,  455,  458,  and 
462  A,  and  n  the  number  of  pairs  of  teeth  which  pass  the  line  of 
centres  in  a  given  interval  of  time.  Then  in  that  interval,  the  work 
lost  by  the  Motion  of  the  teeth  is 

fnsV (1.) 

678.  FHctioa  of  »  Baiui. — A  flexible  band,  such  as  a  cord,  rope, 
belt,  or  strap,  may  be  used  either  to  exert  an  effort  or  a  resistance 
upon  a  dram  or  pulley  round  which  it  wraps.  In  either  case,  the 
tangential  force,  whether  effort  or  resistance,  exerted  between  the 
band  and  the  pulley,  is  their  mutual  friction,  caused  by  and  pro-> 
portional  to  the  normal  pressure  between  them. 

In  fig.  264,  let  C  be  the  axis  of  a  pulley  A  B,  round  an  arc  of 
which  tiiere  is  wrapped  a  band,  T|  A  B  Tg;  let  the  outer  arrow 
represent  the  direction  in  which  the  band  slides,  or  tends  to  slide, 
relatively  to  the  pulley,  and  the  inner  arrow  the  direction  in  which 
the  ptdley  slides,  or  tends  to  slide,  relatively  to 
the  band. 

Let  T]  be  the  tension  of  the  free  part  of  the 
band  at  that  side  tawa/rds  which  it  tends  to  draw 
the  pulley,  or  Jrom  which  the  pulley  tends  to 
draw  it;  Tj  the  tension  of  the  free  part  ^t  the 
other  side;  T  the  tension  of  the  band  at  any 
intermediate  point  of  its  arc  of  contact  with  the 
pulley;  tf  the  ratio  of  the  length  of  that  arc  to 
the  radius  of  the  pulley;  d  B  the  ratio  of  an 
indefinitely  small  element  of  that  arc  to  the 
radius;  R  =  Tj  —  Tg,  the  total  friction  between 
the  baiid  and  the  piilley;  d'R  the  elementary 
portion  of  that  firiction  due  to  the  elbmentaiy  ^'  *"*• 

arc  d0;  /ike  co-efficient  of  friction  between  the  materials  of  the 
band  and  pulley. 

Then  according  to  a  principle  proved  in  Articles  179  and  271,  it 
IS  known  that  the  normal  pressure  at  the  elementary  arc  d  $  is 

TdB; 
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T  being  the  mean  tension  of  the  band  at  that  elementaiy  aro;  oon- 
fiequently,  the  Motion  on  that  arc  is 

Now  that  friction  is  also  the  difference  between  the  tensions  of  the 
band  at  the  two  ends  of  the  elementary  arc;  or 

which  equation  being  integrated  throughout  the  entire  arc  of 
contact^  gives  the  following  formulie : — 


.(1.) 


R  =  Ti-T,  =  Tx(l-c-/^  =  T,(e/«-l). 

When  a  belt  connecting  a  pair  of  pulleys  has  the  tensions  of  its 
two  sides  originally  equals  the  pulleys  being  at  rest;  and  when  the 
pulleys  are  set  in  motion,  so  that  one  of  them  drives  the  other  by 
means  of  the  belt;  it  is  found  that  the  advancing  side  of  the  belt 
is  exactly  as  much  tightened  as  the  returning  side  is  slackened,  so 
that  the  mean  tension  remains  unchanged.  Its  value  is  given  by 
this  formula : — 

2  R    "^ 2  («/•-!)» ^^^ 

which  is  useful  in  determining  the  original  tension  required  to 
enable  a  belt  to  transmit  a  given  force  between  two  pulleys. 

If  the  arc  of  contact  between  the  band  and  pulley,  ezprasBed  ia 
turns  and  fractions  of  a  turn,  be  denoted  by  n, 

tf=2xw;  d>'»=10«'«88/ii (3.) 

When  the  band  is  used  to  resist  the  motion  of  the  pulley,  it 
constitutes  a  kind  of  brake  called  a.Jricti(m  strap.  In  this  case  the 
rubbing  surfaces  of  the  band  and  pulley  may  either  be  both  of  iron, 
or  may  be  protected  by  a  covering  made  of  pieoeB  of  wood,  which  is 
renewed  from  time  to  time  as  it  wears  out. 

679.  !■  Fricii0iwi  CtoariBg,  described  in  Article  445,  it  appeals 
that  when  the  angle  of  the  grooves  is  40^,  and  when  their  surfaces 
are  smooth,  dean,  and  dry,  the  tangential  force  transmitted  between 
the  wheels  is  once  and  a-half  the  force  with  which  their  axes  ace 
pressed  together.  This  proportion  is  much  greater  than  that  dne  to 
ordinary  friction,  and  must  arise  partly  from  adhesion. 

680.  VHcUoM  CoapUnvi  are  used  to  conmiunicate  rotation  be- 
tween pieces  having  the  same  axis,  where  sudden  changes  of  foroe 
or  of  velocity  take  place;  being  so  adjusted  as  to  limit  the  force 
transmitted  within  the  bounds  of  safety.     Contrivances  of  this  ki^^d 
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are  very  numerous;  one  of  the  most  common  and  most  useful  is 
that  called  a  pair  of  friction  cones.  The  angle  made  by  the  sides 
of  the  cones  mth  the  axis  should  not  be  less  than  the  angle  of 
repose. 

681.  StUbieM  of  Bopes. — Ropes  offer  a  resistance  to  being  bent, 
and  when  bent  to  being  straightened  again,  which  arises  from  the 
mutual  Motion  of  their  fibres.  It  increases  with  the  sectional  area 
of  the  rope,  and  is  inversely  proportional  to  the  radius  of  the  curve 
into  which  it  is  bent. 

The  work  lost  in  pulling  a  given  length  of  rope  over  a  pulley,  is 
fomd  bjr  multiplying  the  length  of  the  rope  in  feet,  by  its  stiffiieas 
in  pounds;  that  stiffiiess  being  the  excess  of  the  tension  at  the 
leading  side  of  the  rope  above  that  at  the  following  side,  which  is 
necessary  to  bend  it  into  a  curve  fitting  the  pulley,  and  then  to 
straighten  it  again. 

The  following  empirical  formulaB  for  the  stiffness  of  hempen  ropes 
have  been  deduced  by  Qeneral  Morin  from  the  experiments  of 
Coulomb  : — 

Let  B  be  the  stiffiaess  in  pounds  avoirdupois ; 

d,  the  diameter  of  the  rope,  in  inches ; 

n  =i  ^Bd^  for  white  ropes,  35  d^  for  tarred  ropes ; 

r,  the  effective  radius  of  the  pulley,  in  inches ; 

T,  the  tension,  in  pounds ;  then, 

For  white  ropes,  R  =  -(0-0012  +  0-001026  w  +  0-0012  T);  ^ 


For  tarred  ropes,  R  =  -  (0-006  +  0001392  w  +  0-00168  T). 


.(1.) 


682.  lUiiiiHE  BciiifliwBce  vt  SoMMh  Snfiicea^ — By  the  rolling  of 
two  surfaces  over  each  other  without  sliding,  a  resistance  is  caused, 
which  is  called  rolling  Motion.  It  is  of  the  nature  of  a  c&wfile 
resisting  rotation ;  its  momefni  is  found  by  multiplying  the  normal 
pressure  between  the  rolling  surfaces  by  an  <vrm  whose  length 
depends  on  the  nature  of  the  rolling  surfaces ;  and  the  work  lost 
in  an  unit  of  time  in  overcoming  it  is  the  product  of  its  moment 
by  the  amgrda/r  velocity  of  the  rolling  sur&bces  relatively  to  each 
other.  The  following  are  approximate  values  of  the  arm  in  deovnuda 
of  afoot : — 

Oak  upon  oak, ., o*oo6  (Coulomb). 

Lignum-vitsB  on  oak, 0-004         ^9 

Cast  iron  on  cast  iron, 0-002  (Tredgold). 

683.  The  Hestotance  of  Caurviage*  on  Roads  consists  of  a  constant 

paxt,  and  a  part  increasing  with  the  velocity.     According  to  Gene- 
ral Morin,  it  is  given  approximately  by  the  following  formula : — 
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R  =  ^[«  +  6(t^  -  3-28)}; (1.) 

wheoce  Q  is  the  gross  load,  r  the  radius  of  the  wheels  in  inches^ 
V  the  velocily  in  feet  per  secondi  and  a  and  h  two  constants,  whoso 
values  are  a  h 

For  good  broken  stone  roads, *4  to  *55      '024  to  -026 

For  payed  roads, '27  -0684 

For  the  pavement  of  Paris, "39  "03 

On  gravel  roads  the  resistance  is  about  double,  and  on  sandy  and 
gravellj  soft  ground,  five  times  the  resistance  on  good  broken  stono 
roads. 

684.   RcsiMiuice  mt  Railway  Traias, — ^In  the  following  formuLo, 

which  are  all  empirical — 

£  denotes  the  weight  of  the  engine; 

T  „  the  gross  load  drawn  by  it ; 

V  „  the  velocity,  in  miles  an  hour; 

r  „  the  radius  of  curvature  of  the  line,  in  miles; 

K  „  the  resistance  in  pounds; 

f  „  a  co-efficient  of  fnction; 

c  „  a  co-efficieut  for  resistance  due  to  curvatura 

Then  for  single  carriages  with  cylindrical  wheels,  at  velocities  up 
to  12  miles  an  hour,  according  to  the  experiments  of  Lieutenant 
David  Kankine  and  the  Author, 


R=/(i+^)t; (1.) 


where/=  0*002;  and  0  =  0*3.     {See  Experimental  Inquiry  on  the 
Use  0/ Cylindrical  Wheds  on  RaUvHiye,  1842.) 

For  an  engine  and  train,  the  following  is  an  empirical  formula 
deduced  from  the  experiments  of  various  authors : — 

R  =/(T  +  E)  (1  +  j^)  (1  +  f); (2.) 

where /ranges  from  *0027  to  '004,  according  to  the  state  of  the 
line  and  carriages,  and  0  from  0*3  to  0*1.  (See  Hankine's  Manual 
0/ Civil  Engineering,) 

685.  Beat  of  FriciioB.— The  work  lost  in  fnction  produces  heat 
in  the  proportion  of  one  British  thermal  unit,  being  so  much  heat 
as  raises  the  temperature  of  a  pound  of  water  one  degree  of 
Fahrenheit,  for  every  772  foot  pounds  of  lost  work. 

Excessive  heating  is  prevented  by  a  constant  and  copious  supply 
of  a  good  unguent. 
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686.  Th0  CmiihavkI  Fotcw  aad  CmmwUm  exerted  by  the  YarioTu 
rotating  pieces  of  a  machine  against  the  bearings  of  their  axles  are 
to  be  determined  by  the  principles  of  Articles  5i0,  592,  and 
603,  and  taken  into  account  in  determining  the  lateial  pressures 
which  cause  Motion,  and  the  strength  of  the  axles  and  fnunework. 
As  those  centrifugal  forces  and  couples  cause  increased  friction 
and  stress,  and  sometimes  also,  by  reason  of  their  continual  change 
of  direction,  produce  detrimental  or  dangerous  vibration,  it  is  de- 
sirable to  reduce  them  to  the  smallest  possible  amount ;  and  for 
that  purpose,  unless  there  is  some  special  reason  to  the  contrary, 
the  axis  of  rotation  of  eveiy  piece  which  rotates  rapidly  ought  to 
traverse  its  centre  of  gravity,  that  the  resultant  centrifugal  force 
may  be  nothing,  and  ought  to  be  an  axis  of  inertia,  that  the  centri- 
fugal couple  may  be  nothing.  As  to  axes  of  inertia,  see  Article  584. 

687.  Actnml  Bacrgr  •^  «  niachiae. — To  determine  the  entire 
actual  energy  of  a  machine  at  a  given  instant,  it  is  necessary  to 
know — 

n.)  The  weight  of  each  of  its  sliding  pieces :  let  any  one  of  those 
weights  be  denoted  by  W; 

(2.)  The  velocity  of  translation  of  each  of  those  pieces  at  the 
given  instant :  let  v  denote  any  one  of  these  velocities ; 

(3.)  The  moment  of  inertia  of  each  of  its  rotating  pieces :  let  any 
one  of  these  moments  be  denoted  by  I ; 

(4.)  The  angular  velocity  of  each  of  those  pieces  at  the  given 
instant;  let  a  be  any  one  of  these  angular  velocities. 

These  quantities  being  given,  the  actual  energy  of  the  machine  is 

E  =  ^(2-Wv«  +  s-Ia«); (1.) 

and  if  the  moment  of  inertia  of  each  rotating  piece  be  expressed  in 
the  form  I  =  W  e",  W'  being  its  weight  and  e  its  radius  of  gyi-a- 
tion,  the  above  expression  may  be  put  in  the  form, 

E  =  ^(s-Wt;«  +  2'Wec^ (2.) 

688.  B«dBced  JbMffia. — The  figures,  sizes,  and  connection  of  the 
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pieces  of  a  macbine  being  known,  the  principles  of  the  Theory  of 
Mechaiiism  (Part  rV.)>  enable  the  comparative  motLons  of  all  its 
points  to  be  determined,  and  in  particular,  the  several  ratios  of 
their  velocities  to  that  of  the  driving  point  at  any  instant  Let  V 
be  the  velocity  of  the  driving  pointy  and  for  any  given  piece  of  the 
machine  whose  weight  is  W,  let  n  denote  the  ratio  t? :  Y  if  it  is  a 
sliding  piece,  and  Qie  ratio  e  a  :  Y  if  it  is  a  turning  piece.  Then 
the  sum 

2  •  Wn" (1.) 

expresses  theweight  tMd^,  ifeoneeniraied  at  the  drioingpokUj  would 
ha/ve  the  same  (uskud  energy  with  the  entire  maehine.  This  quantity 
may  be  called  the  mertia  reduced  to  the  drwmg  pomL  ^  Mn 
Moseley,  who  first  introduced  its  consideration  into  mechamos,  it 
is  called  the  '^  co-effident  of  steadiness." 

The  actual  energy  of  the  Tnachine  at  any  instant  may  now  be 
expressed  by 

^  -  ^'^- w 

Another  mode  of  expressing  the  reduced  inertia  is  with  reference 
to  the  drivmg  cuds.  Let  A  represent  the  angular  velocity,  at  any 
instant,  of  the  axis  of  the  piece  which  first  receives  the  motive 
power ;  for  any  aliifting  piece  let «; :  A  =  l;  and  for  any  rotating 
piece  let  a  :  A  =  9%.     Then  the  redtt^sed  momemt  ofinerUa  is 

sWZ'  +  3    In'; (3.) 

and  the  actual  energy  at  any  instant, 

E  =^fs.W^»  +  ^'IfA (^.) 

2g  ^ 

689.  FhtenmtiMM  of  Speed  in  a  machine  axe  caused  by  the  alter- 
nate excess  of  the  energy  received  above  the  work  performed,  and 
of  the  work  performed  above  the  energy  received,  wiiich  prodaoe 
an  alternate  increase  and  diminution  of  actual  energy,  according  to 
the  law  of  the  conservation  of  energy  explained  in  Article  552. 

^         j^  To  determine  the  greatest  fluctuations  of 

T>^ ^^ \b»    speed  in  a  machine  moving  periodically,  take 

ABC,  in  iag.  265,  to  represent  the  motion 

of  the  driving  point  during  one  period;  let 

the  effort  F   of  the  prime  mover  at  each 

-*-         ^         ®      instant  be  represented  by  the  ordinate  of  the 

Fig.266.  curve   DGEIF;   and  let  the  sum  of  the 

resistances,  reduced  to  the  driving  point,  as  in  Article  668,  at  each 

instant,  be  denoted  by  B,  and  represented  by  the  (ncdinate  of  the 


n. 


i 
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curve  D  H  E  K  F,  which  cats  the  fonner  carve  at  the  oidinates 
A  D,  B  B,  C  F.     Then  the  integral 


f{T-'R)d8, 


being  taken  for  any  part  of  the  motion,  gives^  as  in  Article  549,  the 
excess  or  deficiency  of  energy,  according  as  it  is  positive  or  negative. 
For  the  entire  period  ABC  this  integral  is  nothing.  For  A  B, 
it  denotes  an  eaccess  of  energy  received,  represented  by  the  area 
D  G  E  H  ;  and  for  B  C,  an  equal  excess  of  work  performed,  repre- 
sented by  the  eqnal  area  E  K  F  I.  Let  those  equal  quantities  be 
each  represented  by  A  E.  Then  the  actual  eneigy  of  the  machine 
attains  a  maxiTnum  value  at  B,  and  a  minimum  value  at  A  and  C^ 
and  A  E  is  the  difference  of  these  values. 

Now  let  Yq  be  the  mean  velocity,  Vj  the  greatest  velocity,  and 
Ys  the  least  velocity  of  the  driving  point ;  then 

V" V" 

\      '^a-WTi'  =  aE; (1.) 

which,  being  divided  by  twice  the  mean  actual  energy 

gives 

V,  — Va         aE  staE 


.(2.) 


Vo  2E,       Yl^'Wn'' 

a  ratio  which  may  be  caUed  the  eo-^kieni  offiucifwaiMm  of  speed. 
The  ratio  of  the  periodical  excess  and  deficiency  of  enexgy  A  E 

to  the  whole  energy  exerted  in  one  period  or  revolution,  jTds, 

has  been  determined  by  General  Morin  for  steam  engines  under 

1         1 
vanous  circumstances^  and  found  to  be  from  tt;  to  -j,  for  single 

cylinder  engine&  For  a  pair  of  engines  driving  the  same  shaft, 
with  cranks  at  right  angles  to  each  other,  the  value  of  this  ratio 
is  about  one-fourth  of  its  value  for  single  cylinder  engines. 

690.  A  Fly-Wheel  is  a  wheel  with  a  heavy  rim,  whose  great  moment 
of  inertia  reduces  the  co-e&cient  of  fluctuation  of  speed  to  a  certain 

fixed  amount,  being  about  -^  in  ordinary  machineiy,  and  ^  or  ^ 

in  machinery  for  fine  purposes. 

Let—  be  the  intended  value  of  the  co-efficient  of  fluctuation  of 
m 

speed,  and  A  E,  as  before,  the  fluctuation  of  energy;  then  if  this  is 


62i  THEOBY  OF  XACHIKES. 

to  be  provided  for  by  the  moment  of  inertia  I  of  the  fly-wheel  alone, 
let  Og  be  its  mean  aogolar  Telocity;  then  equation  2  of  Article  689 
is  equivalent  to  the  following : — 

1       ^AE,  m^AE. 

m-   ajl  '^-      aj      ' ^^'^ 

the  second  of  which  equations  gives  the  requisite  moment  of 
inertia  of  the  fly- wheel 

691.  BtowtiHc  Mi4  StoppiHfl— BndLM« — ^The  Starting  of  a  machine 
consists  in  setting  it  in  motion  from  a  state  of  rest^  and  bringing  it 
up  to  its  proper  mean  velocity.  This  operation  requires  the  ex- 
penditure, besides  the  energy  required  to  overcome  the  resistance  of 
the  machine,  of  an  additional  quantity  of  energy  equal  to  the  actual 
energy  of  the  machine  when  moving  with  its  mean  velocity,  as 
foimd  according  to  the  principles  of  Article  687. 

If,  in  order  to  stop  a  machine,  the  effort  of  the  prime  mover  is 
simply  suspend^  \  the  machine  will  continue  to  go  until  work  has 
been  performei  jql  overcoming  its  resistances  equal  to  the  actual 
energy  due  to  its  speed  at  the  time  of  suspending  the  effort  of  tiie 
prime  mover. 

In  order  to  stop  the  machine  in  less  time  than  this  operation 
would  requi^,  the  resistance  may  be  artificially  increased  by  means 
of  a  brttke,  which  may  be  a  &iction-strap,  as  described  in  Artide 
678,  or  a  block  pressed  against  the  rim  of  a  wheel,  or  a  grooved 
sector  pressed  against  a  wheel  grooved  as  for  frictional  gearing 
^Articles  U5,  679). 

Let  Bi  be  the  ordinary  resistance  of  the  machine,  reduced  to  ihs 
Tfihbvng  mrfobce  ^Article  668),  E,  the  friction  produced  by  the  brake, 
V  the  velocity  oi  the  surface  on  which  it  acts  at  the  time  when  it  is 
first  applied,  s  the  distance  through  which  rubbing  must  take  place 
in  order  to  stop  the  machine,  t  the  time  required  for  the  same 
effect,  E  the  actual  energy  of  the  machine  when  the  brake  begins 
to  act    Then 

«  =  E  -.  (R,  +  R,); (1.) 

and  because  the  mean  velocity  of  rubbing  during  the  operation  of 
stopping  is  t;  -r  2, 

t  =  ^*  =  2E  -  t;(It,  +  R,) (2.) 
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OK   PBIME   HOYEBa 

692.  A  Priaie  lll«Tcr  is  an  engine,  or  combination  of  moving 
pieces,  wliicli  serres  to  ttanafer  energy  from  those  bodies  which 
naturally  develop  it,  to  those  by  means  of  which  it  is  to  be 
employed,  and  to  transform  energy  from  the  various  forms  in  which 
it  may  occur,  such  as  chemical  afi^ity,  heat,  or  electricity,  into  the 
form  of  mechanical  energy,  or  energy  of  force  and  motion.  The 
mechanism  of  a  prime  mover  comprehends  all  those  parts  by  means 
of  which  it  regulates  its  own  operations. 

The  tisefid  work  of  a  prime  mover  is  the  energy  which  it  trans- 
mits to  any  machine  driven  by  it;  and  its  efficiency  is  the  ratio  of 
that  useful  work  to  the  whole  energy  received  by  it  £rom  a  natural 
source  of  energy. 

The  effect  or  avaUaible  paioer  of  a  prime  mover  is  its  useful  work 
in' some  given  unit  of  time,  such  as  a  second,  a  minute,  an  hour,  a 
day. 

693.  The  Reg«iat«r  of  a  prime  mover  is  some  piece  of  apparatus 
by  which  the  rate  at  which  it  receives  energy  from  the  source  of 
energy  can  be  varied;  such  as  the  sluice  or  valve  which  adjusts  the 
size  of  the  orifice  for  supplying  water  to  a  wate]>wheel,  the  appara- 
tus for  varying  the  suriace  exposed  to  the  wind  by  windmiU-sails, 
the  throttle-valve  of  a  steam  engine.  In  prime  movers,  whose 
speed  and  power  have  to  be  varied  at  will,  such  as  locomotive 
engines,  and  winding  engines  for  mines,  the  regulator  is  adjusted 
by  hand.  In  other  cases  it  is  adjusted  by  a  self-acting  apparatus 
called  a  G«reni*r — ^usually  consisting  of  a  pair  of  rotating  pen- 
dulums, whose  angle  of  deviation  from  their  axis  depends  upon  the 
speed.    (Article  606). 

694.  Prime  ]fi*rera  may  be  cbwMd  according  to  the  forms  in 
which  the  energy  is  first  obtained.     These  are— 

I.  Muscular  Strength. 
II.  The  Motion  of  Fluids. 
III.  Heat. 
lY.  Electricity  and  Magnetism* 

695.  fflTvacalwr  Strength. — ^The  daily  effect  exerted  by  the  muscu- 
lar strength  of  a  man  or  of  a  beast  is  the  product  of  three  quan- 
tities; the  useful  resLstance,  the  velocity  with  which  that  resistance 

2s 
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28  overoomey  and  the  number  of  units  of  time  per  day  during  whii^ 
work  ifi  Gontinaed  It  is  known  that  for  each  individaal  man  or 
animal  there  is  a  certain  set  of  values  of  those  three  quanti- 
ties which  makes  their  product  a  maximum,  and  is  therefore  the 
best  for  economy  of  power;  and  that  any  departure  &om  that  set  of 
values  diminishes  the  daily  effect. 

The  following  table  of  the  effects  of  the  strength  of  men  and 
horses  employed  in  various  ways,  is  compiled  from  the  works  of 
Poncelet  and  General  Morin^  and  some  other  sources  : — 


1. 

2. 

S. 
4. 
6. 
6. 
7. 

8. 


9. 


10. 

11. 
12. 


13. 
14. 


Xar. 


BaiBing  hb  own  wdight  up  sUir 
or  ladder, 

Do.  do.  do., 

CTread'whed,  see  1.) 

Hauling  np  weight  with  rope, 

Lifting  weights  by  hand, 

Carrying  weights  np  stain, 

Shovelling  np  earth  to  a  height 
of  5  fbet  8  inches, 

Wheeling  earth  in  banow  np 
dope  of  1  in  12,  ^  horiz.  veloc 
0*9  ft.  per  sec  (retnm.  empty), 

Poshing  or  polling  horizontally 
(capstan  or  oar), 

Taming  a  cxaok  or  windi, 

Working  pomp, 

Hammering, •. ••••••• 

HOBSB. 

Cantering  and  trotting,  draw- 
ing a  light  railway  cairiage 
(thoronghbred), 

Horse  drawing  cart  or  boat, 
walking  (draught  hone), 


B 

Ih 


148 


40 

44 

14S 

6 


182 

26*6 

/12-5 

-{  180 

120-0 

18*2 

16 


(min.  22^) 
•{mean80)y 
(max.  50} 


120 


V 

ft.pu 


0*6 


0*75 
0*55 
0*18 

1*8 


0-076 

2-0 
5-0 
2-6 
14-4 
2  5 
? 


141 
8-6 


S,606- 
hn.piday. 


8 
10 

6 

6 
6 

10 


10 

8 

? 
8 
(2  mins.) 
10 
8? 


BV 
ft.  lb. 

P^ 


4 
8 


72-6 


80 
24-2 
18*6 

7*8 


9*9 

68 

62-6 

46 

288 

88 

? 


447^ 
482 


BVT 

ItlkpLdaj. 


2,088,000 
2,616»000 

648,000 
522,720 
899,600 

280,800 


856,400 

1,626,400 

1,296,000 

1,188,000 
480,000 


6,444,000 
12,441,600 


696.  A  Water  Prcaanpe  Ba«iBe  oonsistB  essentially  of  ft  world]^ 
cylinder,  in  which  water  moves  a  piston  in  the  manner  stated  in 
Article  499,  case  2.  Let  h  be  the  virtual  fall,  that  is,  the  excess  of 
the  dynamic  head  of  the  water  entering  the  cylinder  above  that  of 
the  water  leaving  the  cylinder;  Q  the  volume  of  water  supplied  pa: 
second;  ^  its  weight  per  unit  of  volume;  1 — k  the  e£&ciency  of  the 
engine;  then 

(1-*)«QA, 
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is  its  effect  per  second.  In  well  constructed  water  pressure  en- 
l^es^  1 — k  varies  from  *66  to  '8. 

697.  iTatcr-whMii  !■  CtaMnd. — Water  may  act  on  a  wheel 
either  by  its  weight  and  pressure,  or  by  its  vdocUy;  that  is,  either 
by  its  potential,  or  by  its  aximal  energy.     See  Artide  622. 

Let  <  Q  denote  the  weight  of  water,  in  pounds,  supplied  to  the 
wheel  in  a  second;  h  the  difference  of  dynamic  head,  in  feet,  of  the 
water  before  and  after  its  action  on  the  wheel;  Vi  the  velocity  of 
the  water,  in  feet  per  second,  just  before  it  begins  to  press  on  the 
wheel,  or  sfwppLy-vdocnty ;  v,  the  velocity  of  the  water  just  after  it 
has  ceased  to  act  on  the  wheel,  or  discha/rge-vdocity.  Then  the  total 
energy  of  the  water,  as  in  Article  622,  is 

f  Q  (  A  +  ~- j  foot  pounds  per  second; 

the  energy  of  the  water  when  discharged, 

e  Q  ^~^  ^oot  pounds  per  second; 

the  total  power  of  the  wheel, 

eQ  f  ^  +  -^ — ^)  foot  pounds  per  second;. (1.) 

the  maximtim  theoretical  efficiency, 

(.+i^^.(.+^^); •-•« 

the  quantity 

'"  =  *  +  Fi (3) 

may  be  called  the  theoretical  fall  or  head.  The  available  efficiency 
of  a  water-wheel  falls  short  of  the  TuaYimum  theoretical  efficiency 
principally  from  the  following  causes : — 1.  The  resistance  of  the 
channel  and  orifices  by  which  the  water  is  supplied,  which  causes 
the  actual  height  from  which  the  water  must  descend  in  order  to 
acquire  the  supply-velocity  t?  to  be  greater  than  f^\2g.  The  effect 
of  such  resistuice  is  expressed  by  putting  for  the  actual  fall, 

H  =  A  +  (1  +  2  •/)  ^ ; (4.) 

2  '/being  the  co-efficient  of  resistance  of  the  channel  and  orifices  of 
supply,  determined  according  to  the  principles  of  Articles  638  to 
646.  2.  The  escape  of  part  of  the  water  before  it  has  completed 
its  action  on  the  wheel    3.  The  agitation  and  mutual  Motion  of  the 


(5.) 
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particles  of  irater  acting  on  the  vheel;  and,  4.  The  friction  of  ilie 
wheeL  The  effects  of  the  last  three  causes  are  expressed  by  multi- 
plying the  total  power  and  the  theoretical  efficiency  of  the  wheel  by 
c&i  empirically  determined  fractional  co-efficient  k;  so  that  the  eflect 
or  available  power  is  denoted  by 

(1— i)jQA,; 
and  tlie  available  ejfflciencf/  by 

{l—k)h, 
H 

698.  cuwna  •r  Waiev-Wh«eii. — ^Water-wheels  may  be  classed  as 
follows: — Overshai-wheels  and  breast-vjheels,  undermoi-tDheda  and 
turbinea. 

699.  OTcnh*t  and  Breui-wiiMls.  —  The  Water  is  supplied  to 
this  dlass  of  wheels  at  or  below  the  summit,  and  acts  whoUy,  or 
partly  by  its  weight,  as  it  descends  in  the  buckets.  (See  Article 
634).  Formerly  the  buckets  used  to  be  closed  at  their  inner 
sides^  but  now  they  are  made  with  openings  for  the  escape  and 
re-entrance  of  air :  an  invention  of  Mr.  Fairbaim.  A  breast- 
wheel  differs  from  an  overshot- wheel  chiefly  in  having  the  water 
poured  into  the  buckets  at  a  somewhat  lower  elevation  as  compared 
with  the  summit  of  the  wheel,  and  in  being  provided  with  a  casing 
or  trough,  called  a  breast ,  of  the  form  of  an  arc  of  a  circle,  extend- 
ing from  the  regulating  sluice  to  the  commencement  of  the  tail- 
race,  and  nearly  fitting  the  peripheiy  of  the  wheel,  which  revolves 
within  it.  The  effect  of  the  breast  is  to  prevent  the  overflow  of 
water  from  the  lips  of  the  buckets  until  they  are  over  the  tail-race. 
The  usual  velocity  of  the  periphery  of  overshot  and  high  breast- 
wheels  is  from  three  to  six  feet  per  second ;  and  their  available 
efficiency,  when  well  designed  and  constructed,  is  from  0*7  to  0*8. 

700.  Vadcnii*!- Wheel*  are  driven, by  the  impulse  of  water,  dis- 
charged from  an  opening  at  the  bottom  of  the  reservoir  with  the 
velocity  produced  by  the  fall,  against  floats  or  boards,  as  to  which 
see  Article  649.  Every  such  whedl  has  a  certain  vdodty  of 
waasimvm  efficiency,  which  does  not  in  any  case  differ  much  from 
half  the  velocity  of  the  water  striking  it.  In  undershot-wheels  of 
the  old  construction,  the  floats  are  flat  boards  in  the  direction 
of  radii  of  the  wheel;  and  the  nrifLTinrnin  theoretical  efficiency  is 
\,  The  available  efficiency  is  about  0*3.  This  class  of  wheels  was 
much  improved  by  Poncelet,  who  curved  the  floats  with  a  ccm- 
cavity  backwards,  adjusting  their  position  and  figure  so  that  the 
water  should  be  supplied  to  them  without  shock,  and  should  drop 
from  them  into  the  tail-race  without  any  horizontal  velocity.  The 
available  efficiency  of  such  wheels  is  about  0'6. 
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701.  A  Tnrbine  is  a  horizontal  water-wheel  with  a  vertical  axis, 
reoeiving  and  discharging  water  in  all  directions  round  that  axis : 
that  is,  driven  by  a  vortex;  its  efficiency  ranges  from  *6  to  '8  (see 

Article  650). 

702.  WtedBiUis  are  driven  by  the  impulse  of  the  air  against 

oblique  smfaces  called  sails,  rotating  in  a  plane  perpendicular  to 
the  direction  of  the  wind. 

The  best  figure  and  proportions  for  windmill  sails,  as  determined 
experimentally  by  Smeaton,  are  given  by  the  following  formulie,  in 
which  the  whip  means,  the  length  of  an  arm,  or  the  distance  of  the 

tip  of  a  sail  from  the  axis  : — ^length  of  sail,  ^  whip  : — ^breadth  at  end 

nearest  axis,  -=  whip  : — at  tip,  ^  whip  : — angles  made  by  the  surface 
O  o 

of  the  sail  with  the  plane  of  rotation — at  the  end  nearest  the  axis, 
18** : — at  the  tip,  7^  The  efficiency  of  a  good  windmill  is  about  0-29. 
(See  Smeaton  on  Windmills,  in  Tredgold's  Jlydratdic  Tracts.) 

703.  The  Bflctencr  •f  Kcm  Eagiiica  is  the  subject  of  a  peculiar 
branch  of  science.  Thermodynamics;  and  an  outline  only  of  the 
principles  on  which  it  depends  can  here  be  given. 

If  the  number  of  British  Fahrenheit  units  of  heat  produced  by 
the  combustion  of  one  pound  of  a  given  kind  of  fuel,  be  multiplied 
by  Joule's  equivalent,  772  foot  pounds,  the  result  is  the  total  lieaJt 
of  combustion  of  the  fdel  in  question,  expressed  in  foot  pounds.  For 
different  kinds  of  coal,  it  varies  from  6,000,000  to  12,000,000  foot 

Sounds.     This  total  heat  is  expended,  in  any  given  engine,  in  pro- 
ucing  the  following  effects,  whose  sum  is  equal  to  the  heat  so 
expended : — 

1.  The  wa^  heat  of  the  furnace,  being  from  0*15  to  0*6  of  the 
total  heat,  according  to  the  construction  of  the  frimace,  and  the 
skill  with  which  the  combustion  is  regulated. 

2.  The  necessarily  rejected  heat  of  the  engine,  being  s  ~  x  the  heat 

received  by  the  elastic  fluid :  t^  being  the  upper,  and  ^  the  lower 
limits  of  absolute  temperature,  which  is  measxired  from  the  absolute 
zero,  493^*2  Fahrenheit  below  the  melting  point  of  ice. 

3.  The  heat  vxisted  by  the  engine,  whether  by  conduction,  or  by 
non-frilfilment  of  the  conditions  of  maximum  efficiency. 

4.  The  usdess  work  of  the  engine,  employed  in  overcoming  friction 
and  other  prejudicial  resistances. 

5  The  ttsefvl  work.  The  efficiency  of  a  thermodynamic  engine 
is  improved  by  diminishing  as  far  as  possible  the  first  fom:  of  these 
effects,  so  as  to  increase  the  fifth. 

The  efficiency  of  a  heat  engine  is  the  product  of  three  factors; 
viz. : — ^the  efficiency  of  the  furnace,  being  the  ratio  of  the  heat 
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transferred  to  the  elastic  fluid  to  the  total  heat  of  combustion; — the 
efficiency  of  the  fluid,  being  the  fraction  of  the  heat  leceiyed  hy  it 
which  is  transformed  into  mechanical  energy; — and  the  efficiency  of 
the  mechanism,  being  the  fraction  of  that  energy  which  is  available 
for  driving  machines.  The  maximum  efficiency  of  the  fluid  between, 
given  limits  of  absolute  temperature  is  ezpreEsed  by 

'-^ <■•) 

As  to  the  mechanical  action  of  an  elastic  fluid  on  a  piston,  see 
Article  656. 

704.  siMUM  EBgiBM. — Formulse  for  the  mechanical  action  of 
steam  on  a  piston,  both  exact  and  approximate,  have  been  given  in 
Article  656,  equations  6  to  13. 

The  efficiency  of  the  steam  lies  between  the  limits  "02  and  '2  in 
extreme  cases,  and  04  and  *1  in  ordinary  cases. 

The  details  of  the  construction  and  working  of  steam  engines  can 
be  explained  in  a  special  treatise  only. 

The  dtdy  of  an  engine  is  the  work  performed  by  a  given  quantity 
of  fuel,  such  as  one  pound.  The  duty  of  a  pound  of  coal  varies  in 
diflerent  classes  of  engines  from  about  100,000  to  1,900,000  foot 
pounda  *  These  are  extreme  results,  as  respects  wastefulness  on  the 
one  hand,  and  economy  on  the  other.  In  good  ordinary  engines^ 
the  duty  varies  from  200,000  to  700,000. 

705.  BleetMdjwwUc  EagfaMM,  though  capable  of  higher  efficiency 
than  heat  engines,  are  not  so  economical  commercially,  on  account 
of  the  greater  cost  of  the  materials  consumed  in  them.  Their  theo- 
retical efficiency,  according  to  a  law  demonstrated  by  Mr.  Joule,  is 
given  by  the  formula 

^-^-> (1) 

where  </i  is  the  strength  which  the  electric  current  would  have  if 
the  madbine  performed  no  mechanical  work,  and  y^  is  the  actual 
strength  of  the  current. 

This  law,  and  the  law  of  the  maximum  efficiency  of  heat  engines, 
are  particular  cases  of  a  general  law  which  regulates  all  transformar 
tions  of  energy,  and  is  the  basis  of  the  Science  of  Energetics.* 

*  Edmbwgh  PhOotopUcal  Journal,  July,  1855;  Pnxxe&iffi  if&c  PhUotopUod 

SocUttf  of  Glasgow,  1858-6. 
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L 
Table  of  the  Resistance  of  Materials  to  STRETcmiro  and 
TEAitiNa  BY  A  DiBECT  PuLL,  in  fovmdi  a/vovrdupais  jper  squao'e 

Tenadtr  Modulus  of 

MATMAi^.  •'^SS^^*^      orlS^to 

^®*»™«-  Stretcliiiig. 

Stones,  Natural  and  Artificial  : 

Brick.     )  o    . 

Cement,  | ^^o  to  300 

Glass, • 9^400  8,000,000 

Slate, i.      S*'^*^    ^   13.000,000 

'  I  to  ia,8oo    to  16,000,000 

Mortar,  ordinary, 50 

Metals: 

Brass,  cast, 18,000          9,170,000 

„      wire, 49,000        14,230,000 

Bronsse  or  Gun  Metal  (Copper  8, )  ^ 

Tin  i), ......r.....  /  36^^^          9>90o>ooo 

Oopper,  cast, 19,000 

„       sheet, 30,000 

„       bolts, 36,000 

„       wire, 60,000         17,000,000 

Iron,  cast,  various  qualities, j*^ '^,400        '4,ooo,ooo 

'       '  ^  '  (to  29,000    to 22,900,000 

„        average, 16,500         17,000,000 

Iron,  wrought,  plates, 5i>ooo 

„       joints,  double  riyetted,  35>7oo 

„  „       single  livetted,  28,600 

bars  and  bolts, {to  70^000}      29,000,000 

hoop,  best-best, .'.  64,000 

f        70,000 ) 
"        ^ {toioolooo}      25,300,000 

„        wire-ropes, «,.  90,000         15,000,000 

Lead,  sheets S^SOO  720,000 

Steel  bars, I  ^    '^^'°°^    ^    29,000,000 

^  \  to  130,000  to  42,000,000 

Steel  plates,  average, 80,000 

Tin,  cast, •••.,  4,600 

Zinc, 7>ooo  to  8,000 
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Tenadty, 
Matkbialb.  or  Reastance  to 

Tearing. 

TnOIEB  A2n>  OTHEK  OfiGAinO  FiBBXS 

Acacia^  fake.  See  "  Locust" 

Ash  {Frcudntu  excdsiar), 17,000 

"BojiihcyoCBambuBa  arundincuxa)^  6,300 

Beech  {Fagvs  sylvoHca), 11,500 

Biick  {Betula  alba)y 15,000 

Box  {pvaua  aernpervirerui), 20,000 

Cedar  of  h&\)aiLon{Gedru8Libani),  1 1,400 

Chestaiut  {Castanea  Vesca), |  ^  13^000  J 

'Etm  {Ulmus  oampes^), 14000  \ 

{12  000 
to  14^,000 

„    Byruoe  (AbUa  excdBa)y 12,400  { 

HoxenYara, about  25,000 

Hazel  {Gorylus  AvdUma\ 18,000 

Hempen  Ropes, from  12,000  to  16,000 

Hide,  Ox,  undressed, 6,300 

Hornbeam  {Carpinus  Betulu8\. . .  20,000 

Lancewood  (GvaUeria  virg(Ua)y...  23,400 

Leather,  Ox, 4,200 

Lignum- Vit8B  {OtuUacum  offici-)  u  800 

nale), .•••  j  ' 

Locust  {Babiffiia  Fssudo-Acacia),  16,000 

Mahogany  {Simetema  Mahagom),      |  ^  2 i^Soo  J 

Maple  {Acer  eampe8tri8)y 10,600 

Oak,  European  {Qv£fr'cu8  aeasiU-  (      10,000 

fiorawni  Quercus  pedtmculata),  ( to  1 9,800 

„     American    Red     {Qttertnu)  jQ^tta 

rubra), /  '^ 

Silk  Fibre 52,000 

8jcajxiOTe{A(xrP8eudO'Flatamut),  13,000 

Teak,  Indian  {TecUma  grandis),  15,000 

„      African,  (?) 21,000 

"Whalebone, »           7,7oo 

Yew  (Taxus  bacccUa), 8,000 


Modnhttof 

Ekstadtji 

or  Reatta&ce  to 

Stntching. 


1,600,000 

1,350,000 
1,645,000 

486,000 

1,140,000 

700,000 

to  1,340,000 

1,460,000 

to  1,900,000 

1,400,000 

to  1,800,000 

900,000 

to  1,360,000 


24,300 


1,255,000 


1,200,000 
to  1,750,000 

2,150,000 

1,300,000 
1,040,000 
2,400,000 
2,300,000 
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II. 

Tablb  of  the  Resistance  of  Materials  to  Sheabino  axd 
DiSTOSTiOK,  in  potmds  a/vavrdupois  per  square  inek, 

Matebuls.  to  „  RerisS  to 

Metals:  SHeanng,  Dirtortion. 

Brass,  TO»-drawn, S>330>ooo 

Copper, 6,200,000 

Iron,  cast, 27,700        2,850,000 

"     ->''«ht, So,ooo\^,lf^°^l 

^Fqcbeb* 

Fir':  Red  Pine, Sooto    800    I.      ^?'°^ 

'  ^  (to  116,000 

„     Sprtioe, 600  

„     Larch, 970  to  1,700  

Oak, 2,300  82,000 

Ash  and  Elm, i>40O  7^9000 


III. 

•  

Table  of  the  Resistance  of  Materials  to  Crttshino  bt  a 
Direct  Thrust,  in  p<mnd8  a/vow'dnpois  per  square  in^ 

Bflrifltancs 
Matebialb.  to 

Crnahiiig. 

Stones,  Natural  and  Arthicial: 

Brick,  weak  red, 550  to  800 

„      strong  red, 1,100 

„      fire, i>7^^ 

Chalk, 330 

Oranite, S^Soo  to  11,000 

Limestone,  marble, 5>5oo 

„         granular, 4,000  to  4,500 

Sandstone,  strong, , 5>5oo 

„         ordinary, 3,300  to  4;4o^ 

„         weak, ' 2,200 

Rabble  masonry,  about  fonr-tenths  of  cut  ston& 

MecAifl: 

Brass,  cast, 10,300 

Iron,  cast,  yarions  qualities, 82,000  to  145,000 

f,      „     average, 112,000 

„    wrought, about  36,000  to    40,000 
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Matebialb.  to 


Thebeb,*  Dtj^  crofihed  along  the  grain: 

Asihf 9,000 

Beech, 9>3^o 

Biroh; 6y40o 

Blue-Gum  {EticcUi/pius  GkhuLus), 8,800 

Box, 10,300 

Bullet-tree  {Ac^vraa  Sideroxt/lon), 14,000 

Cabacalli, 9j9^>o 

Cedar  of  Lebanon, 5,860 

Ebony,  West  Indian  {Bri/a  Bbenm), 19,000 

Elm, 10,300 

Fir:  Bed  Pine, 5>375  to  6,200 

„     AmerLcanYeUowPme(Ptnttftxirui&t^i9),  59400 

„     Larch, 5,570 

Hornbeam, 7>3oo 

Lignum- Yitse, 9»90o 

Mahogany, 8,200 

Mora  {Mora  excdsa), 99900 

Oak,  British, 10,000 

„     Dantzic, .' 7»7oo 

„     American  Bed, 6,000 

Teak,  Lidian, 12,000 

Watei^Gum  (^ru<a92»a  Tim/o^), 11,000 


IV. 

Table  of  the  Resistanoe  of  Materials  to  BBEAEiNa  Acboss, 

in  p<nmd8  amirdupcna  per  square  inck, 

Eeaistapoe  to  Breaking, 
Matebialb.  or 

Modnhu  of  Bt^taxe-t 

Stoites: 

Sandstone, • 1,100  to  2,360 

Slate,  5*000 

*  The  resistances  stated  are  for  dry  timber.  Green  timber  is  modi  weakw,  ham^ 
sometimes  only  half  the  Btrei^E;th  of  d^  timber  agunst  croshinjg. 

f  The  modmns  of  mptmie  is  eighteen  times  the  load  which  is  required  to  break  a  bor 
of  one  inch  square,  supported  at  two  points  one  foot  apart,  and  loaded  in  the  middk 
between  the  pomts  of  support. 
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Beiistaxioe  to  Breaking^ 
Hatbhiaia  or 

Modulus  of  Boptoxe. 

Mstaub: 

Iron,  caat^  open-work  beams,  average, 1 7,000 

jj       „    solid  rectangolar  bars,  var.  qualities,  33,000  to  43,500 

99       »  99  M  average, 40,000 

„     'wrought,  plate  beajns, 42,000 

Timbeb: 

■Ash, 12,000  to  14,000 

Beech, 9,000  to  12,000 

Birch, 11,700 

Blue-Gum, 16,000  to  20,000 

Bullet-tree, 15,900  to  22,000 

Cabacalli, 15,000  to  16,000 

Cedar  of  Lebanon, .79400 

Chestnut, 10,660 

Cowrie  {pa/mma/ra  (mstTalis)^ 11,000 

Ebony,  West  Tndian, 27,000 

Elm, 6,000  to    9,700 

Eir:  Bed  Pine, 7,100  to    9,540 

jy     Spruce, 9,900  to  12,300 

„     Larch, 5,000  to  10,000 

Oreenheart  {NedUmd/ra  EodicBC), 16,500  to  27,500 

Lancewood, 17935^ 

Lignum- Yitee, 12,000 

Locust, 11,200 

Mahogany,  Honduras, ii>5oo 

„         Spanish, 7,600 

Mora, 22,000 

Oak,  British  and  Bussian,.... 10,000  to  13,600 

„     Dantzic, ,*. 8,700 

„     American  Bed,. •«•«•. ^r. jo,6oo 

Poon, ..•• '3>3oo 

Saul, ♦..^ 16,300  to  20,700 

Sycamore, 9,600 

Teak,  Indian, 12,000  to  19,000 

„     African, 14,980 

Tonka  (Dipteryx  odorata), 22,000 

"Water-Uum, i7)46o 

Willow  (Salix,  various  species), ••  ••  6,600 
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Table  of  Bpecuio  Gbayitibs  of  Materials, 


Weightofacnbio 

Gases,  at  32    Fahr.,  and  under  the  pressure  of  one  foot  in 
atmosphere,  of  2116-4  1^  on  the  square  foot:         ^^  *Yoirdupoifc 

Air, 0*080728 

Carbonic  Add,  0*12344 

Hydrogen, 0*005592 

Oxygen, 0*089256 

Nitrogen, 0*078596 

Steam  (ideal), 0*05022 

^ther  vapour  (ideal), 0*2093 

Bisnlphuret-of-carbon  vapour  (ideal), 0*2137 

Olefiantgas, 0*0795 

Waght  of  a  eaUc  Specific 

foot  in  gnv Jt J, 
lb.  AvoirdupoiB,         pure  water  ss  1« 

Liquids  at  32^  Fahr.  (except  Water, 
which  is  taken  at  39^*4  Fahr.): 

Water,  pure,  at  39®*4, 62*425  1*000 

„       sea,  ordinary, 64*05  1*026 

Alcohol,  pure, 49'38  0*791 

„       proof  spirit, 57'i8  0*916 

^tiier, 4470  0*716 

Mercury, 848*75  ^3'59^ 

Naphtha, 5294  0*848 

Oil,  linseed, 58*68  0-940 

„    olive, 57*12  0*915 

„    whale, 57'62  0*923 

„    of  turpentine, 54'3i  0*870 

Petroleum, ,               S4'8i  0*878 

Solid  Mikeral  Substakces,  non-metallic: 

Basalt, 187*3  3*00 

Brick, 125  to  135  9  to  2*167 

Brickwork, 112  1*8 

Chalk, 117  to  174         1*87  to  2*78 

Clay, 120  1*92 

Coal,  anthracite, 100  1-602 

„     bituminous, 77*4  to  89*9         1*24  to  1*44 

Coke, 62*43  to  103-6         I'oo  to  1-66 

Felspar, 162*3  ^'^ 

Flinty 164*2  2*63 


G38  APPENDIX. 

Weight  of  a  cable  Sperifie 

foot  in  graritr, 
lb.  aYQoitlapois.          pore  wator'sB  1. 

Solid  MnnsBAL  Sxtbstances — cai^mtjed. 

Glass,  crown,  average,. 156  9*5 

„     green,       „        169  27 

„     plate,       „        169  27 

Granite, 164  to  172  2-63  to  276 

Gypsum, i43'^  2*3 

Lunestone  (inclading  marble),..  169  to  175  27  to  2*8 

0          magnesian, 178  2-86 

Marl, 100  to  119  1-6  to  i'9 

Masonry, 116  to  144  1-85  to  2*3 

Mortar, 109  175 

Mud, 102  1*63 

Quartz, 165  2-65 

Sand  ^damp), 118  1-9 

„     (dry), 88-6  1-42 

Sandstone,  average, 144  2-3 

„         various  kinds, 130  to  157  2*08  to  2*52 

Shale, 162  2*6 

Slate, 17s  to  181  2-8  to  29 

Trap, 170  272 

BfsTALS,  solid: 

Brass,  cast, 487  to  524*4  7'8  to  8-4 

„      ^»nre, 533  854 

Bronze, 524  8-4 

Copper,  cast, 537  8-6 

„       sheet, 549  8-8 

„       hammered, 556  8-9 

Gold, 1186  to  1224  19  to  19-6 

Iron,  cast,  various, 434  to  456  6*95  to  7*3 

„        average, 444  7-11 

Iron,  wrought,  various, 474  to  487  7*6  to  7-8 

„                average, 480  7*69 

Lead, ^...  712  ii'4 

Platinum, 1311  to  1373  21  to  22 

Silver, 655  105 

Steel, 487  to  493  7"8  to  79 

Tin, 456  to  468  7-3  to  7*5 

Zinc, 424  to  449  6*8  to  7 '2 
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Weigbt  of  a  cabio 

xthber:  il).  SFQJrdupois. 

Ash^ 47 

Bamboo^ 25 

Beech, 43 

Birch, 44*4 

Blne-Gmn, 52*5 

Box, 60 

Bullet-tree, 65-3 

Cabacalli, 56*2 

Oedar  of  Lebanon, 30*4 

Chestnut, 33*4 

Cowrie, 36*2 

Ebony,  West  Indian, 74-5 

Elm, 34 

Eir:  Bed  Pine, 30  to  44 

„      Sprace, 30  to  44 

„      American  Yellow  Pine,...  29 

„      Larch, 31  to  35 

Greenheart, 62*5 

Sawthom...... 57 

Hazel, 54 

HoUy, 47 

Hornbeam, 47 

Labumxun, 57 

Lanoewood, 42  to  63      o 

Larch.     See  «  Eir." 

Lignmn-YitiB, 41  to  83 

Locujst, 44 

ICahoganj,  Hondurasf, 35 

„          Spanish, 53 

Maple, 49 

Mora, 57 

Oak,  European, 43  to  62 

^     American  Bed, 54 

Poon, 36 

Saul, 60 

Sycamore, 37 

Teak,  Indian, 41  to  55 

„      AMcan, 61 

Tonka^ 62  to  66 

"Water-Gum, 62*5 

Willow, 25 

Yew, 50 

•  The  Timber  in  e\  ery  case  is  supposed  to  be  dry. 


Spedfie 

gravity, 

pure  water  =s  1. 

0753 
0-4 

0-69 
©•711 
0-843 

0*96 

1*046 

o'9 

0-486 

©•535 

0-579 
1193 

<x-544 
0*48  to  07 

0*48  to  07 

0*46 

0"5  to  0-56 

I'OOI 

0*91 
0-S6 
076 
076 
0*92 

•675  to  I'OX 

0-65  to  1*33 
071 
0-56 
0-85 
079 
0*92 

0-69  to  o*99 
0-87 
0-58 
0*96 

0-59 
0-66  to  088 

0-98 

0*99  to  I  '06 

I'OOI 

04 
0-8 
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YIL 
DiMENSIOKS  AND  STABILITY   OF  THE  OUTEB  ShELL  OF  TBS 

Great  Chiknet  of  St.  Bolloz. 


DivbioDS  of       Heights  above 
Chimney. 


V. 
IV. 

III. 

II. 

I. 

Foundation. 

I. 

11. 

III. 


i 


\ 


Ground. 

Feet. 

435i 

35oi 

2I0i 

"4i 
54i 


Depth  hdow 
Ground. 

Feet 
O 

8 

M 
20 


External 
Diameten. 

Feet  Inchea 

13        ^ 
16       9 

24       O 

35      o 

40      o 

External 
Diameter. 

Feet 

50 

50 

50 


} 


ThickneflseiB 


Feet  Ittdiea 


Gnatertj 
■ore  of  Wind 
oondrtontiriui 
Seomi^- 


}  ■_ 


/     _ 


6 

3 
7i 


77 

57 
63 
71 


Thicknesses. 


Concrste. 
Feet  Inchea 


5 
4 

25 


o 
8 


Bride. 

Feet 

3 
3 

o 


Total  height  from  base  of  foundation  to  top  of  chimney^  455^  feet 

*  Joint  of  least  stability. 
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308  A.*  c«BUB«Mi*  oirden. — The  fundamental  principle  of  the 
theory  of  continuous  girders,  with  the  load  distributed  in  any 
manner,  is  the  '<  Theorem  of  Three  Moments/*  due  originally  to 
Clapeyron  and  Bresse  and  improved  by  Heppel  (See  Bresse, 
Mecamque  AppliquSe,  Part  ILL,  and  the  Proceedmga  of  the  Royal 
Society  for  1869). 

The  subject  is  treated  of  in  Art.  178  of  the  tenth  edition  of 
CivU  JSngineering.  The  following  demonstration,  with  deduced 
formulie,  is  abstracted  from  a  paper  communicated  by  Mr.  Mans- 
field Merriman,  C.E.,  to  the  Philosophical  Magazine,  September, 
1875. 

The  elastic  curve  (Art.  319)  has  the  following  equation : — 

cPy  _M 
5^'  "  El* 

The  equation  for  any  particular  case  is  obtained  by  sub- 
stituting the  values  of  M  and  I  (constant)  in  terms  of  x,  and 
integrating  twice. 

Let  I  be  length  of  first  span,  V  of  second.  Let  Mq,  Mj,  Mg,  be 
the  moments  at  three  points  of  support.  Let  W  be  a  single  con- 
centrated load  at  a  distance  a  firom  support  0,  and  W'  at  a 
distance  a*  from  1. 

Since  equilibrium  prevails,  we  have  for  a  section  between  "W 
and  1,  the  equation 

Mo-Fa?  +  W(«-a)-M  =  0, (L) 

making  x  =  l,M  becomes  M^,  and 

F=**!!J^>  +  Z(^)  =  M^-MVW(1-A), (!'.) 

k  being  any  fraction.  Insert  now  the  value  of  H  in  the  differ- 
ential equation  of  the  curve,  and  integrate  it  twice :  ^  the  tangent 
of  the  angle  which  the  curve  at  the  origin  makes  with  the  axis 
of  abscissa  is  the  constant  in  the  first  integration,  and  zero  in 
the  second. 

The  required  equation  is — 

y  =«o«+g^^{3Mp^-Fa^  +  W(aj-a)«| (XL) 

Substituting  the  value  of  F  in  terms  of  Mo,  M^,  and  W,  making 
x  =  l,  and  a^kl\  y  =  0,  and  we  obtain 

6  EI  <=  -2  M.  ;-Mx  l+W  P  (2  A:-  3  V^Ji?). («.) 

*'  See  Article  308,  p.  33& 
2t 
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at  1,^  and  we  obtain 

6  BI  <i  =  M.  U  2  M,  i- W  !•(*-*»). (in.) 

If  tba  mgin  be  taken  at  1,  we  obtain  an  equation  analagons 
to(.> 

6EI*,=  -8Mir-lI,r+Wr«(2i-3*»+JP),(ni'.) 

^here  A  denotes  |,  and  ia  not  neceaa«ily  the  same  in  the  two 

expressions. 

We  tbus  obtain  the  Theorem  of  Three  Moments  for  concentrated 
loads 

Mof+2M,(^  +  r)  +  M,r  =  W^(i-*?)+W'^(2*-3A«  +  it8),(IV.) 

For  many  loads  2  Las  to  be  prefixed  to  the  terms  involving  W 
and  W.    For  uniformly  distributed  loads  w  and  to'  per  nnit  of 

length,vreplaceD  W=  jw  d  {^l)ejiA  2  W  »  jwd(]c  7),  integrating 

between  the  required  limits.  If  the  loads  extend  over  the  whole 
span,  the  first  integral  is  taken  between  ^^^0  and  hl^l,  the 
second  between  kt -0,  and  kV  =  V,     Then 

Mo^+2Mi(J  +  r)  +  M,r  =  i«?Z»  +  Jw'P, (V.) 

which  is  the  theorem  as  first  deduced  by  Clapeyron. 

The  following  are  the  formulse  deduced  by  Mr.  Merriman — 

Case  1. — Ends  resting  freely  upon  abtUments. 

Let  the  girder  consist  of  any  number  of  unequal  spans,  die 
rth  only  being  loaded.  Let  s  =  the  number  of  spans,  and  ^  /^ 
&e.,  their  lengths;  1  being  the  first  and  «+ 1  the  last  gnj^iart, 
the  index  n  will  refer  to  any  support.  A  single  load  in  the  rth 
span  is  called  W,  and  its  distance  from  the  rth  support  kl^oret. 

Keferring  to  (IV.)  it  is  seen  there  are  two  functions  of  W  and 
k  I,  of  frequent  occurrence.  Denoting  these  by  A  and  B  for  the 
supports  r  and  r  +  1. 

"B^W  P  (k-i^\  >  for  a  single  load  in  the  rth  span. 

A.=  J  j^  w  l^  (2  k  -  3  k^  +  ^)  d k  ]  for  an  uniform  load  whose  ends 
f^  [     are  distant  ki  l^  and  k^  l^  from 

B  =  j^*«?^(^-A^rfAr,  j      the  support  r. 
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Prom  the  equations  of  moments,  and  tlie  solution  of  these 
equations  by  the  method  of  indeterminate  oo-effidents,  the  two 
following  equations  are  derived.     When  n  <  r  +  1 : — 


also 

When  n>r 


XI.) 


The  values  of  the  quantities  c,  d  are 


(2.) 


Ci  =  0 
«s=-2 


^  +  ?. 


i  +  ^. -1 


^4=  -2c^ 


Cft=  -2c4 


J,  +  ^8 


-<?>-/ 


?. +  ^i 


?, 


u 


-  -  c. 


8 


^4 


d^=  -2^4 


8   J 


Let  the  sheaiing  stress  in  the  span  l^  at  a  point  infinitely  near 
to  the  rth  support,  be  denoted  by  F^  and  to  the  r  +  1th  support 
by  Fv;  then 

M^- 'Mr  4.1        (^^^  *^c  right  hand  shear  at  the  rth 
""^        l^         '*""l      support, 

M,  ^ ,  —  M-     ,  f  for  the  left  hand  shear  at  the  r  +  1th 
^'~~       /,  I      support, 

M„  —  M„ ^i  j  for  the  right  hand  shear  at  all  supports 
^t         I      except  r, 

M„  —  M„  _  1  r  for  the  left  hand  shear  at  all  supports 
^*«-i~       /  (      except  r+1,  .... 

then  the  reaction  at  any  support  is 

R»  =  F,_,  +  F,;E,  =  F,.i  +  F^&c., 


(4.) 


(5.) 


Let  M  and  F  denote  the  moment  and  shearing  force  at  any 
section;  then 
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M  =  M^  -  F,  a?  +  W  (aj  -  a)  for  a  section  between  W  and  \ 

the  following  support : —         V  (6.) 
M  =  M,  —  F„  X  for  any  other  section,  j 

F  =  W  —  F^  for  a  section  between  W  and  the  r  +  1th   \ 

support,  I  (7.) 

F  =  —  F,  for  any  other  section,  j 

Equations  (6)  and  (7)  refer  to  a  concentrated  load ;  for  an  uniform 
load  for  W  substitute  f  to  da. 

Case  2. — Oite  end  free  and  the  other  Jixed  harizontaUy. 

In  the  application  of  the  above  formulse  (1)  to  (7)  to  this  case, 
make  l,  =  0,  and  let  «  —  1  be  the  number  of  spans. 

Case  3. — Both  ends  fixed  horizontally. 

In  the  above  formulae  make  ^  =  0  and  I,  =  0,  and  let «  ~  2  be  the 
number  of  spans. 
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ADCTMDm,  stability  o(  226. 

of  ucheB,  261, 

open  and  hollow,  268  (see  also  82). 

strength  of,  268. 
Acoeleratiog  effect  of  grayity,  485. 

impulse,  483. 

force,  490. 
Aooeleration,  886. 
Air,  apparent  weight  of  bodies  in,  123. 

expansion  of,  123. 

velocity  of  sonnd  in,  563. 

weight  of;  123. 

(see  Gas). 
Angle  of  repose,  210. 

of  rotation,  391. 

of  mptnre,  204,  269. 

of  torsion,  356. 
Xngnlar  impulse,  506. 

momentum,  505,  529. 

velocity,  391. 
Arch,  abutments  of;  261. 

angle,  joint,  and  point  of  rupture  of,259. 

circular  linear,  188,  201. 

clustered,  263. 

distorted,  202. 

distorted  elliptic  linear,  186. 

ellipttc  linear,  184. 

geostatic  approximate,  209. 

geostatic  (to  sustain  earth),  196. 

groined  (see  Vaults). 

hyd;t)8tatic  approximate,  207. 

hydrostatic  (to  sustain  fluid  pressure), 
190,  353. 

non-ribbed,  376. 

line  of  pressures  in,  257. 

linear,  for  normal  pressure,  189. 

linear,  or  equilibrated  rib,  162, 175, 182. 

of  masonry  or  brick- worlc,  stability  of, 
226,  257. 

piers  of,  263. 

pointed,  203. 

skew,  261. 

stereostatic  (with  rigid  load),  198. 

strength  of,  268. 

total  thrust  of,  203,  260. 


Areas,  measurement  df,  58. 

conservation  of  (see  Conservation), 
Atmospheric  pressure,  69. 
Axes  of  inertia,  524. 

of  elasticity,  278. 

of  stress,  93,  98. 
Axis  of  rotation,  390. 

fixed,  545. 

instantaneous,  897. 

of  angular  momentum,  505,  529. 
Axle,  strength  of,  853. 

friction  of,  614. 

resilience  of,  857. 

torsion  of,  356. 

with  cranlc,  strength  of,  358» 

Balance,  15. 

of  any  system  of  forces,  41. 

of  couples,  21. 

of  floating  bodies,  120. 

of  fluids,  116. 

of  forces  in  one  line,  1 9. 

of  inclined  forces,  35. 

of  parallel  forces,  21,  25. 

of  stress  and  weight,  112. 

of  structures,  129. 
Balanced  forces,  motion  under,  476. 
Ballistic  pendulum,  548. 
Bands  in  mechanism,  454. 

friction  of,  617. 
Bars,  strength  of  iron  and  steel,  877 
Beam,  133. 

allowance  for  weight  of,  346. 

cast  iron,  318. 

deflection  under  any  load,  328. 

direct  vertical  stress  in,  342. 

expansion  and  contraction  of,  348. 

fixed  at  both  ends,  832. 

limiting  length  of;  847. 

lines  of  principal  stress  in,  341. 

of  uniform  strength,  820. 

originally  curved,  848. 

partially  loaded,  844. 

proof  deflection  of,  322. 

proportion  of  depth  to  span  of,  827. 
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BeaiDf  resilience  of,  830. 

sbeariog  stress  in,  388,  848. 

eloping,  848. 

etrength  of,  807,  815,  684. 

(see  aiao  Girder). 
Belts,  strength  of;  288  (see  also  Bands). 
Bending,  resistance  to^  807. 

moment  of,  807. 

(see  also  Beam). 
Bevel-wheels,  428, 448. 
Blocks,  sUbility  of  a  series  of;  280. 

and  tackle,  46S. 
Bodies,  13. 
Boilers,    strength   U,    289,    296,   299, 

806. 
Boiling  point,  606. 
Bracing  of  frames,  142. 
Brake,  624. 
Breaking  acraea,  redstanoe  to,  807  (see 

also  Beam). 
Brickwork  (see  Masonry). 
Bridge  (see  Arch,  Beam,  Girder). 

suspension  (see  Sospeoaion  Biidge)> 
Buoyancy,  121. 
Buttresses,  228,  286. 

Cables,  strength  of,  288. 
Cam,  449. 
Catenary,  177. 
'Cells,  strength  of;  864. 
Centre  of  buoyancy,  12  L 

of  gravity,  49,  180. 

of  mass,  482; 

of  oscillation  or  pareossion,  620,  644. 

of  parallel  forces,  81. 

of  pressure,  71,  76,  125. 

of  resistance,  181. 
Centrifugal  force,  491,  546  (see  also  De- 
viating Force). 

couple,  537. 

pump,  597. 
Chains,  equilibrinm  of,  162  (see  also  Sus- 
pension Bridge). 
Channel,  flow  in,  411. 
Chimneys,  sUbOity  of,  228,  240,  640. 
Cinematics,  16. 

principles  of,  879. 
Click,  462. 

Collapsing,  resistance  to,  806. 
Collar,  friction  o^  616. 
Collision,  608. 

Columns,  strenp^th  of  (see  Pillars). 
Comparative  motion,  884,  889. 
Components,  19,  881. 


Compoeitionof  ooaplesilbEoeB,  motioiH^Aa. 

(see  Resultant). 
CompressibiUty  of  liquida,  271. 
Compression,  resistance  to^  802. 
Cones,  speed,  457. 

Connected  bodies,  motions  of;  420,  421. 
Connecting  rods,  strength  o^  868. 
Conservation  of  energy,  478,  501. 

of  angular  momentum,  or  of  aveas,  606. 

of  momeotun,  506. 
Continuity,  eqnatioos  a^  in  BqoidBi  411, 
418. 

equations  of,  in  gases,  417. 
Contracted  vein,  572. 
Contraction,  co-efficient  of;  572. 
Cord,  equilibrium  o^  162. 

motion  o^  408. 
Counterforts,  255. 
Couples,  deviating,  585. 

oentiUugal,  537. 

energy  and  work  o^  637. 

polygon  0^  25. 

statical,  theory  of,  21. 

with  inclined  axes,  24» 

with  parallel  axes,  21. 
Coupling,  Oldham's,  453. 

friction,  618. 

Hooka's,  461. 

of  parallel  axles,  459. 
Crank  and  axle,  strength  ci,  858. 

motion  of,  458. 
Croes-breaking,  resistance  to  (see  Beam). 
Crushing,  direct  resiatanoe  to^  808,  tabby 
638. 

by  bending^  resiatanoe  to^  860. 
Current,  412. 

pressure  of,  on  a  solid  body,  598. 

xadUtbg,  412,  574. 
Cydoid,  898. 
CyUndera,  atiength  of;  289,  294. 

Dams,  sUbility  of,  243. 
Day,  sidereal,  880,  881. 

mean  solar,  382. 
Deflection  (see  Beam). 
Deviatmg  Ibroe,  491, 498,  545. 

couple,  585. 
Deviation  (of  motion),  onifbiin,  887. 

moment  of,  528. 

var}'ing,  888. 
Direction,  flxed  and  neariy  fixed,  $79. 
Distributed  forces,  48. 
Dome,  stabili^  of,  265. 
Drums,  in  mechanism,  455. 


INDEX. 


647 


Djm«mic8|  15. 

general  eqostions  of^  484. 

principles  ot,  476. 
Dynamometei^  478. 

Eastb,  fHctioD  of,  81 L 

fimncUitioos,  219. 

prcsBare  of;  218  (tw  alw  B«tiiining 
Walls). 

stability  of,  212. 

table  of  examples,  221. 
Eccentric,  motion  of,  460. 
.Eddj  (see  Vortex). 
Effect  of  a  machine,  610. 
Effort,  476. 
Effideocy,  609,  610. 
Elastic  curve,  849. 
Elasticity,  theory  of,  270,  276. 

co-efficients  of,  277. 

modnlos  of,  279,  681. 

potential  energy  o^  277. 
Electro-dynamic  engine,  effidancy of^  680. 
Energy,  477. 

actual,  499,  607. 

actual,  of  a  rotating  body,  682. 

components  of,  480,  499. 

conservation  of;  in  varied  motkm,  601, 
608. 

conservation  of;  motion  being  imiform, 
478. 

initial,  508. 

of  couples,  537. 

potential,  477. 

total,  508. 

tranaformation  of;  499. 
Epicycloid,  401. 
Epicydoidal  teeth  (see  Teeth). 
Epitrochoid,  401. 
Equilibrated  Arch  (see  Arch). 
Equilibrium  (see  Balance). 

stable  and  unstable,  128. 
Expansion  of  air,  123,  606. 

of  metals,  stones,  brick,  glan,  timber, 
349. 

of  steam,  606. 

of  water,  125. 
Extrados,  178. 

FAixnro  boot  (see  Gravity). 

Fan,  598. 

Fixed  direction,  879 

point,  14,  881. 
Flexure,  moment  ol^  811. 

resistanoe  o^  812. 


Floating  bodies,  l/o,  COO. 
Flow  of  liquid,  410. 

of  gas,  417. 

(see  Liquid,  Gas). 
Flues,  strength  of;  806. 
Fluid,  100. 

elastidty  of,  285. 

equilibrium  of,  116. 

impulse  of;  on  a  soUd  sufiMS^  691. 

motion  of,  410. 

pressure  of,  99. 

(see  Liquid,  Gas> 
Fly-wheel,  628. 
Foot-pound,  477. 
Force,  16, 17. 

absolute  unit  of,  486. 

centrifugal  (see  Deviating  Force). 

deviating  (see  Deviating  FonaX 

distributed,  48. 

redprocating,  508. 

representation  of,  19. 

unbalanced,  measures  of;  601. 
Forces,  aotion  o^  on  a  qratam  of  bodias, 
510. 

parallelogram  of^  85. 

paralldopiped  of,  87. 

polygon  of,  86. 

residual,  498,  611. 

resolution  of;  87. 
Foundations,  earth,  219,  266.. 
Fracture,  272. 
Frames,  bracing  of,  142. 

equilibrium  and  stability  of^  182. 

of  two  bacB,  186. 

polygonal,  139. 

resistance  ot  st  a  section,  169 

triangular,  187. 
Friction,  209. 

coupling,  618. 

heat  of;  620. 
'    intemiO,  877. 

moment  oi;  614. 

of  gas,  590. 

of  liquid,  584. 

of  machines,  612. 

of  solid  bodies,  law  of,  209. 

strap,  G18. 

Ubles  of;  211,  613. 
Frictional  sUbility,  209. 

gearing,  618. 

&A8,  18. 
action  of,  on  a  piston,  604* 
dynamic  head  in,  679. 
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Gfti,  eqnfttion  of  oontlnatty  io,  581. 

flow  of,  from  an  orifice,  681. 

flow  of,  with  fridion,  590. 

motion  of,  417. 

motion  o^  without  friction,  579. 
Girder,  bowstring,  869. 

oellnlar,  867. 

compound,  866. 

half-lattice,  153,  869. 

lattice,  160,  869. 

plate,  866. 

stiffiBning,  for  snspension  bridges,  870. 

tabular,  8G6,  867. 

Warren*8,  158,  869. 
Governor  (see  Pendulum,  revolying). 

also  625. 
Gravity,  accelerating  effect  o^  486. 

centre  of,  49,  180. 

motion  ufider,  485,  48C. 

specific,  49,  124. 

specific,  table  of,  687. 
Grease,  613. 
Groined  vaults,  268. 
Gyration,  542. 

radius  o^  515. 

table  of  radii  of,  518. 

Head,  dynamic,  of  liquid,  508. 

dynamic,  of  gas,  579. 

equal,  surfaces  of,  578. 
Heat  of  friction,  620. 

engine,  efficiency  of,  629. 

of  steam,  607. 

specific,  of  gases  at  constant  pressure, 
580. 
Height  due  to  Velocity,  487. 
Horse-power,  efi'ective,  610. 
Horse,  woric  of,  626. 
Hydraulic  hoist,  4 Go. 

mean  depth,  587. 

press,  464. 
Hydraulics  (see  Hydrodynamics). 
Hydrodynamics,  566. 
Hydrostatic  arch,  190,  853. 
Hydrostatics,  principles  of,  100, 112, 117. 

Immersed  body,  122. 

plane,  125. 
Impact  (see  Collision). 

and  pressure,  564. 
Impulse,  488. 

and  momentum,  law  of,  484. 

angular,  506. 

between  solids  and  fluids,  591. 


Indicator,  478. 
Inertia,  or  mass,  482. 

dUpeoid  of,  526,  538. 

moment  of  (see  Moment). 

reduced,  621. 
Inside  gearing,  441. 

Integrals,  approzimata  oompntatioa  o^  58L 
Intensity  of  distributed  fi>roe^  48. 

of  prastore,  69. 

of  stress,  68. 
Internal  oquilibrinm  of  stress  and  weight, 

112. 
Internal  stress  (see  Stress). 
Intradoa,  178. 
Isochronous  vibration,  553. 

Jit,  impulse  of,  591. 
Joints  of  a  structure,  129,  131. 
of  masoniy,  211. 

Kbts,  fiidion  of,  226. 

Lateral  force,  476. 

Leather,  strength  of,  288. 

Length,  measure  of,  13,  14. 

Lever,  26. 

Line,  18. 

Link  motion,  468 

Linkwork  in  mechanism,  458. 

Liquid,  13. 

dynamic  head  of,  568. 

equilibrium  o^  118. 

flow  of,  from  an  orifice,  570. 

flow  o^  in  a  pipe  (see  Pipe). 

flow  of,  in  a  stream  (see  Stream). 

free  surface  o^  570. 

motion  of,  410. 

motion  of,  in  plane  layers,  570. 

motion  of,  with  firiction,  584. 

surface  of  equal  pressure  in,  570. 

without  friction,  motion  of,  567. 

Machines,  15. 

actual  energy  of,  621. 

pieces  of,  422. 

reduced  inertia  of,  621. 

theory  of;  609. 

varied  motion  of,  621. 

work  of,  with  uniform  or  periodic  mo- 
tion, 610. 
BCan,  work  of,  625. 

Masonry  and  brickwork,  bond  oC;  222; 
friction  of,  211,  222. 

stability  of,  230. 
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Mms,  482,  484,  485. 

centre  of,  482. 
Matter,  13. 

Measures,  comparative  table  of  British 
and  French,  636. 

of  length,  18,  14. 

of  stresa,  69. 

of  time,  881. 

of  velocit}',  882. 

of  weight,  18. 
Mechanics,  18. 

applied,  13. 
Mechanism,  theorjr  of,  421. 

aggregate  combinations  in,  425,  466. 

elementaxy  combinations  in,  423,  426. 

principle  of  connection  in,  424. 
Blercniy,  weight  of,  69. 
Modulus  of  elastidtj,  279,  631. 

of  rupture,  316,  634. 
Moment,  bending,  807. 

of  a  couple,  22. 

of  deviation,  528. 

of  flexure,  811. 

of  ftiction,  614. 

of  inertia,  514. 

of  inertia  of  a  surlhce,  77. 

of  inertia,  table  of,  518. 

of  stability,  233. 

of  stress,  73. 

of  torsion,  853. 

statical  (see  Moment  of  a  Couple),  also 
27,  29. 
Momentum,  482. 

and  impulse,  law  of,  484. 

angular  (see  Angular  Momentum). 

conservation  of,  505. 

of  a  rotating  body,  529. 
Motion,  14. 

comparative,  884,  889. 

component  and  resultant,  381,  383. 

deviated  (see  Deviation). 

first  law  of,  476. 

of  a  system  of  bodies,  505. 

of  fluids,  dynamics  of  (see  Hydrody- 
namics. 

of  gases  (see  Gas). 

of  liquids  (see  Hydrodynamics    and 
Liquid). 

of  points,  879. 

of  points,  Tariod,  885. 

of  pliable  bodies  and  fluids,  408. 

of  pliable  bodies,  dynamics  of,  552. 

ofrigidbodi«e,890'. 

second  law  ot,  484. 


Motion,  uniform,  f'ynamical  principles  oi, 
4iC. 
varied,  d%niamical  principles  of,  482. 
Muscular  strength,  work  of,  625. 

Notch,  flow  through,  573. 

Oil,  613. 

Orifice,  flow  through,  571. 

Oscillation,  416. 

angular  (see  Gyration). 

centre  of  (see  Centre). 

elliptical,  495. 

straight,  494. 

Parabola,  formula  relatuig  to,  165. 
Parallel  Forces,  25. 

motion,  469. 

projection  (see  Prcgection,  Parallel). 
Pendulum,  ballistic,  548. 

compound  oscillating,  546. 

compound  revolving,  547. 

cycloidal,  497. 

rotating,  547. 

simple  oscillating,  496. 

simple  revolving,  492. 
Percussion,  centre  of  (see  Centre). 
Periodical  motion  of  machines,  611. 
Pieces  of  a  structure,  129. 
Piers,  sUbility  of,  228. 

of  arches,  263. 

open  and  hollow,  263. 
Pile  driving,  564. 
Pillars,  strength  of  short,  302. 

strength  of  long,  360. 
Pinion  (see  Whed). 
Ptnnade  on  a  buttress,  239. 
Pipes,  friction  in,  588. 

flow  in,  411,  588. 

resbtance  caused  by  sudden  enlarge- 
ment  in,  589. 

resistance  of  curves  and  knees  in,  589. 

resistance  of  mouthpieces  of,  589. 

strength  of,  289. 
Piston,  418,  419. 

action  of  a  fluid  upon,  604. 
Piston  rods,  strength  of,  363. 
Pivot,  friction  of,  616. 
Plasticity,  272. 

Plate-iron  girders  (see  Beam,  Girder). 
Plates,  strength  of  iron  and  steel,  377. 
PliabiUty,  273. 

oo-effldents  of,  277. 
Point,  13. 
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Point,  fixed,  14,  881. 

motions  of^  879« 

physical,  18. 
Posts,  timber,  strength  ol^  886. 
Pound,  standard,  IflL 
Power,  610. 
Press,  Hydraolic,  464. 

strength  o^  290. 
Pressure,  20,  69. 

in  a  sloping  solid  mass,  126. 

internal  (see  Stress). 

of  earth  (see  Earth). 

of  fluids  (see  Flaid). 
Prime  movers,  625. 
Projection,  paralld,  45,  61,  127. 
Proof  strength,  278,  274. 
Pull  (see  Tension). 
PuUeT*  and  belts,  454. 

and  cords,  462. 

speed,  457. 
Pump,  centrifugal,  597. 
Pump  rods,  strength  of,  297. 

Back,  motion  of,  427. 
RailwajB,  resistanoe  on,  620. 
Reciprocating  force,  503. 
Reduced  inertia,  621. 
Redaction  of  forces  and  couples  in  ma- 
chines to  the  driving  point,  612. 
Regulator  of  a  prime  mover,  625. 
Repose,  angle  of  (see  Angle). 
Reservoir  walls,  stability  oif  243. 
Resilience,  278. 

of  axle,  857. 

of  beam,  880. 

of  tie-bar,  287. 
Resistance,  476. 

centre  of,  181. 

line  of,  181. 

of  carriages  on  roads,  619. 

of  fluids,  598. 

of  machines,  610  (see  Friction). 

of  materials  (see  Strength). 

of  railway  trains  and  engines,  620. 

of  rolling,  619. 
Resolution  offerees,  87. 

of  internal  stress,  82. 
Rest,  14. 
Resultant,  18. 

momentum,  482. 

of  any  system  of  forces,  41. 

of  couples,  23,  24. 

of  inclined  forces,  3r>. 

of  motions,  381. 


Resultant  of  parallel  teoes,  26,  28,  80. 

of  stress,  70. 

of  weight,  49. 
Retaining  walls,  227. 
Rev^temoits  (see  Retalnfaig  WaDs). 
Rib  (see  Arch,  linear). 
Rigid  body,  motion  o^  390,  894,  513, 
(see  Rotation). 

action  of  a  single  force  on,  543. 
Rigidity  or  stiffness,  271. 

of  a  truss,  144. 

supposition  of  perfect,  18. 
RivetS)  strength  of,  299. 
Rivetted  joints,  strength  of,  289,  299« 
Roads,  rssistanoe  o^  619. 
Rolling  of  cylinder  on  plani^  898. 

oones,  405,  585. 

contact  in  mechanism,  426. 

of  cylinder  on  cylinder,  40<l. 

of  plane  on  cylinder,  898. 

resistance,  619. 
Roof  (see  Frames  also  Troas). 
Ropes,  strength  of,  288. 

stifiness  o^  619. 
Rotating  body,  comparative  motion  of 
points  in,  393. 

relative  motion  of  a  pair  of  points  in, 
392. 
Rotation,  890. 

actual  energy  of,  532. 

alternate  (see  G^Tation). 

and  force,  analogy  of,  405. 

angular  velocity  of,  891. 

axis  of,  890. 

combined  with  trandation,  894. 

comparative  motions  in  compound,  406. 

compound,  899. 

dynamical  prindples  of^  518, 

free,  533. 

instantaneous  axis  of,  897,  543. 

uniform,  585. 

varied,  406,  538. 

varied,  combmed  with  translatioD,  543. 
Rupture,  modulus  of,  316,  634. 

Safbit,  factors  oC  274. 
Screw-like  motion,. 89 4. 
Screws,  friction  of,  226. 

compound,  467.    . 

in  mechanism,  449. 
Sections,  method  of,  applied  to  ftmme- 

work,  150. 
Set,  272. 
Shaft,  strength  of  (see  AxleX 
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Sliear,  69,  87. 

SheariDg,  iMistanoe  to^  198  {  table,  688. 

Ibroe  in  beams,  807. 

stress  in  beams,  888. 
Shifting  or  tranalatioo,  890. 
Sliding  contact  in  mechanism,  488. 
Solid,  18. 

Specific  gravity  (see  Grayitj,  Spedfle> 
Speed-cones,  457. 
Speed,  flactnatlons  of,  699. 
Spheres,  strength  oi^  290. 
Spiral,  898. 
StabiUty,  128. 

fnctional  (see  Frictiona1> 

of  stmctares,  180,  181. 
Standard  measure  of  kngih,  14. 

measure  of  weight,  18. 
Starting  machines,  624. 
Stotics,  15. 

prittdples  of,  17. 
SUys,  188,  186. 
Steady  motion  of  a  liqnid,  419,  414. 

of  a  gas,  419. 
Steam,  action  of,  606. 

engine,  efBdeney  cf^  629»  689. 
Stifihess,  180,  270,  278. 

of  beams  (see  Beam,  deflection  of). 
Stopping  machines,  624. 
Strain,  272. 

and  stress,  relatbns  between,  280. 

ellipse  of,  280. 

resolution  and  composition  (A,  275.  * 
Stream  of  liquid,  411,  686. 

friction  of,  586. 

of  gas,  417. 

bTdranlic  mean  depth  of,  587. 

varying,  587. 
Strength,  180,  270. 

of  abutments  and  vaults,  268. 

of  axles,  858,  858. 

of  beams,  807,  815  (see  Beam). 

of  bdlers,  pipes,  and  cylinders,  269, 
299,  806. 

of  bolts,  pins,  keys,  and  rivets,  299. 

of  iron  and  steel,  877. 

of  iron,  efibcts  of  repeated  melting  on, 
876. 

of  leathern  belts,  288. 

of  long  pUlars  and  struts,  860. 

of  masonry  and  brickwork,  268,  802. 

of  pump-rods,  297. 

of  ropes  and  cables,  288. 

of  short  pillars,  804. 

of  spheres,  290,  295. 


Strength  of  teeth,  859. 

of  tie-bar,  286. 

of  tubes  and  flues,  806;. 

proof,  278. 

tables  of,  877,  681. 

transverse,  815. 

ultimate,  278. 
Stress,  68. 

and  strain,  relations  between,  289. 

internal,  82. 
Stretching,  resistance  to,  286. 
Stroke,  length  of,  in  mechanism,  4Giw 
Structures,  15. 

theory  of,  129. 

transformation  of,  129. 
Struts,  188. 

strength  of  (see  Pillars). 

wrottght-iron,  strength  of,  364. 
Superposition  of  small  motions,  555. 
Suffice,  18. 
Suspension  bridge,  149,  165. 

stiffened,  870. 

strength  of,  286,  288,  801. 

with  sloping  rods,  171. 

with  vertical  rods,  168. 
System  of  bodies,  motion  of^  505. 

Tbarikg,  resistance  to,  286. 

tables  of  resistonce  to,  288,  289,  377* 
631. 
Teeth  of  wheels,  dimensions  ol^  447. 

epicycloidal,  444. 

friction  of,  617. 

form  of,  438. 

involute,  441. 

of  bevel  wheels,  448. 

of  wheel  and  trundle,  447. 

pitch  and  number  of,  432. 

strength  of,  859. 
Tenacity,  286  (see  Tearing,  Resistance  to). 
Tension,  69  (see  Stretching). 
Testing  strength  (see  Proof). 
Theory  and  practice  in  mechanics,  bar-* 

mony  of,  1. 
Thrust,  69. 
Tie,  182. 

flexible,  169. 

strength  of,  286. 
Time,  measure  of,  881. 
Torsion  (see  Wrenching). 
Toughness,  273. 
Towers,  stability  of,  240. 
Trains  of  mechanism,  465. 

epicyclic,  473. 
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Trains  of  Whedi,  484. 
Transfortnation  (see  Projection). 

of  cords  and  chains,  180. 

of  frames,  162. 

of  streis,  92. 

of  stractnres  in  masonry,  232,  268. 
Translation  or  sliifting,  890. 

varied,  482. 
Transverse  strength,  315  { table^  634. 
Trochoid,  398. 
Trandle,  447. 
Truss,  144. 

compoond,  148. 
Trussing,  secondary,  145. 
Turbine,  595,  629. 
Turning  (see  Botation). 
Twisting  (see  Wrenching). 

Ukcalanckd  fobce,  measures  o(  501. 
Unguents,  618. 
Uniform  motion,  882. 

deviation,  887. 

effort  or  resistance,  effect  of,  490. 

motion  under  balanced  forces,  476. 

velocity,  882. 
Universal  joint,  461. 

double,  462. 
Unsteady  motion  of  fluid,  418,  415. 

Vanrb,  impulse  of  liquid  on,  693. 
Vaults,  stability  of,  226  (see  Arcb> 

groined,  262. 
Velocities,  virtual,  470. 
Velocity,  882. 

angular,  391. 

of  sound,  568. 

uniform,  882. 

uniformly-varied,  886. 

varied,  885. 

varied  rate  of  variation  o(  387. 
Vibration,  558. 

isochronous,  553. 

not  isochronous,  557. 

of  elastic  body,  557. 
Virtual  velocities,  479. 
Vis-viva,  499. 
Volume,  18. 


Vorter,  412,  574. 
action  o^  <m  wheel,  595,  629. 
combined,  576. 
forced,  676. 
free  cirenlar,  574. 
free  spiral,  576. 

Walls,  stability  of,  226. 

retaining  (see  Retaining  Walls). 
Water,  apparent  weightof  bodies  immcned 
in,  125. 

expansion  of,  125. 

prsssnra  eng^e,  626. 

velocity  of  sound  in,  563. 

wdght  o^  125. 

(see  Liquid,  Stream). 
Water-wheel,  578,  627. 

action  of  vortex  oo,  695, 629. 

efficiency  of^  627. 

impulse  of  water  on  floats  of,  598^ 
Wave,  motion  in,  416. 

of  vibration,  562. 
Wedges^  friction  of,  226. 
Weight,  49. 

apparent,  of  body  immeiaed  in  flnid,123. 

measures  of,  18. 

table  of,  637. 
Wheels,  motion  of,  426. 

bevel,  428,  448. 

grooved,  481. 

non-circular,  428,  449. 

skew-bevel,  430,  449. 

teeth  of  (see  Teeth). 

train  0^  434. 
Wind,  action  of,  on  towers  and  ddmncyt, 

240. 
Windlass,  differential,  466. 
Windmill,  629. 
Wiper  or  cam,  449. 
Work,  477. 

of  machbes,  610. 

useful  and  lost,  610. 
Working  stress,  working  load,  274. 
Wrenching,  resistance  to^  863. 

Yabd^  standard,  14.* 


BBLL  ASD  BAZX,  PBOITBaS,  QLASOOW. 


CATALOGUE 


OF 


STANDARD  WORKS 

Published  by 

CHARLES  GRIFFIN  &  COMPANY. 


PAOB 

1. — Religious  Works 3 

II. — Scientific        „  S 

III. — Educational  ,,  19 

IV. — Works  in  General  Literature    .        .        •        .26 


10,  STATIONERS'   HALL    COURT. 


T'WENTY-FIFTH    THOUSAND. 


Larg4  8ra,  Cloth,  with  150  Illustrations,  St.  6d. 

A  DICTIONARY  OP 

DOMESTIC    MEDICINE 

AND  HOUSEHOLD  SURGERY. 

BY 

SPENCER  THOMSON,  M.D.,  Edin.,  L.R.C.S. 

Thoroughly  rsvissd  and  brought  down  to  the  present  state  of  Medical  Science* 

With  Appendix  on  the  MANAGEMENT  of  the  SICK-kOOM,  and  many 

Hints/or  the  DIET  and  COMPORT  of  INVALIDS, 


From  thb  Author's  Prefatory  Address. 

**  Without  entering  upon  that  difficult  ground  which  correct  professional 
knowledge,  and  educaited  judgment,  can  alone  permit  to  be  safely  trodden, 
there  is  a  wide  and  extensive  field  for  exertion,  and  for  usefdlness,  open  to 
the  unprofessional,  in  the  kindly  offices  of  a  true  DOMESTIC  MEDICINE, 
the  timely  help  and  solace  of  a  simple  HOUSEHOLD  SURGERY,  or  better 
still,  in  the  watchful  care  more  generally  known  as  **  SANITARY  PRECAU- 
TION," which  tends  rather  to  preserve  health  than  to  cure  disease.  **  The 
touch  of  a  ^ntle  hand  "  will  not  be  less  gentle  because  guided  by  know- 
ledge, nor  will  the  safe  domestic  remedies  be  less  anxiously  or  carefully  ad- 
ministered. Life  may  be  saved,  suffering  may  always  be  alleviated.  Even 
to  the  resident  in  the  midst  of  civilization,  the  "KNOWLEDGE  IS 
POWER  *'  to  do  good ;  to  the  settler  and  the  emigrant  it  is  INVALUABLE. 
I  know  well  what  is  said  by  a  few,  about  injuring  the  medical  profession, 
by  making  the  public  their  own  doctors.  Nothing  will  be  so  likely  to  make 
**long  cases"  as  for  the  public  to  attempt  any  such  folly;  but  people  of 
moderate  means — ^who,  so  far  as  medical  attendance  is  concerned,  are  worse 
off  than  the  pauper — will  not  call  in  and  fee  their  medical  adviser  §at  every 
slight  matter,  and,  in  the  absence  of  a  little  knowledge,  will  have  recourse 
to  the  prescribing  druggist,  or  to  the  patent  quackery  which  flourishes  upon 
ignorance,  and  upon  the  mystery  with  which  some  would  invest  their  calling. 
And  not  patent  quackery  adone,  but  professional  quackery  also,  is  less  like^ 
to  find  footing  under  the  roof  of  the  intelligent  man,  who,  to  common  sense 
and  judgment,  adds  a  little  knowledge  of  the  whys  and  wherefores  of  the 
treatment  of  himself  and  family.  Against  that  knowled^  which  might  aid 
a  sufferer  from  accident,  or  in  the  emergency  of  sudden  illness,  no  humane 
man  could  offer  or  receive  an  objection." 

Notices  of  the  Press. 

"The  BEST  and  SAFEST  book  on  Domestic  Medicine  and  Honsehold  Sorcery  irfdch 
hat  yet  appeared."— Loii<(o»  Journal  of  Medicine, 

*'  Dr.  Thornton  hat  fully  eacceded  in  conveying  to  the  public  a  vast  amoont  of  oacftl  ro- 
ftational  knowledge."— Dm^^'h  Journal  of  Medical  Science. 

"  The  best  production  of  the  kind  we  pottett."— CAm/Mfi  Wiiness, 

"  The  amount  of  utefiil  knowledge  conveyed  in  this  work  is  tnrpriaing."— JfMitori  limee 
and  Gazette. 

**  Worth  its  wviort  ir  oolo  to  pamilibs  and  tbb  CLasoT."— Ojr/tni  JETffoML 
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Charles  Griffin  &  Company's 
LIST  OF   PUBLICATIONS. 


Religious  Works. 


ALTAR    OF    THE    HOUSEHOLD    (The);    a 

Series  of  Prayers  and  Selections  from  the  Scriptures,  for  Domestic 
Worship,  for  every  Morning  and  Evening  in  the  Year.  By  the 
Rev.  Dr.  Harris,  assisted  by  eminent  Contributors,  with  an  Intro- 
duction by  the  Rev.  W.  Lindsay  Alexander,  D.D.  New  Edition, 
entirely  revised.  Royal  4to,  with  Steel  Frontispiece.  Cloth,  gilt  edges, 
22/-  May  also  be  had  bound  in  the  following  styles :  half-bound  calf, 
marbled  edges ;  and  levant  morocco,  antique,  gilt  edges. 

\*  Also  Illustrated  with  a  series  of  iSrst-class  Engravings  on  Steel,  descriptive 
of  the  most  important  Events  in  the  Old  and  New  Testaments,  at  6/- 
extra. 

ANECDOTES  (CYCLOPAEDIA  of  RELIGIOUS 

and  MORAL).  With  an  Introductory  Essay  by  the  Rev.  Gborob 
Chebvsr,  D.D.    Crown  8vo.    Cloth,  3/6.    Sixteenth  Thousand, 

\*  These  Anecdotes  relate  to  no  trifling  snbjects;  and  they  have  been  selected,  not 
only  for  amusement,  but  for  instruction.  By  those  engaged  in  the  tuition  of  the  young, 
they  will  be  found  highly  useful. 

BIBLE  HISTORY  (A  Manual  of).     By  the  Rev. 

J  Wycliffb  Gbdqb.    Small  8vo.    Cloth  neat,  yd. 

"This  small  but  very  comprehensive  Manual  is  much  more  than  a  mere  summary 
of  Bible  History.**— CAMrcA  Sunday  School  Maganne, 

BUNYAN'S  PILGRIM'S   PROGRESS.     With 

Expository  Lectures  by  the  Rev.  Robert  Maguzre,  Incumbent  of 
St.  Olave's,  Southwark.  With  Steel  Engravings.  Imperial  8vo.  Cloth 
gilt,  10/6.    Second  Edition, 

BUNYAN'S   PILGRIM'S   PROGRESS.     With 

Life  and  Notes,  Experimental  and  Practical,  by  William  Mason. 
Printed  in  large  type,  and  Illustrated  with  full-page  Woodcuts.  Crown 
8vo.    Bevelled  boards,  gilt,  and  gilt  edges,  3/6.    Tenth  Thousand, 


CHARLES  GRIFFIN  &  COMPANY'S 


BUNYAN'S  SELECT  WORKS.    With  an  On- 

ginal  Sketch  of  the  Author^s  Life  and  Times.  Numerous  Engravingb. 
Tato  vol^.,  super-royal  8vo.    Cloth.  36/-    New  F-ditum* 

CHRISTIAN  YEAR  (The) :   Thoughts  in  Verse 

for  the  Sundays  and  Holy  Days  throughout  the  Year.  With  an  ori- 
ginal Memoir  of  the  Rev.  John  Keblb,  by  W.  Tbmplb,  Portrait,  and 
sixteen  beautiful  Engravings  on  Steel,  aiter  eminent  Masters.  In  4to, 
handsome  cloth,  bevelled,  12/6 ;  unique  walnut  boards,  21/- ;  morocco 
antique,  25/- ;  morocco  extra,  30/- 


ILLUSTRATIONS. 


Morning  . .        . .    after  H.  Howakd,  R. A. 
Sunset  „  G.  Barrbtt. 

A  Mountain  Stream    „  C.  Bsmtlby. 


A  River  Scene    . .       „  C.  W.  Radclypps. 

Li  „    " 

A  Greek  Temple..       „  D.  Roberts,  R. A. 


A  Mountain  Lake       ..   J.  M.  W.  Turner. 


'.'.   D. 


The  Old  Mansion,  .after  C.  W.  Radclypps. 
The  Cathedral  Choir  „  Lbvaint. 

SuoBet(after  Clauds)  „  G.  Barrbtt. 

Moonlight..        ..       „  Hopland. 

Pastoral  Landscape  „  C.W.  Radclypps. 
Halt  in  the  Desert  „  D.  Roberts,  R.A. 
Guardian  Angels..  „  H.  Howard,  R.A. 
The  Church  Gate        ..  C.  W.  Radclypps. 


A  Village  Church        „  C.  W.  Radclypps. 
The  Wayside  Cross     „     Tony  Johannot. 

"  An  Edition  d*  luxit  beaatifuUy  got  up admirably  adapted  for  a  gift^boolcA- 

John  Bull. 

CHRISTIAN  YEAR  (The).     With  Memoir  of  the 

Author  by  W.  Temple,  Portrait,  and  Eight  Engravings  on  Steel, 
after  eminAOt  Masters.  Small  8vo,  toned  paper.  Cloth  sit,  5/-; 
n>oroQCO,  elegant,  10/6  ;  unique  malachite  boards,  12/6.    Nsn  Edition. 

*m*  The  above  are  the  only  issues  of  the  *'  Christian  Year,**  with  Memoir  and  Por- 
trait of  the  ^tbor.    In  opderiog,  Griffin's  Editions  should  be  specified. 


CRUDEN'S  COMPLETE  CONCORDANCE  TO 

THE  OLD  AND  NEW  TESTAMENTS.  AND  THE  BOOKS 
CALLED  APOCRYPHAL.  Edited  and  corrected  by  William 
YouNOMAN.  With  fine  Portrait  of  Cruden.  Imperial  8vo.  Cloth, 
handsome  gilt  top,  7/6.    Niw  Edition, 


DR.    DICK'S    POPULAR    WORKS. 


DICK  (Thos.,  LL.D.,  F.R.A.S.):  CHRISTIAN 

PHILOSOPHER  (The) ;  or,  The  Connection  of  Science  and  Philo- 
sophy  with  Religion.  Revised  and  enlarged.  Illustrated  with  150 
Engravings  on  Wood.  Crown  6vo,  toned  paper.  Handsomely  hound, 
with  gilt  odges,  5/-     Tt^tnty-eighth  Edition, 

DICK    (Dr.):      SIDEREAL   HEAVENS   (The). 

and  other  Subjects  connected  with  Astronomy,  as  illustrative  of  the 
Character  of  tbe  Deity,  and  of  an  Infinity  of  other  Worlds.  Illustrated. 
Crown  8vo,  to^od  paper.  Handsomely  bound,  with  gilt  edges,  5/- 
New  Edition, 


RELIGIOUS   PUBLICATIONS. 


STANDARD    BIBLICAL    WORKS, 

THE-  REV.  JOHN  EADIE»,  D.D.,  LL,D^ 

LiUe  Pro/ator  of  Biblical  Litetaiure  and  B0egttu:tathg  Onited  PrabyUtiam  Ckuft^ 
and  Member  oj  the  New  Testanunt  Rivision  CoM^any. 


This  Series  has  been  prepared,  on  an  accunRW  tfatf  sdentiflc  basis,  to  affdWr  wbteaA  and 
necessary  aid  to  the  Reader  of  Holy  Scripture.  The  Four  Volumhs  cooiprtsed  in  it  form 
in  themselves  a  Compcktb  LiBiti^RY  of  RBVEaKMCS,  Biblical  ani  fiocusMAiaflCAL. 
Number  of  copies  already  issued,  uvba  a  quartbr  op  a  uillium. 


.A-^— ^M^ka 


I.  EADIE    (Rev.  Prof.):    BIBLICAL   CYCLO- 

PiEDIA  (A);  or,  Dictioiiaiy  of  Eastern  Antiquities,  Geography,  Natural 
History,  Sacred  Annals  and  Biography,  Theology,  and  BiUical  Liter- 
ature, illustrative  of  the  Old  and  New  Testament*.  With  Maps  pre- 
pared expressly  by  Messrs.  W.  &  A.  K.  Johnstonv  nmay  Engravings, 
and  Lithographed  Fac-simile  of  the  recently- Jiscovered  Moabiie  Stone, 
with  Translation  of  the  Inscription.  Large  post  8vo,  700  pages. 
Handsome  cloth,  7/6;  half-bound  calf,  xa/6;  morocco  antique,  16/- 
Twentieth  Edition. 

"We  must  regard  this  Bible  Dictionary  of  Dr.  Eadie*8  as  decidedly  the  best 
adapted  for  popular  use,  and  have  always  found  it  a  reliable  authoritpr.  To  the  Clergy 
not  ^ssessed  of  large  libraiies,  and  to  whom  the  price  of  books  is  important,  we  can 
cordially  recommend  the  present  volume."— C/mca/  JoumaL 

IL  EADIE  (Rev.  Prof.) :  CRUDEN'S  CONCORD- 
ANCE TO  THE  HOLY  SCRIPTURES.  With  a  Portrait  on  Steel  of 
Alexander  Cruden,  M.A.,  and  Introduction  by  the  Rev.  Dr.  Kino. 
Post  8vo.  Cloth,  3/6;  half-bound  calf,  6/6;  full  calf,  gilt  edges,  8/6; 
full  morocco,  ^it  edges,  10/6.     forty./ourth  BdiHoM. 

*t*  Dr.  Eadib's  has  long  and  deservrdly  borne  the  roputadon  of  befcig  tlMrCOM- 
PLETEST  anri  BEST  CONCORDANCE  extant, 

III.  EADIE  (Rev.  Prof.):  CLASSIFIED  BIBLE 

(The).  An  Analytical  Concordance  to  the  Holy  Scrip^turest.  Illustrated 
with  Maps.  Post  8vo.  Cloih,  bevelled,  8/6 ;  morocco,  i7/6«  Fijtn 
Edition, 

\*  The  object  of  the  Classipibd  Biblb  is  to  prosent  the  antire  Stripturtt  under 
certain  distinct  and  exhaustive  Heads  or  Topics  it  ditfers  from  an  ordioanr  Concorc- 
ance  in  that  its  arrangement  depends  not  on  words-,  but  on  subjectst  The  Reader 
will  find,  under  Forty-two  different  Sections,  what  the  Bible  says  in  relation  to 
Doctrine,  Ethics,  Antiquities,  &c.  The  Verses  being  printed  in  full,  reference  and 
comparison  are  greatly  facilitated. 

"  We  have  only  to  add  our  unqualified  commendation  of  a  work  of  real  excdleace 
to  every  Biblical  8tudenu"->C/trMhafi  Tunet. 

,      IV.  EADIE  (Rev.  Prof.):  ECCLESIASTICALCY- 

I  CLOPiEDIA   (The) ;    A    Dictionary  of  Christian  Antiquities,   SectF, 

Denominations,  and  Heresies  ;  History  of  Dogmas,  Rites,  Sacramentf , 
Ceremonies.  &c.,  Liturgies,  Creeds,  Confessions,  Monastic  and  Religious 
Orders,  Modern  Judaism,  &c.-  By  the  Rev.  Prof.  Eadie,  assisted  by 
the  Rev.  Dr.  Har twell  HoRNE,Ven.  Archdeacon  Hale, Prof.  McCaul, 
and  other  contributors.  Post  8vo.  Cloth  bevelled,  8/6;  morocco 
antique,  17/6.     Sixth  Editivn. 

j  "  Our  readers  will  n  ^t  need  to  be  told  that  this  is  a  •comprehensive'  work,  and  we 

may  add  that  it  is  one  which  will  be  found  useful  and  convenient  to  a  large  number  ml 
boto  clergy  and  Itdiy.**— English  Churchman. 
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Rev.  Prop.  £adie*s  Works — {continue^, 

V.  EADIE   (Rev.  Prof.) :   A  DICTIONARY  OF 

THE  HOLY  BIBLE;  designed  chiefly  for  the  Use  of  Young  Persons. 
From  the  larger  work  by  Prof.  Eadib.  With  Map  and  numeroas  Illus- 
trations. Small  8vo.  Cloth,  2/6 ;  morocco,  gilt  edges,  7/6.  SevenUtntk 
Edition. 

"  Parents  and  tutors  will  nnanimonsly  thank  the  author  for  this  result  of  a  labour 
of  love."— Cn<>c. 

"  A  very  good  and  useful  compilation  for  yonih."*— Literary  Gastttt, 

VL  EADIE  (Rev.  Prof.):  A  COMMENTARY  ON 

THE  GREEK  TEXT  OF  THE  EPISTLE  OF  ST.  PAUL  TO 
THE  EPHESIANS.  Revised  throughout  and  enlarged.  Demy  8vo. 
Cloth,  14/     Second  Edition, 

"  This  book  is  one  of  prodigious  learning  and  research.  The  author  seems  to  have 
read  all,  in  every  lan^age,  that  has  been  written  upon  the  Epistle.  It  is  also  a  work 
of  independent  criticism,  and  casts  much  new  light  upon  many  passages." — Littrary 
Gazette. 

%^  A  Complete  Prospectus  of  Dr.  Sadie's  Popular  Works  for- 
warded gratis  and  post-free  on  application. 


HENRY  (Matthew) :     A  COMMENTARY  on  the 

HOLY  BIBLE.  With  Explanatory  Notes.  In  3  vols.,  super-royal 
8vo.     Strongly  bound  in  cloth,  50/-    New  Edition. 

HERBERT     (George)  :       THE       POETICAL 

WORKS  OF.  With  Memoir  by  J.  Nichol,  B.A.,  Oxon,  Professor  of 
English  Literature  in  the  University  of  Glasgow.  Edited  by  Charles 
CowDBN  Clarke.  Antique  headings  to  each  page.  Small  8vo. 
Cloth  and  gold,  3/- ;  morocco  antique,  8/- ;  malachite,  zo/6. 

KEBLE  and  HERBERT :   THE  CHRISTIAN 

YEAR,  by  John  Keble,  with  Memoir  of  the  Author  by  W.  Temple  ; 
and  THE  TEMPLE,  by  George  Herbert,  with  Memoir  by  Prof. 
NicHOL.    In  one  vol.,  8vo,  illustrated,  cloth  and  gold,  7/6. 

KITTOaohn,D.D.,F.S.A.,):  The  HOLY  LAND: 

The  Mountains,  Valleys  and  Rivers  of  the  Holy  Land;  being  the  Physical 
Geography  of  Palestine.  With  eight  full-page  Illustrations.  Fcap.  8vo. 
Cloth,  a/6.    Tenth  Thousand.    New  Edition. 

*'  Contains  within  a  small  compass  a  body  of  most  interesting  and  TsluaUe  infior* 
nation.'* 

KITTO   Qohn,  D.D.,    F.S.A.)  :      PICTORIAL 

SUNDAY  BOOK  (The).  Containing  nearly  two  thousand  Illustrations 
on  Steel  and  Wood,  and  a  Series  of  Maps.  I'olio.  Cloth  gilt,  3^- 
Seventy4hird  Thousand, 


RELIGIOUS  PUBLICATIONS. 


PALEY  (Archdeacon):  NATURAL  THEOLOGY; 

Or,  the  Evidences  of  the  Existence  and  the  Attributes  of  the  Deity. 

With  Illustrative  Notes  and  Dissertation^,  by  Henry,  Lord  Brougham, 

and  Sir  Charles  Bell.   Many  Engravings.    One  vol.,  i6mo.   Cloth,  4/- 

"  When  Lord  Brougham's  eloquence  in  the  Senate  shall  have  passed  away,  and  his 
services  as  a  statesman  shall  exist  only  in  the  free  institutions  which  they  have  helped 
to  secure,  his  discourse  on  Natural  Theologv  will  continue  to  inculcate  imperishable 
truths,  and  fit  the  mind  for  the  higher  revelations  which  these  truths  are  destined  to 
foreshadow  and  confirm. — Edinburgh  Review, 

PALEY(Archdeacon):  NATURAL  THEOLOGY, 

with  Lord  Brougham's  Notes  and  DIALOGUES  ON  INSTINCT. 
Many  Illustrations.    Three  vols.,  i6mo.    Cloth,  7/6. 

\*  This  Edition  contains  the  whole  of  the  Original  Work,  published 
at  Two  Guineas,  with  the  exception  of  the  Mathematical  Dissertations, 

RAGG  (Rev.  Thomas) :  CREATION'S  TESTI- 

MONY  TO  ITS  GOD :  the  Accordance  of  Science,  Philosophy,  and 
Revelation.  A  Manual  of  the  Evidences  of  Natural  and  Revealed  Re- 
ligion ;  with  especial  reference  to  the  Progp'ess  of  Science  and  Advance 
of  Knowledge.  Revised  and  enlarged,  with  new  Appendices  on  Bvolu^ 
lion  and  the  Conservation  of  Energy.  Lar^e  crown  8vo.  Handsome 
cloth,  bevelled  boards,  5/-     Thirteenth  Edition, 

"  We  are  not  a  little  pleased  again  to  meet  with  the  author  of  this  volume  in  the 
new  edition  of  his  far-iamed  work.  Mr.  Ragg  is  one  of  the  few  original  writers  of  our 
time  to  whom  justice  is  being  done.**— Bri/is/^  Standard, 

[This  work  has  been  pronounced  "The  book  of  the  age," "The  best  popular  Text 
Book  of  the  Sciences,"  and  "  The  only  complete  Manual  of  Religious  Bvidence  Na- 
tural and  Revealed."] 

RELIGIONS  OF  THE  WORLD  (The) :     Being 

Confessions  of  Faith  contributed  by  eminent  Members  of  every  Denom- 
ination of  Christians,  also  of  Mahometanism,  the  Parsee  Religion,  the 
Hindoo  Religion,  Mormonism,  &c.,  &c.,  with  a  Harmony  of  the  Christian 
Confessions  of  Faith  by  a  Member  of  the  Evangelical  Alliance.  Crown 
8vo.  Cloth  bevelled,  3/6.    New  Edition, 

*«*  In  this  volume,  each  denomination,  through  some  leading  member,  has  expressed 
its  own  opinions.  There  is  no  book  in  the  language  on  the  same  plan.  Ail  other 
works  on  the  subject,  being  written  by  one  individual,  are  necessarily  one-sided, 
incomplete,  and  unanthentic 

SCOTT  (Rev.  Thomas) :  A  COMMENTARY  ON 

THE  BIBLE ;  containing  the  Old  and  New  Testaments  according  to 
the  Authorised  Version,  with  Practical  Observations,  copious  Marp;inal 
References,  Indices,  &c.   In  3  vols.,  royal  4to.  Cloth,  63/-  New  Edition* 

TIMES   (John,  F.S.A.,  Author  of  "Things  not 

Generally  Known,*'  &c.) : 

THOUGHTS  FOR  TIMES  &  SEASONS.  Selected  and  compUed 
by  John  Txmbs.      Fcap.  8vo.      Cloth  neat,  i/-    Second  Edition, 

"In  a  neat  and  concise  form  are  brought  together  striking  and  beautiful  passa^^es 
from  the  works  of  the  most  eminent  divines  and  moralists,  and  political  and  scientific 
writers  of  acknowledged  dhWityy— Edinburgh  Daily  Review. 
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Scientific    Works. 


WORKSb^  WILLIAM  AITKEN^li.D.rBdai.,P.R.S. 

ProfesBor  of  Pkliiilifaji  In'  (h*-  ktmf  MMimI  Schoof,  ExaMiaer  «a  MedicuK  for  U.U,*% 

Army,  Navy/anA  £. IT  KAadidiW Services,  CoFretpoodiak;  Member  of  the  Royak  Imperial 

Society  of   Physicians  of  Vienna,  of  the   Society  of  Medicine  and   NiftuaaJ   Haatotjr  of 

Dreadea,  JUid  of  the  Imperial  Society  of  Medicine  uf  Coastantinople. 


The  SCIENCE  and  PRACTICE  of  MEDICINE. 

In  2  vofe'.,  ikmy  9vc$i  cloth,  with  a  Steel  Plate;  MTa^,  and  nearlv 
200  WocnkVts.  Price  38/-  Sixth  Bditidn,  thoroughly  rtvnid^  md 
enlarged* 

From  the  amovat  of  additional  matter  intYoduced,  the  tma  VoltfrnesTofthe 
Sixth  Edition  are,  in  reality,  eauivalent  to  three  ;  a  special  fount  of  type 
having  been  cast  to  enable  the  printer  to  preserve  clearness  withd&t 
adding  to  tlie  bulk  of  the  work. 

The  Author  has  adopted  tliroughout  the' New  Nomeuclatouc  and  ft>l- 
lowed  the  Order  op  Classification  of  Diseases  published  by  the 
Royal  College  of  Physicians  in  1869.  The  Diagrams,  ilHjstrative 
of  the  ^pical  ranges  t)f  body- temperature  in  Febrile  Diseases  fwhich 
were  given  in  tlie  third  edition  of  this  work,  in  1863,  for  the  first  time 
in  a  Text-book),^  have  been,  with  few  exceptions,  re-drawn  and  cut  upon 
a  new  model. 

Additional  Woodcuts  have  also  been  introduced,  wherever  it  wftt  thought 
that  they  would  render  the  descriptions  in  the  text  more  intelligible. 

In  short,  no  labour  or  expense  has  b«en  spared  to  sustain  the  well-known 
reputation  of  this  Work,  as  "  the  Representative  Bo^h  of  the  Medical 
Science  and  Practice  of  the  day»** 


-   -    --*     -  * 


Oinnidns  of  the  Prese. 

"  The  work  ia  an  admirable  one,  and  adapted  to  the  requirement's  of  the  Stodeflt, 
Professor,  and  Praetiiioner  of  Medicine MaitgMuit  Cholera  is  ■vei'rfdUy  dis- 
cussed, and  the  reader  will  find  a  lai^ amount  of  infbrmalioii  notf^to  bemet  with  ia  other 
books, epitomised  for  him  in  this.. ^..,.. The  part  on  MedicaJ  G^egrapby (forms  an 

admirable  feature  of  the  volumes We  know  of  no  work  tlMkt  eontaisn  «o  moch, 

or  such  full  and  varied,  information  on  all  subjects  connected  with  the  Science  and 
Practice  of  Medfcine.'^^I.^NMt. 

*'  The  extraordinary  merit  of  Dr.  Aitken'swol-k. . . . .  .The  author  hasuhqiaestioiiably 

|>erformed  a  service  to  the  profession  of  the  mosO  valuable  kind.  The 'article  on 
Cholera  undoubtedly  offers  the  moet'clear  and  satisfactory  sumnMLiT^of  ottr  hBowledBe 
respecting  that  disekse  which  has  yet  appealed."— /*Mc<tlfOiMr. 

*'  Altogether  th»  voluminous  treatise  is  a  credit  to  its  Author,  its  Publisher,  and  to 

English  Physic Affords  an  admiraUe  and  homst  digest  o(  the  opiidons  and 

^aetice  of  the  da^ Commedds  itself  te  us  fof  sferling  val«e,^ widfh  oi  retMkpeec; 

and  fairness  of  representation." — Uedico-Chitufgical  Review, 

"The  Standard  Text-Book  in  the  En);UBh  language..  ...There  is,  perhaps,  no 
work  more  indispensable  for  the  Practitioner  and  Student.''^£<ffM.  Medical  J'oMmal. 

*'  We  can  say,  With  perfect  confidence,  that  no  medical  man  in  India  should  be 
without  the  Sixth  Edition  oi  Dr.  Aiiken's  'Science  and  Practice  of  Medicine.'  We 
say  the  Sixth  Ediiwn,  because  it  is  full  ot  new  matter.  The  article  on  Cholera  is  hy  Car 
the  most  complete,  judicious,  and  learned  summary  of  our  knowledge  respectiog  this 
disca«e  which  nas  yet  appeared."— /i»<^tafi  Medical  GuMttte. 
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Prof.  ArmsN's  Works — {eontintud.) 

AITKBN  (William,  M.D.,  F.R.S.) :     OUTLINES 

OF  THE  SCIENCE  AND  PRACTICE  OF  MEDICINE.  ^  A  Tcxt- 
Book  for  Students.    CrowaSvo.    Cloth,  bevelled,  12/6. 

"  So  complete  as  to  form  a  uscfnl'work  ot  reference.  The  nataral  faistory  of  the 
princioal  diseatea,  the  diagnostic  aipis  by  which  they  may  be  diatingttiohed,  together 
with  the  therapeutic  indications,  are  concisely  and  systematically  |pVen.  The  book 
cannot  fail  to  become  a  popular  one,  and  we  cordially  recommend  it  to  the  notice  of 
teachers  and  students."— -La«c#f. 

"  Well-digested*  clear>  and  weil-writtea*  the  work  of  a  man  coavetatnt  with  every 
detail  of  hi«  aobject,  and  a  thorough  master  of  the  art  of  tetxhiug.^^BrUish  Medical 
Journal. 

"  Students  preparing  for  examinations  will  hail  it  at  a  pi^ect  godsend  for  its  con- 
cisenes8."-«>j4  tMentmnn. 

"  In  respect  of  both  the  matter  contained,  and  the  manner  in  which  it  is  conveyed, 

our  examination  haa  convinced  us  that  nothing  could  be  better We  know  of  no 

summary  of  the  use  of  Electricitv  as  a  means  of  diagnosis  equal  to  that  contained 
in  the  Section^on  Diseases  of  the  Nervous  Syttem*"— Jf  «(«co-CMn»r£»Mi  Review. 

AITKEN(William,M.D., F.R.S.):  The  GROWTH 

OF  THE  RECRUIT,  and  the    Young  Soldier,  with  a  view  to  the 

Selection  of  "  Growing  Lads  "  and  their  Trainijag.    S4cond  Edition  in 

preparation, 

*'  This  little  work  should  be  in  the  bands'' of  all  iAitmctor*  of  youth,  and  all  em- 
ployers of  youthful  labour." — Lancet. 

AITKEN  (William,  .M.D,  F.R.S.) :     OUTLINE 

FIGURES  OF  THE  TRUNK  OF  THE  HUMAN  BODY.  On 
which  to  indicate  the  areas  of  physical  signs  in  the  Clinical  Diagnosis 
of  Disease.    For  the  use  of  Students  and  Practitioners  of  Medioine.  1/6. 


ANSTED   (Prof.,  M.A.,  F.R.S.)  :     GEOLOGY  : 

A  TREATISE  ON.     (Circle  of  the  Sciences).    Crown  8vo.    Cloth,  2/6. 

ANSTED    (Prof.,    M.A.,   F.R.S.)  :     NATURAL 

HISTORY  OF  THE  INANIMATE  CREATION,  recorded  in  the 
Structure  of  the  Earth,  the  Plants  of  the  Field,  and  the-  Atmospheric 
Phenomena.  Wiih  numerous  Illustrations.    Large  post  8vo.    Cloth,  8/6. 

BAIRD   (W.,   M.D.,  F.L.S.,  late  of  the  British 

Museum) : 

THE  STUDENT'S  NATURAL  HISTORY;  a  Dictionary  of. the  Na- 
tural Sciences  :  Botany,  Conchology,  Entomology,  Geology,  Miftet%iIo£:y, 
Palaeontology,  and  Zoology.  With  a  Zoological  Chart,  showing 
the  Distribution  and  Range  of  Animal  Life,  and  over  two  hundred 
and  fifty  Illustrations.     Demy  Svo.    Cloth  gilt,  10/6. 

"  The  work  is  a  very  useful  one,  and  will  contribute,  by  its  cheapness  and  comprfc- 
bensiveness,  to  foster  the  extending  taste  for  Natural  Science." — Westminstir  Retiew, 


10  CHARLES  GRIFFIN  *  COMPANTS 

NEW    AND     IMPORTANT    WORK. 

A  DICTIONARY  OF    HYGIENE  AND  PUB- 

Lie  HEALTH.  By  Alexander  Wynter  Blyth,  M.R.C.S.,  F.C.S., 
etc.,  Analyst  for  the  County  of  Devon,  and  Medicsil  Officer  of  Health 
for  the  North  Devon  Combination  of  Sanitary  Authorities.  Medium 
8vo,  672  pp.,  cloth  bevelled,  with  Map,  Diagram,  and  140  Illustrations, 
Price  28/- 

GENERAL  CONTENTS. 

The   Work   comprises  over  Seven  Hundred  Articles,  embracing  the 

following  subjects: — 

I. — Sanitary  Chemistry:  the  Composition  and  Dietetic  Value 
of  Foods,  with  the  latest  Processes  for  the  Detection  of  Adul- 
terations. 

II. — Sanitary  Engineering:  Sewage,  Drainage,  Storage  of 
Water,  Ventilation,  Wanning,  etc. 

HI.  —  Sanitary  Legislation  :  the  whole  of  the  PUBLIC 
HEALTH  ACT,  1875,  together  with  sections  and  portions  of 
other  Sanitary  Statutes,  (without  alteration  or  abridgment, 
save  in  a  few  unimportant  instances)  in  a  form  admitting  of 
easy  and  rapid  reference. 

IV. — Epidemic  and  Epizootic  Diseases  :  their  History  and  Pro- 
pagation, with  the  Measures  for  Disinfection. 

V. — ^Hyoi&ne — Military,  Naval,  Private,  Public,  School. 

**  The  work  now  offered  to  the  public  aims  at  filling  a  vacant  place  in  English 
sanitary  literature,  namely,  that  of  a  book  of  reference  which,  in  one  volume  of  con- 
venient size,  shall  contain  the  information  on  sanitary  topics  at  present  only  to  be 
gathered  from  the  perusal  of  many  separate  and  distinct  treatises.  It  is  not  in- 
tended solely  and  entirely  for  any  particular  class.  Sanitation  is  imperial— it  con- 
cerns evenr  livinf^  unit  of  the  State,  and  is  of  equal  value  to  all.  Therefore, 
although  the  special  wants  of  the  practical  hygienist— the  medical  oflBcer  of  health 
and  public  analyst — ^have  naturally  claimed  the  first  place,  and  received  the  attention 
whicn  their  importance  demands,  the  author  has  throughout  endeavoured  to  render 
intelligible  to  non-professional  readers  also,  every  subject  susceptible  of  such  titml- 
mvat,— Extract  from  Author**  Pre  fact. 


Opinions  of  the  Press. 

"  The  articles  on  Pood  and  its  Adulterations  are  good,  the  most  recent  methods 
of  examination  being  given,  and  the  chemical  processes  well  described."— Lancet. 

"  A  very  important  Treatise  ...  an  examination  of  its  contents  satisfies  us 
that  it  is  a  work  which  should  be  highly  appreciated.**— Af«^»co*CA(trHr£'ica/  Review. 

*'  A  work  that  must  have  entailed  a  vast  amount  of  labour  and  research.    .    .    , 
Will  be  found  of  extreme  value  to  all  who  are  specially  interested  in  Sanitation.    It 
is  more  than  probable  that  it  will  become  a  standako  Work  in  Hvoibnb  amd 
Public  HzAL7H.**^Medical  Times  and  Gazette. 

"Mr.  Blyth  has  ably  filled  a  void  in  British  Sanitax/  literature.  .  .  .  This 
Standard  Worx  .  .  .  indispensable  for  all  who  are  interested  in  Public-Health 
matters,  and  for  all  Public  Libraries."— Pw^/»c  Health, 

**  Contains  a  great  mass  of  information  of  easy  reference  ...  a  compilation 
carefully  made  &om  the  best  sources.  Many  of  the  articles  are  very  gQod."—Sami- 
tMry  Record. 

*' We  can  cordially  recommend  it  as  a  book  of  reference  to  all  persons  interested 
in  SaniUtion.*''-/»aM»  Medical  Ganette. 

BLYTH  (A.  Wynter,  M.R.C.S.,  F.C.S.)  :  A  MA- 

NUAL  OF  PRACTICAL  CHEMISTRY,  applied  to  the  Analysis  of 
Foods  and  Detection  of  Poisons.    Crown  Svo.     {In  Preparation), 
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THE    CIRCLE    OF   THE  SCIENCES: 

A    SERIES     OF     POPULAR    TREATISES 

ON    THE    NATURAL    AND    PHYSICAL    SCIENCES, 

And  their  Applications. 

BY 

Professors  Owen,  Ansted,  Young  and  Tbnnant  ;  Drs.  Latham,  Edward 

Smith,  Scoffern,  Bushnan  and  Bronner;  Messrs.  Mitchell,  Twisdbm, 

Dallas,  Gore,  Imray,  Martin,  Sparling,  and  others. 

Complete  in  nine  volumes,  illustrated  with  many  thousand  Engravings  on 
Wood.    Crown  8vo.    Cloth  lettered.    5/-  each  volume. 


Vol.  I.— ORGANIC  NATURE.— Part  I.  Animal  and  Vegetable  Physi- 
ology ;  the  Skeleton  and  the  Teeth ;  Varieties  of  the  Human  Race, 
by  Professor  Owen,  Dr.  Latham,  and  Dr.  Bushnan. 

Vol.  2.— organic  NATURE.— Part  II.  Structural  and  Systematic 
Botany,  and  Natural  History  of  the  Animal  Kingdom,  Invertebrated 
Animals :  by  Dr.  Edward  Smith  and  William  S.  Dallas,  F.L.S. 

Vol.  3.— organic  NATURE.— Part  III.  Natural  History  of  the 
Animal  Kingdom,  Vertebrated  Animals :  by  William  S.  Dallas, 
F.L.S. 

Vol.  4.— inorganic  NATURE,— Geology  and  Physical   Geography 
Crystallography ;  Mineralogy ;  Meteorology,  and  Atmospheric  Pheno- 
mena, by  Professor    Ansted,  Rev.  W.  Mitchell,  M.A.,  Professor 
Tennant,  and  Dr.  Scoffern. 

Vol.  5.— practical  ASTRONOMY,  NAVIGATION,  AND  NAU- 
TiCAL  ASTRONOMY,  by  Hugh  Breem,  Greenwich  Observatory, 
Professor  Young,  ^nd  E.  J.  Lows,  F.R.A.S. 

Vol.  6.— ELEMENTARY  CHEMISTRY.— The  Imponderable  Agents 
and  Inorganic  Bodies,  by  John  Scoffern,  M.D. 

Vol.  7.— practical  CHEMISTRY.— Monographs^  on  Electio- Metal- 
lurgy; the  Photographic  Art;  Chemistry  of  Food  and  its  Adultera- 
tions; and  Artificial  Light;  by  George  Gore,  Birmingham,  John 
Scoffern,  M.D.,  Dr.  Edward  Bronner,  Bradford,  Marcus  Sparling, 
and  John  Martin. 

Vol.  8.— mathematical  SCIENCE.— Philosophy  of  Arithmetic; 
Algebra  and  its  Solutions ;  Plane  Geometry ;  Logarithms ;  Plane  and 
Spherical  Trigonometry;  Mensuration  and  Practical  Geometry,  with 
use  of  Instruments,  by  Prof.  Young,  Rev.  J.  F.  Twisden,  M.A.,  Sand- 
hurst College,  and  Alexander  Jardine,  C.E. 

Vol,  9.— mechanical  PHILOSOPHY.— The  Properties  of  Matter, 
Elementary  Statics;  Dynamics;  Hydrostatics;  Hydrodynamics;  Pneu- 
matics; Practical  Mechanics;  and  the  Steam  Engine,  by  the  Rev. 
Walter  Mitchell,  M.A.,  J.  R.  Young,  and  John  Imray. 
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THE  CIRCLE  OF  THE  SCIENCES, 

In  Separate  Treatises.    Cloth. 


1.  A.N8TBD*8  Geology  and  Physical  Geography  •        •        .26 

2.  Brbbm'8  Practical  Astronomy 26 

3.  BRONNBR-and  ScopPBRN^sChemistiy  of  Food 4ind- Diet  . 

4.  BusHNAN*s  Physiology  of  Animal  and  Vegetable  Life    . 

5.  GoRB*s  Theory  and  Practice  of  Electro-Deposition 

6.  Imray*8  Practical  Mechanics 

7.  Jardxnb*s  Practical  Geometry 

8«  Latham's  Varieties  of  the  Human  Species     . 

9.  MiTCRBLL  &  Tbnnant's  Crystallography  &  Mneralogy 

>io.  MiTcnBLL*s  Properties  of  Mattar  and  ElamofiUrjii  Statics 
^L.  OwBN's  Principal  Forms  of  the  Skeleton  and  the.  Teeth 
Y2.  Scopfbrn's  Chemistry  of  Light,  Heat  and  Electricity 
Y3<  (Sooffern's  Chemistry  of  the  Inorganic  Bodies 
14:  Scoppbrm'8  Chemistry  of  Artificial  Light 
r5;  ScoFFBRN  and  LowB*s  Practical  Meteorology 
i6.  Smith's  Introduction  to  Bouny :  Structural  &  Systematic 
1 7«  •  TwiSDBN's  Plane  and  Spherical  Trigonometiy 

18.  TwisDEN  on  Logarithms 

19.  YovNO's  Elements  of  Algebra.        .        .        •        . 

20.  Young's  Solutions  of  Questions  in  Algebra  . 
2>i.  Yovng'8  Navigation  and  Nautical  Astronomy 
2Z*'  Young's  Plane  Geometiy        ••.».» 

25'.  Young *8  Simple  Arithmetic 

24.  .Young's  Elementary  Dynamics      •       •       •        • 
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DALLAS  (W.  S.,  F^.L.SO't 

A  P<)PULAR  HISTORY  OF  THE  ANIMAL  CREATION :  bans 
a  Systematic  and  Popular  Description  of  the  Habits,  Strueture  and 
Classification  of  Animals.  Wfth  cdloured  Frontispiece  and  many 
hundred  Illustrations.     Crown  8vo,     Cloth,  8/6.    New  Editi4m. 
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DOUGLAS'S  TELEGRAPH  CONSTRUCTION. 

Published  with  the  Approval  of  the  Director-General  of  Telegraphs  in  India. 

A  MANUAL  OF  TELEGRAPH  CONSTRUC- 

TION :  The  Mechanical  Elements  of  Electric  Telegraph  Engineering. 
For  the  use  of  Telegraph  Engineers  and  others.  By  John  Christie 
DevojLAS,  Society  of  Xekgsaphic  Eqgiaeers,  East  India  Government 
Telegraph  Department,  &c.  With  &umeH>u8  Diagrams.  Crown  8vo. 
Cloth,  bevelled,  15/-  Second  Edition,  with  Appendices  and  Copious 
Index,  now  ready, 

GENERAL    CONTENTS. 
Part  I. — G3N£ML    PRiNctPLSS    ^    Strength    and 

Stability,  comprising  the  Strength  of  Materials;  the  Dis- 
tribution of  Load  and  Stsess  in  iTel^graph  Structures,  such  as 
Poles — siqpiple,  strutted,  tied,  stayed,  coupled,  and  trussed ; 
the  Catenary,  with  application  of  its  Formulae  to  the  cases 
of  Wires  and  Cables;  Tbco^  of  the  Submersion  of 
Cables,  &c. 

Part  II. — Properties  and  j^pplications  of  Mate- 
rials, Operations,  and  Mami^Vlatjqn,  including  the  Prin- 
ciples and  Practice  of,  and  N^tmerical  Data  for,  dciugning 
Simple  Structures,  such  as  Pole^  of  Iron  and  Wood ;  Iron  and 
Wooden  Masts — simple  and  coiappund;  Specifications  for 
Wire,  &c. ;  Soldering ;  Surveying ;  the  Raising  of  Heavy 
Masts  ;  Insulating  Materials  and  their  Applications,  &c. 

Part  III. — Telegraph  Construction,  Maintenance 

AND  Organisation,  treating  of  the  Application  of  the  In- 
formation conveyed  in  Parts  I  aad  IL  to  the  case  of  Combined 
Structures,  including  the  Construction  of  Overground,  Subter- 
ranean, and  Subaqueous  Lines  ;  Office  Fittings ;  Estimating; 
Organisation,  &c. 

"  Mr.  Douglas  deserves  the  thanks  of  Telegraphic  Engineers  lor  the  excellent 

'  Mannal '  now  before  us    ....    he  has  ably  supplied  an  existing  want 

the  subject  is  treated  with, great  clearness  and  judgment  ....  good  practical 
information  given  in  a  clear,'  terse  styk." — Eneinterm^. 

"Mr.  Douglas's  work  is,  we.beliey|e,  the  first  of  its  kind.    .    .    .    The  author  is 

evidently  a  practicst  Telegraphic  Engineer The  amount  of  informalion 

given  is  sucn  as  to  render  this  volume  a  most  useful  guide  to  any  one  who  may  be 
engaged  in  any  branch  ot  Electric-Telegraph  EngiDeering."--iiii4<»««m. 

*'  The  book  is  calculated  to  be  of  greatrservice  to  Telegraphic  Engineers.    .    .    . 
the  arrangement  is  so  judicious  that  with  the  aid  of  the  full  table  of  contents,  reference 
to  any  sfecial  point  should  be  eaay.'V- i«o». 


GRIFFIN  Qohn  Joseph,  F.R.S.)  : 

CHEMICAL  RECREATIONS:  A  Popular  Manual  of  Experi- 
mental  Chemistry.  With  540  Engravings  of  Apparatus.  Crown  4to. 
Cloth.     Tenth  Edition. 

Part  I.    Elementary  Chemistry,  price  2/- 

Part  II.  The  Chemistry  of  the  Non-Metallic  Elcvftents,  including  a 
Comprebemsive  Conine  of  Class  Expenments,  ^rice  iqfi. 
.;0r,  complete  in  one  volttflae,  cloth,  gilt  top,;^t/6 
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LEAKED  (Arthur,  M.D.,  F.R.C.P.,  Senior  Phy- 

sician   to  the  Great  Northern  Hospital) : 

IMPERFECT  DIGESTION :  Its  Causes  and  Treatment.    Post  8vo. 
Cloth,  4/6.     Sixth  Edition, 

"  It  now  constitutes  about  the  best  work  on  the  subject**— Laiicr/. 

"  Dr.  Lesred  has  treated  a  most  important  subject  in  a  practical  spirit  and  popular 
mt^nntr."— Medical  Times  and  Gazette. 

'*  A  useful  manual  of  the  subject  upon  which  it  treats,  and  we  welcome  it  as  aa 
addition  to  our  Medical  Literature." — Dublin  Quarterly  Journal  of  Medical  Scien^. 


MOFFITT   (Staff-Assistant-Surgeon    A.,    of  the 

Royal  Victoria  Hospital,  Netley) : 

A  MANUAL  OF  INSTRUCTION  FOR  ATTENDANTS  ON 
THE  SICK  AND  WOUNDED  IN  WAR.  Published  under  the 
sanction  of  the  National  Society  for  Aid  to  the  Sick  and  Wounded  in 
War.    With  numerous  Illustrations.     Post  8vo.    Cloth,  5/- 

"  A  work  by  a  practical  and  experienced  author.  After  an  explicit  chapter  on  the 
Anatomy  of  the  Human  Body,  directions  are  given  concerning  bandaging,  dresaing  oi 
sores,  wounds,  &c.,  assistance  to  wounded  on  field  of  action,  stretchers,  mule  Utters, 
ambulance,  transport,  &c.  All  Dr.  Moffitt's  instructions  ar^  assisted  by  well  executed 
illustrations." — Public  Opinion, 

"  A  well  written  volume.  Technical  language  has  been  avoided  as  much  as  possible, 
and  ample  explanations  are  afforded  on  all  matters  on  the  uses  and  management  of 
the  Field  Hospital  Equipment  of  the  British  Army." — Standard. 


NAPIER  (James,  F.R.S.E.,  F.C.S.): 

A  MANUAL  OF  ELECTRO-METALLURGY.  With  numerous 
Illustrations.  Crown  8vo,  cloth,  7/6.  Fifth  Edition ,  revised  and 
enlarged. 

GENERAL    CONTENTS. 


I.— History  of  the  Art. 
II. — Description   of  Galvanic   Bat- 
teries  and   their   Rsspectxvb 
Peculiarities. 
111.— Electrotype  Processes. 
IV. — Bronzing. 

v.— Miscellaneous  Applications  of 
the  Process  of  Coating  with 
Copper. 


VI.— Deposition  of  Metals  upon  one 

another. 
VII.— Elbctro-Platino. 
VIII.— Electro-G  ildi  no. 
IX. — Results  of  Experiments  on  the 
Deposition  of  other  Metals  as 

COATINOS. 

X.— Theoretical  Observations. 


"  A  work  that  has  become  an  established  authority  on  Electro-Metallurgy,  an  art 
which  has  been  of  immense  use  to  the  Manufacturer  in  economising  the  quantity  c/ 

the  precious  metals  absotbed,  and  in  extending  the  sale  of  Art  Manufactures 

We  can  heartily  commend  the  work  as  a  valuable  handbook  on  the  subject  on  which 
jt  treats." — Journal  of  Applied  Science. 

"  The  fact  of  Mr.  Napier's  Treatise  having  reached  a  fifth  edition  is  good 

evidence  of  an  appreciation  of  the  Author's  moide  of  treating  his  subject A 

very  useful  and  practical  little  Manual." — Iron. 

^  "  The  Fifth  Edition  has  all  the  advantages  of  a  new  work,  and  of  a  proved  and  tried 
friend.  Mr.  Napier  is  well-known  for  the  carefulness  and  accuracy  with  which  he  «Tites 
.  .  .  there  is  a  thoroughness  in  the  handling  of  the  subject  which  is  far  from  gener&I 
in  these  days  .  .  .  The  work  is  one  of  those  which,  besides  supplying  first-class 
information,  are  calculated  to  inspire  invention."— 7w#««r  and  Waichtnaher. 
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NAPIER  (James,  F.R.S.E.,  F.C.S.) : 

A  MANUAL  OF  THE  ART  OF  DYEING  AND  DYEING  RE- 
CEIPTS. Illustrated  by  Diagrams  and  Numerous  Specimens  of  Dyed 
Cotton,  Silk,  and  Woollen  Fabrics.  Demy  8vo.,  clothi  2i/*.  Third 
Edition^  thoroughly  revised  and  greatly  enlarged. 

GENERAL    CONTENTS: 

Part  I.— HEAT  AND  LIGHT: 

Their  effects  upon  Colours,  and  the  changes  they  produce  in 
many  Dyeing  Operations. 

Part  II.— A  CONCISE  SYSTEM  OF  CHEMISTRY,  with  special 
reference  to  Dyeing : 

Elements  of  Matter,  their  physical  and  chemical  properties, 
producing  in  their  combination  the  different  Acids,  Salts,  &c., 
in  use  in  the  Dye-House. 

Part  III.— MORDANTS  AND  ALTERANTS  : 

Their  composition,  properties,  and  action  in  fixing  Colours 
within  the  Fibre. 

Part  IV.— VEGETABLE  MATTERS  in  use  in  the  Dye-House: 

I8^  those  containing  Tannin,  Indigo,  &c. ;  2ndly,  the  various 
Djrewoods  and  Roots,  as  Logwood,  Madder,  Bark,  &c. 

Part  v.— ANIMAL  DYES: 

Cochineal,  Kerms,  Lac,  &c. 

Part  VI.— COAL-TAR  COLOURS: 

Their  Discovery,  Manufacture,  and  Introduction  to  the  Dyeing- 
Art,  from  the  discovery  of  MAUVE  to  ALIZARIN. 

APPENDIX.— RECEIPTS  FOR  MANIPULATION  : 

Bleaching;  Removing  Stains  and  Dyes;  Dyeing  of  different 
Colours  upon  Woollen,  Silk,  and  Cotton  Materials,  with 
Patterns. 

**  The  nnmeroot  Dyeine  Receipts  and  the  Chemical  Information  furnished  will  be 

exceedingly  valuable  to  the  Practical  Dyer a  Manual  of  necessaiy 

reference  to  all  those  who  wish  to  master  their  trade,  and  keep  pace  with  the  scientific 
discoveries  of  the  timc^—Journal  of  Applied  Science, 

"In  this  work  Mr.  Napier  has  done    good  service being  a  Practical  Dyer 

himself,  he  knows  the  wants  of  his  eonfrires the  Article  on  Water  is  a  very 

valuable  one  to  the  Practical  Dyer,  enabling  him  readily  to  detect  impurities,  and 

correct  their  action The  Article  on  Indigo  is  very  exhaustive the  Dyeing 

Receipts  are  very  numerous,  and  well  illustrated.** — Textile  Manufacturer, 


PHILLIPS  Qohn,  M.A.,  F.R.S.,  F.G.S.,  late  Pro- 

fessor  of  Geology  at  the  University  of  Oxford). 

A  MANUAL  OF  GEOLOGY :  Practical  and  Theoretical.  Revised 
and  Edited  by  Robert  Etheridge,  F.R.S.,  F.G.S.,  of  the  Museum  of 
Practical  Geology.     {In  Preparation), 
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PH ILLIPS  Q.  Arthur.M.  Inst.  C.E.,  F.C.S.,  F.G.S., 

Ancien  El^ve  ^  I^Ecole  des  M'ines,  Paris): 

ELEMENTS  OF  METALLURGY:  A  Practical  Treatise  on  the 
Art  of  Extracting  Metals  from  their  Ores.  With  over  two  hundred  Il- 
lustrations, many  of  which  have  been  reduced  from  Working  Drawings. 
Royal  8vo,  764  pages,  doth,  34/- 

GENERAL  CONTENTS : 

L — A  Treatise  on  Fuels  and  REPKAcroav  Materials. 

II.i^>A  Descnption  of  the  principal  Metalupeeous  Minerals,  with 
their  Distribution. 

IU.-^Statistiqs  of  the  amount  of  each  Metal  annually  produced 
throughout  the  World,  obtained  from  official  sources,  or, 
where  this  has  not  been  practicable,  from  authentic  private 
infoniKkltoo. 

IV. — The  Methods  of  Assaying  the  different  Ores,  together  with 
the  Pbocesses  of  Metallurgical  Treatment,  comprising : 
Iron,  Cobalt,  Nickel,  Alumtnium,  Copper,  Tin,  Antimony, 
iArsbnic,  Zinc,  Mercury,  Bismuth,  Lead,  Silver,  Gold 
and  Platinum. 

"hi  Ihfa  wot/L  qstfol  and  b«iiileome  volame  Mr.  Phillips  Iwis  ayndensed  a  larn 

amount  of  valuabl<(  practical  knowledge We  have  not  only  the  results  of  scientific 

inquiry  most  cairtioualy  sot  forth,  hut  the  experiences  of  a  thoroughly  practical  man, 
very  ctoarly  ^¥ma.**—iithmutmm. 

"  For  twenty  years  the  learned  author,  who  might  well  have  retired  with  honour 
on  account  of  nis  acknowledged  success  and  high  character  as  an  authoritv  in  Uetal- 
lurgy,  has  been  making  notes,  both  as  a  Mining  Engineer  and  a  practical  Metallur^st, 
and  devoting  the  most  valuable  portion  of  his  time  to  the  accnmolation  of  materials 
for  this,  his  Masterpiece.  There  can  be  no  possible  doubt  that  '  Elements  of  Metal- 
lurgy'  will  be  eagerly  sought  for  by  Students  in  Science  and  Art,  as  well  as  by  Practi- 
cal Workers  in  Metals Two  hundred  and  fifty  pages  are  devoted  exclusively  to 

the  Metallurgy  of  Irqtii  in  which  every  process  of  manufacture  is  treated,  and  the 
latest  improvements  accuvately  detailed.  —Co//tVf7  Guardian. 

"  The  value  of  this  work  is  almost  inestimable.    There  can  be  no  question  that  the 

amount  of  time  and  labour  bestowed  on  it  is  enormous There  is  certainly  no 

Metallurgical  Treatise  in.the  Unguage  calculated  to  prove  of  snch  general  utility  to 
the  Student  really  seeking  sound  pracrical  information  upon  the  subject,  and  none 
which  gives  greater  evidence  of  the  extensive  metallurgical  knowledge  of  its  author.** 
— Mining  Journal. 


PORTER  :  (Surgeon -Major  J.  H.,  Assistant- 
Professor  of  Military  Surgery  in  the  Annj  Medical  School,  Hon.  Assoc. 
of  the  Order  of  ^t.  John  .of  Jeruaaleoi); 

THE  SURGEON*S  POCKET-BOOK:  An  Ewayonthe  Best  Treat- 
ment  of  the  Woiindad  in  War ;  for  which,  a  Pace  waa  awarded  hy  Her 
Majesty  the  Empress  of  Germany.  Specially  adapted  to  the  Public 
Medical  Sbrvicbs.    With  iHimerott»  lUuatrations,  i6mo,  roan,  7/6. 

"Just  such  a  work  as  has  long  been  wanted,  in  which  men  placed  in  a  novel 
roftition.  can  find  o«t  qui^klv-what  is  b^t  to  be  done.  We  Blraa|^%r  recommend  it  to 
every  officer  in  the  Public  Medical  Services.*'— /Vocfi/ioiMr. 

"A  complete  vade  muKum  tp  gnide  the  military iw^pKm  m  t^  iald.**— BriluA 
Medual  Journal, 

"  A  capital  Utt]e;book  .  .  .  of*  the  greatest  praticalvalaa.  .  .  .  A  surgeon 
with  this  Mantial  in  ^s  .pocket,  becomes  a  man  9f  wsoif  ct«at|OPie>'*—  WaslmituUr 
Review, 
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SCIENTIFIC     MANUALS 

BY 

W.  J.  MAOQUOKN  EANKINE,   0^.,  LL.D.,  F.E.S., 

Late  Regins  ProfcMor  of  Civil  Engineering  in  the  University  of  Glasgow. 


I.— RANKINE  (Prof.):  APPLIED  MECHANICS 

(A  Manual  of) ;  comprising  the  Principles  of  Statics  and  Cinematics, 
and  Theory  of  Structures,  Mechanism  and  Machines.  With  numerous 
Diagrams.  Revised  by  £.  F.  Bamber,  C.E.  CrowaSvo.  Cloth,  12/6. 
Ninth  Edition. 

"  Cannot  fail  to  be  adopted  as  a  text-book The  whole  of  the  information 

so  admirably  arranged  that  there  is  every  facility  for  referencsi**— Mmtng  Journal, 

II.— RANKINE  (Prof.):  CIVIL  ENGINEERING 

(A  Manual  of) ;  comprising  Engineering  Surveys,  Earthwork,  Founda- 
tions, Masonry,  Carpentry,  Metal-work,  Roads,  Railways,  Canals, 
Rivers,  Water-works,  Harbours,  &c.  With  numerous  Tables  and  Illus- 
trations. Revised  by  E.  F.  Bamber,  C.E.  Crown  8vo.  Cloth,  16/- 
Twelfth  Edition. 

"  Far  surpasses  in  merit  every  existing  work  of  the  kind.  As  a  Manual  for  the 
hands  of  the  ptofessional  Civil  Eogineer  it  is  sufficient  and  unrivalled,  and  even  wben 
we  say  this  we  fall  short  of  that  high  appreciation  of  Dr.  Rankine's  labours  which  we 
should  like  to  express."— rA«  Enginmr, 

III.— RANKINE  (Prof.):     MACHINERY  AND 

MILL  WORK  (A  Manual  of);  CDmprising  the  Geometry,  Motions, 
Work,  Strength,  Construction,  and  Objects'  of  Machines,  Stc,  .Illus- 
trated with  nearly  300  Woodcuts.  Revised  by  E.  F.  Bamber,  C.E. 
Crown  8vo.    Cloth,  12/6.     Third  Edition. 

''Professor  Rankine's  'Manual  of  Machinery  and  Millworkf  folly  mainuins  the 
high  reputation  which  he  enjoys  as  a  scientific  author;  higher  praise  it  is  difficult  to 
awmrd  to  any  book.  It  cannst  nil  to  be«  laniem  to  thft  feet  of  levCTyengineer."— rA« 
Eugitutr. 

IV.— RANKINE  (Prof.):  The  STEAM-ENGINE 

and  OTHER  PRIME  MOVERS  (A  Manual  of).  With  Diagram 
of  the  Mechanical  Properties  of  Steam,  numerona  Tables  and 
IllimfrAiions.  Revised  by  E.  Fl.  Bavbek,  C.£.  CroHcH  8vo.  Cloth, 
12/6.     Eighth  Edition. 

v.— RANKINE  (Prof.)!     USEFUL  RULES  and 

TABLES'.  For  Architects,  Builders,  Carpenters,  Coacbbuilders,  En- 
gravers,  Engineers,  Founders,  Mechanics,  Shipbuilders,  Surveyors, 
Wheelwrights,  &c    Crown  8vo.    Cloth,  9/-    Fifth  Edition. 

"  Unddttbtedly  tha  tnost  asefnl  collection  of  enfliiMerioadMta  hitherto  produced.**— 
hfitfittg  Sf^utnal. 

VI.— RANKINE    (Prof.):      A    MECHANICAL 

TBXT-BOOK.    By  Professor  Macqvohn  Ramkine^^  E.P.  Bambter,  C.E. 

With  numerous  Illustrations.    Crown  8vo.    Cloth,  9/-    Stcond  Edithn, 

"  The  work,  as  a  whole,  is  very  coniptete,  and  likely  to  prove  invaluable  for<fttmish- 
ing^a^asefol  and  reliable  outline  of  the  subjects  treated  air^Mmiitg  Joummt. 
*«*  Tbe  MBCHANiCAL  TBXT-BOoK  forms  a  simple  Introduction  to  prof.  HAiiKiMii'SSBiata 

of  MANUALS  on  BNOINBBRINO  and   IIBCHANICS 


r8 
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SHELTON  (W.  Vincent,  Foreman  to  the  Imperial 

Ottoman  Gun-Factories,  Constantinople). 

THE  MECHANIC'S  GUIDE:  A  Hand-book  for  Engineers  and 
Artizans.  With  Copious  Tables  and  Valuable  Recipes  for  Practical 
Use.   Illustrated.    Crown  8vo,  cloth,  7/6. 


GENERAL  CONTENTS: 


Part 
Part 


v.— Wheel    and    Screw- 
Cutting. 

VI . — M  iscellaneous 
jects. 
VII.— The  Steam-Enginc. 


Snb- 


Part 

Part  VIII. — The  Locomotive. 


Part      I. — Arithmetic. 
Part    II. — ^Geometxy. 
Part  III. — Mensuration. 

Part  IV. — ^Velocities  in  Boring 
and  Wheel-Gearing. 

*  The  Mechanic's  Guide  will  answer  itt  purpose  as  completely  as  a  whole 
of  elaborate  text-books." — Mining  Journal. 

"  Ought  to  have  a  place  on  the  bookshelf  of  every  mechanic.** — Inm. 

"  Much  instruction  is  here  given  without  ptedantry  or  pretension.** — Builder, 

"  A  sine  qud  non  to  every  practical  Mechanic." — Railway  Service  Gazette. 

*«*  This  Work  is  speciaJly  intended  for  Self-Teachers,  and  places  before  the  Reader 
a  concise  and  simple  explanation  of  General  Principles,  together  with  UluBtrations  of 
their  adaptation  to  Practical  Purposes. 


THOMSON  (Spencer,  M.D.,L.R.C.S.,  Edinburgh): 

A  DICTIONARY  of  DOMESTIC  MEDICINE  and  HOUSEHOLD 
SURGERY.  Thoroughly  revised  and  brought  down  to  the  present  state 
of  Medical  Science.  With  an  additional  chapter  on  the  Management 
of  the  Sick  Room ;  and  Hints  for  the  Diet  and  Comfort  of  Invalids. 
Many  Illustrations.  Demy  8vo,  750  pages.  Cloth,  8/6.  Tkirteintk 
Edition. 

"  The  best  and  safest  book  on  Domestic  Medicine  and  Household  Sor]ger7  which 
has  yet  appeared." — London  Journal  oj Medicine. 

"  Dr.  Thomson  has  fuUv  succeeded  in  conveving  to  the  public  a  vast  amoiint  of 
useful  professional  knowleage.** — Dublin  Journal  of  Medical  Science, 

"  Worth  its  weight  in  gold  to  families  and  the  clergy.**— Ox/ori  Herald, 


WYLDE  (James,  formerly  Lecturer  on  Natural 

Philosophy  at  the  Polytechnic): 

THE  MAGIC  OF  SCIENCE:  A  Manual  of  Easy  and  Amusing 
Scientific  Experiments.  With  Steel  Portrait  of  Faraday  and  many 
hundred  Engravings.  Crown  8vo.  Cloth  gilt,  and  gilt  edges,  5/-  Third 
Edition, 

"  Of  priceless  value  to  furnish  work  for  idle  hands  dnrinf  the  holiday*.  A 
thousand  mysteries  of  Modern  Science  are  here  unfolded.  We  Team  how  to  make 
Oxygen  Gas,  how  to  construct  a  Galvanic  Battery,  how  to  gild  a  Medal  by  Electro- 
plating, or  to  reproduce  one  by  Electrotyping,  how  to  make  a  Microscope  or  take  a. 
Photograph,  while  the  elements  of  Mechanics  are  explained  so  simply  and  clearly 
that  the  most  unmechanical  of  minds  must  understand  them.  Such  a  work  it 
deserving  of  the  highest  praise." — The  Graphic. 

"To  those  who  need  to  be  allured  into  the  paths  of  natural  science,  by  witnessing 
the  wonderful  results  that  can  be  produced  by  well-contrived  experiments,  we  do  not 
Imow  that  we  could  recommend  a  more  useful  volume." — Atheneeum, 
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Educational  Works. 


BRYCE    (Archibald   Hamilton,  D.C.L.,    LL.D., 

Senior  Classical  Moderator  in  the  University  of  Dublin) : 

VIRGILII  OPERA.  Text  from  Heyne  and  Wagner.  English 
Notes,  original,  and  selected  from  the  leading  German,  American 
and  English  Commentators.  Illustrations  from  the  antique.  Com- 
plete in  One  Volume,  fcap.  8vo.,  cloth,  6/-     Twelfth  Edition. 

Or,  in  Three  Parts  : 

Part  I.      Bucolics  and  Georgics         • .         • .  2/6 

Part  II.    The  iENEiD,  Books  I.— VI 2/6 

Part  III.  The  ^neid,  Books  VII.— XII.        . .  2/6 

"  Contains  the  pith  of  what  has  been  written  by  the  best  scholars  on  the  subject. 
The  notes  comprise  everything  that  the  student  can  want." — Atkenaum, 

*'  The  most  complete,  as  well  as  elegant  and  correct,  edition  of  Virgil  ever  published 
in  this  country." — Educational  Timti. 

"  The  best  commentary  on  Virgil  which  a  student  can  obtain."— ^co/sman. 

COBPETT  (William) :    ENGLISH  GRAMMAR 

in  a  Series  of  Letters,  intended  for  the  use  of  Schools  and  Young  Per- 
sons in  general.  With  an  additional  Chapter  on  Pronunciation,  oy  the 
Author's  Son,  James  Paul  Cobbett.  Fcap.  8vo.  Cloth,  1/6.  (TA^r 
only  correct  and  authorized  Edition), 

"  A  new  and  cheapened  edition  of  that  most  excellent  of  all  English  GranmarSa 
William  Cobbett's.  It  conuins  new  copyright  matter,  as  well  as  includes  the  equally 
amusing  and  instructive  '  Six  Lessons  intended  to  prevent  statesmen  from  writing  in 
an  awkward  manner.'" — Atlas, 

COBBETT  (William) :  A  FRENCH  GRAMMAR. 

Fcap.  8vo.    Cloth,  3/6.    Fifteenth  Edition, 

" '  Cobbett's  French  Grammar  *  comes  out  with  perennial  freshness.  There  are 
few  grammars  equal  to  it  for  those  who  are  learning,  or  desirous  of  learning,  French 
without  a  teacher.  The  work  is  excellently  arranged,  and  in  the  present  edition  we 
note  certaio  careful  and  wise  revisions  of  the  text." — School  Board  Chronicle, 

"  Business  men  commencing  the  study  of  French  will  find  this  treatise  one  of  the 
best  aids It  is  largely  used  on  the  Continent." — Midland  Counties  Herald, 

COBBETT   (James   Paul):    A  LATIN   GRAM- 

MAR.    Fcap.  8vo.    Cloth,  2/. 

COLERIDGE  (Samuel  Taylor)  :  A  DISSERTA- 
TION ON  THE  SCIENCE  OF  METHOD.  (Encyclopaidia  Metro- 
politana,)    With  a  Synopsis.    Crown  8vo.    Cloth,  2/-    Ninth  Edition* 
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CRAIK'S  ENGLISH  LITERATURE. 

A  COMPENDIOUS  HISTORY  OF  ENGLISH  LITERATURE  AND 
OF  THE  ENGLISH  LANGUAGE  from  the  Norman  Conquest. 
With  numerous  specimens.  By  Gborob  Lillie  Craik,  LL.D.,  late 
Professor  of  History  and  English  Literature,  Queen*s  College,  Belfast. 
In  two  vols.  Royal  8vo.  Handsomely  bound  in  cloth,  25/- ;  full  calf, 
gilt  edges,  37/6.    Nnt  Edition* 

OEiNERAL      CONTENTS. 
Introductory. 
I. — Ths  Normjln  Period — The  Conquest. 

II. — Sbcond.  English — commonly  called  Semi^aRxoii. 

III. — Third  English— Mixed,  or  Compound  English. 

IV. — MiDDLB   AND   LaTTER  PaRT  OF  THE  SbVBRTBBNTH  CbIVTURY. 

^  V.^Thb  Century  bbtwbbn  th&  English  Rbvolutign  and  the 
French  Revolution. 

VI. — The  Latter  Part  op  the  Fiohtbenth  Century. 

VII. — The  Nineteenth  Century:  (a)   Thb  Last  Age  op   the 

Gboroks. 

{b)  Thk  Victorian  Aob. 
With  numerous  Excerpts  and  Speeimeni  of  StyU. 

**  Anyone  who  will  ttfke  the  trouble  to  Mcensin  theisct,  will  find  how  completely 
even  our  peat  poets  and  other  writers  of  the  last  generation  have  already  faded  from 
tho  viewof.  the  present  w>th  the  most  numerous  class  of  the  educated  and  reading 
publk^    Scarcely  anything  is  generally  read  except  the  publications  of  the  day.    YiT 

MOTHINO'IS  MORS  CBIIVAIN   THAN  THAT  NO  TROS  CUi;riVATION  CAN  BB  SO  ACOUIKBD. 

This  is  the  extreme  case  of  that  entire  ignorance  of  history  which  has  been  affirmed, 

not  with  more  point  than  truth,  to  leave  a  person  al«rays  a  child 

"The  present  work  combines  the  Histor*  op  tRb  Litbratumi  with  the  His* 
TORY  OP  THB  Lanouaob.  The  scheme  of  the  coarse  nnd  revolutions  of  the  Lan- 
guage which  is  followed  here  is  extremely  simple,  and  resting  not  upon  arbitrary,  but 
upon  natural  or  real  distinctions,  gives  us  the  only  viaw  of  tkc  8ab|ect  that  can  claim 
to  lie  regarded  as  of  a  scientific  character."— £;*lr4Mt/roM  Ike  Authot^t  Prtfme^. 

'*  Professor  Craik'st>ook  going,  as  it  does,  tbroogh  the  whole  history  of  the  Isngvage, 
probably  takes  a  place  ^uite  by  itself.  The  great  vaiae  of  the  book  is  its  ihorou^ 
comprehensiveness.  It  is  always  dear  and  straightforward,  and  deajs  not  in  theories 
but  in  ttJcXM.'^'-SMiurdayJisinew. 

CRAIK   (Prof.):    A   MANUAL   OF   ENGLISH 

LITERATURE,  for  the  Use  of  Colleges,  Schools  and  Civil  Service 
Examinations.  Selected  from  the  larger  ^work,  by  Dr.  Ceaik.  Crown 
8vo.    Cloth,  7/6.    Sivenik  Editiont 

**  A  Manual  of  EnKUah  UteratMe  from  soeapsrtaHeed  sad  wellNi^iid  a  scholar  as 
Professor  Craik  needs  no  other  recoimneiida<lion«lhu»  the  mention  of  its  existence.**— 
spectator. 


**  This  augmented  effort  will  be,  we  ddhbt  'not,  reciited*  with  decided  aoprobation 

those  who  are  entitled  to  judge,  and  studied  with  much  profit  by  those  wno  want  to 

Ie4kn.....«lf  odriyonng  readers  will  give  beiJthy  parusalto  Dr.  Craik's  wwk,  they 


wflf  greatly  benefit*  by  *the  wide  add  -sound  views  he  has  placed  before  tbem."-^ 
Athenaum,  . 

CRUTTWELL     (Charles     Thomas,    M^.)-     A- 

HANDBOOK  OF  SPECIMENS  OF  LATIN  AUTHORS  (Ptosc- 
Writers  and  PoetW)  from  the  Earliest' Period  to  the  Ltftest,  chrooblbgi' 
cally  arranged.     Crown  8vo.     {In  Preparation), 
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CRUTTWELL  (Charles  Thomas,  M.A.,  Fellow 

of  Merton  College,  Oxford ;  Head  Master  of  Bradfield  College) : 

A  HISTORY  OF  ROMAN  LITERATURE,  from  the  Earliest 
Period  to  the  Times  of  the  Antonines.  With  Chronological  Tables 
and  .Xbst-Questions,  for  the  Use  of  Students  preparing  for  Examina- 
tions.    Crown  8vo.,  Cloth,  ^8/6.     Second  Edition, 

**  Mr.  Cbuttwbll  has  done  a  real  service  to  all  Studeafs  of  the  Latin  Language 
and  Literature.    .    .    .    Full  ot  |;ood  scholarship  and  good  criticism.** — Athetueum. 

"  A  mostiservicrable — indeed,  indispenaable^guide  tor  the  Student'.  .  .  .  The 
'  general  reader*  will  be  both  charmed  and  instructed.**— JikMr^ii^  Rtviav. 

"  The  Author  undertakes  to  make  Latin  Literature  interesting,  and  he  has  suc- 
ctfdfd.    There  is  oot  a  4ull  page  in  the  volume."  ^Acadgmy. 

'"The  great-merit  of  the  work  is  its  fulness  and  accuracy."— GMar</uin. 
'*' Tbisiel«bora|e  And  rery  eareful  work    ...    in  every  respect  of  high  ment. 
Nothing  atsUl£4ial  to  it  has  hitherto  been  published  in  fngland. — British  Quarterly 
Review. 


CURRIE  (Joseph,  formerly  Head  Classical  Master 

of  Glasgow  Academy^ : 

HORATII  OPERA.  Text  from  Orb llius.  English  Notes,  original, 
and  selected  from  the  best  Commentators.  Illustmtiqns  from  the  an- 
tique.   Complete  in  One  Volume,  £cap.  8vo.,  cloih,  3/- 

Or,  in  Two  Parts : 

Parti.    Carmima  3/. 

Part  II.  Satires  and  Epistles  ..     3/- 

"  The  notes  are  excellent  and. exhaustive."— ^iMr/«r/y  Journal  of  Education, 

CURRIE    (Joseph)  :      EXTRACTS     FROM 

CiCSAR'S  COMMENTARIES;  containing  his  description  of  Gaul, 
Britain  and  Germany.  With  Notes,  Vocabulary,  &c.  Adapted  for 
Young  Scholars.     i8mo.     Cloth,  1/6.    Fourth  Edition. 

D'ORSEY  (Rev.  Alex.  J.  D.,  B.D.,  of  Corpus  Christi 

Coll.,  Cambridge,  Lecturer  at  King's  Coll.,  London) : 

SPELLING  BY  DICTATION  :  Progressive  Exercises  in  English 
Orthography,  for  Schools  and  Civil  Service  Examinations.  x8mo. 
Ck)tli,  x/-    PifUtnih  Thousand. 

FLEMING    (William,    D.D.,   hte    Professor    of 

Moral,  Philosophy  in  the  Uniyersity  of  Glasgow) : 

THE  VOCABULARY  OF  PHILOSOPHY:  Meitpal,  Moral, 
AND  Metaphysical.  With  Quotations  and  References  ibr  the  Use  of 
Students.  Revised  and  Edited  by  Henry  Caldbrwood^  LL.D.,  Pro- 
fessor of  Moral  Philosophy  in  the  University  of-  Edinbucgh.  Crown 
8vo.     Cloth  bevelled,  10/6.     Third  Edition ^  enlargtd, 

"  An  admirable  book.  ...  In  its  present  shape  will  be  welcome,  not  only  to 
Students,  but  to  many  who  hare  long  since  passed  out  of  the  daas  of  Students, 
popularly  so  calle  \.^— Scotsman. 

**  The  additions  '1^  the  Editor  bear  in  their  dear,  concise,  visoroas  expression  the 
•stamp  of  his  powerful  intellect,  and  thorough  command  of  our  Tanguaf^.  More  than 
ever,  the  work  is  now  likely  to  have  a  prolon/^d  and  uaeful  existence,  and  -to  facili* 
tate  the  researches  of  those  entering  upon  philosophic  SwAw^^^-^WulU-y.' Review, 

"A  valaable  addition  to  a  Student's  Library.*'— ra6M. 
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McBURNEY  (Isaiah,  LL.D.) :    EXTRACTS 

FROM  OVID»S  METAMORPHOSES.  With  Notes,  Vocabulary,  &c 
Adapted  for  Young  Scholars.     i8mo.    Cloth,  z/6.     Third  Edition. 

COB  BINS    MANGNALL: 

MANGNALL'S  HISTORICAL  AND  MISCEL- 
LANEOUS QUESTIONS,  for  the  Use  of  Young  People.  By  Richmal 
Mangnall.  Greatly  enlarged  and  corrected,  and  continued  to  the  pre- 
sent  time.  By  Ingram  Cobbin,  M.A.  zamo.  Cloth  4/-  Forty-eighth 
Thousand.    New  Illustrated  Edition. 

MENTAL    SCIENCE:      SAMUEL    TAYLOR 

COLERIDGE'S  CELEBRATED  ESSAY  ON  METHOD;  Arch- 
bishop Whatbly's  Treatises  on  Logic  and  Rhetoric  Crown  8vo. 
Cloth,  5/.    Tenth  Edition. 


WORKS    BY    WILLIAM     RAMSAY,    M.A., 

Trinity  College,  Cambridge,  late  Professor  of  Hamanity  in  the  University  of  Glasgow. 

A    MANUAL    OF    ROMAN    ANTIQUITIES. 

For  the  use  of  Advanced  Students.  With  Map,  130  Engravings, 
and  very  copious  Index.  Revised  and  enlarged,  with  an  additional 
Chapter  on  Roman  Agriculture.  Crown  8vo.  Cloth,  8/6.  Tenth  Edi^ 
tion, 

GENERAL   CONTENTS. 

I. — The  Typography  of  Rome. 

11.— The  Origin  of  the  Roman  People ;  their  Political  and  Social 
Organization ;  Religion ;  Kalendar ;  and  Private  Life. 

III. — General  Principles  of  the  Roman  Constitution ;  the  Rights  of 
Different  Classes;  the  Roman  Law  and  Administration  of  Justice. 

IV. — The  Comitia ;  Magistrates ;  the  Senate. 

V. — Military  and  Naval  Affairs;  Revenues ;  Weights  and  Measures; 
Coins,  &c. 

VI. — Public  Lands ;  Agrarian  Laws ;  Agriculture,  &c. 

"  Comprises  all  the  results  of  modem  improved  scholarship  within  a  moderate 
compass. —il  thenaum, 

RAMSAY     (Prof.)  :     AN     ELEMENTARY 

MANUAL  OF  ROMAN  ANTIQUITIES.  Adapted  for  Junior 
Classes.  With  numerous  Illustrations.  Crown  8vo.  Cloth,  4/-  Sixth 
Edition, 

RAMSAY    (Prof.):    A   MANUAL    OF    LATIN 

PROSODY.  Illustrated  hy  Copious  Examples  and  Critical  Remarks. 
For  the  use  of  Advanced  Students.  Revised  and  greatly  enlarged. 
Crown  8vo.    Cloth,  5/.    Sixth  Edition, 

"  There  is  no  other  work  on  the  subject  worthy  to  compete  with  it.** — Alketutum. 

RAMSAY     (Prof.)  :      AN     ELEMENTARY 

MANUAL  OF  LATIN  PROSODY.  Adapted  for  Junior  Classes, 
Crown  8vo.    Cloth,  2/- 


r 
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THE    SCHOOL    BOARD    READERS: 

A  New  Series  of  Standard  Reading  Books. 
Edited  by  a  former  H.M.  INSPECTOR  of  SCHOOLS. 

Recommended  by  the  London  School  Board. 

And  adopted  by  many  School  Boards  throughout  the  Country, 

*1^*   aggregate    sale,    190,000   COPIES. 


Elementary  Reading  Book,  Part  I. — Containing  Lessons  s,  d. 
in  all  the  Short  Vowel  Sounds.    Demy  i8mo.,  i6  pages. 
In  stiff  wrapper ox 

Elementary  Reading  Book,  Part  II. — Containing  the 
Long  Vowel  Sounds  and  other  Monosyllables.  Demy 
i8mo,  48  pages.    In  stiff  wrapper o    3 

Standard  I. — Containing  Reading,  Dictation,  and  Arith- 
metic.   Demy  zSmo,  96  pages.    Neat  cloth  .        .        .04 

Standard  II. — Containing  Reading,  Dictation  and  Arith- 
metic.   Demy  iSmo,  128  pages.    Neat  cloth         .        .06 

Standard  III. — Containing  Reading,  Dictation  and  Arith- 
metic.   Fcap.  8vo,  160  pages.     Neat  cloth    .        .        .09 

Standard  IV. — Containing  Reading,  Dictation  and  Arith- 
metic.   Fcap.  8vo,  192  pages.    Neat  cloth    .        .        .     z    o 

Standard  V. — Containing  Reading,  Dictation  and  Arith- 
metic, with  an  Explanation  of  the  Metric  System  and 
numerous  Examples.  Crown  8vo,  256  pages.  Neat 
cloth z    6 

Standard  VL — Containing  Selections  from  the  best  English 
Authors,  chronologic^ly  arranged  (Chaucer  to  Ten- 
nyson), Hints  on  Composition,  and  Lessons  on  Scien- 
tific Subjects.    Crown  8vo,  320  pages.     Neat  cloth       .    2    o 

Key  to  the  Questions  in  Arithmetic,  in  two  parts,  each    o    6 

**  The  general  conception  is  sound,  and  the  execution  praiseworthy.    The  selections 

seem,  on  the  whole,  happily  and  judiciously  made In  the  sixth  and  last  volume 

we  have  an  excellent  chronological  selection  from  our  English  classics By  the 

time  the  scholar  has  mastered  the  Series,  he  ought  to  have  a  fairly  suggestive  know- 
ledge of  English  literature.  The  treatise  on  composition  is  brief,  but  satisfactory; 
and  the  books  generally  are  very  much  what  we  should  desire.** — Times. 

"  The  Series  ia  decidedly  one  of  the  best  that  have  yet  appeared.**— i4  thenaum. 

"There  are  no  better  reading-books  published.     The  advanced  books  are  f^ems. 
The  Series  reflects  great  credit  on  both  editor  and  publisher." — Educational  Reporter* 

**  The  Series  has  been  very  carefully  and  judiciously  prepared.**—  Examiner. 
^  "  The  choice  of  matter  is  excellent,  and  so  are  the  method  and  style.  We  begin 
with  wholesome  stories,  poems,  and  lessons  on  natural  history,  brightened  with  wood- 
cats;  and  we  go  on  to  matters  of  general  information  and  useful  knowledge  in  a  very 
attractive  shape,  till  we  arrive  at  a  point  which  ought  to  turn  the  pupil  out  into  the 
world  a  good  reader,  a  lover  of  gooa  readings  and  an  intelligent  member  of  society.** — 
Schcol  Board  Chronicle. 

%•  Each  book  of  this  Series  contains  within  itself  all  that  is  necessary  to 
■hilfil  the  requirements  of  the  Revised  Code,  viz, :  Reading,  Spelling  and 
Dictation  Lessons,  together  with  Exercises  in  Arithmetic,  for  the  whole 
year,    Ths  paper,  type  and  binding  are  all  that  can  be  desired. 
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THE   SCHOOL    BOARD    MANUALS: 

(On  thb  Spbcipic  Subjects  op  tbb  ftevissD  Codb). 

By  a  former  H.M.  INSPECTOR  OF  SCHOOLS. 

Editor  of  the  **  School  Board  Readers/' 

Rbcommbndid  by  tub  London  School  3oabo,  and  used  in  many 

Schools  throughout  the  Country. 

Prici  6d,  each  in  stiff  wrapper ;  cloth  neat.  yd. 

I.  ALGEBRA.— In  this  book,  which  is  adapted  to  Standards  IV., 
V.  and  VI.,  everything  ts  explained  (in  accordance  with  the 
Pestalozzian  system)  upon  Jirst  principles^  and  the  examples 
are,  as  £»  as  possible,  taken  from  concrete  minbcrs.  Abun- 
dance of  examples  are, given,  graduated  by  easy  stages. 

II.  ENGLISH  HISTORY.—This  book  ia  exactly  suited  to  the 
reauirements  of  the  Code  for  Standards  IV.,  V.  and  VI.  the 
chief  events  of  importance  being  given  in  detail,  and  the  general 
landmarks  of  history  in  krief.    CS^pioufl  Tables  are  added. 

UI.  GEOGRAPHY.— Contains  all  that  is.oec3es6ary  for  passing  in 
Standards  IV.,  V.  and  VI. 

IV.  PHYSICAL  G£OGRAPHY..r.-Conte0ts:  Figure  of  the  Earth 
— Mountain  Systems — Ocean  Currents—Atmospheric  Phe- 
nomena— Trade  Winds — Distribution  of  Plants,  Animals,  and 
Races  of  Men,  &c. 

V.  ANIMAL  PHYSIOLOGY.--Coalents:  Classification  of  A ni. 
mals — the  Human  Skeleton — Bones,  Muscles,  Skin,  Hair,  and 
Nails— Digestion,  Circulation,  Respiration,  Secretion,  and  Nu- 
trition— the  Nervous  System— rtbe  Senses.  Illustrated  by  good 
Engravings, 

VI.  BIBLE  HISTORY^— Contents:  N«nes,  Divisions,  and  His- 
tory of  the  Bible — ^Analysis,  of  the  01d.swid  New  Testaments — 
Geography  of  Palestine — ^Tables  of  Measures,  &c. 

*,*  It  is  hoped  that  this  U>9h  wfillpmm  -samimakie  in  the 
study  of  the  Scripture.  All  omtroverstalptrnt^kofM  bMH  care- 
fully avoided, 

**  TliMe.  simple  and  well-grad«a|ed  .Mamialp,  luhnMd  to  M»  Jtupiffiinentt  of  the 

New  Code,  are  the  moat  elementary  of  ^leaviiury  -^ftek^M^  extr^attly  cheap 

They  are  more  useful^  as  practical  guide«hDolM,  thim  noft  (4[  tha  euam  Mipensive 
works.**— 5taiN<ar<<. 

"  The  Series  will  move  a  very  reliably  and  sabpt^tial  aid  ta  itlic  iSMhar.  .  .  . 
The  whole  of  the  Manuals  bear  plain  evidence  of  having,  been  pianared  <by  those 
thoroughly  conversant  practicallv  wi|h  the  ^(oric  of  teacbiM, . and  o^oaviQg  been  re- 
vised 1^  one  able  to  jud^e  of  the  ^flEect  of  lK>ok-4eacbing  by  the  cnicial  test  ot  its 
results.  In  the  Bible  History  Manual  aU  controvenial  poiau  have  >een  avoided, 
and,  as  a  ground' work  and  help  to  the  stady^of  the  Scriptufcs^  it  ss  ^  ba. warmly 
commended."—  Westtm  Daily  Mercury. 

\*  Specimen  copies  supplied  to  Teachers  at  Half  the  PuKishgd  Price  emd 
Postage,  A  Complete  Set  of  Rbadbss  and  ManuaLS  ou  receift,qf  P,OX>» 
for  6s.  id. 
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SENIOR    (Nassau  William,  M.A.,  late  Professor 

of  Political  Economy  in  the  University  of  Oxford) : 

A  TREATISE  ON  POLITICAL  ECONOMY ;  the  Science  which 
treats  of  the  Nature,  the  Production,  and  the  Distribution  of  Wealth. 
Crown  8vo.    Cloth,  4/-    Sixth  Edition.    {Encyclopadia  Mttrapolitana) 

THOMSON   (James)  :    THE  SEASONS.    With 

an  Introduction  and  Notes  by  Robbrt  Bbll,  Editor  of  the  "Annotated 
Series  of  British  Poets."    Foolscap  8vo.    Cloth,  z/6.    Third  Edition. 
"An  Admirable  introdoction  to  the  study  of  our  English  classics.** 

WHATELY  (Archbishop)  :  A  TREATISE   ON 

LOGIC.  With  Synopsis  and  Index.  Crown  8vo.  Cloth,  3/-  The 
Origknal  Edition,     {Encyclopadia  MstrepoUiana). 

WHATELY  (Archbishop):   A  TREATISE   ON 

RHETORIC.  With  Synopsis  and  Index.  Crown  8vo.  Cloth,  3/6. 
The  Original  Edition.     {EncyclopacUa  MetropoUlana). 

WVLDE  (James):  A  MANUAL  OF  MATHE- 

MATICS,  Pure  and  Applied.  Indudtni?  Arithmetic,  Algebra,  Geo- 
metry, Trigonometry  (Plane  and  Spherical),  Logarithms,  Mensuration, 
&c.    Super-royal  8vo.    Cloth,  10/6. 


\* Specimen  Copict  of  all  the  Educational  Worksf  fubHshgd  by  Messrs. 
Charles  Griffin  and  Company  may  be  seen  at  the  Libraries  0/  the 
ColUife  of  Preceptors,  South  Kensington  Museum,  and  Crystal  Palace  ; 
also  at  the  depots  of  the  chief  Educational  Societies. 
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Works  in  General  Literature. 


BELL  (Robert,  Editor  of  the  ^'Annotated  Series  of 

British  Poets.")  : 

GOLDEN  LEAVES  FROM  THE  WORKS  OF  THE  POETS 
AND  PAINTERS.  Illustrated  by  Sixty-four  superb  Engravings  on 
Steel,  after  Paintings  by  David  Roberts,  Stanfirld,  Leslie,  Stot- 
HARD,  Haydon,  Cattermole,  Nasmyth,  Sir  Thomas  Lawrence,  and 
many  others,  and  engraved  in  the  first  style  of  Art  by  Finden,  Great- 
bach,  LiGHTFOOT,  &c.  4to.  Cloth  gilt,  2i/-  ;  unique  walnut  binding, 
30/- ;  morocco  antique,  35/-    Second  Edition. 

*"  Golden  Leaves*  is  by  fax  the  most  important  book  of  the  season.  The  iUnstra- 
tions  are  really  works  of  art,  and  the  volume  does  credit  to  the  arts  of  England.**— 
Saturday  Rtvuw. 

"  The  Poems  are  selected  with  taste  and  judgment.*' — Tf'mes. 

"  The  engravings  are  from  drawings  by  Stothard,  Newton,  Danby,  Leslie,  and 
Turner,  and  it  is  needless  to  say  how  charming  are  many  of  the  above  here  given.**^ 
A  thcnaum, 

CHRISTISON   (John):   A    COMPLETE    SYS- 

TEM  OF  INTEREST  TABLES  at  3,  4,  4i  and  5  per  Cent. ;  Tables 
of  Exchange  or  Commission,  Piofit  and  Loss,  Discount,  Clothiers*, 
Malt,  Spirit  and  various  other  useful  Tables.  To  which  is  prefixed  tke 
Mercantile  Ready  Reckoner,  containing  Reckoning  Tables  from  one 
thirty-second  part  of  a  penny  to  one  pound.  Greatly  enlarged,  zamo. 
Bound  in  leather,  4/6.    New  Edition, 


THE    WORKS    OF    WILLIAM     COBBETT. 

THE  ONLY  AUTHORIZED  EDITIONS. 

COBBETT   (William) :    ADVICE  TO   YOUNG 

MEN  and  (incidentally)  to  Young  Women,  in  the  Middle  and  Higher 
Ranks  of  Life.  In  a  series  of  Letters  addressed  to  a  Youth,  a  Bachelor, 
a  Lover,  a  Husband,  a  Father,  a  Citizen,  and  a  Subject.  Fcap.  8vo. 
Cloth,  2/6.    New  Edition,     With  admirable  Portrait  on  SteeL 

"  Cobbett's  great  qualities  were  immense  vigour,  resource,  energy,  and  conngei 
joined  to  a  force  of  understanding,  a  degree  of  logical  power,  and  above  all  a  force  oi 

expression,  which  have   rarely  been  equalled He  was  the  most  English  of 

Englishmen." — Saturday  Revitw. 

"With  all  its  faults,  Cobbett's  style  is  a  continual  refmhment  to  the  lover  of 
'  English  undefiled.'"— Pa//  MaU  Gazette, 

COBBETT  (William):  COTTAGE  ECONOMY. 

Containing  information  relative  to  the  Brewing  of  Beer,  Making  of 
Bread,  Keeping  of  Cows,  Pigs,  Bees,  Poultiy,&c.;  and  relative  toother 
matters  deemed  useful  in  conducting  the  affairs  of  a  Poor  Man's  Family. 
New  Edition,  Revised  by  the  Author's  Son.  Fcap.  8vo.  Cloth,  2/6. 
Eighteenth  Edition, 
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William  Cobbbtt's  Works — (contintu^. 

COBBETT  (Wm.) :   EDUCATIONAL  WORKS. 

(See  page  ig). 

COBBETT  (Wm):  A  LEGACY  to  LABOURERS; 

An  Argument  showine  the  Right  of  the  Poor  to  Relief  from  the  Land. 
With  a  Preface  by  the  Author's  Son,  John  M.  Cobbbtt,  late  M.P 
for  Oldham.    Fcap.  8vo.    Cloth,  z/6.    Niw  Edition. 

**  The  book  cannot  be  too  much  studied  just  now.** — Nonconformist, 

"  Cobbett  was,  perhaps,  the  ablest  Political  writer  England  ever  produced,  and  his 

influence  as  a  Liberal  thinker  is  felt  to  this  day It  is  a  real  treat  to  read  hit 

■trong,  racy  language."— P«^/»e  Opinion, 

COBBETT  (Wm.)  :  A  LEGACY  to  PARSONS  ; 

Or,  Have  the  Clergy  of  the  Established  Church  an  Equitable  Right  to 
Tithes  and  Church  Property  ?     Fcap.  8vo.     Cloth,  i/6.    New  Edition, 

"The  most  powerful  work  of  the  greatest  master  of  political  contro%'ersy  this 
country  has  ever  produced."— Pa//  Mali  GaxetU, 


COBBETT  (Miss  Anne):    THE   ENGLISH 

HOUSEKEEPER ;  Or,  Manual  of  Domestic  Management.  Containing 
Advice  on  the  Conduct  of  Household  Affairs,  and  Practical  Instructions, 
intended  for  the  Use  of  Young  Ladies  who  undertake  the  superin- 
tendence of  their  own  Housekeeping.    Fcap.  8vo.    Cloth,  3/6. 

COOK'S    VOYAGES.         VOYAGES    ROUND 

THE  WORLD,  by  Captain  Cook.  Illustrated  with  Maps  and  numer- 
ous Engravings.    Two  vols.    Super-royal  8vo.    Cloth,  30/- 

DALGAIRNS   (Mrs.):    THE    PRACTICE    OF 

COOKERY,  adapted  to  the  business  of  Everv-day  Life.  By  Mrs. 
Dalgairns.  The  best  book  for  Scotch  dishes.  About  Fii^y  new  Recipes 
have  been  added  to  the  present  Edition,  but  only  such  as  the  Author 
has  had  adequate  means  of  ascertaining  to  be  valuable.  Fcap.  8vo. 
Cloth,  3/6.    Sixteenth  Edition, 

"  This  is  by  far  the  most  complete  and  truly  practical  work  which  has  yet  appeared 
on  the  subject.  It  will  be  found  an  infallible  '  Cook's  Companion,'  and  a  treasuie  uf 
great  price  to  the  mistreM  of  a  fumWy,*'— Edinburgh  Literary  Journal, 

"  We  consider  we  have  reason  strongly  to  recommend  Mrs.  Dalgairns'  as  an 
economical,  useful,  and  practical  system  of  cookery,  adapted  to  the  warns  cf  aU 
families,  from  the  tradesman  to  the  country  gentleman."— ^^#c^0/or. 
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D'AUBIGNE  (Dr.  Merle) :  HISTORY  OF  THE 

REFORMATION.  With  the  Author's  latest  additions  and  a  new 
Preface.  Many  Woodcuts,  and  Twelve  Engravings  on  Steel,  illustrative 
of  the  Life  of  Martin  Luther,  after  Labouch^re.  In  one  large 
volume,  demy  4to.     Elegantly  bound  in  cloth,  21/- 

**  In  this  edition  the  principal  actors  and  scenes  in  the  great  drama  of  the  Sixteenth 
Century  are  brought  vividly  before  the  eye  of  the  reader,  by  the  skill  of  the  artist  and 
eagraTer." 

DONALDSON  (Joseph,  Sergeant  in  the  94th  Scots 

Regiment) : 

RECOLLECTIONS  OF  THE  EVENTFUL  LIFE  OF  A 
SOLDIER  IN  THE  PENINSULA.  Fcap.  8vo.  Cloth,  3/6;  gilt 
sides  and  edges,  4/-    Ntw  Edition, 

EARTH    DELINEATED    WITH    PEN  AND 

PENCIL  (The) :  an  Illustrated  Record  of  Voyages,  Travels,  and  Ad- 
ventures all  round  the  World.  Illustrated  with  more  than  Two  Hun- 
dred Engravings  in  the  first  style  of  Art,  by  the  most  eminent  Artists, 
including  several  from  the  master  pencil  of  Gvstavb  Dos6.  Demy 
4to,  750  pages.    Very  handsomely  bound,  21/- 


MRS.     ELLIS'S    CELEBRATED    WORKS 

On  the  Influence  and  Character  of  Women. 

THE  ENGLISHWOMAN'S  LIBRARY: 

A  Series  of  Moral  and  Descriptive  Works.    By  Mrs.  Elus*     Small 
8vo.,  cloth,  each  volume,  2/6 ;  with  gilt  backs  and  edges,  3/- 

z.— THE  WOMEN  OF  ENGLAND:  Their  Social  Duties  and 
Domestic  Habits.     Thirty-ninth  Thouiand. 

2.— THE  DAUGHTERS  OF  ENGLAND:  Their  Position  in 
Society,  Character,  and  Responsibilities.    Twentieth  Thousand, 

3.— THE  WIVES  OF  ENGLAND:  Thair  RelaUve  Duties, 
Domestic  Influence,  and  Social  Obligations.  Eighteenth  Thou- 
sand, 

4.— THE  MOTHERS  OF  ENGLAND:  Their  Influence  and  Re- 
sponsibi lilies.     Twentieth  Thousand, 

5.— FAMILY  SECRETS  ;  Or,  Hints  to  make  Home  Happy.  Three 
vols.     Twenty -third  Thotuand, 

6.— SUMMER  AND  WINTER  IN  THE  PYRENEES.  Tenth 
Thousand, 

7.— TEMPER  AND  TEMPERAMENT;  Or,  Varieties  of 
Character.     Two  vols.     Tenth  Thousand, 

8.— PREVENTION  BETTER  THAN  CURE ;  Or,  The  Moral 
Wants  of  the  World  we  live  in.     Twelfth  Thousand, 

9.— HEARTS  AND  HOMES;  Or,  Social  Distinctions.  Three 
vols.     Tenth  Thousand, 


GENERAL  PUBLICATION^.  29 

THE     EMERALD    SERIES    OF 
STANDARD    AUTHORS. 

Illustrated  by  Engra^rhigs  on  Steel,  after  SifOTUiiRD,  LefiLxv)  DUviD  Ro- 
berts, Stanpield,  Sir  Thomas  Lawrence,  Cattbrmole,  &c.  Fcap. 
8vo.    Cloth  gilt. 

*;*  PArticolar  atteiftioa  is  reqtifeMed  to  tMk  ^n^  beatttifiil  series,  tl^iddlibale^  ^t»f 
the  engrttvings,  the  excellence  of  the  typography,  and  the  quaint'  aatiqtfe  heal*  aad  tail- 
pieces, render  them  the  most  beautiful  volames  ever  issued  from  the  pfess  of  this  country 
and  now,  unquestionably,  the  cfaeHpest  Of  tfheir  class. 

BURNS'    (Robert)    SONGS   AND    BALLADS. 

With  an  Introduction  on  the   Character  and  Genius  of  Burns.     By 
Thomas  Carlyle.    Carefully  printed  in  antique  type,  and  illustrated 
with  Portrait  and  beautiful  Engravings  on  Steel.    Cloth,  gilt  edges,  3/- 
malachite,  10/6.    Second  Thousand, 

BYRON    (Lord) :    CHILDE    HAROLD^S   PIL- 

GRIM  AGE.  With  Memoir  by  Professor  Spalding.  Illustrated  with 
Portrait  and  Engravings  on  Steel  by  Grbatbach;  MiLbBR,  Liomroor, 
&c.,  from  Paintings  by  Cattbrmole,  Sir  T.  Lawrence,  H.  Howard, 
and  Stothard.  Beautifully  printed  on  tooed  papier;  Cloth)  gilt  edges, 
3/- ;  malachite,  zo/6.     Third  Thousamd, 

CAMPBELL    (Thomas)  :    THE    PLEASURES 

OF  HOPE.  With  Introductory  Memoir  by  thtf  R%v.  Charles  RfooaRB, 
LL.D.,  and  several  Poemc  never  before  published.  Illustfated  with 
Portrait  and  Steel  Engravings.  Cloth,  gilt  edges,  5/- ;  malachite,  i<^. 
Second  Thousand. 

CHATTERTON'S  (Thos.)  POETICAL  WORKS. 

With  an  Original  Memoir  by  Frederick  MARxm;  aAd  Portrait.  Beau- 
tifully illustrated  on  Steel,  and  elegantly  printed.  Cloth,  gilt  edges, 
3/- ;  malachite,  10/6.    Fourth  Thousand. 

GOLDSMITH'S  (Oliver;  POETICAL  WORKS. 

With  Memoir  by  Professor  Spalding.  Exquisitely  illustrated  with 
Steel  Engravings.  Pirimcd  on  stiper^  toned  pafter.  Cloth,. gilt  e<%es, 
3/-  \  malachite,  10/6.    New  Edition.    Seventh  Thotuemd, 

GRAY'S  (Thomas)  POETICAL  WORKS.    With 

Life  by  the  Rev.  John  Mitpord,  and  Essay  by  the  Earl  op  Carlisle. 
With  Portrait  afid  numerous  Engravings  on  Steel  and  Wood.  Ele- 
gantly printed  on  toiled  paper.  Cloth,  gilt  edges,  5/-;  malachite,  12/6. 
Eton  Edition^  with  the  Latin  Poeths.    Fifth  Thousand. 

HERBERT'S    (Georgt)    POETICAL   WORKS. 

With  Memoir  by  J.  NioHOL,  B.A.,  Oxon.,  Pnof.  of  English  Literature  in 
the  University  of  Glasgow;  Edited  by  Charles  Cowden  Clarke. 
Antique  headings  to  each  page;  Cloth,  gilt  edges,  3/-*  malaohite,  zo/6. 
Second  Thousand, 
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Thb  Embrald  Series — (contintud). 

KEBLE  (Rev.  John) :  THE  CHRISTIAN  YEAR. 

With  Memoir  by  W.  Temple,  Portrait,  and  Eight  beautiful  Engravings 
on  Steel.  Cloth,  gilt  edges,  5/-;  morocco  elegant,  xo/6;  malachite,  12/6. 

FOE'S  (Edgar  Allan)  COMPLETE  POETICAL 

WORKS.  Edited,  with  Memoir,  by  James  Hannay.  Full-page  Illus- 
trations after  Wehnbrt,  Weir,  &c.  Toned  paper.  Cloth,  gilt  edges, 
3/- ;  malachite,  10/6.    Thirteenth  Thousand, 

Other  Volumes  in  preparation. 


FINDEN'S    FINE    ART  WORKS. 

BEAUTIES    OF   MOORE;    being  a   Series  of 

Portraits  of  his  principal  Female  Characters,  from  Paintings  by  eminent 
Artists,  engraved  in  the  highest  style  of  Art  by  Edward  Findbn, 
with  a  Memoir  of  the  Poet,  and  descriptive  letter-press.  Folio.  Cloth 
gilt,  and  gilt  edges,  42/- 

DRAWING-ROOM   TABLE    BOOK    (The);    a 

Series  of  31  highly-finished  Steel  Engravings,  with  descriptive  Tales  by 
Mrs.  S.  C.  Hall,  Mary  Howitt,  and  others.  Folio.  Cloth  gUt,  and 
gilt  edges,  21/- 

GALLERY  OF  MODERN  ART  (The) ;  a  Series 

of  31  highly-finished  Steel  Engravings,  with  descriptive  Tales  by  Mrs. 
S.  C.  Hall,  Mary  Howitt,  and  others.  Folio.  Cloth  gilt,  and  gilt 
edges,  2x/- 


FISHER'S  READY  RECKONER.    The  best  in 

the  world.    z8mo.    Bound,  i/6.    New  Edition.^ 

GILMER'S   INTEREST  TABLES  :  Tables  for 

Calculation  of  Interest,  on  any  sum,  for  any  number  of  days,  at  |,  x,  z|, 
2,  2i,  3,  3i,  4,  4i,  5  and  6  per  Cent.  By  Robert  Gilmer.  Corrected 
and  enlarged.    z2mo.    Roan  lettered,  5/-    Sixth  Edition. 

GOLDSMITH'S  (Oliver)  COMPLETE  POET- 

ICAL  WORKS.  With  a  Memoir  by  William  Spalding,  A.M.,  Pro- 
fessor of  Logic  and  Rhetoric  in  the  University  of  St.  Andrew's.  Portrait 
and  numerous  Illustrations  on  Steel  and  Wood.  Fcap.  4to.  Most 
elaborately  gilt,  cloth,  5/- 
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GRAEME  (Elliott)  :    BEETHOVEN  :   a  Memoir. 

With  Portrait^  Essay  (Quasi  Fantasia)  "  on  the  Hundredth  Anniversary 
of  his  Birth/*  and  Remarks  on  the  Pianoiorte  Sonatas,  with  hints  to 
Students.  By  Dr.  Ferdinand  Hiller,  of  Cologne.  Crown  8vo.  Cloth 
gilt,  elegant,  5/-    Second  Edition,  slightly  enlarged, 

"This  elegant  and  interestinf  Memoir The  newest,  prettiest,  and  most 

readable  sketch  of  the  immortal  Kf aster  of  Music.'* — Musical  Standard, 

"  A  gracious  and  pleasant  Memorial  of  the  Centenary." — Spectator. 

"  This  delightful  little  book — concise,  sympathetic,  judicious." — Manchester 
Examiner. 

"  We  can,  without  reservation,  recommend  it  as  the  most  trustworthy  and  th« 
pleasantest  Memoir  of  Beethoven  published  in  England." — Observer. 

**  A  most  readable  volume,  which  ought  to  find  a  place  in  the  library  of  every 
admirer  of  the  great  Toue-Pocl."— Edinburgh  Daily  Review, 

GRAEME    (Elliott)  :    A  NOVEL  WITH  TWO 

HEROES.    In  2  vols.,  post  8vo.    Cloth,  21/-    Second  Edition, 

"  A  decided  literary  t\xcct&sJ"~Athenaum. 

**  Clever  and  amusing above  the  average  even  of  good  novels free 

from  sensationalism,  but  full  of  interest touches  the  deeper  chords  of  life 

delineation  of  character  remarkably  good." — Spectator. 

"  Superior  in  all  respects  to  the  common  run  of  novtla."— Daily  News. 

"A  story  of  deep  interest The  dramatic  scenes  are  powerful  almost  to 

paxnfulness  in  their  intensity." — Scotsman, 

HOGARTH  :  The  Works  of  William  Hogarth,  in 

a  Series  of  One  Hundred  and  Fifty  Steel  Engravings  by  the  First 
Artists,  with  Descriptive  Letterpress  by  the  Rev.  John  Truslbr,  and 
Introductory  Essay  on  the  Genius  of  Hogarth,  by  James  Hannay. 
Folio.    Cloth,  gilt  edges,  52/6. 

"  The  Philosopher  who  ever  preached  the  sturdy  English  virtues  which  have  made 
us  what  we  are." 

KNIGHT   (Charles)  :    PICTORIAL  GALLERY 

(The)  OF  THE  USEFUL  AND  FINE  ARTS.  Illustrated  by  nu- 
merous beautiful  Steel  Engravings,  and  nearly  Four  Thousand  Wood- 
cuts.   Two  vols.,  folio.    Cloth  gilt,  and  gilt  edges,  42/- 

KNIGHT    (Charles)  :    PICTORIAL    MUSEUM 

(The)  OF  ANIMATED  NATURE.  Illustrated  with  Four  Thousand 
Woodcuts.    Two  vols.,  folio.    Cloth  gilt,  and  gilt  edges,  35/- 

MACKEY'S  FREEMASONRY  : 

A  LEXICON  OF  FREEMASONRY.  Containing  a  Definition  of 
its  Communicable  Terms,  Notices  of  its  History,  Traditions,  and  Anti- 
quities, and  an  Account  of  all  the  Rites  and  Mysteries  of  the  Ancient 
World.  By  Albert  G.  Mackey,  M.D.,  Secretary-General  of  the 
Supreme  Council  of  the  U.S.,  &c.  Handsomely  bound  in  cloth,  5/- 
Sixth  Edition. 

"Of  Mackby's  Lbxicon  it  would  be  impossible  to  speak  in  too  high  terms  ;  suffice 
it  to  say,  that  in  our  opinion,  it  ought  to  be  in  the  hands  of  every  Mason  who  would 

thoroughly  understand  and  master  our  noble  Science No  Masonic  Lodge  or 

Library  should  be  without  a  copy  of  this  most  useful  work."— Jf aioiifc  News, 
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HENRY  MAYHEW'S  CELSBRATED  WORK  ON 
THE  STREET-POLK  OF  LONDON. 

LONDON    LABOUR    AND    THE    LONDON 

POOR :  A  CyclofUedia  oC  the  Condition  and  Earnings  of  those  that 
will  work  and  those  that  cannot  work.  By  Henry  Mayhbw.  With 
many  full-page  lUustrations  from  Photographt.  In  three  vols.  Demy  8vo. 
Cloth,  4/6  ew:h. 

'*  Every  pft|^  of  th«  work  it  ftU  of  vAlusble  infonnatioD,laid  down  In  «o  ioterestiDg 
a  manner  that  the  reader  can  never  tire.** — llluUraied  Newt. 

**  Mr.  Henry  Mayhew'e  famous  record  of  the  habita,  earnings,  and  anfferiacB  ol 
the  London  poor.** — Lloyd's  Wetkly  London  Newtprnper. 

**  Thii  remarkable  boiok,  in-  which  Mr.  Maybew  save  the  better  daaaea  thekr  first 
real  inBieht  into  the  habita,  modes  of  livelihood,  and  current  of  thought  of  the  London 
poor."— i*«  Patriot, 

The'  Cxtra  Volume. 

LONDON    LABOUR    AND    THE    LONDON 

POOR  :  Those  that  will  not  work.  Comprising  the  Non-workers, 
by  Henry  Mayhew  ;  Prostitutes,  by  Bracbbridgb  Hbmyng  ; 
Thieves,  by  John  Binny  ;  Beggars,  by  Andrew  Hai^iday.  With 
an  Introductory  £s*«ay  on  the  Agencies  at  Present  in  Operation 
in  the  Metropolis  for  the  Suppression  of  Crime  and  Vice,  by  the  Rev. 
William  Tuckniss,  B.A.,  Chaplain  to  the  Society  for  the  Rescue  of 
Young  Women  and  Children.  With  Illustrotions  of  Scenes  and  Locali- 
ties.   In  one  large  vol.     Royal  8vo.    Cloth  10/6. 

**The  work  is-full  of  interesting  matter  for  the  casual  reader,  while  the  philan- 
thropist and  the  philosopher  will  find  details  of  the  greatest  import^— City  /*r«ss. 

Companion  Volume  to  the  above. 

THE  CRIMINAL  PRISONS  OF  LONDON,  and 

Scenes  of  Prison  Life.  By  Henry  Mayhew  and  John  Binny.  Illus- 
trated by  nearly  two  hundred  Engravings  on  Wood,  principally  from 
Photographs.    In  one  large  vol.     Imperial  Svo.    Cloth,  lo/d. 

Contents  : — General  View  of  London,  its  Pbpulation,  Size  and 
Contrasts — Pfofessional  London — Criminal  London — Pentonville  Prison 
— The  Hulks  at  Woolwich — Millbank  Prison —The  Middlesex  House  of 
Detention — Coldbath  Fields—  The  Middlesex  House  of  Correction,  Tot- 
hill  Pields'^The  Surr^  House  of  Correction,  Wandsworth^^^ewgate 
— Horsemonger  Lane — Clerkenwell. 

**  This  volume  concludes  Mr.  Hennr  Mayhew's  aocdunt  of  hia  researehcs  into  the 
crime  and  poverty  of  London.  The  amount  of  labour  of  one  kind  or  other, 
which  the  whole  series  of  his  publications  repreaents,  is  something  almost  in- 
calculable.**—Lt/rrar)  Budcit. 

•«•  This  celebrated  Record  of  Investigations  into  the  condition  of  the  Poor  of  the 
Metropolis,  undertaken  from  philanthropic  motives  by  Mr.  Hxnry  Mayhew,  first  gave 
the  wealthier  classes  of  England  some  idea  of  the  state  of  Heathenism,  Degradation,  and 
Misery,  in  which  multitudes  of  their  poorer  brethren  langsished.  His  revelations  created, 
at  the  time  of  their  appearance,  universal  horror  and  excitement — that  a  nation,  profes- 
sedly Christian^  should  have  in  it&  midst  a  vast  population,  so  sunk  in  ignorance,  vice,  and 
very  hatred  of  Religion,  was  deemed  incredible,  until  further  examination  established  the 
truth  of  the  statements  advanced.  The  result  is  well  known.  The  London  of  Mr.  Mayhiiw 
will,  happily,  soon  exist  only  in  his  pages.  To  those  who  would  appreciate  the  efibrts 
already  made  among  the  ranks  which  recruit  our  "dangerous**  classes,  and  whowouM 
learn  what  yet  remains  to  her  done,  the  work  will  afford  enlightenment,  not  unminglcd  with 
surprise. 
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MILLER   (Thomas,  Author  of  '*  Pleasures   of  a 

Country  Life,"  &c.) : 

THE  LANGUAGE  OF  FLOWERS.     With  Eight  beautifully-col- 

oured  Floral  Plates.   Fcap.  8vo.      Cloth,  gilt  edges,  3/6.    Fourteenth 

Thousand, 

'*Abook 
In  which  thou  wilt  find  many  a  lovely  saying 
About  the  leaves  and  flowers."— Kbats. 

MILLER    (Thomas)  :    THE   LANGUAGE   OF 

FLOWERS.  Abridged  from  the  larger  work  by  Thomas  Miller. 
With  Coloured  Frontispiece.     Limp  cloth,  6d.    Cheap  Edition. 

POE'S  (Edgar  Allan)  COMPLETE  POETICAL 

WORKS.  Edited,  with  Memoir,  by  James  Hannay.  Full-page  Illus- 
trations after  Wehnert,  Wbzr,  and  others.  In  paper  wrapper, 
Illustrated,  1/6. 


SHAKSPEARE  :  THE  FAMILY.   The  Dramatic 

Works  of  WILLIAM  SHAKSPEARE,  edited  and  expressly  adapted 
for  Home  and  School  Use.  By  Thomas  Bowolbr,  F.R.S.  With 
Twelve  beautiful  Illustrattoos  on  Steel.  Crown  8vo.  Cloth  gilt,  10/6  ; 
Morocco  antique,  17/6.     New  Edition, 

*,*  This  unique  Edition  of  the  great  dramatist  is  admirably  suited  for 
home  use ;  while  objectionable  phrases  have  been  expurgated,  no  rash 
liberties  have  been  taken  with  the  t€xt. 

"It  is  quite  undeniable  that  there  are  many  passages  in  Shakspeare  which  a 
father  could  not  read  aloud  to  his  children — a  brother  to  bis  sister — or  a  gentleman  to 
a  lady;  and  every  one  almost  must  have  felt  or  witnessed  the  extreme  awkwardness, 

and  even  distress,  that  arises  from  suddenly  stumbling  upon  such  expressions 

Those  who  recollect  such  scenes  must  all  rejoice  that  Mr.  Bowdlbr  has  provided  a 

security  against  their  recurrence This  purification  has  beien  accomplished  with 

surprisingly  little  loss,  either  of  weight  or  value ;  the  base  alloy  in  the  pure  metal  of 

Shakspeare  has  been  found  to  amount  to  an  inconceivably  small  proportion 

It  has  in  general  been  found  easy  to  extirpate  the  offensive  expressions  of  our  great 
poet  without  any  injury  to  the  context,  or  any  visible  scar  or  blank  in  the  composition. 
They  turn  out  to  be  not  so  much  cankers  in  the  flowers,  as  weeds  that  have  sprung 
up  by  their  side— not  flaws  in  the  metal,  but  impurities  that  have  gathered  on  its 
surface — and,  so  far  from  being  missed  on  their  removal,  the  work  generally  appears 
more  natural  and  harmonious  without  them."— Lor4  J*S**y  >*  the  Edinburgh 
Review. 

SHAKSPEARE'S   DRAMATIC  &   POETICAL 

WORKS.  Revised  from  the  Original  Editions,  with  a  Memoir  and 
Essay  on  his  Genius  by  Barry  Cornwall.  Also  Annotations  and 
Introductory  Remarks  on  his  Plays,  by  R.  H.  Horne  and  other  eminent 
writers.  With  numerous  Woodcut  Illustrations  and  Full-page  Steel 
Engravings,  by  Kenny  Meadows.  Three  vols.,  super-royal  8vo.  Cloth 
gilt,  42/-     Tenth  Edition. 

SHAKSPEARE'S  WORKS.     Edited  by  T.   0- 

Halliwell,  F.R.S.,  F.S.A.  With  Historical  Introductions,  Notes 
Explanatory  and  Critical,  and  a  series  of  Portraits  on  Steel.  Three 
vols.,  royal  8vo.    Cloth  gilt,  50/- 
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THE    STANDARD    DICTIONARY    OF 

QUOTATIONS. 

SOUTHGATE  (Henry) :    MANY  THOUGHTS 

OF  MANY  MINDS :  being  a  Treasury  of  Reference,  consisting  of 
Selections  from  the  Writings  of  the  most  celebrated  Authors,  compiled 
and  analytically  arranged  by  Henry  Southoatb.  Toned  paper,  square 
8vo.  Cloth  gilt,  elegant,  12/6 ;  Library  Edition,  half  Roxburgh,  14/- ; 
morocco  antique,  21/-     Twenty -eighth  Edition. 

"  The  produce  of  year*  of  research.** — Examiner. 

**  Destined  to  take  a  high  place  among  books  of  this  class."— ?^ofn  and  Qutriet. 

"  A  treasure  to  every  reader  who  may  be  fortunate  enough  to  possess  itr—Engluh 
Journal  of  Education. 

**  The  accumulation  of  treasures  truly  wonderful.*'~Jf omtiig  Herald, 

*  This  is  a  wondrous  hookV— Daily  News. 

**  Worth  its  weight  in  gold  to  literary  mea."— Builder* 

SOUTHGATE  (Heniy) :   MANY  THOUGHTS 

OP  MANY  MINDS.  Second  Series.  Square  8vo,  toned  paper. 
Cloth  gilt,  elegant,  12/6;  Library  Edition,  half  Roxburgh,  14/.;  mo- 
rocco antique,  21/-    Fifth  Edition. 

**  We  are  not  surprised  tnat  a  Second  Series  of  this  work  should  have  been  called 
for.  Preachers  and  Public  Speakers  will  find  that  it  has  special  uses  for  them."— 
Bdinburffh  Datly  Review. 

**  Fully  sustains  the  deserved  reputation  of  the  First  Series."— JoAn  Bull. 


THE     SHILLING    MANUALS. 

By  JOHN  TIMES,  F.S.A., 

Author  of  "  The  Curiosities  of  London,"  &c. 

A  Series  of  Hand- Books,  conuining  Facts  and  Anecdotes  interesting 
to  all  Readers.  Fcap.  8vo.  Neat  doth,  one  shilling  each.  Second 
Edition. 

I.— CHARACTERISTICS   OF   EMINENT    MEN.     By  John   Times. 
Bound  in  neat  cloth,  price  z/- 

**  It  is  impossible  to  dip  into  this  booklet  without  finding  something  that  is  new  or 
that  will  bear  repeating."— 5A«#«W  Daily  Telegraph. 

II.— CURIOSITIES  OF  ANIMAL  AND  VEGETABLE  LIFE.  By 
John  Timbs.    Neat  cloth,  price  i/- 

"  Has  the  charm  of  freshness,  besides  containing  much  carious  information.**— 
Sheffield  Telegraph. 

III.— ODDITIES    OF   HISTORY    AND  STRANGE    STORIES   FOR 

ALL   CLASSES.     Selected  and  compiled  by  John  Txmbs.     Neat 

cloth,  price  i/- 

"  The  reader  is  presented  with  many  curious  tit-bits  of  history,  instructive  and 

«raluable   in   themselves an   interesting  companioa   for    spare   minutes.**— 

Edinburgh  Daily  Review. 

IV.— ONE  THOUSAND  DOMESTIC  HINTS  on  the  Choice  of  Pro- 
visions,  Cookery  and  Housekeeping;  New  Inventions  and  Improve- 
ments, and  various  branches  of  Household  Management.  Written 
and  compiled  by  John  Times.    Neat  cloth,  price  z/- 

"  No  money  is  better  soent  than  what  is  laid  out  for  domestic  iatisfaction.**—- Dr. 
Johnson. 
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TiHBs's  Manuals — {continued). 

v.— POPULAR  SCIENCE.  Recent  Researches  on  the  Sun,  Mooa^ 
Stars,  and  Meteors;  The  Earth;  Phenomena  of  Life,  Sight  an^ 
Sound;  Inventions  and  Discoveries.  Familiarly  Illustrated.  Written 
and  compiled  by  John  Timbs.    Neat  cloth,  price  i/- 

"  A  verv  useful  little  mairmtd.*'— Sheffield  Daily  Telegraph. 

"  Will  be  found  abundant  in  much  out  of  the  way  information  on  almost  eyery 
conceivable  topic,  where  the  popular  mind  is  for  the  auMt  pert  ia  error."— JSvmm^ 
Standard, 

VI.->THOUGHTS  FOR  TIMES  AND  SEASONS.  Selected  and  com- 
piled by  John  Times.    Neat  cloth,  price  i/- 

"  Contains  a  very  great  amount  and  variety  of  out-of-the-way  extracts  from 
modem  and  old  writings.'*— McciluMtc*t  MagoMim, 

**  In  a  neat  and  concise  form,  are  brought  together  striking  and  beautiful  passams 
from  the  works  of  the  most  eminent  divines  and  moralists,  and  political  and  scientific 
writers  ot  acknowledged  ability,"— £<<»»6Mrg/»  Daily  Review 

Opinions  of  the  Press  on  the  Series. 

**  It  Is  difficult  to  determine  which  of  these  volumes  is  the  most  attractive.  Will 
befovnd  equally  enjoyable  on  a  railway  joum^,  or  by  the  fireside."— if  inrng  Jtmmah 

"  These  additions  to  the  Library,  produced  by  Mr.  Timba'  industry  and  ability,  are 
ueeful,  and  in  hie  peges  many  a  hint  and  suggestion,  and  many  a  fact  of  importance, 
is  stored  up  that  would  otherwise  have  been  lost  to  the  public."— £««7<ftfr. 

**  Capital  little  books  of  about  a  hundred  pages  e&ch,  wherein  the*  indefatigabler 
Author  is  seen  at  his  beet.**— If  ecAaMicj*  Magazine, 

"  Bztready  iatereetlng  volomes.**— £vmj«g  Standard, 

"Amusing,  instructive,  and  interesting As  food  for  thought  and  pleasanr 

reading,  we  can  heartily  recommend  the  *  Shilling  Manuals."*— ^inn^^Aam  Daily 


TIMES    (John,   F.S.A.) :   PLEASANT    HALF- 

HOURS  FOR  THE  FAMILY  CIRCLE.  Containing  Popular  Sci- 
ence, Thoughts  for  Times  and  Seasons,  Oddities  of  History,  Charac- 
teristics of  Great  Men,  and  Curiosities  of  Animal  and  Vegetable  Life. 
Fcap.  8vo.    Cloth  gilt,  and  gilt  edges,  5/-    Second  Edition^ 

"  Contains  a  wealth  of  useful  reading  of  the  greatest  possible  variety.**— PJystOfftA 


VOICES  OF  THE  YEAR  (The) ;  Or,  the  Poet's 

Kklendar.  Containing  the  choicest  Pastorals  in  our  Language.  Piny, 
fiisely  Illustrated  by  the  best  Artists.  In  bevelled  boards,  elaborate!/ 
ornamented  and  gilt,  12/6. 

WANDERINGS     IN     EVERY    CLIME;    Or, 

Voyages,  Travels,  and  Adventures  All  Round  the  World.  Edited  by- 
W.  P.  AiNswoRTH,  F.R.G.S.,  F.S.A.,  &c.,  and  embellished  with  ufr- 
words  of  Two  Hundred  Illustrations  by  the  first  Artists,  including, 
several  from  the  master  pencil  of  Gustavb  Dor&.  Demy  4to,  800^ 
pages.    Cloth  and  gold)  bevelled  boards,  21/- 


